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ABSTRACT

PERSISTENCE AND SIMPLICIAL METRIC THICKENINGS

This dissertation examines the theory of one-dimensional persistence with an emphasis on sim-
plicial metric thickenings and studies two particular filtrations of simplicial metric thickenings in
detail. It gives self-contained proofs of foundational results on one-parameter persistence mod-
ules of vector spaces, including interval decomposability, existence of persistence diagrams and
barcodes, and the isometry theorem. These results are applied to prove the stability of persis-
tent homology for sublevel set filtrations, simplicial complexes, and simplicial metric thickenings.
The filtrations of simplicial metric thickenings studied in detail are the Vietoris—Rips and anti-
Vietoris—Rips metric thickenings of the circle. The study of the Vietoris—Rips metric thickenings
is motivated by persistent homology and its use in applied topology, and it builds on previous work
on their simplicial complex counterparts. On the other hand, the study of the anti-Vietoris—Rips
metric thickenings is motivated by their connections to graph colorings. In both cases, the homo-
topy types of these spaces are shown to be odd-dimensional spheres, with dimensions depending

on the scale parameters.
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Chapter 1

Introduction

The field of applied topology, or topological data analysis, has developed over the last two to
three decades in an effort to use certain ideas from topology in practical applications. One feature
that has made applied topology an appealing research area is the constant mixing of abstract and
concrete ideas. In particular, it has drawn in many mathematical researchers, such as myself, be-
cause in spite of being a field with an end goal of applications, it requires a large amount of math to
develop the theory. This means that, ironically, there is a large theoretical side to applied topology,
which is both well-developed and continuing as an active research area. This is a consequence of
the field being built on thoroughly studied mathematical concepts, which allows for formal def-
initions to be given, theorems to be proved, and new mathematical questions to be posed. This
dissertation is situated in this area, with the goals of organizing and elaborating on some of the
foundational results in the area, as well as solving some particular problems that have arisen.

The distinction between this modern field of applied topology and other previous instances in
which topology has found its way into applied contexts can be seen from the desire to construct
generally applicable tools that can be added to the large toolbox of data science (hence the term
“topological data analysis”). From the early days of the subject, dating back to the introduction
of persistent homology, computations and algorithms were emphasized [1-4]. This focus has
continued with updated algorithms for persistence [5,6] and new algorithms created as new tools
are proposed. Meanwhile, the mathematical theory developed rapidly, producing theoretical results
on persistent homology [7-9], increasingly abstract approaches to the subject [10-12], and the

ongoing creation of new techniques [13-15].



Even restricting to the theoretical side of persistence, the field has continually evolved and
branched into a variety of approaches. Early work was focused on persistent homology with field
coefficients of sequences of spaces; some approaches emphasized algebra and the importance of
interval persistence modules [1], and some emphasized counting dimensions [16]. Eventually,
one-parameter persistence began to focus more on persistence modules of vector spaces indexed
by the real line or general subsets [8]. This led to a proof of interval-decomposability in a very
general setting [17] and approaches treating diagrams indexed by the real line valued in categories
other than just topological spaces and vector spaces [18—20]. Another line of research examined
how the techniques of persistence could be extended to persistence modules indexed by multiple
real parameters rather than just one [21-23], with some of these ideas even dating back to before
persistent homology was well established [24]. This has produced the field of multi-parameter
persistence. Further generalizations have been made to persistence modules indexed by more
general posets [25,26].

This dissertation resides in the setting of one-parameter filtrations and persistence modules
of vector spaces, focusing in particular on the topological properties of the spaces in certain fil-
trations. After this introductory chapter, the dissertation can be roughly divided into two parts,
which have somewhat different goals. The first part, consisting of Chapters 2 and 3, gives a self-
contained development of the theory of one-parameter persistence modules of vector spaces and
the persistent homology of filtrations, which constitutes some of the most thoroughly developed
and most frequently applied tools of the field. My intent has been to make these chapters useful
to readers who may have had some introductory exposure to the ideas of persistent homology and
are interested in the mathematical foundations of the subject. The second part, consisting of Chap-
ters 4 and 5, contains the new mathematical contributions of this dissertation, providing solutions
to two topological problems that arise in connection with persistence. These chapters are inher-
ently much more specialized and will hopefully guide future work on related problems. A more

detailed summary of the material of this dissertation is given below.



1.1 Topics and Organization

The goal of Chapters 2 and 3 is to provide a self-contained development of the foundations of
one-parameter persistence modules of vector spaces and filtrations of topological spaces. While
the results here are (mostly) not new, the presentation is. These chapters develop the theory of one-
dimensional persistence in a single, unified storyline, with proofs assuming only common facts
from algebra and topology. Namely, the main results include interval decompositions of certain
persistence modules, the existence of barcodes and persistence diagrams of g-tame persistence
modules, the isometry theorem, and the stability of persistent homology in its various forms. These
chapters include exercises that cover facts and examples that could have been included but were
not central to the storyline. The exercises are meant to provide additional context, but they are not
required to understand the rest of the material.

My motivation for writing these chapters originated from my own experience in learning
this material, which required (not unexpectedly) piecing the story together from multiple papers.
Learning this way comes with the challenge of understanding how the successive developments in
the field form a unified body of knowledge. It carries the risk of mathematical foundations being
obscured and readers temporarily accepting certain results on faith — especially those cited from
outside sources — without a guarantee they will ever return to understand the details. These diffi-
culties are natural for a relatively recent subject like applied topology. But as a subject becomes
more established, the theory tends to be rewritten and reorganized into cohesive summaries that
make it easier to learn, and I hope I have contributed to that process.

My overall approach to Chapter 2 emphasizes persistence modules indexed by the real line
(which were developed after the earlier theory of persistence modules indexed by subsets of the
integers) as well as their algebraic properties. This is reflected in my choice to give the interval
decomposability of pointwise finite-dimensional persistence modules as the first major result (The-
orem 2.2.2). The proof, given in Section 2.6, is based on the techniques of [17], but is reworked
to avoid needing citations of certain algebraic facts. In Section 2.4, I have made an effort to give

a simplified definition of barcodes and persistence diagrams that is equivalent to the commonly



used definition in [27], without requiring some of the more nuanced machinery used there. Sec-
tion 2.4.2 explains how this approach recovers the theory of persistence modules indexed by the
integers or other subsets of the reals. The method of proof of the isometry theorem in Section 2.5
I had originally believed was new, until I was made aware of the paper [28], which establishes the
result for interval-decomposable modules (here Theorem 2.5.3) by similar methods. As a result,
the presentation is different, and this is exaggerated since that paper works in the setting of mul-
tiparameter persistence. I believe the method in Section 2.5.3 for extending the result to q-tame
modules (the typical level of generality) is still new.

As for the results of Chapter 3, the proofs of the stability of persistent homology for sublevel
set filtrations and for simplicial complexes (Theorems 3.2.2, 3.4.6, and 3.4.7) follow the methods
from [7] and [9], although the approach to the Gromov—Hausdorff distance differs slightly. The
proofs of the stability of persistent homology for simplicial metric thickenings come from my
master’s thesis [29] and [30]. While much of the material dates back to relatively early in the
history of persistence, Chapter 3 places an additional emphasis on simplicial metric thickenings,
which are a more recent development. This reflects my own personal research interests, along with
the belief (instilled in me by my advisor, of course) that these constructions provide a convenient
setting for the theory of persistent homology. This material also provides some of the background
for the work in the later chapters on simplicial metric thickenings.

Chapters 2 and 3 are not meant as a complete introduction to applied topology (much as I
would have liked them to be). In addition to lacking some of the major topics and most active
areas of research, these chapters do not give the motivated, example-based, visual introduction
that a first exposure to applied topology should have. They do, however, give a more complete
mathematical treatment of the topics than most introductions do, and my hope is that students
of applied topology interested in the mathematical foundations may find them useful. A more
complete, book-length introduction to applied topology would also include: the aforementioned
motivated, example-based, visual introduction (exemplified in [31-33]); algorithms used in applied

topology [1,5, 16]; the theory of multiparameter persistence and other generalizations [20-23,26];



applied sheaf theory [34-36]; other well-established tools such as the mapper algorithm [13] and
the persistent homology transform [14]; and finally, examples of applications!.

Moving on to the second part of the dissertation, Chapters 4 and 5 study the topology of specific
simplicial metric thickenings. They contain the new mathematical results of this dissertation; the
content of Chapter 4 is published in [39], and the content of Chapter 5 is part of ongoing joint
work [40].

The main results of Chapter 4 are the homotopy types of the Vietoris—Rips metric thickenings
of the circle (Theorem 4.7.3). This problem and older variants of it that were solved previously are
initially motivated by improving the understanding and interpretation of persistent homology. In
particular, it leads to a better understanding of Vietoris—Rips persistent homology in low dimen-
sions, which are some of the most practical versions of persistent homology. The problem itself,
however, belongs to algebraic topology, and it has the feel of a combinatorial problem despite be-
ing in a continuous setting. While many of the techniques of this chapter were designed around
specific spaces, an additional goal of this project was to demonstrate how simplicial metric thick-
enings lend themselves to such techniques, with the hope of motivating more general work in the
future.

Chapter 5 considers a similar problem, although the motivation is quite different. While the
techniques still come from persistence, the objects of study arise mainly from graph coloring prob-
lems. The main results here are the homotopy types of the anti-Vietoris—Rips metric thickenings
of the circle (Theorem 5.2.1). Despite having different origins, these spaces are closely related to
the metric thickenings studied in Chapter 4, making them a natural next step, and the techniques
of the proof are similar. Ongoing work related to this project is exploring the connection between
topological properties of simplicial metric thickenings and graph colorings.

Finally, before beginning the main content in Chapter 2, the following section handles some of

the mathematical background that will be encountered frequently and deserves some introduction.

