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Summer B 2019

6 Polynomial Functions

6.1 End and Zero Behavior

Note 1. A polynomial of degree 2 or more has a graph with no sharp turns or cusps.

¢ NOT A POLYMOMIAL ¥ PoLYmom 14 L

Note 2. The domain of a polynomial function is (=00, 2)

Definition

The values of x for which f(x) = 0 are called the _2EROS or z-intercepts of f.

Note 3. If a polynomial can be factored, we can set each factor equal to zero to find the x-intercepts

(or zeros) of the function. Recall that the z-intercepts of a function are where f(z) =0, or y = 0.

The y-intercepts are where x = 0. | -STERC
. /' JX\WTERCEPTS /2EROS

\-RTERCEPT

How to Find the x-Intercepts of a Polynomial Function, f, by Factoring

1. Set L= 0

2. If the polynomial function is not in factored form, then factor the polynomial.



3. Set each factor equal to O o find the z-intercepts.

Example 1. Find the z and y-intercepts of:

g(z) = (z —2)*(2z + 3)
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X-ISTERCEPTS: (X=2=0\ AOD Ix+3 =0 =) X = |JTERCEPTS

X =-3 ARE (2,0 3

32 (2,0) ARD ( = o)

o \| - —- all
V-INTERCEPT: (0= (0-2) (2(0)+3)= (-2)° ()= Y3= R‘i YT INTERCEPT
Note 4. The graphs of polynomials behave differently at various z-intercepts. Sometimes, a graph S ((D, ]2)

will _ CROSS the horizontal z-axis at the z-intercepts, and other times the graph
will TOOCH or bounce off the horizontal x-axis at the z-intercepts.
Definition

The number of times a given factor appears in the factored form of a polynomial is called the

MOULTIPUCITY

Example 2. From the above example, g(x) = (z — 2)?(2x + 3), the factor associated to the zero
at = 2 has multiplicity _ L This zero has even multiplicity. The factor associated to the zero

3
at r = —3 has multiplicity ~ 1 This zero has odd multiplicity.

Graphical Behavior of Polynomials at x-Intercepts (Zeros)
If a polynomial contains a factor in the form (x — h)P, the behavior near the z-intercept h is deter-

mined by the power p. We say that x = h is a zero of MULT (PLICITY p. The graph of a

polynomial function will touch the z-axis at zeros with EVE N multiplicities. The
graph of a polynomial function will cross the x-axis at zeros with oDD multi-
plicities. The sum of the multiplicities is the DEGREE of the polynomial function.




Example 3. The graphs below exemplify the behavior of polynomials at their zeros with different

multiplicities:
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Note 5. The graph of a polynomial function of the form

f(x) =ag+ a1z
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Example 4. The chart below illustrates the end behavior of a polynomial function:

Even Degree

Odd Degree

I~

Positive Leading Coefficient
a, >0

N

v

End Behavior:
x> 00, f(x) > o
x = —0o,f(x) > o0

Positive Leading Coefficient

a,>0

2

v

End Behavior:
x -, f(x) >
x> —,f(x) » —

I~

Negative Leading Coefficient
a, <0

( )

End Behavior:
x - o, f(x) > —0
x = —o, f(x) » —0

Negative Leading Coefficient
a, <0

\

End Beth/ior:
x - o, f(x) » —
x - —o, f(x) >




Example 5. Choose the end behavior of the polynomial function:

fz)=—(z+ 7%z +5) z-5)3@x—-17)3
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Example 6. Choose the option below that describes the behavior at x = —3 of the polynomial:

x=-b x:—z ":33 x=0
f(x)=(z+6)(x+3)*(x—3)°(x —6)

20N
1. X==b , OdDD MULTIPUILITY

1. X= -3, BNEQ MULTIPUCITY

Choice A

Choice C

3.%X23 , ODD MUOLTIPLILITY

K. X=06, ODD MULT IPLILITY

Choice B

~

& POSITIVE LEADING COEFFICIENT !

K DEGREE OF €£(X) \STHE SUM OF THE MU LCTIPLICITIEN

I +Y4 + 3 +) :Cl

=) ODD DEGREE A~D PoyTIVE LEADING CORFFICIE ST

J

PLOT 2EROS AND SKETCH GRAPH:
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\_f
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Example 7. Choose the option below that describes the behavior at x = —9 of the polynomial:

x==4 x=-% x=3 x=4
f(z) = (z+ 93z +3)°x —3)3(z —9)*

2EROS
I. x=-9, 00D MULTIPCICITY

Choice A oice

1. X=-=3, OPD MULTIPLICITY

3.X= 3, 0Dp MmUuLTIPLICITY

Choice B Choice D

~

& POSITIVE LEADING COEFFICIENT !

