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ENTROPIC CLT FOR SMOOTHED CONVOLUTIONS
AND ASSOCIATED ENTROPY BOUNDS

SERGEY G. BOBKOV! AND ARNAUD MARSIGLIETTI?

ABSTRACT. We explore an asymptotic behavior of entropies for sums of independent random
variables that are convolved with a small continuous noise.

1. INTRODUCTION

Let (X,)n>1 be independent, identically distributed (i.i.d.) random vectors in R? with an
isotropic distribution, that is, with mean zero and an identity covariance matrix. By the central
limit theorem (CLT), given a random vector X in R?, independent of all X,,’s, the normalized
sums

Zn:%(X+X1+'~+Xn) (1)

are convergent weakly in distribution as n — oo to the standard normal random vector Z with
density
1 2
o(x) = om) 2 e l=%/2, z € RY. (2)
Suppose that X has a finite second moment and an absolutely continuous distribution, so that
Z,, have some densities p,. A natural question of interest is whether or not this property (that
is, the weak CLT) may be strengthened as convergence of entropies

W(Z0) == | pula) log o) do

to the entropy of the Gaussian limit Z. The usual entropic CLT corresponds to the i.i.d. case
with X = 0. Then, this CLT is known to hold, if and only if Z,, have densities p, with finite
h(Z,) for some or equivalently all n large enough [2] (see also [27], [1], [17], [18], [19], [5], [14]).
What also seems remarkable, the presence of a small non-zero noise X/v/n in ({l) may potentially
enlarge the range of applicability of the entropic CLT. Here is one observation in this direction
in terms of the characteristic function

f@t) =EeitX) e RY

Theorem 1.1. If f is compactly supported, and X; has a non-lattice distribution, then
hZy,) — h(Z) asn — oc. (3)
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This convergence also holds for lattice distributions, if f is supported on the ball |t| < T for some
T > 0 depending on the distribution of Xj. One may take T' = 1/(3, assuming that the 3-rd
absolute moment
Bz = sup E| (X1,0)
0]=1
is finite.

The assumption of compactness on the support of the characteristic function of X requires
its density p to be the restriction to R? of an entire function on C% of exponential type by
Paley-Wiener theorems (cf. e.g. [29]).

The entropic CLT (B may equivalently be stated as the convergence

DZZ) = [ o) s

(z)
for the Kullback-Leibler distance (also called relative entropy or an informational divergence). It
belongs to the family of so-called strong (informational) distances, which dominate many other
metrics that are used in usual CLT’s about the weak convergence of probability distributions.
As was mentioned to us by one of the referees, one immediate consequence from (@]) is the CLT
for non-smoothed normalized sums with respect to the Kantorovich transport distance Wy (cf.
Remark 4.4 for details).

In general, the hypothesis on the support of f in Theorem [[.I] cannot be removed, but may be
weakened by involving more delicate properties related to the location of zeros of the characteristic
function. This may be seen from the following characterization in one important example under
mild regularity assumptions on f.

de — 0 (n— o0)

Theorem 1.2. Suppose that X; has a uniform distribution on the discrete cube {—1, 1}d, that
is, with independent Bernoulli coordinates. Let the characteristic function f of X satisfy

£ (@®)]
/Rd |f ()] dt < oo, /Rd T dt < oo, (4)

where ||t| denotes the distance from the point t to the lattice 7Z?. Then, the entropic CLT (3])
holds true, if and only if

f(rk)=0 forall keZi k+#0. (5)

The second moment assumption on X guarantees that f has a bounded continuous derivative
f'(t) = V f(t) with its Euclidean length | f(¢)|. The assumption of integrability of f in (@) requires
the density of X to be continuous on R%. In dimension d = 1, the condition (@) is fulfilled, as
long as both f and f’ are in L'. If d > 2, (@) is more complicated, but is fulfilled, for example,
under decay assumptions such as

Ol < - -
T (@D (T Jal)) (A [tal) - (T4 [tal))>
holding for all ¢ = (t1,...,t;) € R? with some constants o > 1 and ¢ > 0.

Although an information-theoretic meaning of the property (Bl is not clear, it is indeed con-
nected with the entropy functional h(X). Namely, under the conditions (@))-(H), it turns out that
the entropy has to be non-negative. This is emphasized in the next statement, where we drop
the isotropy condition and extend the Bernoulli case to arbitrary integer valued random vectors.

()] < (6)
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As before, we assume that X is a continuous random vector in R? with finite second moment,
which is independent of all X,,’s.