IRather than try to provide a representative set of citations for applications here, which would take quite a bit of space,
I will refer to a couple of existing summaries of applications: one survey can be found in [37], and a chapter of [38]
includes case studies that discuss various applications in more depth.



The concepts are relatively simple, but they are not especially “standard” in that they are less often
taught or used in the foundations of subjects, and some mathematicians, especially students, may
have never had a need for them. We give definitions and basic facts here and refer to them often in

the later chapters.

1.2 Preliminaries

The background knowledge required in this dissertation will mostly come from topology and
algebra. In particular, Chapters 2 and 3, which cover the foundations of persistent homology,
will primarily require linear algebra, some point-set topology, and the basics of homology. We
will occasionally take a category-theoretic viewpoint, but most of the material should be readable
without an in-depth knowledge of category theory. Chapters 4 and 5 will draw more heavily from
both point-set and algebraic topology and in particular will require some facts from homotopy
theory.

There are a few basic concepts that end up playing a significant role in applied topology despite
being somewhat less common in other areas. In this section, we will give an overview of a few such
concepts that will appear often, each of which can be seen as a generalization of a more familiar
mathematical object. The material here can be read immediately or skipped and referenced as it is

mentioned later.

1.2.1 Generalizations of Metric Spaces

Applied topology and persistence heavily use the language of metric spaces. It turns out to be
useful to generalize the notion of a metric slightly to allow infinite distances and to allow distinct
points to be at distance zero. We introduce the following terminology that will allow us to work
in various levels of generality; briefly, “extended” will mean we allow infinite distances, while the
prefix “pseudo” will mean that distances between distinct points can be zero.

Given a set X, a function d: X x X — R U {oo} is called an extended pseudometric on X

if it satisfies the following axioms:



l. d(xz,z) =0forallz € X
2. d(z,y) =d(y,z) forall z,y € X
3. d(z,2) < d(x,y) + d(y,z) forall x,y, z € X.

In the third axiom (the triangle inequality), since distances can be oo, we use the convention that
7400 =00+ 71 =00+ 00 = oo forany r € R>.

From here, additional requirements give special cases. If d is an extended pseudometric that
takes only finite values (i.e. its codomain can be restricted to R>), then it is called a pseudometric.
Next, if d is an extended pseudometric such that d(z,y) = 0 implies x = y, then it is called an
extended metric. Alternately, an extended metric can be defined by replacing axiom 1 above with

2

“d(z,y) = 0 if and only if x = y.” Finally, we recover the normal definition of a metric by
requiring that d take only finite values and that d(x,y) = 0 implies z = y; that is, d is a metric
if it is both a pseudometric and an extended metric. There are also generalizations of metrics that
remove the assumption of symmetry (axiom 2 above), although we will not need these.

If d is an extended pseudometric on X (or specifically a pseudometric, extended metric, or
metric), we will call the pair (X, d) an extended pseudometric space (or respectively a pseudomet-
ric space, extended metric space, or metric space). We will often suppress d from the notation and
simply say X is an extended pseudometric space. In cases where it is helpful or multiple spaces
are involved, we may write an extended pseudometric on X as dx.

Like a metric, an extended pseudometric d on a set X defines a topology on X. For any
e > 0 and x € X, define the open ball By(z,e) = {y € X | d(z,y) < ¢}. The topology on
X induced by d is defined by taking the collection of all open balls as a basis. Equivalently, in
this topology, a set U is open in X if and only if for every x € U, there is some € > 0 such that
By(z,e) C U. The biggest difference in topology between general extended pseudometric spaces
and the more familiar metric spaces is their separation. While every metric space is Hausdorff,

an extended pseudometric space is generally not, as it may contain distinct points x and y with

d(xz,y) = 0; in this case, every open set containing = contains y and vice versa, so = and y are



topologically indistinguishable. In this way, the points at distance zero exactly determine whether
the Hausdorff condition is met: an extended pseudometric space is Hausdorff if and only if it is in
fact an extended metric space.

In fact, topology alone cannot distinguish between a metric space and an extended metric
space, as we can show that every extended metric space is metrizable. Given an extended metric
space (X,d), define d: X x X — Rsq by d(x,y) = min{d(z,y),1}. It can be checked that d
defines a metric on X (this is called the standard bounded metric corresponding to d; see [41,
Theorem 20.1]). Furthermore, the extended metric d and the metric d define the same topology on
X, since any open ball B,(z, <) contains some ball By(x,<’) and vice versa. Thus, topologically
there is no distinction between metric spaces and extended metric spaces. If instead we begin with
an extended pseudometric d, the same definition of d produces a pseudometric that defines the
same topology as d; so similarly, there is no topological difference between extended pseudometric
spaces and pseudometric spaces.

In addition to the topology, other familiar definitions related to metric spaces apply to extended
pseudometric spaces. The definition of a Lipschitz map is the same as usual. The definition of
an isometry or distance preserving map is also the same as usual, although an isometry need not
be injective because distinct points may have a distance of zero. The term “isometric embedding”
can be used for an injective distance preserving map, since such a map is necessarily a homeomor-
phism onto its image. Sequence convergence can be defined by the usual e- N definition, and this
agrees with the general notion of convergence in a topological space; of course, since in general
distinct points may have a distance of zero, the limit of a sequence may not be unique. Similarly,
the usual -0 definition of continuity is equivalent to the topological definition of continuity for
extended pseudometric spaces. Cauchy sequences and completeness are also defined as usual. The
definitions of bounded and totally bounded spaces are the same as usual, and of course, a bounded
extended pseudometric space is necessarily a pseudometric space. The usual characterization of

compact metric spaces can be used to show that an extended pseudometric space is compact if



and only if it is complete and totally bounded, which holds if and only if every sequence has a
convergent subsequence.

Finally, given any extended pseudometric space (X, dx), we can perform the intuitive process
of identifying any two points at distance zero, producing an extended metric space?, which we write
as Q(X). The points of Q(X) are the equivalence classes [x] of points z € X, where [z] = [2/]
if and only if dx(x,2") = 0, and the extended metric of Q(X) is defined by dg(x)([z], [2']) =
dx(x,2"). This formalizes the idea that points at distance zero are mostly indistinguishable, and
even in cases where (X)) is not explicitly used, we will often think of points at distance zero
as essentially the same. The map ¢x: X — @Q(X) is continuous and is in fact a quotient map
and a (generally non-injective) isometry. Given an extended metric space Y, a continuous map
f: Q(X) = Y corresponds to the map f: X — Y given by f(z) = f([z]) and vice versa. In
categorical terms, () is a functor from the category of extended pseudometric spaces and continuous
functions to the category of extended metric spaces and continuous functions, () is left adjoint to
the inclusion functor, and the map ¢x : X — Q(X) is the unit of the adjunction. All of this can be
restricted to the case of pseudometric spaces X, in which case we get metric spaces QQ(X).

The operations (X,d) + (X,d) and X — Q(X) both turn extended pseudometric spaces
into more restrictive objects; the first removes “extended” and the second removes “pseudo.” We
have noted that () is a functor that has a right adjoint, and the unit ¢x: X — Q(X) is an isom-
etry, although generally not a homeomorphism. Similarly, (X,d) — (X,d) is a functor from
the category of extended (pseudo)metric spaces to the category of (pseudo)metric spaces, in each
case with continuous functions as morphisms. Along with the inclusion in the reverse direction,
it forms an equivalence of categories; ultimately, this equivalence results from our choice of mor-
phisms, which are purely topological in nature. Thus, the identity function (X, d) — (X, d) is a
homeomorphism, although generally not an isometry. These operations perhaps show why metric

spaces are typically given more attention than any of these generalizations. On the other hand, the

2For instance, in a function space such as an LP space, two functions will often be considered the same if the norm of
their difference is zero — here the initial pseudometric space is a set of functions and the resulting metric space is the
function space that is typically studied.



generalizations considered in this section prove to be convenient in a number of settings and have
become common in applied topology. We will focus our attention on metric spaces in situations
where they are typically used, but we will also find many cases in which the generalizations are

warranted.

1.2.2 Matchings and Correspondences

Recall that a relation between sets X and Y is a subset & C X x Y. There are two types of
relations that make an appearance in applied topology that are somewhat less common, so we give
an overview here. We know that a relation R C X x Y describes a function f: X — Y if for each
x € X, there is exactly one y € Y such that (x,y) € R: the y corresponding to x is called f(x)
so that R consists of the pairs (z, f(z)) forall z. Lettingmx: X XY — Xand7y: X XY =Y
be the projection maps, we can rephrase this characterization as follows: a relation R C X x Y
describes a function X — Y if and only if the restriction mx|gr: R — X is a bijection. An inverse
function exists exactly when 7y | is a bijection as well, so R describes a bijection if and only if
both mx|r and 7y |g are bijections. The two types of relations we will introduce here weaken the
requirement that these projections be bijections while keeping the symmetry between the two sets:
in this sense, they can both be thought of as generalizations of bijections.

