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Spring 2025

Homework 3
Due Friday, Marcy 14, anytime, on Canvas

Reading. Hatcher pages 206–230.

Problems.

1. §3.2, Exercise 3. (a) Using the cup product structure, show there is no map RPn →
RPm inducing a nontrivial map H1(RPn;Z2) → H1(RPn;Z2) if n > m. What is the
corresponding result for maps CP n → CPm?

(b) Prove the Borsuk–Ulam theorem by the following argument. Suppose on the con-
trary that f : Sn → Rn satisfies f(x) ̸= f(−x) for all x. The define g : Sn → Sn−1

by g(x) = (f(x) − f(−x))/|f(x) − f(−x)|, so g(−x) = −g(x) and g induces a map
RPn → RPn−1. Show that part (a) applies to this map.

2. §3.2, Exercise 4. Apply the Lefschetz fixed point theorem to show that every map
f : CP n → CP n has a fixed point if n is even, using the fact that f ∗ : H∗(CP n;Z) →
H∗(CP n;Z) is a ring homomorphism. When n is odd show there is a fixed point unless
f ∗(α) = −α, for α a generator of H2(CP n;Z). [See Exercise 3 in S2.C for an example
of a map without fixed points in this exceptional case.]

3. Let X be two unlinked circles in R3 and let Y be two simply linked circles. Show that
the complements R3 \X and R3 \ Y have isomorphic cohomology groups but different
ring structures, and hence are not homotopy equivalent. [See Example 1.23 in Hatcher
for how this problem was solved using the fundamental group.]
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we can choose this Aij for all the segments of γr and γr+1 in Rr+1 .

We can arrange that the factorization associated to γ0 is equivalent to the factor-

ization [f1] ··· [fk] by choosing the path gv for each vertex v along the lower edge

of I×I to lie not just in the two Aij ’s corresponding to the Rs ’s containing v , but also

to lie in the Aα for the fi containing v in its domain. In case v is the common end-

point of the domains of two consecutive fi ’s we have F(v) = x0 , so there is no need

to choose a gv for such v ’s. In similar fashion we may assume that the factorization

associated to the final γmn is equivalent to [f ′1] ··· [f
′
#] . Since the factorizations as-

sociated to all the γr ’s are equivalent, we conclude that the factorizations [f1] ··· [fk]

and [f ′1] ··· [f
′
#] are equivalent. #$

Example 1.23: Linking of Circles. We can apply van Kampen’s theorem to calculate

the fundamental groups of three spaces discussed in the introduction to this chapter,

the complements in R3 of a single circle, two unlinked circles, and two linked circles.

The complement R3−A of a single circle A

deformation retracts onto a wedge sum S1∨S2

embedded in R3−A as shown in the first of the

two figures at the right. It may be easier to see

that R3−A deformation retracts onto the union

of S2 with a diameter, as in the second figure,

where points outside S2 deformation retract onto S2 , and points inside S2 and not in

A can be pushed away from A toward S2 or the diameter. Having this deformation

retraction in mind, one can then see how it must be modified if the two endpoints

of the diameter are gradually moved toward each other along the equator until they

coincide, forming the S1 summand of S1∨S2 . Another way of seeing the deformation

retraction of R3 − A onto S1 ∨ S2 is to note first that an open ε neighborhood of

S1 ∨ S2 obviously deformation retracts onto S1 ∨ S2 if ε is sufficiently small. Then

observe that this neighborhood is homeomorphic to R
3 − A by a homeomorphism

that is the identity on S1 ∨ S2 . In fact, the neighborhood can be gradually enlarged

by homeomorphisms until it becomes all of R3 −A .

In any event, once we see that R3 − A deformation retracts to S1 ∨ S2 , then we

immediately obtain isomorphisms π1(R
3 −A) ≈ π1(S

1 ∨ S2) ≈ Z since π1(S
2) = 0.

In similar fashion, the complement R3 − (A ∪ B)

of two unlinked circles A and B deformation retracts

onto S1∨S1∨S2∨S2 , as in the figure to the right. From

this we get π1

(
R

3 − (A ∪ B)
)
≈

Z ∗ Z . On the other hand, if A

and B are linked, then R
3 − (A ∪ B) deformation retracts onto

the wedge sum of S2 and a torus S1×S1 separating A and B ,

as shown in the figure to the left, hence π1

(
R

3 − (A ∪ B)
)
≈

π1(S
1×S1) ≈ Z×Z .
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