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9 Operations on Functions

9.1 Domain

Operations on Functions
For two functions f(x) and g(z) with real number outputs, we define new functions f+g, f —g, fg,

and i by:
g

o (fo)x) = %D %(X\

. (g) (z) = 33{—:3- where g(z) % 0

Example 1. Find and simplify the functions (¢ — f)(z) and (?) (x), given f(x) = z — 1 and

g(z) = 2% — 1.

I (g-£)0)= g =%00= 6P=1 = (x-1) = x*-1=x+ | = x*-x

2. (V0= I | X L xAxdl) <
((') £(x)  x-1 (XAl ) x#]

fx#l \/



Domain of Algebra of Functions

Let f and ¢ be two functions with domains A and B. Then,

Name Definition Domain
ftg L0 300 AnB

fg LD 6(X) A nB

f £x) .

g 300 ANRBA {x: A0+ OS




Example 2. Determine the domain of each function below and then determine the domain of f+g,

fg,and;f:
f(z) = =522 — 6z + 3
g(x) =V3x —4
f7 o NN
DOMAIn OF £ (O ('0°,6°) ﬁ A
DomAln OF 43 3x -4 9,0
Ix2 Y
x> 4 A POM Ay oF gx) 1S [Y o “B"
3 N 3 ) B

QJ{

l.DomMAVg 0F £ (x) T4 AND §$60g(x) 15 A nB:

(-2, =) n Y3, @) =U"/a ) \

—“

Hq

2. DOMAIN OF £ (X) 1S A/\B N Zx: 6(K)¢03 :
A=)

# §)I=0 WHEW X= Y3 , 50  AnRB A ix=3(x)¢03=(("/3,0°)7

e—————-_

3 ‘-l/3
WE CAQNOT HAYE
x="/3




Example 3. Determine the domain of each function below and then determine the domain of f+g,

fg, and i:
g
f(z) = =523 + 52% — 5z — 6
g(x) =V4xr —6
77 o NN
DoMmalv oF £ 0O (- 0o, GQ) M A
DomAlv OF 3(><)= Ux -6 9,0
Yx 2, 6
6/ (4 \)
X 2, °/Y4 = Dom4iag oF 3(,0 S [3/2 oo) /‘3
X% Y2 :
(—’—Q
3/2

|. DomAry OF +(x) +3(x) AND £063g(x) 1S A R

(-2, 2) N L2, ) =U3/z ) \

_—_~

3/1

2.DOMAIN OF 4(X) s AAB A {x: §(x)#03 *
30

£ 6)=0WHED X= Y2, S0 AnBR A ixff)(x3?-03:((3/z/oo)7
‘_____—__
3
2 WE CAQNOT HAyYE
-3

4 A




Example 4. Determine the domain of each function below and then determine the domain of f+g,

f

fg, and 5:
f(z) =623+ 62> -3z +6
1
TR RN
DomAaln oF £ 0O (- oS, GQ) ﬁ A
DOMAIY OF §(x): ALL RPEAL NOMBERS EXCEPT Yx+3=0:
Ux+3=0
Ux=-3 = DoM4 iy oF S(M IS ALL REAL
X = -3 NOMBERS EXCEPT :-3T
) -q — _ _ /7 S\\
= o, %) o(-g,e0) B
Mﬁ
3
Y

l.DoMANg 0F  £() +4(> AD £603g(x) 1S AnB:
-3 |
(- 02, ) /\[(-(P, 5 ) u(-%‘ ,oQ)] :((-co,—%' )u(~_3q,o°)l

e —— L )

-3
L‘

2. Do0MAIN OF £(X) 15 /\/\Bf\[x=5(x)#05‘
A=)

# 9(x) DOES ~IT ENER EQuAL O HERE! So, AnB 1 {x:40)#03 = AnR

D DoMAID IS SAME AS 1:

(236t =)




