Module 4 Lecture Notes
MAC1105

Fall 2019

4 Quadratic Functions

4.1 Factor Trinomials

Rules for Positive Exponents
For all positive integers m and n and all real numbers a and b:

Product Rule

n+m
Power Rules
(@)™ = qQ
m nm | hm
(@)™ =q" b

DI

Zero Exponent

a® =1

Definition

An expression of the form aiz® where k£ > 0 is an integer, aj, is a constant, and z is a variable,

is called a MONOMIAL The constant ay, is called the OEFFICI and k is

the PDEQREE of the monomial if k& # 0.




Note 1. The sum of monomials with different degrees forms a POLNNOMIAL The

monomials in the polynomial are called the TEEMS A polynomial with exactly
two terms is called a _BIAOMIAL  and a polynomial with exactly 3 terms is called a

TRlWOMIAL

Polynomial in One Variable in Standard Form:

anZ”™ + ap_12™ 1t + ...+ a1z + ag
where ag, ..., ap—1, a, are real numbers and n > 0 is an integer.
Ex: 5x>+ x4 12x + 12x2 + x+29

21X

x1+ Itx

Definition

A_QUADRATIC  FUACTION) s a polynomial function of degree 2.

Note 2. 22 + 5z + 2 is a quadratic function, but = + 2 is not a quadratic function because

E DEGLRE +2181 2

Operations on Polynomials

Adding and Subtracting Polynomials

Polynomials are added and subtracted by combining like terms.
Multiplying Polynomials

Two polynomials are multiplied by using the properties of real numbers and the rules for exponents.



Example 1. Perform the operation:

4 g2 ~
(22% = 32° 4+ 1)(4x — 1)

= (ZxYMX) 4 (2XDENDFEIRD X (=3I O + (D)

il

BXHX _—qu "ZX-LX -\-3)(1 +lfx -

8x5-2x1 -l'lx3 + 3% +4x -\

Note 3. When multiplying two binomials, use FOIL (o “THE i20x ME\'HOD\\)
FIRST, OUTER, INWER, LAST

EXAMPLE: (x+2)(X-2)

= XX+ (DO HDCO F 32D

=Xt <2x+x -Y :)x2~LI

X 2
x| x* 1x
[
=X A (2N + 0
-2 |-x -y = xt -y

Definition

The greatest common factor (GCF) of a polynomial is the LARZRGQEST

PoOLNOMILAL that divides evenly into the polynomials.

Ex: THE GCF OF loX AwD 20Xx% 1S Yx
THE (CF OF 2x*+ Yx+22 |15 2



How to Factor out the Greatest Common Factor

—

1. Identify the GCF of the C \C
2. Identify the GCF of the VARAABLES
3. Combine 1 and 2 to find the GCF of the expression.

4. Determine what the GCF needs to be multiplied by to obtain each term in the polynomial.

5. Write the factored polynomial as the product of the GCF and the sum of the terms we need

to multiply by.

Example 2. Factor 623y® + 4522y? + 212y by factoring out the greatest common factor.

I GCF OF THE COEFFICIESTS (6,45,21) |5 3
1. GCE oF TRE VARIABLES (7Y, XTy% xY) 1S xy
3 TTHE GCF OF THE EXPRESSION 1S 3-xy = 3xy

H. FACTOR QUTTHE GLF: 3xy (XY +15xy +3)

Factor a Trinomaial with Leading Coefficient 1

A trinomial of the form x? + bx + ¢ can be factored as (z + p)(x + q), where pg = C  and

ptq= b

Note 4. Not every polynomial can be factored. Some polynomials cannot be factored, in which

case we say the polynomial is prime.



How to Factor a Trinomial of the Form z2 + bz + ¢

1. Determine all possible factors of c.

2. Using the list found in 1, find two factors p and ¢, in which pg = C  and p+q= bi

3. Write the factored expression as (x+ P) (x+ Q\)

Note 5. The order in which you write the factored polynomial does not matter. This is because

multiplication is QMM UT ATIVE.

Example 3. Factor the trinomial:

22 + 242 + 140

l-ALL POSSIRLE. FACTORS OF |40:  Jyo

|
1o 2
35 0y
28 s
20 3
4 10

1. HUuD TWO FACTORS P AND ¢, FOUMD 1D WHERE Ptq="14
Y +10=2Y

3o (x4 14) (x+10)

| (Ao (HECKL OV ANYWER 3y Foll!

(X+19) (+10Y= X% + 10x + Y% +]190

=Xt 2Yx t14o V
)



Factor a Trinomial by Grouping

To factor a trinomial in the form az? + bz + ¢ by grouping, we find two numbers with a product of

AQC and a sum of ‘b

How to Factor a Trinomial of the Form az? + bz + ¢ by Grouping

1. Determine all possible factors of AC

2. Using the list found in 1, find two factors p and ¢, in which pg = QAC _and p+ ¢ = L

3

3. Rewrite the original polynomial as QA_‘I:MLJL
3

4. Pull out the GCF of Q,X_LPZ—

5. Pull out the GCF of J];AJ'_C_—

6. Factor out the GCF of the expression.



Example 4. Factor the polynomial:
3527 + 48z + 16

4 FIuD THE FACTORS OF 3516 = S60 WHOME S0om 1> 48+
20+28 =48 !

5360 \

180 (2 2

4oy =) FEWRITE AS * 35x° + 20x +28x+ 16,

\ |87. 5 /POUOUTGF  / PUULOUT GLF
o 3 = 5x (#F +
Y XX +4) + 403Ix+Y)
36 10 N2
4O 1Y GCF OF EXPRENSIOY

2122 + 40z + 16
KW THE FACTORS OF (2NUE) = 336 \WHOSE S0mM IS Yo:
336 28+12= Yo!