We call a relation R C X X Y a correspondence if both x| r and 7y | are surjective. If (z, y)
is in a correspondence R, we will say that = and y “correspond” to each other under R. Explicitly,
this definition means that each element in either X or Y corresponds to at least one element of the
other set. For an example, let (), d) be a metric space (or an extended pseudometric space), let
e > 0, and define a correspondence R C M x M by R = {(my,ms) | d(m1,my) < €}. Both
projections are surjective since (m,m) € R for each m € M. This correspondence provides an
approximation of the identity function, allowing for an error of up to €. Similarly, we will later
consider correspondences between different metric spaces that can be thought of as approximate

isometries, allowing for an ¢ of error.
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Next, we call a relation R C X x Y a matching if both 7x|g and 7y |g are injective. In this
case, if (z,y) € R, we will say x and y are “matched” to each each other, and the definition means
that each element of X or Y is matched to at most one element of the other set. Our definition is
related to the use of the word “matching” in graph theory, meaning a subset of edges of a graph
that do not share any common vertices. A matching in our sense corresponds to a matching in the
graph-theoretic sense in the complete bipartite graph with parts X and Y/, that is, the graph with
vertex set X LY with edges connecting each vertex in X with each vertex in Y. More generally, we
can write a bipartite graph on parts X and Y as (X, Y, F) with £ C X xY; anelement (z,y) € E
then represents an edge connecting X to Y (instead of the more common representation of an
edge as {x,y}). With this convention, a matching in the graph-theoretic sense in a bipartite graph
(X,Y, E) is amatching R C X XY in our sense such that R C F. We will exploit this connection
in Section 2.5, using ideas from graph theory to understand the matchings that arise in the study of
persistence.

Finally, correspondences and matchings behave well under composition. In general, the com-
position of two relations S C Y x Zand R C X x Y, denoted S o R C X x Z, is defined
by

SoR={(z,2) € X x Z |3y € Y suchthat (z,y) € Rand (y,2) € S }.

If S and R are both correspondences, then for any z € X, there is a y € Y such that (z,y) € R
and a z € Z such that (y, z) € S, so (z,2) € S o R. Symmetrically, given any 2’ € Z, there is an
x' € X such that (2/,2') € So R, so S o R is a correspondence. Now suppose instead that both
S and R are matchings. If (x,z) € So Rand (2/,2) € S o R, then there exist y, ¢y’ € Y such that
(x,y) € R, (y,2) € S, (',y') € R, and (v/, 2) € S. Since S is a matching, we must have y = v/,
and since R is a matching, this implies = 2’. Therefore the projection So R — Z is injective, and
similarly so is the projection So R — X, so So R is a matching. Thus, we see that the composition
of matchings is a matching, and the composition of correspondences is a correspondence. This is
analogous to the fact that the composition of injective functions is injective, and the composition

of surjective functions is surjective.
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1.2.3 Multisets

Multisets will provide a helpful language for our study of persistence. Roughly speaking, a
multiset is like a set, but is allowed to contain multiple copies of the same element; the number
of times that element occurs is called the multiplicity of the element. The notion of multiplicity
is familiar even in cases where the language of multisets is not explicitly used — maybe the most
familiar example is the multiplicity of a root of a polynomial. Soon we will develop tools to
count features present in spaces, and since some features will be deemed to be indistinguishable,
we will count features with multiplicities. These ideas will expand on the technique of counting
homological features using the dimensions of vector spaces.

There are multiple ways to define multisets; we will give two definitions that are sufficient for
our purposes. To begin, a multiset is commonly defined as a tuple (S, m) of a set S and a function
m: S — Z7. Here the function m is interpreted as recording the multiplicity of each element, i.e.
m(s) is interpreted as the number of times s occurs in the multiset. This definition is sufficient if
we only wish to allow for finite multiplicities, but to allow for infinite multiplicities, we can modify
our definition to allow m to be a function m: S — Z* U {oo}; in the area of applied topology, this
approach is taken in [27], for instance?.

For a different approach, suppose we only wish to define multisets consisting of elements in
some fixed set U (the “universe” for this definition). We will use the suggestive name indexed
multiset in U to refer to an indexed collection of elements of U, i.e. a function s: A — U where
A is any index set. Then we will call two indexed multisets s: A — U and t: B — U equivalent
if there exists a bijection f: A — B such that s = ¢ o f and define a multiset to be an equivalence
class of indexed multisets. In category theoretic terms, we are working in the slice category Set /U

and have defined a multiset as an isomorphism class* of this category; see for instance [43]. The

3With this definition, the use of a single symbol co does not distinguish between different infinite cardinal numbers,
which is acceptable for most situations of interest in applied topology. If we wish to allow different infinite cardinals
as multiplicities, we can either define a multiset as a set .S with a function m with domain .S whose values are cardinal
numbers [42], or we can step away from sets and allow functions m from .S to the proper class of all cardinal numbers.

#Note that we are working outside the confines of set theory, as the collection of all functions with codomain U is not
a set, so the equivalence we have defined is not an equivalence relation in the set-theoretic sense. Hence, we need to
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notion of equivalence agrees with our intuition that a multiset does not change if its elements are
reindexed. With this perspective, operations or properties of multisets are operations or properties
of indexed collections that respect our definition of equivalence. Our first description of a multiset
as a set with a multiplicity function can be recovered from this one: an indexed multiset A = U
yields a pair (s(A), m), where for any u € s(A), m(u) = |[s~({u})| (with any infinite cardinality
indicated by co), and this pair is unchanged if the multiset is reindexed. In the reverse direction,
given a subset S C U and a multiplicity function m: S — Z* U {oco}, we can construct a corre-
sponding indexed multiset, although there will generally be arbitrary choices involved (including
the choice of an arbitrary infinite cardinality corresponding to any s € S with m(s) = o).

The majority of our work with multisets will take the approach of indexed multisets, as it allows
us to simply use the familiar notion of indexed collections. In each case, the universe U will be
clear. For instance, in Section 2.4, we will work with “multisets of intervals in R.” In this case, the
universe U is the set of intervals in R and such a multiset can be expressed as an indexed multiset
{Ja}aca, with each J, an interval in R.

Finally, we will address some basic set theoretic operations with multisets. We will not attempt
to give a comprehensive set of definitions, as there are multiple choices of definitions depending
on the setting, but we will instead provide enough of a foundation to serve our purposes here.
To begin, if we use the first definition of a multiset as a tuple (S, m) with multiplicity function
m: S — Z* U {oo}, then (S, m) is a submultiset of (T,n) if S C T and m(s) < m(s) for all

s € S. Unions and intersections of such multisets are typically defined as follows:

trust the logical foundations of category theory for this definition. This footnote and the previous suggest that these
set-theoretic issues inevitably arise when looking for a good definition of multisets.
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where m(s) = sup{m;(s) | s € S;} and

ﬂ(Sz,mZ) = ﬂSZ-,m’

7 7

where m/(s) = inf; m;(s). These operations treat multisets as sharing elements whenever possible:
for instance, if the element s has maximal multiplicity in S;,, then since the union assigns s this
same multiplicity, all copies of s in any S; are treated as if they are in S;,. This is a useful
definition in cases where this interpretation makes sense, although it is not the only possibility.
For instance, in certain situations, we may want to treat different multisets as containing distinct
elements, and in this case, a reasonable alternate definition of the union would use the multiplicity
function m(s) = >, m,(s). This is indeed sometimes used as an alternate definition of the union
of multisets, but we will instead take a different approach of letting this multiplicity function define
a different operation, the sum of multisets [43]. There is also an analogous definition of the product
of multisets, given by multiplying multiplicities. The operations we have described so far will be
enough for most of our purposes, and those not interested in more abstract definitions can skip the
remainder of this section.

Our second definition of multisets in U based on using indexed collections provides more flex-
ibility in generalizing set-theoretic operations, at the expense of requiring some more abstraction:
this marks the first time we will make essential use of category theory. We will base our definitions
on the category Set/U. A map of indexed multisets from s: A — U tot: B — U is then just a
function over U, that is, a function f: A — B such that s = ¢ o f. Instead of defining submul-
tisets, we can work with monomorphisms in Set/U, which are those f as above that are injective
functions (alternately, we could define a submultiset as an equivalence class of monomorphisms
in the usual way). Instead of unions and intersections, we can instead use colimits and limits re-
spectively, both of which exist in Set/U; of course, these are more complicated than unions and
intersections, as there is a choice of maps in a diagram. All of these definitions respect isomor-

phisms, so by passing to isomorphism classes, they provide definitions of maps, monomorphisms,
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limits, and colimits of multisets (in the case of limits and colimits, the relevant fact is that naturally
isomorphic diagrams have isomorphic limits; see Corollary 3.6.3 of [44]).

In certain cases, the use of colimits and limits matches our definition above of unions and inter-
sections of multisets defined by multiplicity functions, while in other cases, they behave somewhat
differently. For instance, the union of a nested sequence of multisets can be reformulated as a
colimit. The nested sequence corresponds to a diagram A in Set/U indexed by a totally ordered

set .J, in which all arrows are monomorphisms. Write a generic arrow in this diagram as

Each indexed multiset A; s U corresponds to a pair (s;(A;),m;), where mj(u) = |s; " ({u})].
The colimit of this diagram is colime; A; = ([[,c; Ai) / ~, where for a; € A; and a;, € Ay,
we have a; ~ a;, if and only if Ajgk(aj) = ay. The induced map s: colim;c; A; — U sends an
equivalence class [a;] to s;(a;). Thus, s(colim;e; A;) = (J;c; 5i(A;), and because all A;<;, are
injective, for any u in the image of s, we have |s~!(u)| = sup,c; |s; ' ({u})]. So the indexed mul-
tiset colimye ; A; = U corresponds to the pair (|, si(4;), m) where m(u) = sup;c, |s; " ({u})],
which agrees with our notion of union for multisets defined by multiplicity functions. Unions
of nested sequences of multisets will appear in Section 2.4, and our work here shows that either
definition of multisets can be used in that case.

