
UF MTG 6346
Topology 1
Fall 2024

Homework 2
Due Friday, September 20, anytime, on Canvas

Reading. Hatcher §1.1–1.2, pages 21–55.

Problems.

1. §1.1, Exercise 3. For a path-connected space X, show that π1(X) is abelian iff all
basepoint-change homomorphisms βh depend only on the endpoints of the path h.

2. §1.1, Exercise 16(a,b,c,f). Show that there are no retractions r : X → A in the following
cases:

(a) X = R3 with A any subspace homeomorphic to S1.

(b) X = S1 ×D2 with A its boundary torus S1 × S1.

(c) X = S1 ×D2 with A the circle shown in the figure.
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9. Let A1 , A2 , A3 be compact sets in R
3 . Use the Borsuk–Ulam theorem to show

that there is one plane P ⊂ R3 that simultaneously divides each Ai into two pieces of

equal measure.

10. From the isomorphism π1

(
X×Y , (x0, y0)

)
≈ π1(X,x0)×π1(Y ,y0) it follows that

loops in X×{y0} and {x0}×Y represent commuting elements of π1

(
X×Y , (x0, y0)

)
.

Construct an explicit homotopy demonstrating this.

11. If X0 is the path-component of a space X containing the basepoint x0 , show that

the inclusion X0↩X induces an isomorphism π1(X0, x0)→π1(X,x0) .

12. Show that every homomorphism π1(S
1)→π1(S

1) can be realized as the induced

homomorphism ϕ∗ of a map ϕ :S1→S1 .

13. Given a space X and a path-connected subspace A containing the basepoint x0 ,

show that the map π1(A,x0)→π1(X,x0) induced by the inclusion A↩X is surjective

iff every path in X with endpoints in A is homotopic to a path in A .

14. Show that the isomorphism π1(X×Y) ≈ π1(X)×π1(Y ) in Proposition 1.12 is

given by [f ]" (p1∗([f ]), p2∗([f ])) where p1 and p2 are the projections of X×Y

onto its two factors.

15. Given a map f :X→Y and a path h : I→X

from x0 to x1 , show that f∗βh = βfhf∗ in the

diagram at the right.

16. Show that there are no retractions r :X→A in the following cases:

(a) X = R3 with A any subspace homeomorphic to S1 .

(b) X = S1×D2 with A its boundary torus S1×S1 .

(c) X = S1×D2 and A the circle shown in the figure.

(d) X = D2 ∨D2 with A its boundary S1 ∨ S1 .

(e) X a disk with two points on its boundary identified and A its boundary S1 ∨ S1 .

(f) X the Möbius band and A its boundary circle.

17. Construct infinitely many nonhomotopic retractions S1 ∨ S1→S1 .

18. Using Lemma 1.15, show that if a space X is obtained from a path-connected

subspace A by attaching a cell en with n ≥ 2, then the inclusion A↩ X induces a

surjection on π1 . Apply this to show:

(a) The wedge sum S1 ∨ S2 has fundamental group Z .

(b) For a path-connected CW complex X the inclusion map X1↩X of its 1 skeleton

induces a surjection π1(X
1)→π1(X) . [For the case that X has infinitely many

cells, see Proposition A.1 in the Appendix.]

19. Show that if X is a path-connected 1 dimensional CW complex with basepoint x0

a 0 cell, then every loop in X is homotopic to a loop consisting of a finite sequence of

edges traversed monotonically. [See the proof of Lemma 1.15. This exercise gives an

elementary proof that π1(S
1) is cyclic generated by the standard loop winding once

(f) X the Möbius band and A its boundary circle.

3. §1.2, Exercise 8.

(a) “Compute the fundamental group of the space obtained from two tori S1 × S1 by
identifying a circle S1×{x0} in one torus with the corresponding circle S1×{x0}
in the other torus.” Let’s call this identification space X. Compute π1(X) by
using van Kampen’s theorem on the natural union of two tori along a circle.

(b) Write this identification space X as a product X = Y × Z (where neither Y nor
Z are just a single point), and use this to give an alternate computation of π1(X).

4. §1.2, Exercise 10. Consider two arcs α and β embedded in D2 × I as shown in the
figure. The loop γ is obviously nullhomotopic in D2 × I, but show that there is no
nullhomotopy of γ in the complement of α ∪ β.
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3. Show that the complement of a finite set of points in R
n is simply-connected if

n ≥ 3.

4. Let X ⊂ R3 be the union of n lines through the origin. Compute π1(R
3 − X) .

5. Let X ⊂ R2 be a connected graph that is the union of a finite number of straight

line segments. Show that π1(X) is free with a basis consisting of loops formed by

the boundaries of the bounded complementary regions of X , joined to a basepoint by

suitably chosen paths in X . [Assume the Jordan curve theorem for polygonal simple

closed curves, which is equivalent to the case that X is homeomorphic to S1 .]

6. Use Proposition 1.26 to show that the complement of a closed discrete subspace

of Rn is simply-connected if n ≥ 3.

7. Let X be the quotient space of S2 obtained by identifying the north and south

poles to a single point. Put a cell complex structure on X and use this to compute

π1(X) .

8. Compute the fundamental group of the space obtained from two tori S1×S1 by

identifying a circle S1×{x0} in one torus with the corresponding circle S1×{x0} in

the other torus.

9. In the surface Mg of genus g , let

C be a circle that separates Mg into

two compact subsurfaces M′h and M′k
obtained from the closed surfaces Mh
and Mk by deleting an open disk from

each. Show that M′h does not retract onto its boundary circle C , and hence Mg does

not retract onto C . [Hint: abelianize π1 .] But show that Mg does retract onto the

nonseparating circle C′ in the figure.

10. Consider two arcs α and β embedded in D2×I as

shown in the figure. The loop γ is obviously nullhomotopic

in D2×I , but show that there is no nullhomotopy of γ in

the complement of α∪ β .

11. The mapping torus Tf of a map f :X→X is the quotient of X×I obtained

by identifying each point (x,0) with (f (x),1) . In the case X = S1 ∨ S1 with f

basepoint-preserving, compute a presentation for π1(Tf ) in terms of the induced

map f∗ :π1(X)→π1(X) . Do the same when X = S1×S1 . [One way to do this is to

regard Tf as built from X ∨ S1 by attaching cells.]

12. The Klein bottle is usually pictured as a sub-

space of R3 like the subspace X ⊂ R
3 shown in

the first figure at the right. If one wanted a model

that could actually function as a bottle, one would

delete the open disk bounded by the circle of self-

intersection of X , producing a subspace Y ⊂ X . Show that π1(X) ≈ Z ∗ Z and that

[Hint: What is the fundamental group of (D2 × I) \ (α ∪ β)?]



Recommend Problems (not to turn in).

• §1.1, Exercise 5.

• §1.1, Exercise 6.

• §1.1, Exercise 9.

• §1.2, Exercise 6.

• §1.2, Exercise 9.
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