35_16

Example 5. Factor the polynomial:

168 2 2AREWRITE AS: (l‘lxﬂ WBx+2x+ 16
T3 —
L PoLL
84 Y4 ot OUT GCF

36 G

TIEXT Y)Y ¢ 4(3x+y)
N\ e
O LF oF EXPRESNO O

=|Rx+4) @+ 1)
Example 6. Factor the polynomial:
3622 + 192 — 6
R EIOD FACTORS OF (RGO =-216 WHOSE SO 1S 19¢
-1 \ -23% B 27-8=19
1le - (2*+ -8 )/%KEW.:TE AS : L3(oxz +23x-8x -6
-108 1 T - \LF'
jo8 -1 ot Lt
31 3 gu: OUT GCF
32 -3 ~ x(4x +3) ~2(Yx+3)
.54 4 ~6CF OF EXPRESSIOny
54 -4y 1Y%+ (9x-2)
-36 G -

36 -G



Factor a Perfect Square Trinomial

A perfect square trinomial can be written as the square of a binomial:

A+lab+b®  _  (asb)’

or

*-2ab+b®  _ (a-b)°

How to Factor a Perfect Square Trinomial

1. Confirm that the first and last term are perfect squares.
2. Confirm that the middle term is TWICE  the product of ab

KA
3. Write the factored form as _(dQ +b)

Example 7. Factor the polynomial:

10022 4 60z + 9

4 FIEST AuD LAST TER M ARE PERFECT SOUARES  100X? = (10x) > AnD 9= 3

Q* 15> THE MIDDLE TERM, bX ,TWILE TRE PROBUCT OF (10x)(3D 2

200x) 3D =63
=e0x V
YES!
= PELFECT SCQUARE TR 1n6MIAL:

100X +60x+ 9= (I0x\* + 2(10x)(3) +3° ‘-’-‘UOX +3)° \

8



Factor a Difference of Squares

A difference of squares is a perfect square subtracted from a perfect square. We can factor a

difference of squares by: Qt = b—z - (a+B) (a=-b)

How to Factor a Difference of Squares

1. Confirm that the first and last term are perfect squares.

2. Write the factored form as (C\ +bh) (Q -b \

Example 8. Factor the polynomial:

4922 — 16
3\
(3x) y?
qqxl "'“o = (?.x) 2 - L‘I
DIFFERESCE OF SQUARES!

= |Gxr HEx-4) |

£ ql+h' 4 (a+d) (a-b)

POES 0T EOUAL!




4.2 Graphing Quadratic Functions

Definitions:

The graph of a quadratic function is a U-shaped curve called a ParADOLA The

extreme point of a parabola is called the NEAETEX | If the parabola opens up, the vertex

represents the lowest point on the graph, called the _ MW\~ MU M VALVE  — of

the quadratic function. If the parabola opens down, the vertex represents the highest point on the

graph, called the MAXIMNMOD M VALODE | The graph of a quadratic function
is symmetric, with a vertical line drawn through the vertex called the _AX\S QF
SNMMETRN | The X - \WTERCEPTS  are the points where the parabola

crosses the x-axis.

/ PARACOLA
OPESS VP!

AXIS OF SN MmMETEY
x=73

S0 1 5 b4 & 6 7 6% TN X LTEKEMS
1l ’ Keee !
™ VEETEX
Y L AT (3N

10



Parabolas and Quadratic Functions

General Form of a Quadratic Function: The general form of a quadratic function is

ax' +bhx+t ¢ where a,b,c are real numbers and @ # 0. If _QA»Q | the parabola

opens up. If QL0 the parabola opens down.

Standard Form of a Quadratic Function: The standard form of a quadratic function is

i
L00)= alx=n) " + K where a £ 0. If _A>0 | the parabola opens up. If _.Q¢Q ,
the parabola opens down.

Axis of Symmetry: The equation to find the axis of symmetry is given by

o _ b lor x=h)

2a
Vertex: The vertex is located at (h, k), where
R - SERE— k=fh) = (- b )
2a lq

How to Find the Equation of a Quadratic Function Given its Graph

1. Identify the coordinates of the vertex, (h, k).
2. Substitute the values of h and k (found in 1) into the equation f(z) = a(x — h)? + k.

3. Substitute the values of any other point on the parabola (other than the vertex) for z and

f(=).
4. Solve for the stretch factor, |al.