9.2 Composition

Definition

The process of combining functions so that the output of one function becomes the input of another
is known as _COMPOSITIONY L FOACTIONS | For any input x and
functions f and g, this action defines a ML M@AJ—, which we

write as f o g such that Cb()() ;THE OJT PLUT OF 6 IS
{ THE 1DPUT OF &
° X)) = X)

Tx ISTHE INPUT OF

The domain of the composite function f o g is all  such that x is in the domain of 497

and g(z) is in the domain of j—

Note 1. It is important to keep in mind the order of operations when composing functions. That

is, (fog)(z) = f(g9(z)) means that the function f takes %L)L as an input and yields an

output of i(%&@_)—



Example 5. For the two functions below, evaluate (f o g)(—3) :
fz) =42* — 4z + 4

g(x) = =322 =3z +4

(£04)3)= (43

—

[ FlaD 6(‘3\'- S(x): —3Ix* Ix+Y
93Y= =3 (-3 - 3(-3) +Y
= =3(ND + 9+ y
= -23 +9 +4

= -y
ﬁ) 6("3\: —]‘1

Z FIND §£(q(-3)) "

Q(S(‘Sﬂ = (-1

= HXT -4 4y
D = DT -4(-19y +y
= Y4096 + s6 +Y

= 38Y +56 +Y4
=844

= (£09)(3)= £(§(3))= $(-14)= | BYY
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Example 6. For the two functions below, evaluate (f o ¢)(3) and (go f)(3) :

[ (£04)(3)= £(4(3))

f(z) =52% — 52 —3

g(z) =Vbx —4
2 (60{—)(%3 >4 (3

2 _
* 6(3)‘-‘- \15(3\“1 9"‘;(3).—: S(3)°-S3)-3
- i|5 _z_‘ - W S(q)-|5‘3
= 95 -I5 -}
=23
= (fo) Bd= £ = L({I1) [P (gefI3) = 4(£(3)) = 5(2%)

B = sy -siry-3

4

o

-
-

B 9(2#)= 523y

SO =S -3 = s -4
N -s{i -3 R TEY

32 - S\h-\

— ¥

t(i‘oﬁ\('ﬂ: ‘52-5\(\-\ ‘

Note 2. The example above shows that function compositions is not COMMUTATINE.
That is, (f 0 g)(z) # (60%\(x\

Note 3. The product of functions fg is not the same as the function composition f(g(z)) because

-G(a)(x\\ £ &-(x\%()ﬂ




9.3 One-to-One

Definition

A function f is a _ONE, 70 . OE function if each value of the

dependent variable (y) corresponds to exactly one value of the independent variable (z).

Note 4. If a function f is a set of ordered pairs, then f is one-to-one of no two ordered pairs have

the same second element. That is, if each y has only one .

Horizontal Line Test

A function f is one-to-one if and only if any horizontal line intersects the graph of f at most once.

Example 7. Is the following graph one-to-one?

Z NO, THIS
FOACTION
IS voT -1
BECAOLSE )T
0 5 POES NOT
\ | PASS THE
HOR 1ZOTA L
LINE TEST!




Example 8. Is the following graph one-to-one?

YES, THIS FOSCT 10
\S -1 | RECAVSE IT
PASSES THE
HOR [20~TAL LIVE
0 5 TEST!
f
-5
Algebraically Determine if a Function is One-to-One
To show that a function is one-to-one, you can show that f(y) = f(z) if and only if

=X
Y

10



Example 9. Is the following function one-to-one?
flx) =3z +4

GRAPH!
=S \ES, /-1
(T PASSES HORI1200TAL LIWE TEST)

Example 10. Is the following function one-to-one?

f) =4 —1

(L APH SKETCH

NES |, |-l
PASSES HORIZOSTAL LIME TEST

11



Example 11. Is the following function one-to-one?

fx)=+vVr—1+3

70 6)=(1,3)
/—)YF:S!

o I-1 ,PASSES
T HOR 12O JTAL LINE TEST

GQRAPH:

&L= (x=1) 2 +3 1> OOT /-1 RECAUSE T DOES NOT PANTHE
HORI1ZOSTAL LIOE TBST ¢

EEU
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9.4 Inverse

Definition

For any one-to-one function f(r) = y, a function f~!(z) is an A DNEESE
-\

FOWVCTIONY  of fif £ (V =X This can also be written as f~1(f(z)) = =

for all x in the domain of f. It also follows that f(f~!(z)) = x for all z in the domain of f~1.

