Module 1 Lecture Notes
MAC1105

Fall 2019

1 Real and Complex Numbers

1.1 Subgroups of Real Numbers

Definition
A set is a collection of _MATHEMATI\CAL _ORYECTS An
ELEME T is an object that is in a specified set. An interval is a collection of
REAL NOMBRERS

TWE WILL LEARND ABOUT REAL NMUMRERS RELOW

Note 1. We can describe the elements of a set using set builder notation. An example of this

is shown below.

Example 1. To describe the set of all freshman at the University of Florida in set builder notation,

we would write:

-

THE SET OF ALL X SUCHTHAT X 1S A FRESHMAN AT UF

{x P X 1S AFRESHMA G AT UF%

Of , ' SET POSTER NOTATION @ { FRESAMAN 1, FRESHMAN 2, .. .3




Natural Numbers

The natural numbers are the numbers we use for counting:

il,2,3:‘l1,,.§

I THE ~JATURAL HUMBERS DONOT 1N CLODE O

2. THE NATUR AL DOMRERS DA NOT 1 L VDE NEQATIVE "JUMRER S
3. symRot: N

Whole Numbers

The set of natural numbers plus zero is the set of whole numbers:

{o0,1,2,3,4,...3

[ THE WROLE NUMRERS DO INCLODE O
1. THE WHOLE NOMRBREES DONOT | CLUDE NEGATIVE NUMRERS
3. WHOLE MOMBERS = O + N ATURALQUMRERS

Y. SYMBoL: W



Integers

The set of integers is the set of negative natural numbers plus the whole numbers:

4( -2,-1 o,V 2, . ..%

7

I A TEGQERS = NEGATIYE NATORAL NMUMRBERS

+
WHOLE 0UMBER S

1. S\MROL: 2

Rational Numbers

. 2 5 . m
The set of rational numbers includes fractions written as —, where m,n are

n
INTE OERS  andn # 0:

m —
X X=TN , MASDN ARE INTE GERS AuD N0 3

). SNMROL: @
2. AN INTEGER M CAJ BEWRIMTTEUAS 5= |, 50 ALL INTEGERS
ALE L ATIONAL NOMBERS
3. ZATIONAL NUMRERS ALYD [N CLODE. REPBRATINNG AR
TELMINATING DECIMALS:
0-3333...20.3 |S AREPEATING DECIMAL

0-365365365. .. 20.365 IS A REPEATING DELMAL

- L -
0-25 = 3 Is ATERMINAT WG DECIMAL (IT EDY)

O- 159249739 ... 15 A NONTERMINATING DECIMAL (DOES 3T EAD)
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Irrational Numbers

The set of irrational numbers is the set of numbers that are not _&ABM-_, are
non- YLEPEAT\MC’\ and are non- l E_-@Mlﬂﬂ’u_h\’(- .

l. [ SET-RUILDE R ()OTATION:

[X: X 15 AREAL YUMRER AUD X 1S Ol ARATIONALNOMBER X

L. IFRATIONAL mOMBRERS INCLODE AN REAL nOUMBRER THAT IS AdT A
AT I0NAL NOMBER

3. EXAMPLES:
TT=3.14154206. ..

WO -PEPEATING £ nON-TERMINAT G
V=2 = |.4142)...
NON - ZEPEATIN G QMO,\)—TEJZMNATNC—.

4 NON- EXAMPLES:

Vy=1

O0.2153%321S3... =06H.2153
REPEAT I DECIMAL



Real Numbers

The set of real numbers is the set of rational and irrational numbers together:

Tx: X 15 A RATIONALOR IR2AT I0AL NUMBER 3

/A NUMBER CANNOT BE BOTH RAT I0RNAL AND IEEATIONAL

2. THE REAL NUMBERS CAN BE VISUAL [ZED O A
NUMBER LIOE (TRE REAL NUMBER LIVE)

I ] 1 1 \
Q |

e = :
y TP
A REAL NUMDBER

3. SYmRoL: IR

KRTHE NVMBERS THAT ARE NOT FEAL NUMBERS COmMM DALY
OCLLOE WHEN IWE TAFE THE SQUARE POOT (OR THE. EVEW
B0OT ) OF A NEGATINE NUMBERZ AmD WHEN WE

DIVIDE. BY O (YOO CANNOT DIVIDE RY o! )



Definition

Let A and B be sets. Say that A is a SURSET of B, written A C B, if every element

of A is an element of B.

