Lecture 27 Sections 4.3 and 4.4

Section 4.3
Right Triangle Trigonometry

SOH CAH TOA
Cofunctions of complementary angles
Trigonometric identities

Section 4.4 Trigonometric Functions of Any
Angle

Reference angle

Angle of elevation and angle of depression
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OPPOMITE

ADJACENT

Def. Let 6 be an acute angle of a right triangle. The
six trigonometric functions of the angle 6 are defined

120C
as follows. peldt &

sin@ = 9P gopn® csc = WP

WP, off.

cos ) = ADT. “ Al sec ) = WP

RP. A ADT.

tan @ = OPP. g™ cot @ = ADX

/\DT TOA oPP.
SOH CAH TOA
' PN O pY AP D
NP P SJ p NI Y
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ex. Ifcosf = n sketch a right triangle with acute

angle 6, and find the other values of the five trigono-
metric functions of 6.

3 = ADJ
0se= T = —
WP G C9O= T T e
1 o maAuO"“"MTHEqLEM
- g 4% 3%+ (0PPY”
) 2 = b= 9 + ©FP.Y
K
253, =0 = opp. = (3
oPP. = (7
Sing=0ofP _ {3 csca=- P - Y . TEY
e g e {3 ﬁ 2
3 HYP 4
coSe = Y Sec 6= - - =
ADI. 3
- OPf.
the-E.zg coto- Aby - 2.0+ _ 307
o 3 {3 7

Checkpoint: Lecture 27, problem 1
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Theorem: Cofunctions of complementary angles
are equal. That is,

sin(90° — 0) = cos c0s(90° — ) = sin
tan(90° — ) = cot 0 cot(90° — 0) = tan
sec(90° — 6) = csc csc(90° — @) = sec 6
ExX: o5 (20°) = $in(20°) oSO = ADT. _‘,';’\
B/C sin(z0°) =sin(90°-35°) HiP. 1}
c

=Cos(30%) * sin(90™ @)= OFR '
] HYP. (C«’,
b =) Los ©=Si1(90°-0)

ex. Evaulate:
# qo-ﬂqc‘s‘o

& 1) sin 36° — cos H4°

= SIn(90°-547) —eonf3y) = Cos(SH°) - (54D =0

) tan 56" - +an (-39 _ (gt (34°)
cot 34° (ot(34°) cot(34®

Checkpoint: Lecture 27, problem 2
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MUST A0V THESE -

Trigonometric Identities

1. Reciprocal Identitics <bpgX

1 1
ing = 0 =
o csc 6 e sin 0
1 1
0 = 0 =
o sec 6 oo cos 0
1 1
i cot 0 o tan 6
2. Quotient Identities 449
ind 0
tan @ = i cot f = Cés
cos 0 sin 6

3. Pythagorean Identities* AR

sin® @ + cos> 0 = 1

1+ tan® @ = sec’ 6
[
2 A4
1+cot H = csc’ 0 ( into+cos’e > 0(05‘9
54n
(S\") S + (05 o= l) S.nte COS (S (,05 6
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£an'©+| = sec? 3]
I+ v’ - | =2 [+ ot2g=(5C6
Sin?e Sin® e



ex. Let 6 be an acute angle such that sinf =

Use trigonometric identities to find

1) cosf

A’XUT’E.
<2 2 - ~NGLE
Sinte +ex’ 0= osle= 8 ,_:g\,w
__L z 2 C‘ |T‘\IE
(3) tC0s @ = | VALOES
(GONN -
'C'T ren'e = | ° \,—C,Q
o8’ = l—# - (8. \__l‘i-z_
1 3
2Jtand  wod BE tan® +=sec?o - 2_3E
O, QUICkER:
Zﬁ/s > 2\z
- L .z .2
2 7 ‘T{

Checkpoint: Lecture 27, problem 3
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Lecture 27, Part 1I: Section 4.4
Trigonometric Functions of Any Angle

NOT QECE SSARILY A ONIT CILCLE OHEIRE
Def. Let 0 be an angle in standard position and let ~_
(x,y) be a point on the terminal side. If
r = /22 + y? is the distance from the origin to the

point (x,y), then

: r
* smﬁzé_ cscld = —
r N
cos) = X sech = L
C X
tanf = Y cot § = X
X N

PADIVUN § HYPOTE.YOSE

Y

NOTE: If zx =0, tanf and sec are undefined. If
y = 0, cot # and csc 6 are undefined.

L27 -7



ex. Given point (—5,12) on the terminal side of the
angle 6, find the six trigonometric function values of

the angle 0. y = [(-s-0)*+ (R-0)?