Y4.x=9 , BVEN MmULTIPLILTY

K DEGREE OF €£(X) \STHE SUM OF TUE MU LCTIPLICITIES
3+ S +3+27 = R

=) ODD DEGREE A~D PoyTIVE LEADING CORFFICIE ST
J

PLOT 2EROS AD SEETCH GRAPH:
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Example 8. Choose the end behavior of the polynomial function:

fx)=(z+9)(z+4)5x—4)>3x-9)

Choice A hoiceC

Choice B Choice D

SN,

- POSITIVE LEADING COEFFICIENT !

K DEGREE OF €£(X) \STHE SOM OF TUE MU CTIPLICITIES
I+ G0+ 3+ = W\

=) ODD DEGREE A~D POSITIVE LEADING COEFFICIBEAST:
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6.2 Graphing Polynomials

Definition

A TOEZONG POIST of the graph of a polynomial function is the point

where a function changes from rising to falling or from falling to rising. A polynomial of degree n

will have at most _{\ = \ turning points.

How to Determine the Zeros and Multiplicities of a Polynomial of Degree n Given its

Graph

1. If the graph crosses the x-axis at the intercept, it is a zero with 0D

MULT\PLICITY

2. If the graph touches the x-axis and bounces off the axis, it is a zero with

ENEV MOLT\PLIC ITN

3. The sum of the multiplicities is ¥\ .

Definition
If a polynomial of lowest degree p has z-intercepts at x = x1, 9, ..., Z,, then the polynomial can

be written in factored form:

S0 (x=x, Y (X’Xz)?l--— (X=Xa) "

T p=p +Pat+ - tPn



Note 6. In the factored form of a polynomial, the powers on each factor can be determined by the

behavior of the graph at the corresponding ZEROS , and the stretch factor a can

be determined given a value of the function other than the X - | ERC S

How to Determine a Polynomial Function Given its Graph

1. Identify the X Aﬁlﬁ\m to determine the factors of the polynomial.

2. Examine the behavior of the graph at z-intercepts to determine the MULTIIPLICITY

of each factor.
3. Find the polynomial of least degree containing all the factors found in step 2.

4. Use any other point on the graph (typically the y-intercept) to determine the stretch factor

(or, you can analyze the end behavior of the graph to determine the stretch factor).

K IF x=C 'S A RERO , THEND (X-O) IS A FACTOR OFTHE POl NOMIAL
£00= alx- c.\”‘(x—caml. - (x—Lmn)m"

C, 2y oo Cmn ARE THE 2EROD AuD X-INTERCEPTS
My M ARE THE MULT IPUCIT IES

PitmMat o, =M ISTHE DEGREE OF §£0x)
A IS THE LEADIUG COEFFILIENT
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Example 9. Write an equation of the function graphed below:

1.5
0.5}

0.0

> : ‘ : :

—-1.5
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X-\na T ERCEPTS:

I. X =0 | CROSMES X—AXIS =y ODD MULTIPLICITY

2. X= | l CROSNES X—A XIS =) opD MOULTIPLICITY

3. K=Z , CROSSES X— AXIS =) ODD MULT (PLICITY

= £0)=q(x-0)(x-1) (x-2)
= ax(X=-(x-2)

£ D BErAVIOR:

"DERGREE : 3
= ODD DEGREE AJD f

L0)= x(x-1 (x—?—T\

-

{

=)POSITIVE CEA DING (OEFEICE T
= a=| H



Example 10. Write an equation of the function graphed below:

X=IQTERCEPTS:

l. X=-1, CROSES X-AXIS = 0PD MmULTIPLILITY
(X=CD) = (x+ 1) \s A FACTOR WITH MmoLTIPULITY 1

1. x=0  CROSSES X-AxIS 33 00D muLTIPLILITY

(x-0) = X 1S A FACTOR WITH MULTIPLICITY ]

3.X=2 | CRORMES X -AXIS = oDD MULT IPLICITY
x=2) 13 4 Facror wiTH MULCTIPLICITY 1

EoD BE HAVIOR:

" DEGREE " ¢ 3 " T
OPD DEGRREE AD E~D BEHAVIOZ IS L

<¢-’

=\ VEGAT [VE LEADING (OEFFICIENT ;S0 (¢0 = d=-|

L0 == (x+D)x ( x-2)
12‘&00-. -x (XHHx=2) |




How to Sketch the Graph of a Polynomial Function

1. Find the z-intercepts (zeros).

2. Find the y-intercepts.

3. Check for symmetry. If the function is an even function, then its graph is symmetric about

the AF - _AXS (that is, f(—x) = f(z)). If the function is an odd function,
then its graph is symmetric about the _ X__ - Alb— (that is, f(—x) = —f(z)).