Theorem 1.3. Let (X,,),>1 be a sequence of independent, integer valued random vectors, whose
components have variance one. Then

limsup h(Z,) < h(X) + h(Z).

n—oo

In particular, if h(Z,) — h(Z) as n — oo, then necessarily h(X) > 0.

Actually, the independence assumption may further be weakened to the uncorrelatedness (as
explained in Theorem [5.3]in the end of these notes).

We do not discuss here possible applications of the last conclusion in Theorem [I.3l Let us
however stress that obtaining lower and upper bounds for the differential entropy, under various
hypotheses or for different classes of probability distributions on the Euclidean space RY, is in
itself an important and self-sufficient direction in information theory, which is motivated by many
problems and is connected with other areas. For example, applications of lower bounds to rate-
distortion theory and channel capacity were put forward in [23] (see also [12], [16], [22]). Let
us also mention Bourgain’s slicing problem in asymptotic geometric analysis, cf. [9]. As a main
conjecture, it states that, for any convex body K in R? there is a hyperplane H such that the
(d — 1)-dimensional volume of the slice H N K is bounded away from zero by a universal positive
constant. It was shown in [0] that the latter may equivalently be formulated as the property that,
if X is a random vector in R? with an isotropic log-concave distribution then

h(X) > —cd

with some universal constant ¢ > 0. Besides this conjecture, the past few years has seen a growing
interest in the study of entropic inequalities as they shed new lights on fundamental problems in
convex geometry (cf. e.g. [7], [LI], [10]). We refer to the survey paper [21] for further details on
the connections between entropic inequalities and geometric and functional inequalities.

The paper is organized as follows. We start in Section 2l with general upper and lower bounds
on the Kullback-Leibler distance

Dx)2) = [ plo) oy % dz (7)

from the distribution of X to the standard normal law in terms of the L2-distance

a=lp-le={ [ o) —so(sc))zdw)l/z. Q

Throughout, Z denotes a standard normal random vector in R?, thus with density ¢ as in (&)
and with characteristic function

g(t) = Eei?) = / ') o(z) do = eI/, t € R%
R4

As usual, the Euclidean space R? is endowed with the canonical inner product (-,-) and the
norm | - |. These bounds are applied in Section B to express the entropic CLT as convergence
of densities in L?. Theorem [[.1] and Theorem (in a somewhat refined form) are proved in
Section @ Using Proposition Bl the proofs employ recent results obtained in [8] on local limit
theorems with respect to the L? and L*-norms. Theorem [[.3] is proved in Section [3, where we
also discuss the connection between entropy bounds and the entropic CLT.
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2. GENERAL BOUNDS ON RELATIVE ENTROPY

Throughout this section, let X be a random vector in R? with density p, and let A be defined
according to (g]).

Proposition 2.1. Suppose that E|X|? =d. If A < 1/e, then
D(X[|Z) < caAlog™™ (1/A) (9)

with some constant ¢y > 0 depending on d only. Moreover, if sup, p(x) < M for some constant
M > (2r)~%2 then

D(X||2) > 51 A% o
First we collect a few elementary large deviation bounds.
Lemma 2.2. For any T > 1,
(a) foor @lx)de < 247027 T7/2,
(b) fiaor 121 p(2) dz < 24T e—T2/2.

Proof. Clearly, (a) follows from (b). To derive the second bound, write
dwy ° 2
1Z]" 1412151y o |z|” ¢(x) dz eniz Jp ¢ r (11)
where wy denotes the volume of the unit ball in R%. Given ¢ > 1, consider the function

u(T) = /OO rtl e 2 gy — o7t e T2,
T

We have u(o0) = 0 and

W (T) = ((c— 1) T? — cd) 71 T2,
Thus, u(T) is decreasing in some interval 0 < T < Ty and is increasing in 7' > Ty. Therefore,
u(T) <0 for all T > 1, if u(1) = 0, that is, for

(o.]
2
c:\/é/ rdtl e /2 g,
1

Using (II), we obtain
(2m)%
dwd

2 7 d/2
E|Z]* 17513 < \/5( W)d ,

c= Ve

SO

/ 2| p(a) dx = (zd% <u(T) + cT? e‘T2/2> < edT? T2
|z[>T ™
O

To get the upper bound (@), we also need to control the weighted quadratic tails in terms of
the L2-distance A.