I TRE NATURAL MUMBERS ARE A SOBSET OF THE. WHOLE
NUMBERS BECAUSE BENERY NATORAL UMRER IS ALSO
A WHOLE NUmMBER' {1,2,3, ...3 < {o, 2,3 .3

2. THE WHOLE NUMBERS ARE NOTT A SORSET OF THE
NATURZAL DUMRERS BECAUSE O ISN0T A NATURAL
NVUMIBTER

RAT IONAL DUMBERS




Example 2. Classify the following numbers in the chart provided:
21 21 4 0
=T .- E V9, V/=9,v2,vV=2

2,7, T age om REAL NUMBERS

ZATIONAL | RRATIONAL
{2
Tk ISTEGE2 T
-3 =03 4
4y
WHOLE. -
Q-0 m
2
_NATORAL
{@=3, &=3

Example 3. Which of the following is the smallest set of real numbers that 1/ 0 belongs to?

9o ]————
1. Natural Number 2 (o =0 SO o \r‘

2. Whole Number
NOT A t\)ATU\ZAL
3. Integer /\-‘\)MBE? , BW ﬂ. |5

4. Rational A NH'OLE_ ANVM B E'Z

5. Irrational

6. Not a Real Number



Example 4. Which of the following is the smallest set of real numbers that 1.324324324324324...

belongs to?

| 324324... = /. 324

1. Natural Number

2. Whole Number A BEPEB AT WG DECIMAL -’
3. Integer

4. Rational

5. Irrational

6. Not a Real Number

& BECALL: BATIONAL NUMREERY 1N CLODE REPEAT ING AD
TERMINATING DECIMALS



1.2 Subgroups of Complex Numbers

Definition

A complex number is a number of the form q+ b ¢ , where a is the real part of the

complex number and b is the IMAGIVAEY part of the complex number.

Definition

Let a+bi be a complex number. If a = 0 and if b # 0, then a+bi is called a PUKE.

LMAGINARN number. An imaginary number is an even root of a negative integer.

2. Lt=-|

3. a4 + bi
0 T IMAGIARN PART
FEAL PART

4. /F b=0 THEY a+bi=a+0i= a4 +0 =g 154 REAL
NUOMBER

5. AR IMAGINARY NUMBER IS ANENEN ROOT OF A

NEGATINE DUMBER
0. ENERY REAL JUMBRER 194 (OMPLEX RUMBRER

3. EXAMPLES:

Fz=Fz =J71 =z = 4=
o= = = dfd= =2

9



K DN IRIASG BY O DOES AT GIVE. O A COMPLEX NUMRER!

%’ IS ANOT REAL AND AT CMIPLEX

Example 5. Classify the following numbers in the chart provided:

2 24 0
__7 + ia \/__47 \/__2]-7 \/§7 \/ﬁ7 Eza §Z7 T L _§7 -
9 0 7 6 3'm

REAL NQNPEAL COMPLEX
- 7‘;'7-' + ¢

RATIONAL \ERAT IONAL

-% ﬂT
ISTEGER ‘
_24 14 .2 PURE \MAGINARY
(0 ) ?- +c Fq'
-2
WHOLE 8
S m
T
&&IU&A—_L
\a

*%L 15 0T A COMPLEX /\)\)m&az!

10



1.3 Order of Operations

Properties of Real Numbers
Let a, b, and ¢ be real numbers.
The Inverse Properties:

There is a unique number 0, called the additive identity such that:
Il. 0+a=q

2.4+ 0:=AQ

There is a unique number 1, called the multiplicative identity such that:
.. a-]=q

L.l 4z=q

The Identity Properties:

There is a unique number —a, called the additive inverse or negative of a such that:
.. a+ (-ad= d-a4 =0

®

2. (cka)+d=-a+a

1
If a # 0, there is a unique number —, called the multiplicative inverse or reciprocal of a such
a

that: )
la-(g)= 2=

The Closure Property:

I 4+ B 1S AREAL QUMRE(R

(2. a-b 15 A REAL NUMRER
\Y,
WHEND YOU APD AND MOLTIPCY REAL NMBERS, THE RESUCT 1S

A LEAL NMBRBR
11



The Commutative Properties:

. a+b = b+q “ORDER DOES ST mMATTERS
2.a-b=bq

The Associative Properties:

I a+ (b+ ) = (a+h) +C

2.4 (b-vy= (a'b) ¢
The Distributive Property:
l.a(btc) = a-K+ q-¢

L. (a¥bdc=a-C + b-¢

Definition
Operations in mathematics must be performed in a systematic order, which can be remembered by

the acronym PEMDAS:

P - PAREMNTHESIS & DINISION IS MOLTIPLICATION
B- EXPOMENTS K SUBTRACTION IS ADRITION
M—MM‘Q&) 0, N

b DIVISIO = PEMA

A - ADDITIOA)
S - SURTRACTION

Note 2. In other words, to simplify mathematical expressions, we will:

1. Simplify any expressions within grouping symbols, such as () and ]

12



2. Simplify any expressions containing M or EAD]Q&Li—

3. PerformMQLT | C and division IN THE ORDER IN WHICH THEY APPEAR

from left to right

4. Perform addition and SRV ACTION)  IN THE ORDER IN WHICH THEY APPEAR

from left to right

Example 6. Use the order of operations (PEMDAS) to simplify the following expressions:

1. 12-10+ (2%5) = 12 =0 — 10

= 12 -1
-

2. T4+10%+ (2%5)+12 = 3} + |02.; 10+ |2
s | W) 2
)lO = 10O
= 3 +100= 10 +12

00T 10 =)0
= F+ 10 2 J
=1 +12 =29
3.32°-46+2)= 3.2° - 4.8
- )Zz;‘-l
=39-48
=12 -4 -8
J 4-8=32
= |2-32
= =20

13



1.4 Operate on Complex Numbers

NoteB.H:m:ﬁ.ﬁ:L\ra—

Adding and Subtracting Complex Numbers

Adding Complex Numbers:

(a+bi)+(c+d)=LarC) 4+ (b+d)

Subtracting Complex Numbers:

(a+bi)—(c+di)=La=<Y 4+ (b=d) ;

Multiplying Complex Numbers

Multiplying Complex Numbers by Real Numbers:

k(a + bi) - ¥Xa + Kb

I FoIL |
Multiplying Complex Numbers by Complex Numbers:/ QlL -
‘FIPST ,00TER, IioER, LAST

(@+bO)(c+dD =qe + adi + by + bdi’
=dc + (gd+bd)u ¥ bd=h)
=(ac=bd) + (ad +bo)c

14



Example 7. Multiply: ﬁ

2324330+ (Y492 +FYD) (20
2o +490 -8 -R°
=6 +@-8)C -12(-1

b+ ¢ +12 =18+LS

(2 + 3i)(4 :’i)

Example 8. Multiply:

FLYE2(-0) #3004 +H3) (=)
=8 =20+12: -3
=@ +(=2+RHY L -3

=8 +10Cc +3 "L"""O‘?,

Definition

The complex conjugate of a complex number, (a + bi) is a -bi In other words, the
complex conjugate of a complex number is found by changing the sign of the imaginary part of the

complex number.

Note 4. The product of a + bi with its complex conjugate, a — bi is (a + bi)(a — bi) = a? + b%.
(a¥biy(a=bi) = a-a +4(-bi+ q(bi) + (bid(-b)
= 4% -aBi+ali —b? 2
2a -bD = a2 4b?
EXAMPLES!
\. COMPLEX CONJUGATE OF 1+3¢ 1S -3¢

15
2. COMPLEX CONTUGATEOF =24 1S -(-24)= 20



Dividing Complex Numbers
To divide a + bi by ¢ + di, where ¢ and d are both nonzero, multiply the fraction by the complex
conjugate of ¢+ di :
(@ ) (,—d.() \: (Gl—b@)(c-dé) - qC - qdc + bece - deQ
Crdl 7~ C=di (c+d) (e—di) C4d’

= ac + (-ad +bAO ~bd(-D
F+4*

= (ac+bd) + (be-addc¢
< +d?

2+ 5¢
Example 9. Divide : 4+ !

—1

* COMPLEX COJIVGATE. OF Y4-¢ IS Y+< ¢

145t M 4+¢ ) = () Y+

- e CERICETS

S2HY L+ 50 +56 -1
4%+ 2

= 8 +1(+20¢ +5¢°

6 + )
= 8 +(2+200) 5D
13
= 8 +22¢ -5 —|3r22¢ - 3 4 2%
|3 K * 3
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