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-Let S" be the n-sphere , geodesic metric
,
diameter it.

----------

For X a metric space and >O
,

the Victoris-Rips complex VR(Xir) has ...../

vertex set X
· all simplices [to, ...,

[R] of diameter = r
.

si

The k-th covering radius of X is

covx(k) = infE50 : Th closed o-balls covering X3. &
------------ ------------
- euFordthecoveringnumbero,a covering X3.
-I

su

The homotopy connectivity conn(X) of a space Y
is the largestR such that it (V)= 0 VieR

·



Thm For 60
,
if conn(VRIS"; i-r)) = k-1

,
then

COVgn (2k +2) = 8 = 2 : COVRpu(k) ·

I
. e

., numCorgn (8) -2 = conn(VR(S" ; -d) < numCovip() .

VR(Si r)
Get,)[ ]

· *~Is VRIs) su I
conn(VRIs'in- 5))= 22 - 1

G
*

8

T*

Corollary The homotopy type of VRCS";v) changes ↑
infinitely many times as r increases.

Check
Conjecture Only countably many times. -UnE2 · coVipu(n)
Conjecture For all n. conn(VR(S"r) is nondecreasing in r

.

W

Remark Ceah case



Meshulam 2001 : If a finite graph G satisfies 1 , N(v)+ @
-

G S

for any
& vertices v, ..., ve

,
then Hi(c(G)) = 0 for Ofi(E)-1

.

Here N(vi) = Ev : v-3 is the open neighborhood.G

The clique complex<(G) is the maximal simplicial
complex with G as its 1-skeleton

·

The proof uses a fancy nerve lemma
.

Proof sketch that de COVsn(2k+2) => conn(VR(S"; it- 5) = k. ·Note de COVgn(2k+2)
-

-> No 2k+2 closed G-balls cover Sh
=> Any 2k+2 open I-o)-balls intersect .

⑳

Pretending that Meshulam's result held for G=VRIS" ; it-)"infinite
and closed neighborhoods NG[v]= Na(r) VEr3= B(rit-8)

,
we'd get

Fi(c(G))= Fi(VR(s"in-5)) =0 for 0-1 = k
.

For n22
,

use simple-connectedness of VRCS" ; -5) and Hurewicz to get
#i (VR(s", -5)) = 0 for OEiEk .



Pretending is not necessary
: Prove Fi (VR(Xin-5)= O

for finite subsets XIS"dense enough s.

t
.

*any E-ball in S" contains = [l+3 points in X,
where EO satisfies 8 + E < Covgn([R+ 2) ·
Deduce Fi(VR(s" ; N- 5)) = 0

.

Point in intersection of

open (T-G-E)-balls



Proof sketch that G > 2 . COVRp(k) = conn(VR/S"; H-rl)= K- 2
.

If the free I/2espace URLS" ;-5) were (2-1) connected,
we'd have So- VR(S" ; -8)

.

By Borsuk-Ulam this contradicts ABF
,
which says

if 7 ↳ open balls &Bl[i] : /S covering IRP"
,

then J VR(S" ; i-5)> Sh-1
· ...·.

Indeed
, no Eidiy;

< /VRIS" ; i-o)) has vertex set .
- ↑

-intersecting both BIXiOK) and BEX ; OR) · ------ g --IIDefine 5: : VR(S" : - 0 -> IR by -
&

fitiy ;)= & Eitidlyi .
S"(BI) if no : in BEIOR) I /

- Itidly ; SYBErish) ... BlaijOk) . -

- S... suHence (f , ,
. . .

,
fu) : VRLS" ; i-5) RR 1583 .

-N
Radially project .