Lemma 2.3. If E|X|? = d, then for all T' > 1,

/ "TPP(-Z') der < QT% A+ 2de e—T2/2.
|z|>T
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Proof. We have

.Z'2 X X = — xz X X

/WT\ 2pa)de = d /Mr 2p(z) d
= xz X)) — X X .Z'2 X X
- /Mr 2 (o) - p(x))d +/ 2f? o) d

|2|>T

IN

$2 XT) — X X .Z'2 X Z.
/Mr 2 () - o(x)|d +/ 22 () d

|2|>T

The last integral is bounded by 2d T¢ e~ T%/2, Also, by the Cauchy inequality,

2 _ ? 4 B 2 _ dwd gia A2
([ oo o) < [ lottas [ 0o~ o) ao = 4 712

where wy is the volume of the unit ball in R%. Here dwd g, O

a4
Lemma 2.4. For all T' > 1,

D(X||Z) < 2dT%2 e—T2/2+(27r)d/2/<T(p(<v) — p(@))? "2 da

2d —1
+ / |z|? p(z) dz + / plogpdz. (12)
2 Japr 2l >T

Proof. In definition (§]), we split the integration into the two regions. Using the inequality tlogt <
(t—1)+ (t — 1)%, ¢ > 0, and applying the first bound of Lemma 2.2} we have

2
/ Bloggcpdx < / <£—1)4pdaz+/ (8—1) pdx
|z|<T ¥ ¥ lz|<T P lz|<T ‘P

B oV da =92
N /|x|>T(SD P +/|:c|<T o ¢

< 2T 2 T2 / pdz + (2m)%? / (p(z) — o(z))? elo/2 gz
|z|>T |z| <T

For the second region || > T, just write

/ ploggda; = / plogpdx
|z[>T i || >T

1
+ d 10g(27r)/ pdx + —/ |z|? p(x) da.
2 jal > 2 Jlalzr

Combining these relations and noting that log(27) < 2, we thus get

D(X||z) < Qde—2e_T2/2+(27r)d/2/||<T(p(x)_90($))26|m|2/2 i

1
+ (d—l)/ p(z) dm—l——/ |z p(z) dm—l—/ plogpdx.
[>T 2 Jlal>T | >T

As a consequence, we obtain:
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Lemma 2.5. For all T'> 1,

D(X||Z) < (2d+1)T* e T2 4 ((2m) %% +1) T2 A% 4 d/ |lz|? p(z) d.
[>T

Proof. We use the notation a™ = max(a,0). Subtracting ¢(z) from p(z) and then adding, one
can write

/ plogpdz < / p(x)log™® (p(x)) dz
| >T

IN

/ 1p(2) — o(2)] log* (p()) dz + / o(z) log™ (p(z)) dr.
j2|>T

|z|=T

Next, let us apply Cauchy’s inequality together with the bound (log™(¢))? < 4e~2t so that to
estimate the last integral from above by

p(z)? da v (log™ (p(x)))* dx UZS% p(r)? da 1/2.
|lz|>T |z|>T |z|>T

Here, using the first bound of Lemma 22] we have

rip L
/sz(’D(x) dr = (im) 2 /|y2T\/§<,0(y)dy

2d o 2 1 _72
S W(T\/ﬁ)d2€’r <Td 1€T.

Therefore,

/ plogpdz < / p(z) — p(x)| log* (p(x)) dz + T2 e~ T*/2,
[>T le|>T

To simplify, the last integrand may be bounded by

1

5 (0(a) — 0(@))* + 5 (log™ (p(a)))” <

: () — o)) + 5 pla).

2

N —

S0,

1 1 —
/ plogpdxr < —A2+_/ p(x)da:—i-T%e_Tzﬂ.
je|>T 2 2 Jiel>r

Using this estimate in () together with el**/2 < ¢T*/2 for 2| < T, we get

DX||Z) < 2T TRy @2 [ (p(a) — pla)?da
|| <T
+ 24 -1 2% p(z) dm+1A2+1/ p(z) do + T2 e T°/2,
2 izt 2 2 Jjal>r

Proof of Proposition [2.1. Combining Lemma with Lemma 23] we immediately get

d+4

D(X||Z) < 2d® +2d+ 1) T?e T2 4 (2m) Y2 +1) /2 A2 4 24T A.



ENTROPIC CLT FOR SMOOTHED CONVOLUTIONS AND ASSOCIATED ENTROPY BOUNDS 7

To get (@), it remains to take here

T= \/210g(1/A) + g loglog(1/A).