For a case in which colimits and limits in Set /U do not agree with our first definitions of unions
and intersections, suppose we have a diagram {A; 2% U}ic; in Set/U where J is now a discrete
category. The colimit is now a coproduct and is given by the induced function [],. , A4; — U.
This corresponds to the pair (|, si(4;), m) with m(u) = >, |s; '({u})]. This corresponds to
the sum of multisets mentioned above, in which multiplicities are added. On the other hand, the

limit of the diagram is given by {{a;}ics € [[,c; Ai | forall j,k € I, s;(a;) = sk(ax)}, which

i€
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corresponds to the pair ([, s:(A4;),m") with m/(u) = [T..,|s; ' ({«})|. This corresponds to the

product of multisets we mentioned briefly, in which multiplicities are multiplied.
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Chapter 2

Persistence Modules

The theory of persistence involves an interesting interaction between geometric spaces and
algebraic information extracted from these spaces. In this chapter, we will focus on the algebraic
foundations of this theory, centered around objects called persistence modules. A persistence
module records information as a collection of vector spaces parameterized by one real variable®,
often imagined as time. A collection of linear maps describes how the vector spaces evolve over
time. The vector spaces are often produced from geometric spaces evolving over time, in which
case elements of the vector spaces represent features of the geometric spaces. With some effort,
we can find how long particular generators of the vector spaces persist before they are sent to zero,
thus showing how long the corresponding features of the geometric spaces persist as the spaces
evolve.

This chapter is based on several main references. The basic definitions of persistence modules
and related concepts, as well as the overall approach to the subject, are based on [8,27,45]. We
will sometimes take a categorical view of persistence modules, as described in [18]. Our work on
the existence of interval decomposition will be based on that in [17], which was further developed
in [11]. For the isometry theorem, we give a proof based on Hall’s Marriage Theorem, beginning

with an approach similar to that of [28] and then extending to g-tame persistence modules.

SWe limit our scope here to the case in which vector spaces are parameterized by one real variable, which is usually
called one-parameter persistence. This case is the oldest and most frequently used in applications. Generalizations
beyond a single parameter produce multiparameter persistence and more generally persistence modules indexed by
posets, and these settings are subjects of active research [20-23,25,26]. Some of these generalizations further replace
the vector spaces with objects in a different category — we will perform a similar substitution soon when we consider
filtrations of topological spaces in Chapter 3.
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2.1 Definitions

We will work with vector spaces over an arbitrary fixed field K and an index set R C R, with

the order inherited from R. A persistence module V' over an index set & C R consists of
* avector space V; foreacht € R
 forelements s < tin R, alinear map V,<,: V; = V}

such that Vi<, = 1y, forallt € R and V,<; o V,<; = V,<; whenever r < s < ¢t in . The maps
Vi< are called the structure maps of V. We can imagine V; as recording information at “time”
t, in which case the last condition of the definition says that the maps advance forward in time
consistently. In context, we will often just refer to persistence modules as “modules.” A morphism
p: V. — W of persistence modules over the same index set R consists of a collection of linear
maps ¢, for all ¢ € R such thatif s < ¢t in R, then ¢; o V<, = W<, o @; that is, the following

diagram commutes:

Vo<t
Vo —— V4

o] &2

Wy, —— W,

W<t
In our analogy based on time, a morphism translates the information of one persistence module to
another in a way that respects their dependence on time.

Composition of morphisms is defined pointwise: that is, given morphisms ¢: V' — W and
¥: W — X, we define 1) o ¢ by setting (¢ o ¢); = 1), o ¢;. For any persistence module V' over
R, we have an identity morphism 1y, defined by the collection of identity maps 1y, forall ¢ € R.
An isomorphism of persistence modules is a morphism with an inverse. That is, ¢: V — W is
an isomorphism if there exists a¢): W — V such that ) o ¢ = 1y and ¢ 0 ¢ = 1y, and in this
case we can write 1 as ¢~ L. If there exists an isomorphism ¢: V' — W, then VV and W are called
isomorphic, and we will write V' = W to indicate that V' and IV are isomorphic. Since morphisms
are defined pointwise, we can see that ¢ is an isomorphism if and only if each ¢; is an isomorphism

(an invertible linear map).
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These definitions can be described succinctly in categorical terms: a persistence module is a
functor from the poset 7, considered as a category, to the category of vector spaces over K, and
a morphism of persistence modules is a natural transformation. Furthermore, the collection of
persistence modules over R and morphisms between them form a category. In short, the category

of persistence modules over R is the functor category Vect®.

2.1.1 Interval Persistence Modules

Let R C R be a fixed index set. We will say a nonempty subset J C R is an inferval in R if
whenever r < s < tin Rand r,t € J, we have s € J. If J C R is an interval, we can define a

persistence module V' by setting

K ifteJ
V, =

0 ittéJ,
letting Vi<, = 1 if 5,2 € J and s < ¢, and letting all other V<, be zero maps. Define an interval
persistence module to be any persistence module isomorphic to such a V. We call J the support
of the interval module, and we may describe a module isomorphic to V' as an “interval module
supported on J.” Interval modules will play a prominent role in our study of persistence modules.
We will show later how they may be viewed as the building blocks for many other persistence
modules.

While the definition above applies to any 2 C R, the case of R = R covers much of the theory,
so we will develop some techniques for working with interval modules in this case. We will use
the following convenient notation for intervals in R, described, for instance, in [27]. Define the set
of decorated real numbers, written as real numbers with a superscript of either ™ or ~, and ordered
by letting a* < b* if @ < b and letting a~ < a*. That is, they can be constructed as R x {+, —}
and given the lexicographic (dictionary) order with — < 4. Define the extended decorated real
numbers by including maximal and minimal elements +co. We can use the decorated real numbers

to describe open and closed endpoints of intervals. For bounded intervals, we make the following
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definitions, with the usual notation for intervals on the right:

[a”,07 ] = a,b)
[a”,b"| = [a, ]
[a™, b7 ] = (a,b)
[a™, b7 ] = (a,b].
In the second case, we require @ < b and let [a~,a’| = [a,a] = {a}, and in all other cases we

require a < b. Similarly, we can use +o0o to write unbounded intervals, for instance, [a™, 00| =
(a,00). This provides a uniform notation for all intervals in R: we can write an arbitrary interval
as [1,u|, where the lower and upper endpoints [ and u are in the extended decorated real numbers.

If ™ is in the extended decorated real numbers, then removing the decorations produces an
element of the usual extended real numbers R = R U {#+00}. We will extend the usual distance in

R to R in an intuitive way: define

(

|l — 2| ifx,2’ €R
dg(z,2') = { +o0 ifx = fooand 2’ # x orif 2’ = +00 and x # 2

0 ifz =12 =+o00.

\

It can be checked that dg is an extended metric on R (see Section 1.2.1 for the definition of an
extended metric and other generalizations of metrics).

Finally, we can shift the endpoints of intervals by allowing real numbers to be added to extended
decorated real numbers. For a,s € R, definea™ +s = (a +s)” and a™ + s = (a + s)7, and
further define +-00 + s = 4-00. Then for any interval [/, u], we can describe intervals with shifted
endpoints, such as [l + s,u + s|. We must make sure the new interval still has appropriately
ordered endpoints: for instance, if s > 0 and [/, «] is an interval, then [l — s,u + s] is a well-

defined interval, but [l 4+ s,u — s| is not necessarily, as we may have [ + s > u — s. Note that
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by these definitions, shifting endpoints by s has the effect of leaving infinite endpoints unchanged,
for instance, [—00 + s, u| = [—00, u].
The following lemma examines how the set of morphisms between interval modules depends

on their supports.

Lemma 2.1.1. Let V and W be interval modules over R with supports [ly,uy | and [ly, uy |

respectively. If Iy, < ly or uy < uyy, then the only morphism V. — W is the zero morphism.

This can be generalized to other index sets as well, but the statement for intervals in R will be
sufficient for us. We will prove this lemma using the following straightforward fact, which will

also be useful later.

Lemma 2.1.2. Let the diagrams below be commutative diagrams of vector spaces. In the left
diagram, if g is injective, then f is the zero map. Similarly, in the right diagram, if g is surjective,

then h is the zero map.
g

A——0 B—C
A b
B——C 0 —— D

g
Proof. Since the left diagram commutes, go f(A) = 0, so if g is injective, we must have f(A) = 0.

In the right diagram, h o g(B) = 0, so if g is surjective, then h is the zero map. O]

Proof of Lemma 2.1.1. Suppose ¢: V. — W is a morphism, so that for any s < ¢, we have the

commutative diagram below.

Vo<t
Vo — V;

o] |#

Wy —— W,
ngt

If Iy < ly, then there exists an s € [ly, uy | such that s < ¢ for all ¢t € [lyy, uw |. Then Wy = 0
and for any t € [ly, uy | N [lw, uw |, the map V<, is an isomorphism, so applying Lemma 2.1.2 to
the diagram, ¢; is the zero map. All other @, are zero as well, since any ¢ ¢ [ly, uy | N [y, uw |

is outside the support of at least one of the modules, so ¢ is the zero morphism.
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Similarly, if uy < uyy, then there is a t € [y, uy | such that s < ¢ for all s € [ly, uy |. Then
V; = 0, so applying Lemma 2.1.2 again, we find ; is the zero map for all s € [ly, uw | N [ly, uy |,

and thus for all s. O]

2.1.2 Interleavings

Often, the notion of an isomorphism of persistence modules will be too strict of a condition to
expect. We would like a way to compare persistence modules that allows us to say two are “approx-
imately isomorphic,” or somehow “close” algebraically. For instance, if two interval modules are
supported on intervals with close endpoints, we should expect they are close in some sense. Here
we introduce interleavings of persistence modules, which allow us to make such comparisons.

Given a persistence module V' over R, we can form a new persistence module by simply shift-
ing the parameter: for any ¢ € R, we can define the persistence module V ., which has ¢ com-
ponent V;, .. The new module inherits the maps of V' as well: the map of V . corresponding to
the inequality s < ¢ is Vi<t Vsie — Vige. This construction behaves well with respect to
morphisms. For any morphism ¢: V' — W, we get a shifted morphism ¢ ,.: V. — W ., and
fore > 0, we get a morphismv: V' — V _ by setting v, = V<. for all £.

