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10 Synthetic Division

10.1 Divide With Synthetic Division

The Division Algorithm
The Division Algorithm states that, given a polynomial dividend, f(x), and a nonzero polynomial
divisor, d(z), where the degree of d(x) is less than or equal to the degree of f(x), there exist unique

polynomials ¢(x) and r(z) such that

L()= dx)Yq )+ (x)

q(z) is the M and r(x) is the @EﬂBﬂQDEL The remainder

is either 0 or has degree strictly less than (J(X) . If r(z) = 0, then d(x)
DWIDES Mi into f(z). This means that d(z) and g¢(x) are
FACTORS  of f(a).

How to use Long Division to Divide a Polynomial by a Binomial

1. Set up the division problem.

2. Determine the first term of the quotient by dividing the leading term of the



M by the leading term of the J)_\MJL

. Multiply the answer by the divisor and write it below the J.JEE—
TEEMS  of the dividend.

. Subtract the bottom BJMO—MlAL— from the top binomial.

w

W

Ut

. Bring down the next term of the dividend.

(@)

. Repeat steps 2-5 until you reach the last term of the dividend.

7. If the remainder is mnon-zero, express the answer using the divisor as the

DE MM ATOR

Example 1. Use long division to divide 423 + 1222 — 242 — 28 by = + 4
1
X" -Yx -8
S
X+4 9% +12x*-2Yx -28

-(4C+Het) | )

- Ux* ~244 28
(=% -tex) )
-8x -28

-(-8x -32)
Ll

Yy +12x%- LYx-18
X t+Yy

= U -yx-g + 9
X+4



Definition

M D_\N\_SJM— is a shortcut that can be used when the divi-

sor is a binomial in the form x — k, where k is a real number. In synthetic division, only the

LQEEEMEL[B&W used in the division process.

Use synthetic Division to Divide Two Polynomials

1. Write k for the D\\“SQK

2. Write the coefficients of the dividend.

3. Bring down the LLAMQQ— w

4. Multiply the leading coefficient by k. Write the product in the next column.
5. Add the terms of the second column.

6. Multiply the result by k. Write the product in the next column.

7. Repeat steps 5 and 6 for the remaining columns.

8. Use the bottom numbers to write the quotient. The number in the last column is the
MAML and it has degree 0, the next number from the right has degree

1, the next number from the right has degree 2, etc.



Example 2. Use synthetic division to divide 623 — 1822 + 19 by = — 2.

X-1 =0
Xx=1

216 =18 o 19

J/ 12 -1 24

6 -6 -12(-S pemapER
1

K X C
bx> —18x? +19

= bx*=bLx -2 + (-S )

X-1 X-1

£
I WE MOLT IPLY BOTH SIpES BY THE. LCD, X-2, WE OBTAly:

bx> —18x* +19

X -1

= bx%=bx -12 + (-S )] ()(—z)

X-2

3 ]
X BT = (632 ey -2y (x-2) -5



Example 3. Use synthetic division to divide 1623 4+ 822 — 32z — 20 by 4z + 4.

l'{x-{—q:o CIX+\)
Yx= - Y Yx+ Y :q:("
X= —|

DWIDE BN 4

1
X X C
16x° + 8x* =32x -2 )
EL S 6x™ -8x -24 + Y4
B+ Y Tx+4

3
l6x” + 8x° —32x -0

. Yx+Y

= YxP-ix - 4 4y
Hx+4

=, 3 1
lox” +8x* —32x-20 - (Ux%2x—6 ) (4x+ ) +4Y



10.2 Possible Rational Roots

Rational Root Theorem

The possible rational roots of the polynomial
anx™ + ap_12" N + ...+ a1z + ag

are of the form :tg, where p is a divisor of AD— and ¢ is a divisor of 4 P

q

{o&m.\w TELM /(:EAD WG
(OEFFILIEST

How to Use the Rational Root Theorem to Find the Zeros of a Polynomial f(z)

1. Determine all divisors of the constant term ay and all divisors of the leading coefficient a,.

2. Use 1 to determine all possible values of :l:g, where p is a divisor of q°7 and q is a
q

divisor of 400_

3. Determine which possible zeros are actually zeros of f(x) by evaluating each case of f (ip> .
q

Example 4. Find the possible rational roots of the following polynomial:

f(z) = 62> — 1722 + 62 + 8

. Qo= N
4%=8 DuiswSor 8 Lt 4,8 = POSSIBLE FAT IOwAL ROOTS!

+Qaz b : +| +1
o= DivisoRs oF 6+ [, 2,30 -Tll-z’:_%'it
+2 +2 + 2 +2
+y +4 y
SRAS TS L
6 8 ,+8 .8 g
T T



Example 5. Find the possible rational roots of the following polynomial and then find the actual

roots by factoring or using the Quadratic Formula:

f(z) =2*—15
+0o71S DIISORSOF IS: 1,3,5 IS

‘Qn: | DWISORSOF [: |

= POSNIBLE. PATIONAL ZERN: 11 + 3,13,1‘!5

GUADRATIC FORMULA : x=- bt {b2-YqcC xt +0x -IS
2q

X= =0% [0%- 41 (-1
(D

X= % {@o

g=

Jo0r ACTUAL ROOTS ARE *+ |60
l
R OOF TAT IDNAL ROST THE ORE M OnslN HELPS
LUS FlaD POSSIBLE RATIONMAL ROOTY NCT
ILRATIONAL ZOSTS



10.3 Completely Factor Polynomials

The Remainder Theorem

If a polynomial f(z) is divided by = — k then the value of ;"LL is the remainder.

