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Fall 2019

7 Rational Functions

7.1 Domain of Rational Functions

Definition

A MEETICAL ASYMPTOTE is a vertical line x = a where the graph tends

toward positive or negative infinity as the input approaches a. We write
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Example 1. Consider the graph of the function f(z) = l:
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We cannot divide by zero, so as x — 07, L= -6k That is, as x approaches zero

from the left, f(x) approaches —oco. Similarly, as z — 07T, LD . That is,

as = approaches zero from the right, f(z) approaches co. So, there is a vertical asymptote at

X=0

Note 1. A vertical asymptote represents a value at which a rational function is M,
so the value is not in the domain of the function. In general, to find the domain of a rational function

we need to find the values which cause the DEnOMIN) ATOR to be equal to zero.

How to Find the Domain of a Rational Function

1. Set the DENOMI) ATOIL  equal to zero.

2. Solve to find the z-values that make the IDENOM I~ ATO[L equal to zero.

3. The domain is £ALL (Z'EA'L m except those found in

step 2.

Example 2. Find the domain of the rational function:

1

f<$):a:+3

X320 4 DomALy IS ALLTREAL NUMBERS EXCEPT
X=-3 x=-3
A POMAG IS (02, =3DV (-3 )
Note 2. It does not matter what type of real number makes the denominator equal to zero. When

we have two or more fractions in the function, the domain is the U0 of the

domains of each function separately. In other words, we will remove EVERY value of the function

that makes the denominator equal to zero from the domain of the function.



Example 3. Find the domain of the following function:

1 1
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Note 3. If we are given a rational function which has a denominator with degree larger than 1,

we will first need to FA( TO(l the denominator and then solve for the z-values that

make the denominator equal to 2ELO




Example 4. Find the domain of the rational function:

1

fla) = 2+ 4z +3

S DENOM IDATOR CAJ~OT EOUAL 2ERG!

XPryx+3 =0 DOMA I (S ALL LEAL NOMBER
EXCEPT =3 AuD —|
(x+2y (x+H) = O
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X+3=0 Xx+I1=0 — )
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Example 5. Find the domain of the rational function:

1
223 — 322 — 9

fz) =

A FIuD VALUES OF x THAT MAKETHE DENOMINATOR ZEZO:

3- T =0 12("1 :—'18
X -3 x=0 - —83\
X(2xt-3x~9) =0 | (=6)(3)= 18

X(2xT-Lx +3x—-94)=0 ¥ A~D
X @ —6+3=-3
X [x(x =3 +3(x=3)] =g b 3

x [(x=3)(2x+3)] =O DOM AN 15 ALL EAL AOMBERS EXCEPT
0,3 -Ei

X(x=3)(2x+3)=0
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Example 6. Find the domain of the rational function:

1

flz) = 3 +132
AFIoD VALUES THAT MAKE ThE pEUOMILATOR 2ERO:
X 3% =0 DOM Al 1S ALLLEAL NOMPERS EXCEPT O

X(x*+1_3)=0
L ‘—@——'ﬁ

Z

X =t{Rr ’DOP’)AIN) s (=R, OYu(0; ) \
St
LEAL
Definition
A HOR\ZOITAL ASNMPTOTE is a horizontal line y = b where the graph

approaches the line as the inputs increase or decrease without bound. We write

As z =00 or z — —o0o, ‘Q’LX)-) b

1
Example 7. Recall the graph of f(z) = —:
T
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As x — oo, ;b()_)o That is, as x approaches infinity, f(z) approaches zero.

Similarly, as £ — —o0, & (X\ =~ 0 . That is, as x approaches oo, f(x) approaches zero.

So, there is a horizontal asympotote at \;l: @




7.2 Graphing Rational Functions

Graphs of Basic Rational Functions To graph rational functions in this section, we will work

1

1
with two basic rational functions: f(z) = ~ and f(z) = —.
x x

“\JERLTICAL AS\MPTOTE AT X=0O * JEELTILAL AS\MPTOTE AT X=0

- HORZONTAL ASNMPTOTE AT y=0 HOLZONTAL ASNMPTOTE AT =0




Graphing Rational Functions With Translations

Consider the function f(x) = + k.

Horizontal Shifts
%« (h,K) 1S THE POINT LURERE THE ASNMPTOT2S C|2083
R NEW VERTICAL ASNMPTOTE IS Xx=h

& s,(xw-.Lh 1S THE GRAPH oF L SHIFTED h Ui
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TO THE LEFET

Vertical Shifts
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Stretch Factor

£Q IS THE STRETCH FACTOR. [0 THIS CLASS WE Wittt
ASSOmE g=| or g=-|
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Note 4. So, we can now use the graph of — to graph f(z) = Lh + k. When translating the
x T —

graph, we must remember to shift horizontal and/or vertical asymptotes.

Note 5. To find the value of a, plug in a point on the graph after finding the value of h and k.

=3q= |

.1 ma=) .
L0 ) Lx)= x

Loz = a= L(x)z = = a=-|




Graphing Rational Functions With Translations

Consider the function f(x) = + k.