For the lower bound ([I0), let us recall that D(X||Z) = h(Z) — h(X). By Taylor’s expansion, for
all t > 0 and ty > 0, there is a point t; between ¢ and ty such that
(t —tp)?

2t

Inserting t = p(z), tg = ¢(x), we obtain a measurable function ¢;(x) with values between p(z)
and ¢(x), satisfying

tlogt = tologto + (logto + 1)(t — to) +

p(a)log p(z) = () log () + (og p(x) + 1) (p(a) — (a)) + LI~ L@

2t1(x)
Let us integrate this equality over z and use E |X|? = d to get
2
h(X) = —h(Z) + % /R d () = p(@))” (x)tl (;’;(”“’» dz.
Hence )
Dixiiz) -} [ G
It remains to use the assumptions p(z) < M and ¢(x) < M, so that ¢1(x) < M as well. O

3. TOPOLOGICAL PROPERTIES OF RELATIVE ENTROPY

Applying Proposition 2ZI]to a sequence of random vectors, we arrive at necessary and sufficient
conditions for the convergence in the Kullback-Leibler distance D in terms of the L2-distances

B =l =l = ([ (onle) = o)) "

More precisely, we have:

Proposition 3.1. Let (Z,,),>1 be a sequence of random vectors in R? with densities p,,. Suppose
that as n — oo

(a) E|Z,|? — d;

(b) A, — 0.
Then D(Z,||Z) — 0 or equivalently h(Z,) — h(Z) as n — oco. Conversely, if p,, are uniformly
bounded, then the conditions (a) — (b) are also necessary for the convergence in D.

Before turning to the proof, let us recall a basic abstract definition of the Kullback-Leibler
distance (i.e., relative entropy). Let X and Y be random elements in a measurable space (2 with
distributions p and v, respectively. If u is absolutely continuous with respect to v and has density
h = du/dv, the relative entropy of u with respect to v is defined as

D(X||Y) = D(u|v) = /hloghdy - /plogBdA,
Q q

where in the last equality we assume that p and v have densities p and ¢ with respect to the
dominating measure A on {2, so that h = p/q (which is well-defined A-almost everywhere). This
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definition does not depend on the choice of A, and one may always take A = p + v, for example.
If 11 is not absolutely continuous with respect to v, one puts D(X||Y) = D(u||v) = co. For basic
properties of this functional, we refer an interested reader to [I5], and here only mention one
well-known relation

/gd,u < D(,uHV)—Hog/ ed dv.
Q Q

It holds for any measurable function g on €2 for which the right-hand side is finite (this relation
easily follows from the elementary inequality zy < zlogx —z + €Y, x > 0, y € R).

In the case where Q = R? with Lebesgue measure ), and choosing g(z) = ¢|z|?, € > 0, we have
in particular

eE|X|]? < D(X||Y) +log EecVP’.

If Y has a normal distribution, the last expectation is finite for some € > 0. Therefore, finiteness
of D(X||Y) forces the random vector X in R? to have a finite second moment. One can now
introduce an affine invariant functional
D(X) = inf D(X|]Y),
Y normal

where the infimum is running over all absolutely continuous normal distributions on R%. Thus,
D(X) represents the Kullback-Leibler distance from the distribution of X to the class of all
non-degenerate Gaussian measures on R%. It is finite, only if the distribution of X is absolutely
continuous and has a finite second moment, and then this infimum is attained on the normal
distribution with the same mean a = EX and covariance matrix V as for X (cf. e.g. [3], Section
10.7).

Our next step is to quantify the properties (a) — (b) from Proposition 3.1 in terms of D(X||Z),
where Z is a standard normal random vector in R¢. Denote by ¢q,v the density of the normal
law with these parameters, that is, let Y have density

1 1,
(2m)4/2 | /det(V) eXp{ ; §<V (z—a)w—a) } z € R,

so that D(X) = D(X||Y). By the definition, if X has density p, we have

B xop(:ﬂ) . Mo p(z) -
bl = /de( )1 g@(:ﬂ)d /de( ! g%,v(x)d

1 1 1
— 5 log det(V) - S E (V'YX —a),X —a) + S E X

Pav(z) =

Simplifying, we obtain an explicit formula

1 1 1
D(X||Z) = D(X)—|—§|a|2+§<logdet(v)+Tr(V)—d>
d
_ Lot Lo
= D(X)+3lal +2;<logai2+ai 1), (13)

where o7 are eigenvalues of the matrix V (o; > 0). Note that all the terms on the right-hand

side are non-negative. This allows us to control the first two moments of X in terms of D(X||Z).
In particular, |a|?> < 2D(X||Z), so that the closeness of X to Z in relative entropy implies the
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closeness of the means. To come to a similar conclusion about the covariance matrices, consider
the non-negative convex function

1
vt =log- +t—1,  t>0.