For persistence modules V and W over R and any € > 0, we will say a pair (¢, 1) of morphisms
p: V= W, and ¢¥: W — V _is an e-interleaving between V' and W if for any ¢ we have
Y09y = Vicppoe and @0y = Wicyro.. We will say V and W are e-interleaved if there exists
an e-interleaving between them. The interleaving conditions above are equivalent to requiring the

following diagrams commute for all ¢:

%§t+2e

Vi > Vigae Vite
/ wt Ptte
Pt hise
Wi W, >y Wiioe.
t+e t Wicisoe t+2e
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The slanted arrows remind us that the maps increase the parameter by . It is also convenient to

visualize the commutativity requirement for the morphisms in similar diagrams:

Vs<t V9+E§t+5

V; — > V;t V:s-i—a > V;H-a
Pt Ps
Ps by
W, > Wi w. > Wi
s+e W€+€§t+5 t+e s ngt t

Thus, checking that collections of linear maps {; }+cr and {1 };cr form an interleaving amounts
to checking that the diagrams above commute for all ¢ and s.

If 0 > 0 and (g, ) is an e-interleaving between V' and W, then the commutative diagrams
can be used to check that the morphisms ¢': V. — W .5 and ¢': W — V .5 defined by
0y = Wite<tiers o pr and ¢; = Viyic<iieq5 © ¢y form an (e + §)-interleaving between V' and
W. Thus, if V and W are e-interleaved, then they are £'-interleaved for any ¢ > . We can also
compose interleavings in a reasonable way. If (¢, 1) is an e-interleaving between V' and W and
(¢',9") is an €'-interleaving between W and X, then (¢’ | .oy, ¢ ;. 01))is an (e +¢’)-interleaving
between V' and X.

We began with the goal of describing “approximate isomorphisms” and “closeness” of persis-
tence modules. Interleavings do in fact generalize the notion of isomorphisms between persistence
modules: note that a O-interleaving is a pair of inverse isomorphisms. We can also formalize
the idea that an interleaving tells us two persistence modules are “close.” Define the interleaving

distance d; between two persistence modules V' and W over R by

d(V,W) =inf{e > 0| V and W are e-interleaved},

where the infimum is taken to be +oo if no interleaving between V' and W exists. If V' and
W are e-interleaved and W and X are £'-interleaved, then V' and X are (¢ + ¢’)-interleaved by
composing interleavings as above. This implies the triangle inequality for d;, that is, d;(V, X) <

d;(V,W) + d; (W, X). Furthermore, d; is symmetric and d;(V, V) = 0 for any V/, since (1y, 1y)
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forms a O-interleaving between V' and itself. Thus, d; defines an extended pseudometric (see
Section 1.2.1) on any set of persistence modules over R. Note that the infimum in the definition of
d; is not always attained: for instance, an interval module with support [0, 1] is e-interleaved with
an interval module with support (0, 1) for any £ > 0 but not for ¢ = 0. In particular, this example
shows that distinct persistence modules can have an interleaving distance of zero.

The interleaving distance will play an important role in our understanding of persistence mod-

ules. For now, we show that it gives a reasonable notion of distance between interval modules.

Example 2.1.3. Let V and W be interval modules over R supported on the intervals Jy = [ly, uy |

and Jy = [lw,uw |, and let Iy, uv, Ly, and Ty be obtained by removing decorations. We show
dr (v, W) = min { max {dg (v, ), die (v, ww) }, § max {dg (Iv, 77, d (b, wv) } .

In words, the interleaving distance is the lesser of the following values: the greater of the distances
between corresponding endpoints of the intervals and one half of the length of the longer interval.
Suppose € > 0. To examine when nonzero interleaving maps can exist, we use Lemma 2.1.1.
Since W .. is an interval module with support [l — €, uy — £], there can only be a nonzero
morphism V- — W _if lyy — e < [y and uyy — € < uy. Similarly, there can only be a nonzero
morphism W — V _if [,y — e < [y and uy — ¢ < uyy. Together, these show that there can be an
e-interleaving between V' and W with some 1), 0 ¢; or some ;. 0, nonzero only if [ly, uy | C
[lw — e, uw + €| and [ly,uw | C [ly — e, uy + €|. Thus, such an interleaving does not exist
if ¢ < max {d@(n, E),d@(w, W) } Furthermore, if ¢ < %max {d@(w, W),d@(ﬁ, W) },

there will be some ¢ with either Vi<; 2. or Wi<;1o. nonzero, so there cannot be an e-interleaving

where all ¥, . o ¢; and all ¢, . o ¢, are zero maps. Thus, we have shown
d;(V, W) = min { max {dg (v, ), dg (w7, @) } § max {dg (v, ), dg (. 77) } }.

To show the reverse inequality, we will construct an explicit interleaving. Suppose either

e > max {dg (v, lw), dg (@, uw) } or e > L max {dg(Iv,uv), dg(lw,@w) }. Replacing V and
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W with isomorphic interval modules if necessary, we have

K ifteJy K ifte Jy
V= and W, =

0 itté¢Jy 0 itté Jw,

where the maps of V' and W are the identity 15 whenever possible and are zero maps otherwise.
We define morphisms ¢p: V. — W ,.and v: W — V ... Let ¢, = 1x whenever ¢ € Jy and
t+¢e € Jw,lety, = 1 whenevert € Jy and t+¢ € Jy, and let all other ¢; and 1; be zero maps.
Ife > % max {dﬁ (E, W) ,dg (E, W) }, then for all ¢, either V; or V5. is zero, and similarly for
W, so the interleaving conditions are met. If ¢ > max {d@(E, E), d@(W, W) }, then for any ¢
such that V; = V5. = K, we must have ¢, + 2¢ € Jy, and thus the bounds on the endpoints
show t + ¢ € Jw. Then 944, 0 ¢, = 1x = Vi<i49., as required. Similarly, the other interleaving
condition is met, so in either case, (¢, 1)) does in fact form an interleaving. This shows the reverse

inequality, so we have verified the interleaving distance is as shown above.

Exercises

Exercise 2.1.1. This exercise gives a partial justification of the naming of persistence modules —

that is, persistence modules are in fact equivalent to modules, categorically speaking®.

1. (Theorem 3.1 of [1]) Show a persistence module V' over N can be interpreted as a graded
module over the graded ring K [z], where the action of the indeterminate x on a v € V}
is given by x - v = Vi<;11(v). In more detail, show there is an equivalence of categories
between the category of persistence modules over N and the category of graded modules

over K|z]|.

2. Find an equivalence of categories, similar to that in the previous part, between the category

of persistence modules over R and a category of graded modules (the ring and the modules

6 Alternately, those who are familiar with the Freyd-Mitchell embedding may see how it applies here. See also Exer-
cise 2.2.2.
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will need to be graded over index sets other than the usual nonnegative integers). A similar

result appears in [46].

Exercise 2.1.2. This exercise provides a method of proof of the interpolation lemma, which is a
historically important result that can be used to prove the isometry theorem [27,45,47]. However,
we will not need this result later, as our proof of the isometry theorem in Section 2.5 will use a
different method. Suppose V' and W are e-interleaved persistence modules over R. The interpo-
lation lemma states that there exists a family {U“},c(o, of persistence modules over R such that

U~ V,Us = W,and forall a,b € [0, ], the modules U® and U? are |a — b|-interleaved.

1. Prove the interpolation lemma by choosing an interleaving between V' and I and defining
U;* to be the colimit of the diagram including all V; with s < ¢t — a with the maps of V'
between them, all W, with r < t — (¢ — a) with the maps of W between them, and all
applicable maps from the interleaving between 1V and W. It is helpful to visualize this by

drawing V' and W as parallel lines and placing U;* at the appropriate point between them.

2. Show that we can replace the colimit in the construction above with an isomorphic colimit

over a smaller index set.

3. For those familiar with Kan extensions: check (or observe) that this is a left Kan extension

of certain functors. Could a right Kan extension be used instead?

See [48] for generalizations of these ideas.

2.2 Direct Sums and Interval-Decomposable Modules

Having seen the basic concepts of persistence modules, we now consider how to build new
persistence modules from existing ones and how to decompose large persistence modules into
smaller ones. Interval modules, our simple, concrete examples of persistence modules, will serve

as the “small” modules from which larger ones are built.
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2.2.1 Direct Sums

Given an index set & C R and persistence modules V' and W over R, we can form the direct
sum V @ W by setting (V& W), =V, ® W, foreacht € Rand (V& W),y = Vit ® Wiy
for all s < tin R. The direct sum V & W comes with projection maps 7": V & W — V and
7V V@&W — W, which are morphisms of persistence modules defined pointwise for each t € R
by the usual projection maps for the direct sum V; & W;. Similarly, V' & W has injection maps
VoV - VaeWand VW — V @ W, again defined pointwise for each t € R by the injection

maps for V; @ ;. These maps satisfy’ the expected properties:

7oV =1y, ol =1y,

YoV + W oW = lvew.

More generally, given an indexed set {V*},c 4 of persistence modules over R, we can form the
direct sum V' = @, , V* by setting V; = P, V;* forall t € R and setting Vi<, = P, 4 VL,
for all s < ¢ in R. The direct sum inherits the categorical properties of direct sums of vector
spaces: if the set A is finite, then the direct sum is both a product and a coproduct, but if A
is infinite, the direct sum is a coproduct but generally not a product. If A is empty, the direct
sum is the zero persistence module, that is, the module V' with V; = 0 for all ¢ € R. Defining
the projections 7% : @@, , V* — V% and injections 1 : V% — € _, V* as above, we have
properties analogous to those above: 7% 0 1* = 1y for all @ and 7% o ** = 0 if ag # a;. We also
have ), i} o7 (v) = v for all £ and all v € V;; note that the sum is well defined, since only
finitely many summands are nonzero. We can write this factas > | _, t* o7 = 1y.