Note 5. Not every function has an inverse, and f~!(x) # ———. Given a one-to-one function, f,

+(xX)
the inverse of the coordinate pair (x, f(x)) is X),X

Example 12. For a particular one-to-one function f(2) = 4 and f(5) = 12, what are the corre-

sponding input and output values for the inverse function?

Hr=Y4 =5 £'4y=2 (29 = (4,2
{s)=lze 2L702)=S  (5)18) —2(12,3)

How to Determine if Two Functions f(z) and g(z) are Inverses of Each Other

1. Determine whether ﬂ%&&ﬂi or X =

2. If either statement is true, then both are true, and ¢ = f~! and f = g~!. If either statement

is false, then both are false, and g # f~! and f # g

Domain and Range of Inverse Functions
The RANMGE  of a function f(z) is the domain of the inverse function f~!(z). The
DOMAND  of f(z) is the range of f~1(z).

13



How to Find the Domain and Range of an Inverse Function

1. If the original function is one-to-one, write the range of the original function as the

POMALA)  of the inverse function.

2. If the original function is one-to-one, write the domain of the original function as the

LAQL\L of the inverse function.

3. If the domain of the original function needs to be restricted to make it one-to-one, then this

restricted domain becomes the EML of the inverse function.

How to Determine the Inverse of a Function

1. Check that f is a OnE - TO - OME  function.

2. Solve for z.

3. Interchange = and y.

£x)= X 1=\

= Ix - |

£(x)= x ¢ NOT

(d

£(x)y= 3\’-;. 1=

'Q(X\‘_ Xg l"

Lfx)=

14



Example 13. Determine if the following function is one-to-one. If the function is one-to-one, find

the inverse and define the domain on which the inverse is valid:

f(a) = (42— 5" 4
[0S £ 1-12
NES! Ia GEOERAL, X3 15 -1

- 3
boyE (x-S 7=y ) INTERCHAVGE X AuD Y
X= (4y-5)° =1

X-9< (‘1\;-5\3

(x-u_“'/s = [( ‘i\;-Sf] ’s

3’X__L‘ - L/\'_g

X~ S - 3 5
oLy -—->(?<x>-.+,m +ﬂ

R PAGGE oF €00 = (4x-5)°-Y 1§ (-, )

=IDOMAIY oF £7'(x) IS (=00, o)

15



Example 14. Determine if the following function is one-to-one. If the function is one-to-one, find

the inverse and define the domain on which the inverse is valid:
R RZAGGE 1S

f(x)=v-3r—-5+7 E’, ®) op Y7’7’

lo1s £ (x) 1-) :
YES | SQUARE ROOT FOMCT IO = /|

= [73x-5 +1 ) INTERCHAGMGE X AD

X -I‘/x+ 99 = -3y—

X=F < -
\-3y-5 / X"~ 1Yy +54=-3y
(x-3)"= (\I-S\‘ S ) -{49x +34

=3

& DOMAIV OF £7'(X) IS THE RAUGROF +()°
RANGE OF £00) 1S5 [F,°)
= POMAIO OF £7'(x) g [2,2)
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Example 15. Determine if the following function is one-to-one. If the function is one-to-one, find

the inverse and define the domain on which the inverse is valid:
flx)= 2z +7)*+2

[ 1s & 1=\
NO ! PARABOLAS ARE NOT I-|

= VO IWONEBRSE FUNCT IO EXISTS!

17



