Module 8 Lecture Notes
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Summer B 2019

8 Logarithmic and Exponential Functions

8.1 Domain and Range

Exponential Functions

X

Exponential functions have the form b for any real number z and constant

b>0,b#1.

Graph of Exponential Function: The graph of the parent function, f(z) = b” is shown below.

We call the two cases exponential QEOWTH and exponential
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Characteristics of the Graph of b*

An exponential function of the form f(z) = b*, b > 0, b # 1 has the following characteristics:

Horizontal Asymptote at y: @)

(__oo'oo)

e Domain:

e Range: (O;(’o)

e Vertical Asymptote: _NQ e

e z-intercept: ND’\)E

e y-intercept: ( ) \ \ 3

e Increasing if b %\

e Decreasing if b L \




Shifts of the Parent Function, f(z) = b*

For any constants ¢ and d, the function b*¢ + d shifts the graph of the parent function f(x) = b*:

Vertically d units, in the SANE direction as the sign of A

Horizontally C units, in the O?’\)O& ITE direction as the sign of L

C d )
The y-intercept becomes iﬂﬂ_bL

The horizontal asymptote becomes = d

The range becomes JLL@—

The domain is (=~ ) 60\) (it remains C NHQE )
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Example 1. Determine the domain AND range of the exponential function:

flz)=—-8""*+6

DOMAIN) FEMAINS OCHANGED ;ﬁIDO/"IAF\) S (-2 ) }

—

CAVGE OF £(X)= l)xi-L +d4 18 (d,®)
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Example 2. Determine the domain AND range of the exponential function:

fla)=—8""1+4
DoMALY REMAINS ONCHRANGED SHDOMAIN 1S (=09, ooﬂ

PASGE OF £00= BT 4d s (d,00)

2 |RAGGE (S (Y, mﬂ

TRECANE THE o ILAPH 1S SHIFTED
VP Y VTS

Logarithmic Functions

Logarithmic functions have the form = logy, X) for any real number x > 0 and con-
stant b > 0, b # 1. We read 4‘09479— as "the logarithm with base b of z”.

Note 1. We have that y = log, = is equivalent to x = b¥. So, the logarithmic function y = log, x

is the _\WNERSE.  of the exponential function y = b".



Graph of Logarithm Function: The graph of the parent function, f(z) = log, (x) is shown

below:
f(x) f(x)
f(x) = logp (x) f(x) = logp (x)
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Characteristics of the Graph of log, (x)
For any real number x and constant b > 0, b # 1, we can see the following characteristics in the

graph of f(x) = logy, () :

e Vertical Asymptote at _ X=O

o Domain: _(0; ) 4% (A~niOT TALETHE LOGARITHM OF O or 4
NEGATIVE |
e Range: (" OQ,I OQ)

o z-intercept: _(1,07)

e Key point: ( b,. | )

e y-intercept: N0 E

e Increasing if b> \

e Decreasing if Otk ¢l




Note 2. For any constant, ¢, the function f(x) = log, (x + ¢) shifts the graph of log, (z) by _C

units to the _ LEFET if ¢ > 0 and by C _ units to the fanT
if ¢ < 0. When we shift the graph of log, () to the right and left, we must also shift the

DOMAIY of the function.
(&N EeTILAL ANMPTOTR)

How to Determine the Domain of Logarithm Functions

Recall that the domain of the parent function, logy (x) is (b,: St 3 Since the graph

of logy, (x + ¢) shifts the graph of log, (x) to the right and left, we must also shift the domain (and

vertical asymptote). The function log, (z + ¢) has a vertical asymptote at _ X =~ C

so the domain of logy (z + ¢) is L‘C,. )

Note 3. Another way to consider finding the domain of log, (z 4 ¢) is tosolve __ X+C 2O

Definition

A _(DMMOA) LOGARTHM is a logarithm with base 10. We write log;, (z)
as JD%L@— The common logarithm of a positive number x satisfies the following defini-
tion:

For z > 0,_\J=10 1S VWNALE Y-‘X

Note 4. Since the graph of a logarithmic function log,, (z + ¢) +d does note have any HORIROITAL

asymptotes, the range is (-—60! ) (it remains MAA@D—)




Example 3. Determine the domain AND range of the logarithmic function:

f(z)=log(z—5)+7

& ZANGE OF LOGAR THM FOCTIONS 1S U«)(,HA\IG\ED‘) [CASGE IS (=R, <R)

&K DOMAID T X-5 20
X3S = |nomAaly is (5,9°)

Example 4. Determine the domain AND range of the logarithmic function:
f(z) =—log(x —9)+ 10
KRAGGRE (S (-2 )™

& DOMAID: x-9450

Xx>q i)lDO(")A—\@m

Note 5. The domain of logarithmic functions tells us that we cannot take the logarithm of a

NEOQATINE number. We also cannot take the logarithm of 0




8.2 Convert Between Forms

Relationship Between Logarithmic Functions and its Corresponding Exponential Form

We can express the relationship between logarithmic functions and its corresponding exponential

form as follows:

l (3— s 3
04 (*) =\ b =X
Sb\/

10 "B TOTHE EQOALS X h

How to Convert From Logarithmic Form to Exponential Form

1. Examine the equation y = log; (z) and identify JL, AF, and X

\I —
2. Rewrite y = log, (z) as l) = X

Note 6. To convert from exponential form to logarithmic form, follow the same steps above in

reverse.

Example 5. Convert the function below from logarithmic form to exponential form:

/Y
y = log; (9) %

N_ ) FTOTHE \ EQUALS q"
To

o]




Example 6. Convert the function below from logarithmic form to exponential form: ~ N

—L—
\,’ ‘ :/OSNCX"Q)

y = logyg (z —6) +1 \/

-\ = ol ,
“10 To THE I
- ‘6 N
Y-l = log, (=€ EQUALY x—6

on_| = X-b
+6 +6

[107 4 (< x

Example 7. Convert the function below from exponential form to logarithmic form:

y=10""*+1
-1 = -1

X

\'-—I’./O

"o TO THE X-Y EQUALS N1
L/‘\

Note 7. Changing between forms is most helpful when trying to solve logarithmic equations.

Example 8. Solve the logarithmic equation below:

-

)

log, (4z) =3
<0
/, \\
Y To THE 91 EQULAL Yx

1
Y =
zblﬂﬂﬂzﬂz
Y 49
LS536= x]




Example 9. Solve the logarithmic equation below:

log3(4x—6)+8:—§ -7—/3@
3 = Ix-6
-8--8
’Of)s“"‘ ©) = -% _8 {L6/3 - LIX'Q
044 (4x-6) = % 3
) 0. 000033= Yx —b
N

-4
3
.0000F3 =
logy (tix=kd= -5 / ‘ [1-5 XH\X
3 . =

/,
_ AToTHE —L2 EouAl Gt
Example 10. Solve y = log, (64) without using a calculator.

T0

q' =0y

Note 8. Recall that m =~ 3.14. Similarly, we can define a new irrational number, e ~ 2.718281828...

Definition

The function given by f(z) = €® is called the _NAYVD AL
&BQ( OE OTIAL FOJICTION) with natural base e.

Definition

A _NATUE AL LOOARITR™M

is a logarithm with base e. We write log, (z) as

10



M. The natural logarithm of a positive number z satisfies the following definition:

For =z > 0, = = L QY:X .

Since the functions y = ¢* and y = In (z) are inverse functions, In (e*) = __ X for all z, and

@ =_ X  forallz>0.