Horizontal Shifts

% (h ) 1S THE POINT LURERE THE ASNMPTOTES C20SS
R NEW VERTICAL ASNMPTOTE IS X= h

& ;(xx-.(LN IS THE GRAPH oF L SHIETED b UnTs
X— X

TO THE RIGHT
& -‘—O&\:_ q |
()(-H'\\l IS THE C—"zAPH OF ;(Tz SHIFTED In VA T

TO THE LEFET
Vertical Shifts

K (h,k) ISTHE POINT (WHERE THE ASNMIPTOTES CROSS
R NEL HOR 20T AL ASNMPTOTE 1S y=Fk

KL= “T t L ISTHE GRAPH OF 7’ SHIFTED K L~ITS
Sy

#* £ (x)= %_ L ISTHE GRAPH OF —)‘(-z SHIFTED K vnms
Do

Stretch Factor

£Q IS THE STRETCH FACTOR. [0 THIS CLASS WE WltL
ASSOmE g=| or g=-|
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Standard Form of Rational Functions

a

The standard form of f(z) = . +kis

@)= —2 + K

lﬂnx’ho

VELTICAL y= he
The standard form of f(z) = ﬁ +k is ASNMPTOTE h,

(l’hX"lﬂo)I A—S\{MPTOTE—

Intercepts of Rational Functions
If a rational function does not have a vertical asymptote at x = 0 (that is, if our function is defined

at = 0), then the y-intercept of the function occurs when X=0 If a rational

function does not have a horizontal asymptote at y = 0 (that is if our function is defined for all

x-values where f(x) = 0), then the z-intercept of the function occurs when ‘% =0
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Example 8. Write an equation for the graph of the rational function below. Assume a = 1 or

a=-—1:

2] % PARE~VT
o1 FLNCTI0~ IS
'@(Xﬁ: "L

X

X a= |
‘ﬁ (V\;Y-): (.O) _23

X—h X=0

QUL NEW GRAPH IS THE GRAPH oF £(x)= i— SHIFTED Dol

2 \).\)WS‘.

HORIZONTAL ANMPTOTE Y=k = y=-T1

NERTICAL ASNMPTOTE x=h 3 x=0
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Example 9. Write an equation for the graph of the rational function below:

] J L ¢ parE~T
®

------------------------------------------ FUNCT 0 1S
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(x-hY* (X =(=3))

OLE NE L GRAPH IS THE GRAPR OF —X% SHIFTED 23 UealTS

TO THE LEFT AaD | Vo op !

HORIZONTAL ASIMPTOTE Y=k = =

VEIIT ILAL ANSNMPTOTE X=h = x-=-3
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7.3 Solving Rational Equations

How to Solve Rational Equations

1. Identify the _DOMAIN) (e find the values of =z for which the
DEO0MIN ATOIZ are equal to 0).

2. Find the least common denominator.

3. Multiply both sides by the (EAST CoMm0Omn
DPEMNOMINATOR

4. You should now have a linear or quadratic equation. Simplify your remaining equation and

solve.

5. Check your solutions and check that your solutions are in the [DQrVALA)

Example 11. Solve the rational equation below:

51

4% DEnOMINATOR 1S O LOHEN @
X=0

1 ‘kxio

w

D DOMALD 1S ALL REAL SOMBERS EXCEPT X=0 = (-, 0)V(0,R)

HKLCD IS X
S_ 1L 2 L\ 3%
X 3 X ) X=1Z ISTHE SOLUT Q0
5 =3 (L BEULANE (2 IS 1o THE
3 (7) (%) (> POMAH
IS-x =3
nd o) -3
15
=X = —|2




Example 12. Solve the rational equation below:

DOMANY:  Rx-520 e 5+1:3232+20
8x#5 o e
x+2
8
= DOMAID IS ACL -8 | = 3%
LEAL NUMBERS 8x-3 -4(8x-9)

EXCEPT _g_ , o

(—d:l 'g‘) U(% )CD>

RLLD IS —4(B8x-9)"

8
- vl =32 ('L’(a"‘sx)
( gx-s ‘9(8x—53\

-4(s¥4'S 3( \ (-9@x-sy] () = Al 854S (=

8%S (8;/5\

(-43-8) -Y(8&x-5) = 372

Q2 -3Lx +20 =132
SV -3%x =32

-sS :-SZ
- =3 |9 0OT IN THE DomAl!
-32x= =2 X 5
= —-Z—g = :— f)LSOLUTlOr\\ POES ~NOT \.’—_thl
—32




LeD: 3(x-2X2X +S)

Example 13. Solve the rational equation below:

DOMAID:
_, B 222 B 4x . 3
[ x-2%0 3222 +z—10) 3(x—2)  22+5
X 22 .
1. X+520 - _yx  __3
x#3 3(x-2)(2H8) x2S
2
3 DOMAIN IS ALL REAC - S B2 =3 ] (3x-aveae))
NOMBERS BXCEPT 2,2 3D Rx-2) XS
—m -5 5
2EBTYE ) v, )
2 - faxes) = -3 (3002)
-xt - 8x* -20x = =9(x-)

O =10x%* 4+ 1x +18

X= =l [yt - o
T (10)

X= -t ‘im -120

0
X= =t |-59q

0

&R CAWOT TALE THE SOUARE LooT OF
A QBG AT IVE JOMBER

=7 Eo REAL soa.uﬂoﬁ)ﬂ
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Example 13. Solve the rational equation below:

LCD: X (x-2)

DoMain: x(x122)+i:(xf2)
l. X%0
2. x-220 2 x32 o .4 - S X (x-2)
X (x-2) X (x=2)

DomaAig 1S ALL FEAL NOMRERS
EXCERPT x=0 AD x=2

=1 200 0(0,2) U(Z,00)

16 + Yx-2y = Sx

6 t 4x- 8 =Sx

2+ Y% = Sx
2 = X
R L 50T (9 THE Domgpe

= NO SOLUT 0w,
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