5. Determine if a is positive or negative.

11



6. Expand and simplify to write in general form.

Example 9. Write the equation of the graph below in the form az? + bz + ¢, assuming a = 1 or

a=—1:

R PAZAROLA OPEAS
OP, O a YO

Example 10. Write the equation of the g

a=—1:

X PALAROLA OPE S
POVe !

= altd
=3la=-|

FX)=albehY K
£00)= 1 (x=(-H)+ 5)

0= (x+)t -S

FOO= a1y () =5

L0002 X x| =

L(x) X% 4% - ﬂ

12

n the form az? + bx + ¢, assuming a = 1 or

raph
W
L|F3 K \ 33

£z a(x=h) +k

SO = (x=(=1)) +3
| ¥z —(xeny? 3
[F0O== (%1 (x4 +3

[ S= = (6 x4 41y +3
1 £(x)= —(xt

+IX 1) 4+

2
‘Q(X\: "'xz -‘Zx ‘l +‘3

L@(x): -x7’ -2Xx¥ 2




Example 11. Graph the equation f(z) = (z —3)2 - 19 & CAJ OSE DESMOY l

AKTHIS IS THE FORm £(X)= q(x- )+ k
=) h=3 AuDd k= -4 So VERTEX IS (h)eY= (3 -19)

D0zl Sp a>0 ANDTHUS, THE PARABOLA CPEAS WP

(3,71
]
NE

FTEX"

RAXDS OF SNMMETRY 1S x=h 0 x=3"
)

13



4.3 Solving Quadratics by Factoring

How to Find the x-Intercept and y-Intercept of a Quadratic Function:

1. To find the y-intercept, evaluate the function at X=0Q |

2. To find the x-intercepts, solve the quadratic equation £6xN=0

Note 6. Solving the quadratic equation f(x) = 0 can be done by factoring, or by using the
quadratic formula. First, we will solve quadratic equations by factoring. To solve f(x) = 0, we will

factor f(z) and set each factor equal to 0.

Example 12. Solve the quadratic equation by factoring:

1522 + 92 — 6 =0

I. Factor 15X +9x =G

(‘53(-(o3:'q0
S$Y(-6Y=-90
-a0 | (153¢ AlD = I5x"+9x -6 =0
- -q\ 2

:2 Z‘ |s-6'q. llsx +‘sx-‘|6x ~Q=o
4 -1 ISx (X +1) =G(x+NH =0
-30 3

a0 -3 (x+DISx-6) =0

-8 5

‘ . & SET EACH FACTOR EQUAL TO O:
18 -

(x+DUSx=-6)=0

15 G X+l =0 ISX-6=0
‘X:-I ISx= 6

THESE ARE THE SOLUT 0% TO
F00=0 | ie THEY ARE THE
ZERCS AND |~ ISTERCEPTS

14



Example 13. Solve the quadratic equation by factoring;:
472 +122+9=0

I. FACTOR Yx*+1tx+9:
Uxt= (20" AnD 4=3% S0 THIS MIGHTBE A PERFECT SOUARE TRINOMIAL
22O 2 Yx)(2) = 12x
DYxtiiix +9= (2502 + 2(2003) +3% = (ax+ 3)°

1x+3=0
So, Ux*+i2x +9=0 x——“s
= (W43 *= 0 -

=) (2x+3H)EZ%+3) =0

Example 14. Solve the quadratic equation by factoring:

3502% + 302 — 8 =0
/. FACTOR 350%"+30x-8
(:50)(-8)=2800"
FluD TwO FACTORS OF ~2800 WHAME SOM 1530 ¢ 0 4D -4 wor!
(30) (40) = -2800 AdD FO+(~10) =30

= WO+ x -8 =0 SET EACRH FACTORZ EQUAL
\
T70 O.
= ATOXT+ FOx -Y{Ox -3=0
= I+ =0 FOx-89 =o
2 FOx(Ox+ 1) -8Bx+) =0 160 x=8
= Sx+)(20x-8)= 0O X= —S—O
X= 9
\/ 35
THESE ARE
15 THE SOLOTIONS/2E RS/

X~ STERCEPTS



4.4 Solving Quadratics using the Quadratic Formula

The Quadratic Formula: o0 qx"‘...bx +C

To solve the quadratic function f(z) =0, we can use the quadratic formula which is given by:

-bt ‘b"'—‘lqc,
da

Tr =

Note 7. Recall that to find the x-intercepts of a quadratic function, we solve the quadratic equation
f(z) = 0. So, to find the x-intercepts, we can solve by factoring, or we can solve using the quadratic

formula. The quadratic formula will always work, but sometimes it is much more tedious to use.

Example 15. Solve the quadratic equation using the quadratic formula:

= |+‘F5 ’XZI'B

4a? —8r —8=0
A
q= T "L,:—g

x=-bt{b-4ac _ ~(-8) EVE 9D - 8t (e4+r8 . 8+ 192
ta (%) 8 i 8

Example 16. Solve the quadratic equation using the quadratic formula:

202 —8x+7=0

x=-bt [ Hac | (o) + [B7 903 | g+ [roee
2a ()

Y
= 81'\1_8_ - 8z \Iq.z

Y

~N L
A

(N
Ve
o |

16
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