-S,12) 1=
= (25 +Iuy r,.\e
T \eq =13 o
SinG =Y _:i (L@ L - 13
r N k2 RLELATES 5,12)
10 N
(056= X . -3 Sec@= L - —I3  SOHCARTOA AN
- 13 X 5 i 4.0
.;'_l \
tane: 4 - 12 (ot e= X = =3 S
X -5 )| |
3 .
ex. Ifcosf = = and 6 lies in Quadrant IV, find the
values of all the trigonometric functions.
0s @= X == Secg= X -3
ro 3 X 3
3
Sig= A - -4 ez r_ § lo ©
r S Y4 —_-q 5 §.~L,
= = - L‘
‘ECIV\@' % ? (.0'6@"—- X = ——S- /
NI <
NEGATIVE
Checkpoint: Lecture 27, problem 4 >/C QI
3‘2_‘_b 1.: SZ
L27 - 8 4 25 P
3% b

9= -



Signs of the Trigonometric Functions
7 AcL STUDE ~JTS

! TALE CALCULLS

Sine All
(=)4+) (+,+)

(=1 7) (+’-)'

Tangent Cosine

ex. Find the quadrant in which 6 lies if tan6 < 0
and@ fﬂn@:i C—
X

+
Y 1SNEGATIVE X 1S POSITIVE
¥ | @ QIX
ex. Given sec = 5 and sinf < 0, find csc 6.
l.Sec®=3=3 = L = x=!| (=5
/ X
ALSO, YIS NEGATIVE (SIuCE sing LO)
=) WEAZE (v QI
oY L27- 9
I 25 = I+y 2
R d=r=5= \Rl~031+(‘l‘0)1 2‘/—\/1\1
(XN\ -
3= \I""\/z' i‘(i-—.\l #Y:-JH'Q
sep= L= 2 06 | S\Vo V=-2V¢



Reference Angles

Def. Let 6 be an angle in standard position. The
reference angle is the acute angle 6 formed by
the terminal side of # and the r-axis.

Y
\
=

G- T+ & +9' =2
9-Tr-g' e'= 2m-0
O G+0'= 360°
o= 180° +5' 9': 360° -6
o-180" = g
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ex. Find the reference angle for

|
5 e+0 =17
i & =1m-37
o o = ST \ >
0 3 0= sy
3 73
5= ar
2) 6 = 870° 3
Flod SM;tL\,E&T PRITNE WOTERM |mAL A GULE THAT 1S LBESY
THAN 360 ?\|50" 180°- @ +g !
810°-30° = 5i0° /” =e'-180-6
Sy’ -360°= [SO° e' -

o' = 80° - 150°
Checkpoint: Lecture 27, problem 5 o'=30°

Evaluating Trigonometric Functions for Any
Angle

1. Find the reference angle 6 associated with the
angle 6.

2. Determine the sign of the trigonometric function
of # by noting the quadrant in which 6 lies.

3. The value of the trigonometric function of 6 is
the same, except possibly for sign, as the value of the
trigonometric function of 6",
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ex. Use the reference angle to find

1) sin 240° .
<o SinlY0° =-Sin bo°
& ==
190" < ®© , [
6—|80+9° 4’& I/(—“ﬂ%)
240'= 160 t+o! =)
= 6'=60 |
2) cot 495°
(= +)

Y445 °-360°= I35°

Hsﬂ\‘“" (ot 495°= ot 1357

- - ot ys®
o A - -
0+’ = 160 L }/( b2y = E l
‘< 150°- 0= 180 —135°= Yys°© = =
O I T 16y =
3) sin =

<¥8\ o'+o =2 —{A% H

2
\z
= Z_B
)
G‘—:l-’T_F 8+ﬂ22n 276'" 8.”_ [4
() L ! CH E
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ex. Iftanf = 3 and 6 is in Quadrant I1I, find cos 6.

Method 1: Use trigonometric identities.

_E(M’\l & + l - SQCZ@

%) +1=sec’® /]

('l‘)
\
13 - sec%s SRV
9
sec(e)y=+t 1y = -113
9 3
= (nve= L = L - _3 (&
secg -0 = = =33
> IE 13
Method 2: Use the reference angle.
tang= & =0FfP
ADY
.—3
24 ¥ o5¢= ADY _ _3 A3 _
"/«4 P R = = 3E
IR TES 13

FD T+ (D = h'
13=h* = h={iy
Checkpoint: Lecture 27, problem 6

L27 - 13



Applications

object

\ angle .Of observer

elevation

observer ) angle of
depression

object

ex. A giant redwood tree casts a shadow 600 feet
long. Find the height of the tree if the angle of
elevation of the sun is 30°.

W~
~,

'd

+tan 30°= EP_P = ’lr_]__
ADRT (00
Teee = h
h= 600 €an 30°
30 '/1: BOO(__‘—B: ) ( ‘i
0eT 3
SHADOW L.\ =~ 200 \YS T
Lan 300:"%‘
8
3
T L .2
ENE;
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ex. From a point on the ground 500 feet from the
base of a building, an observer finds that the angle
of elevation to the top of the building is 30° and that
the angle of elevation to the top of a flagpole atop
the building is 32°. Find the height of the building
and the length of the flagpole.

+ START WITH SMAWLER A

|

| h = opp o
BULDING Ty oo S Tan 30
I S ART

Aty

|
500
BiGGER A
Off - (F+4
AT ) - o, (32°)

3500

’G +|r\= fOO'&Mn(32°\

£= S0otan(32°y-h
3 SUesTITOTE |,

6500 tan(32°) - S00(3
3
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