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Unimodularity

Definition
Let g be a Lie algebra. For each X € g, define the linear operator

adx : g — g, U [X, U]. We say that g is unimodular if adx = 0 for any
X eg.
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Unimodularity

Definition

Let g be a Lie algebra. For each X € g, define the linear operator

adx : g — g, U [X, U]. We say that g is unimodular if adx = 0 for any
X eg.

Remark: Lie Groups are Qrientable. This allows us to define a “cross
product”, A, on 3-dimensional Lie algebras.

Lemma (4.1 [1], pg. 305)

Let (g,g) be a 3-dimensional metric Lie algebra with an orientation. Let
T : g — g' be the linear operator defined by T(U A V) = [U, V]. Then g
is unimodular if and only if the linear transformation T is self-adjoint.
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Unimodularity

Definition
Let g be a Lie algebra. For each X € g, define the linear operator

adx : g — g, U [X, U]. We say that g is unimodular if adx = 0 for any
X eg.

Remark: Lie Groups are Qrientable. This allows us to define a “cross
product”, A, on 3-dimensional Lie algebras.

Lemma (4.1 [1], pg. 305)

Let (g,g) be a 3-dimensional metric Lie algebra with an orientation. Let
T : g — g' be the linear operator defined by T(U A V) = [U, V]. Then g
is unimodular if and only if the linear transformation T is self-adjoint.

Recall: If a linear transformation T is self-adjoint then there exists an
orthonormal frame of eigenvectors.
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Corollary ([1], pg. 305)

If (g, g) is a unimodular metric Lie algebra, then there exists an
orthonormal frame {X1, X2, X3} such that [X;, X, ()] = A,2(iyX,2(j) where
o= (1 2 3) € Ss.
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Corollary ([1], pg. 305)

If (9,g) is a unimodular metric Lie algebra, then there exists an
orthonormal frame {X1, X2, X3} such that [X;, X, ()] = A,2(iyX,2(j) where
o= (1 2 3) € Ss.

Definition

Let g be a Lie algebra with a frame {Xi, X2, X3}. If there exists
A1, A2, A3 € R such that the bracket relation [X;, X, ()] = Ag2(iy Xo2(j)
holds for any 1 </ < 3, then {Xi, X2, X3} is called a Milnor frame.
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Corollary ([1], pg. 305)

If (9,g) is a unimodular metric Lie algebra, then there exists an
orthonormal frame {X1, X2, X3} such that [X;, X, ()] = A,2(iyX,2(j) where
o= (1 2 3) € Ss.

Definition

Let g be a Lie algebra with a frame {Xi, X2, X3}. If there exists
A1, A2, A3 € R such that the bracket relation [X;, X, ()] = Ag2(iy Xo2(j)
holds for any 1 </ < 3, then {Xi, X2, X3} is called a Milnor frame.

If g is a unimodular 3-dimensional metric Lie algebra then g admits an

orthonormal Milnor frame.
1

1] pg. 299
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Example

Denote the 3-dimensional Heisenberg group and its Lie algebra as

0 b

1 b
H3 = 0 c| |a,b,c eR b3 = |a,b,c e R
0 1

O~ W
O O v

0 c
0 0
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Example

Denote the 3-dimensional Heisenberg group and its Lie algebra as

1 a b 0 a b
H = 01 c|l|abceRy,nd= 0 0 c||abceR
0 01 0 0O

Let Ej; denote the matrix whose entries are 1 at (i, /) and 0 everywhere
else.
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Example

Denote the 3-dimensional Heisenberg group and its Lie algebra as

1 a b 0 a b
H = 01 c|l|abceRy,nd= 0 0 c||abceR
0 01 0 0O

Let Ej; denote the matrix whose entries are 1 at (i, /) and 0 everywhere
else.

Letting X1 = E1p, Xo = Ez3, and X3 = E»3 we obtain the bracket relations

[X1,X2] =0, [X2,X3]=0, [X3,X1]=—-Xz
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Higher Dimensional Milnor Frames

Definition (H.)

Let g be a finite-dimensional Lie algebra and o € S,,, be the permutation

o =(12...n). A linearly independent collection or vectors {Xi,..., Xs}
is a n-Milnor frame if for i, J,

A2y X2y J = o(i)
_)‘02(j)Xa2(j) i = U(J)
0 otherwise

[Xf’Xj] =

where \; e R for 1 < < n.
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What if we replace o in the previous definition with any permutation in 5,7
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Let g be a Lie algebra with a Milnor frame.

For o € §,,, we may present o as a product of disjoint cycles 0 = o1 --- 0
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What if we replace o in the previous definition with any permutation in 5,7
Let g be a Lie algebra with a Milnor frame.
For o € §,,, we may present o as a product of disjoint cycles 0 = o1 --- 0

Each o; generates a Lie algebra g; with a Milnor frame
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What if we replace o in the previous definition with any permutation in 5,7
Let g be a Lie algebra with a Milnor frame.
For o € S,,, we may present o as a product of disjoint cycles 0 = o1 -0
Each o; generates a Lie algebra g; with a Milnor frame
Notice that for i € {1,..., n} such that o(i) =i
0

—N—
[Xi, Xo (] = [Xi, Xi] = [Xo-1(39, Xi]

so that adx, = 0
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What if we replace o in the previous definition with any permutation in 5,7
Let g be a Lie algebra with a Milnor frame.
For o € S,,, we may present o as a product of disjoint cycles 0 = o1 -0
Each o; generates a Lie algebra g; with a Milnor frame
Notice that for i € {1,..., n} such that o(i) =i
0
[Xi, Xo(i)] = m = [Xo-133), Xi]
so that adx, = 0