We have ¢(1) = ¢/(1) = 0 and ¢ (t) = %2 If |t — 1| < 1, by Taylor’s formula about the point
to = 1 with some point t; between ¢ and 1,
t—1)2 _ (t—1)2
vl) = (1) + w0 - 1) + (e L LA

For the values ¢ > 2, we have a linear bound log % +t—12> ¢(t—1) with some constant 0 < ¢ < 1.

Namely, write the latter inequality as logt < (1 —¢)(t — 1), i.e., u(s) = W <l-—cfors>1.
As easy to check, the function u(s) is decreasing on the whole positive axis, so u(s) < log2 in
s > 1. Hence, one may take c =1 —log2 > %, and thus 1 (t) > %. The two bounds yield

1
P(t) > 3 min{|t — 1|, |t — 1|*}, ¢ > 0.

Let us summarize.

Lemma 3.2. Given a random vector X with mean a and covariance matrix V with eigenvalues

o2, we have

d
1 1
D(X||Z) = D(X) + 5 la)? + G > min {|o} — 1|, (07 — 1)*}.
i=1

In particular, putting D = D(X||Z), we have
(a) |af® < 2D;
(b) |o? — 1| <4v/D +16D for all i < d;
(c) [E|X[* —d| < 4dv'D +16d D.

Here, the closeness of all 0’? to 1 may also be stated as closeness of V' to the identity d x d matrix

I; in the (squared) Hilbert-Schmidt norm ||V — I||}g = Zle(af —1)2. These bounds have an
application in the problem where one needs to determine whether or not there is convergence in
relative entropy for a sequence of random vectors.

Corollary 3.3. Given a sequence of random vectors Z, in RY with means a, and covariance
matrices V,,, the property D(Z,||Z) — 0 as n — oo is equivalent to the next three conditions:

D(Z,)—=0; a,—0; V,— I

Proof of Proposition [7.]]. First recall that
d

d 1 d
D(Z,||Z) = —h(Z,) + 3 log(27) + §E |Zn|2, hZ) = 3 log(27) + 7

Hence, if E|Z,|> — d like in (a), then D(Z,||Z) — 0 < h(Z,) — h(Z). To show that the
conditions (a)—(b) are sufficient for the convergence in D, denote by f,, the characteristic functions
of Z,,. By the assumption and applying the Plancherel theorem,

Ay = 21) Y |fa—glla = 0
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as n — 00. Define the random vectors Z = byZy, where b2 = d/E|Z,|* (b, > 0), so that
E|Z,|?> = d. They have densities p,(x) = o pn(bi) with characteristic functions

fult) =EeB2n) — f(b,t),  teR%

Using b, — 1 and applying the Plancherel theorem once more together with the triangle inequality
in L2, we then get
1

Bu= @O Pl —gle = G 1a®) = g(t/b)]l2
< e ) = 90l + o ot /) — o0

1 1
= e Bnt iz 196/0n) = 9Dl

Here, the last norm tends to zero, so, A, — 0. We are in position to apply the upper bound @)
of Proposition 2.1l to X = Z,, which yields D(Z,||Z) — 0 and thus

D(Zn||Z) = D(Zy||Z) — dlogby + — d (b2 —1) = 0. (14)

Conversely, assuming that D(Z,||Z) — 0 and applylng Corollary B3, we get the property
(a). Hence, b2 = d/E|Z,> — 1, and D(Z,||Z) — 0 according to the formula ([Z). By the
assumption, p, are uniformly bounded, that is, p,(x) < M with some constant M. We are in
position to apply the lower bound (0] which yields A,, = 0 and therefore

An = b2 2m) 2 || Fult) — gbut)ll2 < 07% A+ b7/% (2m) =2 [lg(t) — g(but)]l2 — 0.

4. PROOF OF THEOREMS [L.THT.2]

From now on, let the random vectors Z,, be defined as the normalized sums according to ().
The proof of Theorem [[LTlis based on the following statement obtained in [§].

Lemma 4.1. ([8, Theorem 1.3]) There exists T' > 0 depending on the distribution of X; with
the following property. If f is supported on the ball |t| < T, then the random vectors Z,, have
continuous densities p,, such that

IPn — ¢llc = sup |pu(z) —¢(x)] -0 as n— oo, (15)
T

If B3 is finite, one may take T'=1/(3. If X has a non-lattice distribution, 7' may be arbitrary.