The Factor Theorem

k is a zero of f(x) if and only if ( X% ) is a factor of f(x).

How to Find the Zeros of a Polynomial f(z) Using Synthetic Division

1. Use the RAT IOnNAL \ZOCS\— M to find all

of the possible rational roots (zeros) of f(z).

2. Use synthetic division to evaluate a given possible zero. If the remainder is 0, the candidate

is a zero. If the remainder is not 0, discard the candidate.

3. Repeat step 2 using the quotient found with synthetic division. Continue (if possible) until

the quotient is a quadratic.

4. Find the zeros of the quadratic.



Example 6. Factor the polynomial below and list all of the actual zeros for the polynomial:

f(z) = 23 — 62% — 152 + 100
*do= 100 PISORS OF 100: 1,2, 4,S,10, 20,25 ,50,100

*dn= | DWNISORS OF [: |
= PRSIBLE RATIONAL RooTS: T/, 12,24 +S t/o T 20,225,150 £/00
™ /-

T -
| | -, =-1IS 100 -1 I - -IS 100
Y =5 -20
| | S _
— % J 10
= -9 |0 CN
TN 2: TR =4
- -IS 6)

2 | =6 =15 100 -] ©h I
! 2 -8 -y¢ L -1 %o -0
-4 25 59 2 Y AN @)

X x C f

YES!

s £
= X -6x° -IS X $100 = (x+4)(XF=10% +25) | ¥~ (ox+25

2 (FD (=3xS = (3IS)



Example 7. Factor the polynomial below and list all of the actual zeros for the polynomial:

f(x) = 2t + 1223 4 3722 — 30z — 200
., =-200  DwIsORS OF 200: |, 2,45, 8,(0,10, 2S5 ,40,90,100, 200

-

. qn= | DNISORO OF /¢

=) POSS IRLE. FATIOSAL ZEROS:

Tt 4 15,58, %0, 120 125,+ Yo,150, + |00, + 100
TRY 2°

2 |\ IZ 33 -3 -200

l 2 18 |30 200

I 14 63 100 LO

x> X X C VES!

=2 XT3 126 + 32x2 -30x =200 = (x-l\(xg +1Y9% £ 63 x +100)
') FACTOR !

Qo= 100 P soRs oF (00 I, T, '-l, Sl 0, ZO,?_S ,SO/,OO

*dn= | DNISORS OF /: |
= PRSIBLE PATIONAL RooTS: T/, 12,24 £S5 /o F 20,125,150 £/00
TN -Y:

3
—q b 6T 100 oy X YK LS x4 100= (x+4Xx*+/0x +25)
Y =9 “Ho 60 2
T S = (X+49) (x+3)
xt X« VES!

=) x4 1253 + 33 -30x - 260 = (x=2YV(X® + 19%" £ 65 x +100)
10

= (X=X +9) (x+S )2



Example 8. Factor the polynomial below and list all of the actual zeros for the polynomial:

f(x) =32 + 72 — 112 — 15
- do=-IS  Duisors ofF Is: 1,3,35, 1S
- daz= 3 DijisordoFE 3+ |,3

) POSS IRLE. FATIO WAL 2EROS: T, T +3 +5

4
3 ) )

3 +5
})

T -

T3 = -5
b = -4 s
S0 T LS g

3
I +x —lix- 1S = (x+1)(3x* +Yx L)

4
FACTOR 3x"+ Yk IS * Facors OF (45)(3)= =45 THAT ADDTO 4 9,-S

WOR K

Yy |5 <
x-S 3"Z+‘lx?-6x -IS

= 3k -5 (x+ )
= (x+3)(3x-5%)

= Rx3a
P =y -5 < (x+l3(x+‘$3(3x~53

11



Example 9. Factor the polynomial below and list all of the actual zeros for the polynomial:

f(x) = 182 — 922 — 38z + 24
. dg= 2Y DWISORS OF 29: 1,2,3,4,6,8,1%,24

- Qn= |8 D\\l\)O?—S OF 18 I)ZIS; G’) q) 18

=) POSS IRLE. FATIO AL ZEROS:

)+ +1 + 1 4 L
VT R AR TEE DI - S
Tm-%
X-2 1S A FACTOR !
8 -9 -3 24 3
~ld = 2z -4 = 3x— IsA FACTOR
B 3 -3 |o 9=32 BLEGEED
X X C L—VES! TO DwIDE Y R
\ STice |
3BT -Ix*-s8x42q o g J
= 18X 434 =3¢
Bx-2) U
18X -9x* 38 x4+24 - ox i x -2

(3x-2)

I8 x>-9q.2 Y — 2 _
IT-38x +24 = (6x®4x -12)(3x-2) 5 bxTex—12
= (3x=1)(2x43)

= (x=4) (2x+3Y (3% -2 )

12