Morphisms between direct sums of persistence modules can be described by how they behave

on the summands. Given a morphism ¢: @aeA Ve — @beB WP, for each ag € A and by € B,

"These properties are in fact enough to abstractly define a direct sum: see Proposition 1.4.1 of [49].
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bO:

let "% be the composite

VQO @aEA V‘l - ®b€B Wb Wbo’
where the unlabeled morphisms are the injection and the projection. The collection {¢**},c 4 e
is analogous to a matrix. In fact, we have a formula for composition of morphisms analogous to

that for matrix multiplication: given morphisms
® y ¥
Duca V' —— G W’ —— B X

we have (Yo @)% =", o PP o ", Again, this sum is well defined because at any ¢, the sum

will always be evaluated with finitely many nonzero summands.

2.2.2 Decomposition and Indecomposable Persistence Modules

Expressing a persistence module as a direct sum allows us to see how it can be built from other
persistence modules. Any isomorphism V' = @, _ , V* may be called a direct sum decomposition
of V, as it decomposes V' into a sum of the VV*. We will be particularly interested in cases where
the summands cannot be decomposed any further, as these provide the most refined view of V/
possible. We will see that such a decomposition is possible in many cases, is unique when it
exists, and consists of particularly simple, easily describable summands. Call a nonzero persistence
module V' decomposable if it can be written as V' = W & X with both W and X nonzero and

indecomposable otherwise.
Proposition 2.2.1 (Proposition 1.2 of [27]). Any interval module over R C R is indecomposable.

Proof. This is proved by examining the endomorphisms of persistence modules. For any persis-

tence module V, let End(V) be the vector space® of all endomorphisms of V/, that is, morphisms

$End(V) is also a ring with multiplication given by composition, and it is referred to as the endomorphism ring of V.
This makes it a K -algebra. For our current purposes the vector space structure is enough, but Exercise 2.2.4 relates
properties of the ring to decomposability.
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from V to V, with addition and scalar multiplication defined pointwise. For any nonzero V' and
any ¢ € K, we have an endomorphism ¢"*¢ € End(V) given by ¢, “(v) = cv forall v € V. In
particular, these are the only endomorphisms if V' is an interval module, since the maps defining
the endomorphism must commute with the maps of V, so in this case End(V) = K is one-
dimensional. But for any direct sum W @& X with W and X nonzero, the set of morphisms of the
form "¢ @ X with (c,d) € K? forms a two-dimensional subspace of End(1W & X), so an

interval module V' cannot be isomorphic to a direct sum W & X with W and X nonzero. [

Motivated by this proposition, we will consider when a persistence module can be written
as a direct sum of interval modules: in this case, it will be called interval decomposable. The
following theorem gives a simple and useful condition that implies a persistence module is interval
decomposable. We will use the following terminology: a persistence module V' is called pointwise
finite-dimensional if each V is a finite-dimensional vector space. The proof of the theorem is
somewhat intricate, and we will postpone it until Section 2.6 (those who would prefer to read the

proof now have all the definitions needed to skip ahead to that section).

Theorem 2.2.2 (Decomposition of Pointwise Finite-Dimensional Persistence Modules). Any
pointwise finite-dimensional persistence module over any index set R C R is interval decom-

posable.

When a persistence module can be decomposed into a direct sum of interval modules, this
decomposition is essentially unique, as shown in the following theorem. This allows us to char-
acterize interval-decomposable modules by collections of intervals. In more detail, an interval-
decomposable module is described up to isomorphism by a multiset of intervals, since multiple
interval module summands may be supported on the same interval (see Section 1.2.3 for conven-
tions on multisets). Recording these intervals is the job of barcodes and persistence diagrams,
which we will define in Section 2.4. Combining the following theorem with the previous, we
can see that a pointwise finite-dimensional persistence module has a decomposition into interval

modules that is unique up to ordering and isomorphisms of the interval module summands.
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Theorem 2.2.3 (Uniqueness of Interval Decomposition). If @, V* = @,z W* with V* and
WP interval modules for all a € A and b € B, then there is a bijection f: A — B such that

Ve =2 W forall a.

Note that V¢ = W /(@ implies VV* and W /(%) are supported on the same interval; from our def-
inition of equality of multisets in Section 1.2.3, the bijection f establishes that the two persistence

modules have the same multiset of intervals that form the supports of their summands.

Proof. Suppose V' = W where both V' and W are direct sums of interval modules over R. We may
write V = @, V7, where the direct sum is taken over all intervals .J of R and V' is the direct sum
of all those interval module summands of V' that have support .J. Similarly, write W = &, W".
Note that if s,¢ € J with s < ¢, then V,Z, and W, are isomorphisms. Let ¢: V' — W be an
isomorphism. We consider components of (¢ and its inverse, as described in Section 2.2.1, written

J1.72 for intervals J; and Js.

as 7271 and (1)
We show (¢71)71%2 0 o2/t = 0 and 7271 o (p=1) /172 = 0if J; # Jy. For s < t, we have the

following commutative diagrams.

v v
s<t s<t
VSJl =t VtJl V;Jl =, V;Jl
Jo,J 1 1T
@I!Z’Jll l@f L (et JQT T(so hpt?
Wl —— W W) —— W
s<t s<t

Suppose there is an € R such thatr ¢ .J; and r € Jo. Applying Lemma 2.1.2 to the two diagrams
above (setting ¢ = r in the first diagram and setting s = 7 in the second), we find that for all ¢
either > = 0 or (o) = 0, and thus ©;>”" o (o) = 0 and (¢ 1)/ 0 /> = 0.
Similarly, if there is an » € R such that » € J; and r ¢ Js, then applying Lemma 2.1.2 to the
diagrams above shows ;> o (o™1)/"”2 = 0 and (¢=1)/""* 0 />"* = 0 for all ¢.

Composing ¢ with its inverse, we have Y, (¢™")""2 o />t = 1y, As shown above,
(1) 1l2 0 /271t = (if J; # J,, so we have a single nonzero term in the sum, which shows

J17

(™Y1t o /vt = 1y, . Similarly, /17t o (¢~1)/1t = 1,,,;,. We therefore have an isomor-
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phism V7 = W7 for each interval J. Decomposing V' and W into the original direct sums of

interval modules supported on J, we find that these interval modules are in bijection. [

Exercises

Exercise 2.2.1 (The Elder Rule). Suppose W and X are interval modules over R on overlapping
intervals [l1,u; ]| and [ly, ug] with [} < Iy and Iy < wuy, and let V. = W @ X. Here we give an
algebraic criterion to determine which interval ends later. Let ¢, € [l;, uy | — [l2, 00| and choose a

nonzero z; € V;,. Show that the following are equivalent:
1. u; > uq

2. there exists a ty € [ly, min{uy, us}| and an xz9 € V;, such that V;, <4, (x) and x5 are linearly

independent and V;, <1, (1) = Vi,<s,(22) # 0 for some 3.

Further show that in this case, there is an interval decomposition of V' such that x5 has a component
of zero in the interval module supported on [[1, u; |. This gives an algebraic derivation of the Elder
Rule, which states that if two generators merge (as described in 2 above), then the older of the two

intervals continues.

Exercise 2.2.2. Define the following algebraic constructions for persistence modules by defining
them pointwise for each ¢ in the index set R C R, like we did for direct sums, and checking that

the structure maps are well-defined. Check the appropriate universal properties.

1. The product [ ., V* of a collection {V*},c4 of persistence modules — note that this is

different from the direct sum (the coproduct) if A is infinite.
2. A submodule of a persistence module V.
3. The quotient of V' by a submodule.

4. The limit and colimit of a diagram of persistence modules.
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5. The image, kernel, and cokernel of a morphism ¢: V' — W. Those who are interested can

check that the category of persistence modules over R forms an abelian category®.

Exercise 2.2.3. Given persistence modules V' and W over R C R, define Hom(V, W) to be the

set of morphisms V' — W.
1. Show Hom(V, W) has the structure of a vector space.
2. Find Hom(V, W) if V' and W are arbitrary interval modules.

3. Show that for a finite index set A, there are natural isomorphisms Hom(&,_, V*, W) =

acA

P, Hom(Ve, W) and Hom(U, P, ., V*) = P, , Hom(U,V*). What would need to

be adjusted for infinite index sets?

4. Give a description of Hom(V, W) if V and W are both finite direct sums of interval modules.

Again, what would need to be adjusted if we remove the assumption of finiteness?

Exercise 2.2.4. Here we work with the endomorphism ring End (V") of a persistence module V/,

where the ring multiplication is given by composition.

1. If ¢ € End(V) is idempotent, use it to decompose V' into a direct sum U @& W. Show the

direct sum is nontrivial when ¢ is not an isomorphism and not the zero morphism.

2. Use this relationship between idempotent endomorphisms and direct sums to provide an

alternate proof'® of Proposition 2.2.1.

3. Generalize to show that a finite collection of idempotent endomorphisms {¢®},c 4 satisfying
0?0’ = P o ® = 0 forall a # b determines a direct sum decomposition of the form

VUSSP, W

9 Abstractly, this follows from the fact that it is a functor category valued in an abelian category: see Proposition IX.3.1
of [49]. Also see [10], which develops homological algebra for persistence modules.

10This is the approach taken in Propositions 1.1 and 1.2 of [27].
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2.3 Finiteness Conditions

Finiteness conditions appear throughout mathematics to ensure that objects are of a manageable
size. In our case, a large amount of the theory of persistence modules is built around persistence
modules satisfying certain finiteness conditions. These are conditions either on the summands
of an interval-decomposable persistence module or on the vector spaces or maps of an arbitrary
persistence module, requiring that it is not too large.

We have already seen the simplest of these conditions appear in Theorem 2.2.2: a persistence
module V' over an index set & C R is called pointwise finite-dimensional if every V; is a finite-

dimensional vector space!'!