Recall that, in Theorems [LINL2] we assume that E|X|?> < oo, which implies E|Z,|> =
1E|X?2+d— dasn — oco. In addition, the uniform convergence (IF] is stronger than

lpn —@ll2 = 0 as n — oo, (16)

since

lon — @l = / (pul@) — (2))? da

< lpn = lloc / 1Pn(z) — 9(@)]dz < 2 pn — @]l
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By Proposition 31 both properties ensure that D(Z,||Z) — 0, and we obtain Theorem [Tl
Now, let us turn to the Bernoulli case, that is, when X7 has a uniform distribution on the

discrete cube {—1,1}?. Theorem may slightly be refined in one direction by weakening the

condition (). As before, ||t|| denotes the distance from the point ¢t € R? to the lattice 7Z¢.

Theorem 4.2. Suppose that the characteristic function of X satisfies

f(rk)=0 forall keZi k+#0, (17)
together with
/
/ Lf()l Ljil(t)\ gt < oo, (18)
re ]l

Then we have the entropic CLT, that is, D(Z,||Z) — 0 as n — oco. Conversely, if the entropic
CLT holds together with

/
t
/ £ () dt < oo, / Ol gy < o, (19)
Ré re |[2]]
then f satisfies (I7)). In this case the uniform local limit theorem (IX]) takes place.

The point of the refinement is that (I8]) is weaker than (I9]), which is exactly the condition ()
in Theorem In dimension d = 1, (I8) is fulfilled whenever f and f’ are in L? (by Cauchy’s
inequality), that is, when the density p of the random variable X satisfies

/Oo (1 + 2?) p(x)? dz < oo

—0o0

(which holds automatically, if p is bounded). If d > 2, (I8 is fulfilled under the decay assumptions
([6]) with a weaker parameter constraint o > % This is the case, for example, where X is uniformly
distributed in the (solid) cube [~1,1]¢, while (I9) does not hold. In [8], it was shown that the
properties (I7)-(I8)) imply the L2-convergence of densities (I6]), while (I7]) together with a stronger
assumption (I9) leads to the uniform convergence (I3]). Hence, we can apply Proposition Bl to
conclude that D(Z,||Z) — 0. It was also shown there that the property (I7)) is fulfilled under the
L?-convergence (I6)). In order to arrive at a similar conclusion under an apriori weaker entropic
CLT, we involve the assumption (I9) and prove here:

Lemma 4.3. Suppose that X; has a uniform distribution on the discrete cube {—1,1}%. If the
condition (I9) is fulfilled, then Z,, have uniformly bounded densities py,.

Having this assertion, we therefore complete the proof of Theorem and of Theorem by
appealing to Proposition [3.1] once more.

Proof of Lemma [£.3 Put v(t) = cos(t1)...cos(tq) for t = (t1,...,t3) € R% By the assumption
(@), the characteristic functions

0= 1) ()

are integrable. Hence, Z,, have continuous densities given by the Fourier inversion formula

pilo) = g [ a0 ar (20
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Let us partition R? into the cubes Q) = Q + 7k, Q =[5, 3]%, k € Z4, so that ||t|| = [t — nk| for
t € Q. Splitting the integration in (20]), we can write

() = 57 Z k(@ I g(xz) = nd/2/ e KBTIV £ (1) (8) dit.
271' Qs

kezd

Putting w(t) = f(wk + t) and using the periodicity of the cosine function together with the
bound 0 < cos(u) < e~**/2 for |u| < Z, we have

Tna@)] < 0y T = [ fonle)] eI
Q

By Taylor’s formula,

1
k)= £k < 1 [ 17k enlds, e

(21)
Hence, changing the variable £t = s, we get
1
[k = sntar <[] 5ol
Q
|f (mk + s)
/ |:|f (mk +s) ||S|/| oo §d+1:| / S‘d 1
with some constant cq depending on d only, where ||s]|oc = maxy |sy| for s = (s1,...,5q4) € R%
Hence
/
t
W ) = 15 < [ 1i@lderea [ L
Qk Qk 121l
The next summation over all k leads to
|f'(#)]
wk 7T — < 09,
S k(@) = 3 |f (k)| < /\f )dt + <2 UL gt (22)
kezZd kezd re [l

where we applied the assumption (I9]). Put

Ik = /Qﬂwk(t)\ — Jwg(0)]) e /2 at.
By 21,

1
f(t)] < [wi(0)] + I /0 jw (£4)| .
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Hence, again changing the variable £t = s, and then £ = \/n |s| %, we get