The span of {X;|o(i) = i} generates an abelian subalgebra a.
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What if we replace o in the previous definition with any permutation in 5,7
Let g be a Lie algebra with a Milnor frame.
For o € S,,, we may present o as a product of disjoint cycles 0 = o1 -0
Each o; generates a Lie algebra g; with a Milnor frame
Notice that for i € {1,..., n} such that o(i) =i
0
[Xi, Xo(iy] = m = [Xo-133), Xi]
so that adx, = 0

The span of {X;|o(i) = i} generates an abelian subalgebra a.

g=01D...DgxDa
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What if we replace o in the previous definition with any permutation in 5,7
Let g be a Lie algebra with a Milnor frame.
For o € S,,, we may present o as a product of disjoint cycles 0 = o1 -0
Each o; generates a Lie algebra g; with a Milnor frame
Notice that for i € {1,..., n} such that o(i) =i
0
[Xi, Xo(i)] = m = [Xo-133), Xi]
so that adx, = 0

The span of {X;|o(i) = i} generates an abelian subalgebra a.

§0=01D...DgDa

Thus we only need to consider the case where o is cyclic.
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Examples

If a is an abelian Lie algebra of dimension n > 1 then B @aisan>4
dimensional Lie algebra with a Milnor Frame

Let h* be a fourth dimensional Lie algebra which admits a frame with the
following non-trivial bracket relations (up to anti-symmetry)

[X1, Xo] = X3, [X2, X3] = Xa.

h* is sometimes known as the 4-dimensional filiform Lie algebra.
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Main Theorems

Theorem (H.)

For any Lie algebra g of dimension n > 4 with a Milnor frame,

g = (h3) @ (2h*) @ a where b3 is the Lie algebra of the Heisenberg
Group, h* is a Lie algebra with a Milnor frame and two non-trivial
structure constants, and a is an abelian Lie Alebra. Moreover, these Lie
algebras are at most 3-step nilpotent.
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Main Theorems

Theorem (H.)

For any Lie algebra g of dimension n > 4 with a Milnor frame,

02 (©h3) @ (2h*) @ a where b3 is the Lie algebra of the Heisenberg
Group, h* is a Lie algebra with a Milnor frame and two non-trivial
structure constants, and a is an abelian Lie Alebra. Moreover, these Lie
algebras are at most 3-step nilpotent.

The Lie algebras h3 and h* are at most 3-step nilpotent.
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Proposition

Let g be a metric Lie algebra with a Milnor frame {Xi,...,X,} and
structure constants {A1, ..., \p} with n > 4. Foreach1l <i<n,
Aidiy2 =0
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Proposition

Let g be a metric Lie algebra with a Milnor frame {Xi,...,X,} and
structure constants {A1, ..., \p} with n > 4. Foreach1l <i<n,
Aidiy2 =0

For X,Y,Z € g let

JIX, Y, Z)=[X,[Y, Z]) + Y, [Z,X]) + [Z,[X, Y]]
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Proposition

Let g be a metric Lie algebra with a Milnor frame {Xi,...,X,} and
structure constants {A1, ..., \p} with n > 4. Foreach1l <i<n,
Aidiy2 =0

For X,Y,Z € g let

JIX, Y, Z)=[X,[Y, Z]) + Y, [Z,X]) + [Z,[X, Y]]

0 = J(Xit1, Xi—2, Xi—1) = [Xig1, [Xiz2, Xic1]] = Ai[ Xiv1, Xi] = —Aidig2
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Proposition

Let g be a metric Lie algebra with a Milnor frame {Xi,...,X,} and
structure constants {A1, ..., \p} with n > 4. Foreach1l <i<n,
Aidiy2 =0

For X,Y,Z € g let

JIX, Y, Z)=[X,[Y, Z]) + Y, [Z,X]) + [Z,[X, Y]]

0 = J(Xit1, Xi—2, Xi—1) = [Xig1, [Xiz2, Xic1]] = Ai[ Xiv1, Xi] = —Aidig2

Let (A1,...,An) € {0,1}" such that A\j\jzo = 0 for any i. There exists a
Lie algebra g with a Milnor frame whose structure constants are A1, ..., Ap.

10/15
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Graph Representations for Milnor Frames

A4
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Figure: G & G’
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Figure: G#G'
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Geometric Properties of Lie Algebras with Milnor Frames
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Geometric Properties of Lie Algebras with Milnor Frames

There exists a metric g such that h* does not admit an orthonormal Milnor
frame with respect to g. Furthermore there exists a metric g such that
h3 @ h3 does not admit an orthonormal Milnor frame with respect to g.
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Geometric Properties of Lie Algebras with Milnor Frames

There exists a metric g such that h* does not admit an orthonormal Milnor
frame with respect to g. Furthermore there exists a metric g such that
h3 @ b3 does not admit an orthonormal Milnor frame with respect to g.

Let g be a non-abelian Lie algebra with a Milnor frame. If g 253 @ a
where a is an abelian Lie algebra, there exists a metric g on g such that
(9, g) does not admit an orthonormal Milnor frame.
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[1] John Milnor. “Curvatures of left invariant metrics on Lie groups”. In:
Advances in Math. 21.3 (1976), pp. 293-329.
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Thank you!
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