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Nerve Lemma
CollectionU of open sets

⑳in a metric space M .

O 8
Def The nerve complex N(U) has

IS
· a vertex for each set in 11
·

a R-simplex when R+1 sets intersect
.

N(n)
Nerve Lemma If U is a

good collection
,
then

N (2) = union of sets in U .

Sets in 11 are contractible; # N(1)
intersections empty or contractible .



Cech Complexes a O

·

Def When X &M and U= &B (air) ex
,

...
-

M

N(U)=: (X ; r) is called a ech complex,

If M is a manifold

and reConvRad (M),
then U is a good collection, so
(X ; r) = union of balls

.
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Gromov-Hausdorff distances
X

X
,
Y compact metric spaces . ...............-YIf X

,
Y are two subsets of the same metric space, :..........

then the Hausdorff distance between them is

(X
,
X= infEOI =UBLY , YeB(i)

If X ,Y are abstract metric spaces,
then the Gromor-Hausdorff distance between them is

dH(X
,Y = inf

- ............. XCOZ
,
Xcoz

Sa,isometric embeddings↑

·
-

:........::



Gromov-Hausdorff distances
X
,
Y compact metric spaces. Equivalently :

Def 2·(
,
y = inf max [disM)

,
dis(g)

,
codis (h .g)

.

n : X-Y

g : x-> X

h
·

·

·

· · ·

·

· ·

· X -⑳ ↑

g↑·

·

·

·

.
·

· &
S ·

·
·

·

·

·



Gromov-Hausdorff distances
X
,
Y compact metric spaces. Equivalently :

Def 2·(
,
y = inf max [disM)

,
dis(g)

,
codis (h .g)

.

Y
/

& h
·

·

·

·

·
·

·
·

·

·⑳ X -↑·

· ↑:
·

·

·

·

· &
S

........ ·
· I

· ·

·

dis (h) = S Ex (dx(x,x)
- dy(h(z) , h(z)



Gromov-Hausdorff distances
X
,
Y compact metric spaces. Equivalently :

Def 2·(
,
y = inf max [disM)

,
dis(g)

,
codis (h .g)

.

Y
&

·

·

·

·

↑ ~⑳: ·

·

I
&·

...
·

·

S ·

· I
· ·

·

dis (h) = S Ex (dx(x,x)
- dy(h(z) , h(z)

Codis (h , g)= supyex &x(, g(y)
- dy (h() , y)
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then (X
,
M) < E (X

,M) .

Fix &0 with 3r+22 = ConvRad (M) .

M M
&(M ; 2)

5
, [(ir +E) < /Mi3+2)

-hog- inclusion



Theorem For M a compact manifold and XM,E -->d (X
,
M =min, M) , CourRad (M)

.

6-how(X,M) x
+ ConRad (M)

,·then (X
,
M) < E (X

,M) .

↑- ix r with 20(X
,
M)= r > ConvRad (M) .uFix &O with 3r+22 = ConvRad (M) .

-eM& M
"(M ; E)

J (Mi r+ E)nC S 3 2

>-hog- inclusion



Theorem For M a compact manifold and XM,

d (X
,
M =min, M), CourRad (M)

.

↑ &
Can be improved to Can be improved to 5 Fill Rad (M)
if M" has nonnegative sectional curvatures,

--

hence optimal constant 1 when M = S'
·

....

-

Versions for X
,
&M
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Theorem For M a compact manifold and XM,
·

d (X
,
M =min, M), CourRad (M)

. · ...
&

↑ > -

&

I & -

·
Questions J

↑ ·
I &

-
> ~

What if M is not bounded, I
-

&

for example M =R ?

::- -

- --
- --
:::.What if M has boundary ? I· · -

- -

-: J :...
..O.:: : . : -

& - :
::

- ... - -:-

................- &
1

· :·
... ·

. .What if M is not a manifold ? :: :: -

Homotopy types of CCS"; r) for larger r ?



Questions
B2

s

&GH (ball Br
,
sphere Sn) ?

dGH (SM
,
S") ? [im ,

Memoli
,
Smith] , [ polymath]

Quantitative versions of
Borsuk-Ulam theorem

(such as Gromov's waist) ? As b
of sphere theorem I · ↓

R

Urysohn widths of balls

UWR (B") ,
ken ?

· ·

UW , (B2)

·