11



8.3 Properties of Logs

Basic Logarithm Properties

Two basic properties of logarithms are as follows:

logy (1) = O B

logy, (b) S
One-to-One Property
The one-to-one property for logarithms states that logyz M = log, N if and only if
M= N (for b70)

The Product Rule for Logarithms
The product rule for logarithms can be used to simplify a logarithm of a product by rewriting it

as a sum of individual logarithms:

lo "N + N
(FOr b20)

Example 11. Expand log, xy
PeodLCT RULE !
logy 0NN = fog, G+ 109,(Y)

12



Example 12. Expand logs (302(3x + 4))

= lIo%@OX )J + /03 7>(&)H— 49y

- 1033(30\ + 103300 + /033(3X+"1)

The Quotient Rule for Logarithms
The quotient rule for logarithms can be used to simplify a logarithm of a quotient by rewriting it

as a difference of individual logarithms:

M
IO‘S\)(E\’ log, (M= log, (n)

(Fot b20)
Example 13. Expand log, <I>
)

KQUOTIEAT RULE !
X
100, ()= fog, & - oy, (Y)

13



72?4 21
Example 14. Expand logs <7x(a:x— IL)(xx_ 2))
N

y QUOTIEJT ROLF

= logy (B 421Xy - log (x(x1(x-2)
— l
l/ FACTOR \l, PizeD U(,TT;—ULE

= {033 (1x(x+3)) - [/Oﬁsﬁx\) + |03_3 (x-1Y + IOSB(X—Z>]

-

\|/
PRODUCT RULE
DISTRIBOTE ~EGAT IVE

= 1033(/’/)0 +log, Oe3) _ )os/{(%x) =109, (x-1y ~log (x-2)
3

- /03,5 (x+3Y -/og\3 (x—1y - /032 (A‘ZT]
1

14



The Power Rule for Logarithms
The power rule for logarithms can be used to simplify the logarithm of a power by rewriting it as

a product of the exponent times the logarithm of a base:

\oo)b(/\’\“ - n Ioﬁb(m\
(Fo- b>0)

Example 15. Expand log, 2°

& POWER ROLE !

loy x> = 5 log, (x)

15



Example 16. Use properties of logarithms to simplify the expression below:

(457)

24

= 103(<§8x4y3 ) = log(27)
b S
d
m%((‘%x“s)’a ] POWER iZOLE
= ,03 ((qu\fg)/z) = "l/%(%)
J
POWER POLE

1 [;og(sx*fﬂ ~ Yloq (2

W

PRroduCT ROLE

4 3
1[103(83 +)ogfx43 +loq (N )l - Hlog (2)
v J
POWER RULE
1 i|
2 |98 + 3 oy () +3log (yy] -
s A | ‘/106) (=)

DISTRABOTE

Wl

- |oo)(8) - 'J,los(x) log (
2 — + 3 033\ - Y1oq ()

16




Example 17. Use properties of logarithms to simplify the expression below:

(455

25

@E ST RULE

- IOMU xys ) - /03@’)
L,x‘lys - (VX‘fyj‘))/Z ) pOWE‘Z'\lU\“E

_ 103((‘1[*\153\/2) = S Joy (2D
! Powre poLE

= (—{(laﬁ(l‘“qys )\ - S)ogt%\

J
PRODULT ROLE

—

|

- 3 (los(HH- /OSCXH3+ 103(\15)) -SIOj ()
J d

PowER RULE

= 1
-y Ub‘st‘ﬂ + '-Hos(x\ +3 /03(\1” - 5/03 (2)
DISTRRIBUTR

(&
= log (4 Hloq(x)
r*) ~
— + > +9 Oi(i) N /OS(?,-)

=\ 9
1\003{:]) J‘_1)03@04_5/0 (\;\_S/og(%)
17




Example 18. Use properties of logarithm functions to solve the logarithmic equation below:

()

N~

" (5))

b~ ;[(Inlﬂs-/ﬂ<tx)>

b= 4 (49 - L a(eXy ElleD=x

[("‘* “‘H) __X A LD TOGET
[ZID oF

FIZACT 103
12 =1n (9) -x
tx o= - X

X412 < I (Y)