4. Determine the behavior of the polynomial at the zeros using their MULTIPLICITIES .

5. Determine the LEEADING M
6. Sketch a graph.

7. Check that the number of _TORe N0 PoruTS does not exceed one less

than the degree of the polynomial.
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6.3 Lowest Degree Polynomial

The Factor Theorem

k is a zero of f(x) if and only if (x=¥) is a factor of f(x).

Note 7. The following statements are equivalent:
[. X=Q \S AZERO 6F THE FLICTIOn &
1. X=A IS A S0LOUTION OFTHE EQUATION {£(x)=0

2. (x4 15 A FACTOR OF THE POLNNOMIAL £(x)

Ho (A0) 1S Ay X- \WTERRCEPTOFTHE GRAPH oF §()

Note 8. If we are given the zeros of a polynomial, we can use the FA(/TO‘?' Al HEOREM

to construct the lowest-degree polynomial.

Example 11. Construct the lowest-degree polynomial given the zeros below:

3.-3,—4
F ACTORS:

1. (x=3)

3 [F0= 000 (x|

F00= (X 43x-3x -9 ) (xH4)
3. (X‘(_L‘n\‘- (X“'Ll) Fx) = (xl-q)(x.‘_q)

‘S;m._ X* + 4t - qy -3(3(

1. (x- 3)) =K&+3)

Fori!




Example 12. Construct the lowest-degree polynomial given the zeros below:

4 3

_57 _57 -3

FacTors:

L (X=(-4)) = X+L  —GET RIDOF FrACTIOWS: <x+ﬂ =0)3 = dx+4=0
k | 3x+t
|

2 (x(-3)= X+ = GET 1IPOF FeacTiows (x4 3

3'=O)2—92x+3:o
3. (x=(-%)) = IXB]

]

L%UJ: (X +3D(dx+Y4)(2x+3)

—y

Fundamental Theorem of Algebra
If f(z) is a polynomial of degree n > 0, then f(z) has at least one (omPLEx

zERO In fact, if f(x) is a polynomial of degree n > 0 and a is a nonzero real number,

then f(z) has exactly n _LINEAR FACTORS

SNz AXx=C Y K=C2) - .. (x=Cn)

where c1, g, ..., ¢, are complex numbers. That is, f(z) has _¥\ ROOTYS if we allow for

multiplicities.

Note 9. This does NOT mean that every polynomial has an imaginary zero. Real numbers are a

subset of the complex numbers, but complex numbers are not a subset of the real numbers.

15



The Linear Factorization Theorem

If f is a polynomial function of degree n, then f has n M, and each factor is of the
form _ (X "C3 where c is a complex number. That is, a polynomial function has the same

number of linear factors as its degree.

omplex Conjugate Theorem

Suppose f is a polynomial function with real coefficients. If f has a complex zero of the form a + bi,

then the _COMPLEX (ONIVOATE  of the zero, a — bi, is also a zero.

YALSO APPLIES TO (RR AT 10WAL ROGTS !

A Closer Look at the Zeros of a Polynomial Function

Recall the quadratic formula:

. —b+ Vb2 — 4ac
- 2a ’

Case 1: b? — 4ac is positive and not a perfect square:

IWTEGER | \ZEATIONAL
INTEGER INTREGER

= LATIOMAL 4+ \LRATIOMAL

Case 2: b? — 4ac is negative:

oo MWTEGER | (OMPLEX
\STEGRR (OTRGER

= FATIONAL + _(DMPLEX

16



Example 13. Construct the lowest-degree polynomial given the zeros below:

1
2,
‘[’3

Swte (2 154 2ER0, -7 1S ALSO A 2ER0
FACTORS:
. (x-{2)
(=T = (e DY
3 (x-%) 2 OET BIDOF FRACTION H(x-F =0)3 = -] -0
L00= x=T)x+ §2)(3x=1)

OO0 (X4 T x - [T x —2)(3x=1)
F0O0= K*-2)(3x-1Y
[Q(X\—. 3x3 -x* -lbx -2 '

Example 14. Construct the lowest-degree polynomial given the zeros below:

&

2
4431, —=
+ 3t 5

SINCE U+ 3L IS ARERD, Y-3:0 15 ALSs AZERO
Factors:

I (Xx=(443)) ‘-
2. (x- (4300 =[(x-4+30) |

30 2 (X 2N 20ET 21D OF FRACTIONS [x+2 =0)5 = Sxrtzo
L(x) = (X =4-3) (X =Y+ (3X+2) |(5x+2)
FOON=((x =4y =20) (XD +5 (3 %42)
FON < {(x-u)* = (3)") (5x42)
L= (X - 8x +16 =97} (5x+D)

S(xy= (XT-Bx +25 ) (sx+2) /
17
00 SX° +2xT - Yox  —lbx + |25% £SO

[c0) = 5x* - 38x" 4104 F50 |