_ 1
Tk < / / ] [l (60) 1% di e
QJO

1
- / sl (3)]]s] [ / s-d-le-"'“/?fzds} ds
Q 2||s]|co

n_d/2/ lwi,(s)] |s| =@V [/ ud=1e=v*/2 du] ds
Q Islv/n

/
< g2 ’wkcfs)’e_ms\mds
Q Is|t

IA

with some constant ¢ depending on the dimension, only. Performing summation over all k, we
get

_ / /
il S Jop < Cd/ IO —nlie2/2 g < Cd/ FO 4

2, g 11 g 14T

Due to (22)), with some other d-dependent constants

/
t
W S g < e [ @l [ < o

d d
kezd R R

and thus Y, c7a [In k()| is bounded by a constant which does not depend on . O

Remark 4.4. To better realize the meaning of Theorem [Tl let us also comment on the rela-
tionship between the entropic and transport CLT’s. Given two random vectors X and Y in R¢
with distributions p and v respectively, the (quadratic) Kantorovich distance is defined as

) = W) =it ([, [ e =oP i)

where the infimum is running over all (Borel) probability measures A on R% x R? with marginals
p and v. It represents a metric in the space Mg(Rd) of all probability measures on R? with finite
second moment, which is closely related to the weak topology. More precisely, given a sequence
pn and a “point” v in My(R?), the convergence Wy (ji,,v) — 0 holds true as n — oo if and only
if u,, are weakly convergent to v, that is,

/ u(z) dpp (z) — u(z) dv(zx)
Rd Rd

for any bounded continuous function u on RY, and [, |2|? dun(z) = [ga |2|* dv(z) (cf. e.g. [31],
p. 212).

When v is the standard Gaussian measure on R?, the relationship of Wy with relative entropy
was emphasized by Talagrand [30] who showed that

W2(X,Z) <2D(X||Z)
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holding for any random vector X in R? with Z a standard normal random vector. Returning to
the setting of Theorem [[.1], define the normalized sums

, 1 1

Z, = Zp NG X = Tn
By the classical CLT, the distributions p,, of Z/, are weakly convergent to the Gaussian limit v.
Since also E |Z,|> = E|Z|?> = d, the above characterization of the convergence in the space My (R?)
ensures that Wa(ul,,v) — 0, which is a transport CLT. A similar conclusion can also be made on
the basis of Theorem [Tl Indeed, choose for f a characteristic function supported on a suitable
small ball |t| < T, so that D(Z,||Z) — 0, by ). Applying the Talagrand transport-entropy
inequality, we get

(X144 X,).

2 2
W2(Z!,Z) < 2oW2(Z,,Z) + =E|X|? < 4D(Z,||Z) + =E|X|* — 0.
n n

A similar approach was used in [4] to study the rate of convergence in the one-dimensional
transport CLT under the 4-th moment assumption.

5. ENTROPY BOUNDS

Let (X,)n>1 be a sequence of integer valued random vectors in R?, and let X be a continuous
random vector in R% with finite second moment, independent of this sequence. As before, we
define the normalized sums )
Vn
As is well-known, when the second moment E |U|? of a continuous random vector U in R? is
fixed, its entropy is maximized on the normal distribution with the same second moment (cf.
e.g. [13]). In the case of independent and isotropic X,,’s, we have E|Z,|*> = 2E|X[*+d — d
as n — oo. Hence limsup,,_, h(Z,) < h(Z), where Z is a standard normal random vector in
R?. The argument to derive a similar bound limsup,, . h(Z,) < h(Z) + h(X) is based on two
elementary lemmas, which involve the discrete Shannon entropy

H(Y) == pilogp.
p

Zn=—(X+ X1+ + Xp).

Here, Y is a discrete random vector taking at most countably many values, say ¥, with proba-
bilities py respectively.

