
UF MTG 6346
Topology 1
Fall 2024

Homework 4
Due Wednesday, October 30, anytime, on Canvas

Reading. Hatcher pages 97–133.

Problems.

1. §2.1, Exercise 4. Compute the simplicial homology groups of the triangular parachute
obtained from ∆2 by identifying its three vertices to a single point.

2. §2.1, Exercise 5. Compute the simplicial homology groups of the Klein bottle using
the ∆-complex structure described at the beginning of this section.

3. §2.1, Exercise 8. Construct a 3-dimensional ∆-complex X from n tetrahedra T1, . . . , Tn

by the following steps. First arrange the tetrahedra in a cyclic pattern as in the figure,
so that each Ti shares a common vertical face with its two neighbors Ti−1 and Ti+1,
subscripts being taken mod n. Then identify the bottom face of Ti with the top face
of Ti+1 for each i. Show the simplicial homology groups of X in dimensions 0, 1, 2, 3
are Z,Zn, 0,Z, respectively. [The space X is an example of a lens space; see Example
2.43 for the general case.]
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in a 1944 paper of Eilenberg, after contributions from quite a few others, particularly

Alexander and Lefschetz. Within the next few years the rest of the basic structure

of homology theory as we have presented it fell into place, and the first definitive

treatment appeared in the classic book [Eilenberg & Steenrod 1952].

Exercises

1. What familiar space is the quotient ∆ complex of a 2 simplex [v0, v1, v2] obtained

by identifying the edges [v0, v1] and [v1, v2] , preserving the ordering of vertices?

2. Show that the ∆ complex obtained from ∆3 by performing the order-preserving

edge identifications [v0, v1] ∼ [v1, v3] and [v0, v2] ∼ [v2, v3] deformation retracts

onto a Klein bottle. Also, find other pairs of identifications of edges that produce

∆ complexes deformation retracting onto a torus, a 2 sphere, and RP2 .

3. Construct a ∆ complex structure on RPn as a quotient of a ∆ complex structure

on Sn having vertices the two vectors of length 1 along each coordinate axis in Rn+1 .

4. Compute the simplicial homology groups of the triangular parachute obtained from

∆2 by identifying its three vertices to a single point.

5. Compute the simplicial homology groups of the Klein bottle using the ∆ complex

structure described at the beginning of this section.

6. Compute the simplicial homology groups of the ∆ complex obtained from n + 1

2 simplices ∆2
0, ··· ,∆2

n by identifying all three edges of ∆2
0 to a single edge, and for

i > 0 identifying the edges [v0, v1] and [v1, v2] of ∆2
i to a single edge and the edge

[v0, v2] to the edge [v0, v1] of ∆2
i−1 .

7. Find a way of identifying pairs of faces of ∆3 to produce a ∆ complex structure

on S3 having a single 3 simplex, and compute the simplicial homology groups of this

∆ complex.

8. Construct a 3 dimensional ∆ complex X from n tetrahe-

dra T1, ··· , Tn by the following two steps. First arrange the

tetrahedra in a cyclic pattern as in the figure, so that each Ti
shares a common vertical face with its two neighbors Ti−1

and Ti+1 , subscripts being taken mod n . Then identify the

bottom face of Ti with the top face of Ti+1 for each i . Show the simplicial homology

groups of X in dimensions 0, 1, 2, 3 are Z , Zn , 0 , Z , respectively. [The space X is

an example of a lens space; see Example 2.43 for the general case.]

9. Compute the homology groups of the ∆ complex X obtained from ∆n by identi-

fying all faces of the same dimension. Thus X has a single k simplex for each k ≤ n .

10. (a) Show the quotient space of a finite collection of disjoint 2 simplices obtained

by identifying pairs of edges is always a surface, locally homeomorphic to R2 .

(b) Show the edges can always be oriented so as to define a ∆ complex structure on

the quotient surface. [This is more difficult.]

4. §2.1, Exercise 11. Show that if A is a retract of X then the map Hn(A) → Hn(X)
induced by the inclusion A ⊂ X is injective.

Recommend Problems (not to turn in).

• Compute the simplicial homology of the Klein bottle with Z/2Z coefficients (defined
on pages 153–154 of Hatcher).

• §2.1, Exercise 3.