-1 = ‘]Z

l = In (4) -2 i

18




8.4 Solve Exponential Functions

One-to-One Property of Exponential Functions

For any algebraic expressions S and T, and any positive real number b # 1, b = b” if and only if
S=T :

Using the One-to-One Property to Solve Exponential Equations

1. Rewrite each side of the equation as

a power with a _COMMON
BASE

2. Use the rules of exponents to simplify so that the resulting equation has the form

\)S

\)T

3. Use the One-to-One property to set the exponents equal.

4. Solve the resulting equation, S = T for the unknown.

Example 19. Solve the exponential equation below:

2—5:5—6 — 24x+4

& sAmME PASE !

=1 OSE ONE —TO -0.E
-3x=b- fo{—‘-l

PROPERTY
+3x = +35%

'(o-. C‘)('I-‘l

—lo=9x —




Example 20. Solve the exponential equation below:

S A ) CAD (REATE SAME RANE
ISEC B -t

7 \JI%x-3 “Hx+3 AVSE Y=

CAD R}

<E o«E'TO—Os\)\: PROPEATY! ZZ(D‘X—T) ~Ux+S
\)

-

2(5x-3)= "'/X+ 14—
- +6
ox -6 = 'Lix +5 te= 1t

| Uy =
Y% -6 = S
Example 21. Solve the exponential equation below:

(i>4m_2:2—6x+6 A -#—: JE = Z.-Z

[A

(Z-ly’x'z o Tex+b

-2(4x-2) -x +6
1 =2

‘2 WE OVE =TO -0O0E

PROPERTY!
" (U%x-2)= —bx +6
=8x+Y -
+8X :+8)ﬂ

92 2x+ G

-6 = - b

-1 - %

FEEEY




Note 9. Using the one-to-one property is very useful, but sometimes we will be given an equation

in which the one-to-one property cannot be applied.

Solving Exponential Equations Using Logarithms

1. Take the logarithm of both sides of the equation.

2. If one of the terms in the equation has base 10, use the LoOMMOND

LOGARITHM

3. If neither of the terms in the equation has base 10, then use the NATORLAL

G) |

4. Use the properties of logarithms to solve for the unknowns.

Example 22. Solve the exponential equation below: & C AT HA\)E SAM E (bASE

6—5m—6 _ 56m+4
oXxt+Yy wr"/\q’@u\’n
= In (S ) o=, ESx=)nley = (6Xx*+ Y)|n(s)

A Y

-bxIn(3) T -6x n(3) O OOE SIDE TO SOLVE
-SX"\(E\ —bxln (T\ -(ol"\((o\)‘__ L‘“f\(?} For X

+elnl6) =y Glale)

X—b

-5
In( G

=X |n(b) - 6ln(6) <

—SxIN ()= 6x 1N Gln (&) T HIN(T)
X(=S 1) = GlalS)) = GIn(e) + YIS

LInlL) +Yin ()
=SInlb) =G ln(s)

X<

21




Example 23. Solve the exponential equation below:

& CAONGCT HAUE SANE

Cems [ 1\®T3 BASE = TAKE In OF
ot = (1) BOTH SIPES
- 2 Zx+3
23 X _ |
2x+3
Cox-3 2x+3
[ n ('L?— ) - lV\ ___l___
3
lb2X+

(‘Qx—l}\lj(zn__ ‘h( |2x+°>) - U(ozm.s)

NG

~exh (230 (@)= (A3 Ia0) — 2x43) InGey =0

—6xIn -3 0 - (2xinl1t) +3 1 06y )

~boxIn (2 —3)a (23) _ —xIn(1e) =38 (1)

Y xAn () = 3 x[nUI6)

—XIN(21) 42 n (16)= In(23) - =2~ (1)

F31n(13) = F3n (29

,Q,vx_[h(zn Fex N (1Y A1) 3 1n (23

X (=GInlzay (4 INORYY L R0 (16) 42 [n (23

X= 3l +3 (23
=Gy +2in(1Y) 22