Lemma 5.1. Let X be a continuous random vector, and let Y be a discrete random vector
independent of X, both with values in the Euclidean space R%. Then
MX+Y)<hX)+HY).
Lemma [5.1] can be derived implicitly from the ideas of [28] about the entropy of mixtures of

discrete and continuous random variables. An explicit statement appears in [32, Lemma 11.2]
(see also [26]). We include a proof for completeness:

Proof. Denote by p the density of X and let pp = P{Y = yx} for some finite or infinite sequence
yr- Since X and Y are independent, X + Y has density

9(2) = prp(z — yp).
k
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We use the convention ulog(u) = 0 if u = 0. Note that, if p(z — yx) = 0, then

pip(z — yi) log Zpip(z — i) = 0= prp(z — yi) log(prp(z — yr)),

2

while in the case p(z — yi) > 0, we have

pip(z = yi)log > pip(z —yi) = prp(z — yx)log (pkp(z —ue)+ > pip(z — yi))
i ik

> izk PiP(2 — i) )}

= prp(z = Yk) [log(pkp(z — k) + log (1 T pep(e —vr)

> pep(z — yx) log(pkp(z — yi))-
Hence, for all z,
prp(z — yi) log > pip(z — yi) > pep(z — yi) log(pep(z — yi))-

We may therefore conclude that
MXY) = - [ aC)logalz) ds
R
= -> /Rd prp(z = yi) log > pip(z — yi) dz
k i
-> /Rd prp(z — yx) log(pp(z — yi,)) d2
k

IN

= —%:pk </de(z — k) log p dz + /de(z—yk)logp(z —yk)d2>

= h(X)+H(Y).
O

Let us note that a recent sharpening of Lemma [5.1] appears in [25, Theorem III.1], where it is
shown that

MX+Y)<hX|Y)+TH(Y),
where h(X|Y) is the conditional entropy, reducing to A(X) on independence, and T is the supre-
mum of the total variation of the conditional densities from their “mixture complements”, nec-
essarily 1" < 1.
The following lemma is standard and has been used in several applications (see [24]):

Lemma 5.2. For any integer valued random variable Y with finite second moment,
1 1
HY) < 3 log (27re (Var(Y) + ﬁ)) (23)

The proof of Lemma [5.2] that we include for completeness, also combines both discrete and
differential entropy:
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Proof. Put p, = P{Y = k}, k € Z. Consider a continuous random variable ¥ with density ¢
defined to be
g(z) =pp fze (k-5 k+5)
In other words,
Q(‘T) = Zpkl(k—%7k+%)(x)7 x €R.
k

Note that . " . . .
EY:Zpk/k 1 xdsz;((k—i—i) —(k:—i) ):kaszY
k 2 k k

and similarly

2 b+ 2 2 1
EY :Zk:pk/k_% xz“dr =EY +E.

Hence Var(Y) = Var(Y) + L. Also,

h({/) = _/ Zpkl(k_%7k+%)($) log ijl(j—%,j-i-%)(x) dx
—o00 Z
+

e
= —Zpk/ logprdr = H(Y).
=k

1
2

Now, since Gaussian distributions maximize the differential entropy for a fixed variance, we
conclude that

~ 1 ~ 1 1
HY) =hY) < 5 log (2me Var(Y)) 5 log (27‘1’6 (Var(Y) + 12))
O
We are now prepared to establish Theorem [[.3], in fact under somewhat weaker assumptions.

Theorem 5.3. Given a sequence X, = (Xy1,..., X, q) of random vectors with values in 74,
independent of X, assume that for each k < d, the components X,, ;, n > 1, are uncorrelated
and have variance one. Then,

limsup h(Z,) < h(X) + h(Z).

n—oo

Proof. Putting S,, = X; + -+ + X,, and applying Lemma [5.1], we get

WZy) = h(X:/%S")

= h(X+5,) — glogn

< h(X)+ H(S,) ~ Slogn.

Note that

Sn:(sn,ly---,sn,d)y Sn,k:Xl,k“‘"'"i'Xn,k (1 Skgd)
By the well-known subadditivity of entropy along components of a random vector (an abstract
property on product spaces which is irrelevant to the independence assumption, cf. e.g. [20]), we
have

H(S,) < H(Sn1) + -+ H(Sn.a)-
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Here, the entropy functional on the left is applied to the d-dimensional random vector, while on
the right-hand side of this inequality we deal with one-dimensional entropies. For each k < d,
the k-th component S, ; of the random vector S,, represents the sum of n uncorrelated integer
valued random variables with variance one, so that Var(S, ;) = n. Hence, by (23) applied to
Y =5, 1, we have

1 1 1
H(Spr) < glog (27T€<’I’L—|— ﬁ)) =3 log(2men) + O(1/n),

and therefore

S8

H(S,) < B log(2men) + O(1/n).
We conclude that
limsup h(Z,) < h(X)+ glog(%re) = h(X)+ h(2).

n—oo

O
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