. We can relax this definition slightly by looking at the maps rather
than the individual vector spaces. We will say V' is g-tame if whenever s < t, the map Vi<,
has finite rank'?. Every pointwise finite-dimensional persistence module is g-tame, but a g-tame
persistence module is not necessarily pointwise finite-dimensional: for instance, suppose Vj is
infinite-dimensional and all other V; are zero. We will see that g-tame persistence modules provide
a useful setting for much of the theory of persistence modules and persistent homology'?, as they
account for most persistence modules that are reasonable to study.

The theory of g-tame persistence modules still depends heavily on the notion of interval-
decomposable modules, so we will also consider finiteness conditions that apply specifically to
interval-decomposable modules. Beginning again with the most obvious condition, we can con-
sider interval-decomposable modules that are direct sums of finitely many interval modules. Such
modules will appear later (Theorem 2.5.3), but it will be more useful to generalize this condition

slightly. If V= €, _, V* is a persistence module over R with each V* an interval module with

acA

nfinite-dimensional vector spaces will sometimes be relevant to us, and we will always work with them as purely
algebraic objects. That is, we will not need to discuss infinite sums, and a basis will mean a set of linearly indepen-
dent vectors such that each vector in the space can be written as a finite linear combination of basis vectors (in some
areas, this is referred to as a Hamel basis, to distinguish from other definitions involving infinite sums).

12The term “q-tame” is short for “quadrant-tame” [27,45]. This refers to upper left quadrants of persistence diagrams,
described in Section 2.4. The meaning of the term “q-tame” is further explained in Exercise 2.4.2.

3We will see in Chapter 3 that when working with geometric spaces, g-tameness arises in the context of spaces
meeting certain finiteness conditions, such as totally bounded metric spaces and finite simplicial complexes. See
Propositions 3.2.1, 3.4.5, and 3.6.3.
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support J,, we say V' is locally finite if for any ¢ € R, there is an open neighborhood of ¢ in R
that intersects only finitely many of the J,. If V' is locally finite, then in fact any bounded in-
terval J C R intersects only finitely many of the .J,: we may cover the closure of J with open
neighborhoods of its points, each intersecting finitely many of the J,, and apply compactness of
a closed bounded interval to pick a finite subcover. Any locally finite module is pointwise finite-
dimensional, but it is possible that a pointwise finite-dimensional module is not locally finite: for
instance, take the direct sum of interval modules over R with supports (n%l, %) foralln > 1.

We thus have the following implications:
locally finite == pointwise finite-dimensional == q-tame,
where the converses do not hold. By Theorem 2.2.2, we also have
pointwise finite-dimensional == interval decomposable,

where the converse also does not hold, as an interval-decomposable module may be an infinite
direct sum.

The relationship between g-tame modules and interval-decomposable modules is initially less
clear: neither condition implies the other (see Exercise 2.3.2). However, they are both closely
related to locally finite modules and pointwise finite-dimensional modules, and this will allow us
to think of g-tame modules as “approximately interval decomposable.” We can begin to see this
connection with a construction known as the e-smoothing of a persistence module V' over R, which

is another persistence module written as V*. For € > 0, define

c .
V;j = 11m W75§t+5
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for each ¢, with maps given by the restrictions of the maps of V. The collection of maps below, for

all ¢, define an e-interleaving between V' and V*.

‘/tfs V;Jrs

w*fﬁk /

‘/26

Thus, we have a bound d;(V, V=) < e, which we state as part of the lemma below. If V' is g-tame,
then each V;_.<,.. has finite rank, so V° is pointwise finite-dimensional. We show it is in fact

locally finite.

Lemma 2.3.1. If V is a g-tame persistence module over R, then for any ¢ > 0, the s-smoothing

Ve is locally finite and d;(V,V*®) < e.

Proof. Since V¢ is pointwise finite-dimensional, it is interval decomposable by Theorem 2.2.2.
Let V¢ = @,., V' with each V* an interval module supported on the interval J,. Fix t € R
and let A" C A be the set of a such that (t — 5,¢ + ) intersects J,; we show |A’| is finite. For
each a € A, choose an s, € J, N (t — 5,0+ %) and a nonzero z, € V! C V, .. By definition
of V¢, for each a there exists a u, € V;,_. such that V., .(u,) = z,. For each a, define
Vo = Vs—e<t—2 (uq) and w, = V'sa_egtJr%(ua). The maps of V' then send these elements to each
other: u, — v, — w, — x,. We show that the collections {v, },ca and {w, }qc 4 are linearly
independent sets in V;_< and V; < respectively. This will show that V;_< < < has rank at least | A,
and since V' is g-tame, this will imply | A’| is finite.

We show the v, are linearly independent in V;_=; the proof for the w, follows the same

technique. Suppose Z?:1 Civg, = 0, with a1,...,a, € A" and ¢4,...,c, constants. Let s =
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mMaxi<i<n Sq,, and without loss of generality, suppose s = s,,,. Then applying V=<, . gives

0= Z CiVies<ste(Va,)

=1
n

= § CiVsaﬁeés—%s © %—gﬁsaﬁe(vai)
=1
n

= Z Civsai—l-eﬁ&&-s (xai)

=1

n
= E CilYa;>
i=1

where we let y,, = Vi, 1-<st2(%,,) for each i. Since z,, € V%' for each a;, we also have y,, € V*

s

for each a;. Each y,, is nonzero if and only if s € J,,, since it is the image of the nonzero z,, in

the interval module V. Letting B = {i | s € J,,}, we have we have 0 = )., c¢;9/s,. The set

{ya; | © € B} is linearly independent, as each of these y,, is a nonzero element of V%, so ¢; = 0
for each ¢« € B. Since n € B by our choice of s, we find ¢,, = 0. Repeating the argument shows

all ¢; are in fact zero, so {v, | a € A’} is a linearly independent set of vectors, as required. ]

This result shows that any g-tame persistence module V' over R can be approximated arbitrarily
well by locally finite modules. Since locally finite modules are interval decomposable, we have a
way to approximate g-tame modules by interval-decomposable modules, which suggests that we
may be able to understand a gq-tame module as a sort of limiting object of a collection of interval-
decomposable modules. We develop these ideas in the next section, using the following result on

the e-smoothing of an interval-decomposable module.

Lemma 2.3.2. Suppose V.= @, _, V* is a persistence module over R with each V* an inter-

acA
val module supported on J, = [l,,u,]. For any ¢ > 0, the e-smoothing of V' is an interval-
decomposable module given by @ ., W*, where A' is the set of a € A such that J, contains

a closed interval of length 2¢ and for each a € A', W is an interval module supported on

[lo+e,uq, — €.
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Proof. Here we reserve superscripts for elements of A indexing persistence modules, so we will
write the e-smoothing of V' as IV and write the e-smoothing of each V¢ as W*. The W are given
by

Ve ift—et+eel,

W=V . =
0 otherwise.
If J, = [l,, u,] contains a closed interval of length 2e, then W is an interval module supported
on [l,+¢,u, — €], and if J, does not contain a closed interval of length 2¢, then W is zero. Thus,

we have

€ : : a : a a a
‘/; = 1 %—ESt-ﬁ-E = 1m@ ‘/t—agt—&-a = @lm ‘/t—aﬁt—i-a = @ Wt = @ Wt :

a€A a€A a€A acA’

Exercises

Exercise 2.3.1 (Theorem 4.19 of [27]). Show that if a persistence module over R can be approx-
imated arbitrarily well in the interleaving distance by locally finite modules, then it is g-tame.
Together with Lemma 2.3.1, this shows a persistence module over R is gq-tame if and only if it can

be approximated arbitrarily well by locally finite modules.

Exercise 2.3.2. Foreachn € Z*, let V" be the interval persistence module over R supported on the
interval [0, 1]. Let V' = [T, V™ be the product persistence module, defined by ([T, V"), =[], V"
along with the product maps. Show V' is g-tame but not interval decomposable!* (use the fact that
V, has uncountable dimension'®). Also find an example of a persistence module that is interval

decomposable but not g-tame.

14This example is attributed to Crawley-Boevey in [27], after the proof of Theorem 4.19.

15V} is isomorphic to the vector space S of all sequences in K, which has uncountable dimension. Those who have
not seen this fact may appreciate an outline of a proof. Begin by showing that the power set of N, partially ordered
by inclusion, has an uncountable chain (totally ordered subset) using a bijection between N and Q (or between N
and N x N). Then use this uncountable chain to construct an uncountable set of linearly independent sequences in
S, with each term of each sequence either a 0 or a 1.
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Exercise 2.3.3. Define the dual of a persistence module over R C R by applying the dual space
functor (decide how to allow for the fact that this functor is contravariant). Show that the dual of
an interval module is an interval module and the dual of a g-tame module is g-tame. Show that the

dual of an interval-decomposable module is not necessarily an interval-decomposable module.

2.4 Barcodes and Persistence Diagrams

We have seen in Theorem 2.2.3 that interval-decomposable persistence modules are classified,
up to isomorphism, by collections of intervals. These collections of intervals must in fact be
multisets, to allow for the case that multiple interval module summands are supported on the same
interval. Here we introduce two standard ways of summarizing these collections of intervals, first
restricting our attention to persistence modules over R, and then generalizing in Section 2.4.2. For
an interval-decomposable persistence module V' = €., V* over R with each V¢ an interval

module supported on J, = [l,, u, |, we define the barcode of V' to be the multiset'®
bar(V) ={J, | a € A}.

Each interval may be referred to as a “bar” of the barcode. A barcode is often depicted as a set of
horizontal segments line placed by a coordinate line to indicate the intervals; see Figure 2.1.

Each interval in bar(V') can be described completely by its two endpoints in the extended
decorated real numbers. By ignoring decorations, we get a slightly simplified view of the intervals.
Letting l,, W, € R be obtained from [, and u, by removing decorations, we define the persistence

diagram'” of V to be the multiset

dgm(V) = {(la, W) | a € A,l, <}

16See Section 1.2.3 for background on multisets, including a discussion on indexing.

7This is sometimes called the undecorated persistence diagram. If instead the decorations are kept, we get the
decorated persistence diagram, which records equivalent information to the barcode [27].
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Figure 2.1: A barcode and persistence diagram for the same persistence module with three interval module
summands.

Also define the extended half plane H = {(z,y) € R x R | < y}, so that all persistence dia-
grams are multisets of points in /. Note that persistence diagrams do not contain any points on
the diagonal {(x, r) € R x R}, so singleton intervals are recorded by barcodes but ignored by
persistence diagrams. A persistence diagram is visualized as a set of points in the plane above the
diagonal; see Figure 2.1. Horizontal and vertical lines are sometimes added to the plot to represent
coordinates of 00 when needed.

In the previous section, we considered the idea that q-tame modules should be thought of
as “approximately interval decomposable.” This idea was partially formalized by Lemma 2.3.1,
which showed that we can approximate a g-tame module arbitrarily well in the interleaving dis-

tance by its e-smoothings. With this in mind, we would like to be able to extend the definition of
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barcodes and persistence diagrams to g-tame modules. We will define the barcode to be a sort of
limit of the barcodes of the s-smoothings.

Suppose V' is a g-tame persistence module over R and e > ¢’ > 0. Then V* is in fact the (¢ —&')-
smoothing of V¢’ in both cases, the vector space indexed by ¢ is im Vi—et+e. By Lemma 2.3.1 and
Theorem 2.2.2, V' is locally finite and is thus interval decomposable. By Lemma 2.3.2, bar(1¢)
is obtained by shrinking the intervals of bar(V ') by (¢ — ') on either side, removing any intervals
that do not contain a closed interval of length 2(¢ — &’).

For any interval-decomposable module W over R, define bar.(WW) to be the multiset of in-
tervals [l — e,u + €| such that [[,u| € bar(W), with the same multiplicities. Similarly, let
dgm,_ (W) be the multiset of points (z — €,y + ¢) such that (z,y) € dgm(WW), with the same
multiplicities. If ¢ > &’ > 0, then for any g-tame module V" over R, bar.(V*¢) C barE/(Val), with
bar. (V) consisting of those intervals of bar., (V") that contain a closed interval of length 2¢. Sim-
ilarly, dgm_(V¢) C dgm_,(V*'), with dgm_(V¢) consisting of the points (z,%) € dgm_ (V') with
y—x > 2¢. We can see the motivation to consider bar.(V¢) and dgm,_ (V) from Lemma 2.3.2: for
interval-decomposable modules, e-smoothings shrink intervals by € on each side, so we would like
to expand the intervals of bar(1/¢) by ¢ on each side to recover some of the intervals of bar(1/).

We therefore define!®:!°, for any q-tame module V over R,

bar(V) = | J bar.(vV®),

e>0
dgm(V) = |_J dgm, (V*).
e>0
By the discussion above, the multiplicity of an interval in bar(V) is the same as its multiplicity

in any bar.(V¢) containing it and is thus finite, since any interval in the barcode of a locally

8This approach to defining the (undecorated) persistence diagram for q-tame modules is equivalent to the one given
in [27] by their Proposition 4.16.

“Here we are using the union of a collection of nested multisets, which can be formally defined in multiple equivalent
ways: see Section 1.2.3. These definitions simply capture the intuitive idea of the union containing the elements
from all multisets in the collection, with multiplicities as they appear there.
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finite module has finite multiplicity. Similarly, points in dgm(V’) have finite multiplicity. Note
that if V' is interval decomposable, then this definition of dgm definition matches our original
definition above, since then for each interval [1, u | of positive length supporting an interval module
summand of V/, the point (I, ) appears in some dgm_(1¢), by Lemma 2.3.2. Thus, we use the same
notation and can unambiguously refer to the persistence diagram of any interval-decomposable or
g-tame module. However, for an interval-decomposable V', the newly defined bar(V') may differ
slightly from bar(V'): since singleton intervals do not appear in any bar.(1¢), the elements of
bar (V') are exactly the intervals of bar(V') of positive length. Because of this, we will mostly use
persistence diagrams when working with g-tame modules, and we will see in Section 2.5 that they
store an appropriate amount of information to let us distinguish between modules that differ in
the interleaving distance. Nevertheless, barcodes still provide a useful visualization and remind us
that the theory is constructed from interval modules. We will typically only use barcodes when
a persistence module is interval decomposable and will not pay much attention to the distinction
between bar and bar. This choice, along with our definition of the persistence diagram, makes
explicit a theme of ignoring singleton intervals and more generally considering a short interval
to be less notable than a long one. This idea will also appear in the notion of distance between

persistence diagrams that we define in the following section.

2.4.1 The Bottleneck Distance

We now look for a way to compare persistence diagrams. We have already seen that the in-
terleaving distance provides a comparison between two persistence modules. Since the points of
a persistence diagram correspond to intervals, we will define a notion of distance between two
persistence diagrams based on the interleaving distance between two interval modules, given in
Example 2.1.3.

A persistence diagram is a multiset of points in the extended half plane H. To work with
sets rather than multisets, we will consider each multiset to be indexed by a set, as described in

Section 1.2.3; this indexing was already present in our definition of the persistence diagram in
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the case of interval-decomposable modules and can be applied to the case of g-tame modules as
well. Given two indexed multisets D1 = {(z4, Ya) taca and Dy = {(x}, y;) }oep of points in H, we
define a matching20 between D, and D- to be a matching between their index sets, that is, a subset
M C A x B with projections to A and B that are both injective (see Section 1.2.2). If (a,b) € M,
we will say a and b are matched by M, and we may also say that the corresponding elements of
the multisets (z,, y,) and (z}, y;) are matched. Any a € A or any b € B not appearing in any pair
in M will be called unmatched.

We will compare distances between matched points, but to do this, we will need an appropriate
notion of distance in H. Recall we have extended the usual metric of R to the extended metric d

on R (Section 2.1.1). Define an extension of the L™ distance in R to R x R by

doo ((z,), (2", y')) = max {dg(z,2"), dg(y, ) }.

It can be checked that this is an extended metric: in particular, we will use the fact that it satisfies
the triangle inequality. We will call a matching M between the multisets 1), and D, above an
e-matching if the d., distance between any two points matched to each other is at most € and all
unmatched points are within ¢ of the diagonal {(z,7) € R x R} in the d., distance?'. These

conditions can also be written in terms of dg:
e if (a,b) € M, then dg(x,, x}) < € and dg(ya,y;) < €
e if a € A is unmatched, then dg(z,,v,) < 2¢
* if b € B is unmatched, then dg(z}, ;) < 2e.

These conditions mirror the terms appearing in the interleaving distance between interval modules

(Example 2.1.3).

20In Section 4.2 of [27], this is referred to as a “partial matching” between multisets.

21 The condition allowing points within ¢ of the diagonal to be unmatched is also sometimes described by saying these
points are “matched to the diagonal” and thus matched to points within a distance of ¢ [8].
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Define the bottleneck distance dg between two multisets in H as follows:

dp(D1, Ds) = inf{e > 0 | there exists an e-matching between D; and D},

where the infimum is taken to be +oo if there does not exist an e-matching for any <. This definition
does not depend on the choice of how the multisets are indexed: since two different indexing sets
of a multiset D are in bijection, the existence of an e-matching does not depend on the choice of
index set.

We can verify that the bottleneck distance satisfies the triangle inequality. Suppose we have
indexed multisets Dy, D, and D3, indexed by sets A;, A,, and A3, along with an ¢, o-matching
Mo C Ay x Ay between D; and D, and an €5 3-matching M, 3 C Ay X Az between Dj and Ds.

Define??

M173 = {(al,ag) € A1 X Ag | Elag € AQ such that (al,ag) € MLQ and (ag,ag) c M273 }

Each a; € A; can be matched by M, 5 to at most one ay € Ay, which can be matched by M 5 to
at most one ag € As, so it follows that M, 5 is a matching between D; and Ds. We check that M 3
is an (£1 2 + €23)-matching. If any a; € A, is unmatched by M s, then either it is unmatched by
M, 5 or it is matched to an ay € A, that is unmatched by M, 3. In either case, the point indexed
by a; must be within (€ 5 + €5 3) of the diagonal in the d., distance, by the triangle inequality for
d. A symmetric argument applies to unmatched elements of As. If (a1, a3) € M, 3, then there is
an as € Ao such that (ay, as) € M 2 and (ag, a3z) € Ma s, so the triangle inequality for d.., implies
that the points indexed by a; and a3 are within a distance of (12 + €23). This shows that M 3 is
an (£12 + €2,3)-matching, which implies dg(D1, D3) < dg(D1, D2) + dg(D2, Ds). Additionally,
dp is symmetric, and dg(D, D) = 0 for any D since there is a O-matching between D and itself.

Thus, dp is an extended pseudometric on any set of multisets in H.

22This M; 3 is defined as the usual composition of relations Mz 3 0 Mj 5.
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Although the definition is made for arbitrary multisets in /H, we are of course interested in the
bottleneck distance between persistence diagrams. The following example justifies the definition

of the bottleneck distance, at least in the setting of interval modules (compare it to Example 2.1.3).

Example 2.4.1. Let V and W be interval modules over R supported on the intervals Jy, = [ly, uy |
and Jy = [ly, uw |, and let ly, uy, Ly, and Ty be obtained by removing decorations. We show

dp(dgm(V'),dgm(W)) is given by
min { max {dﬁ<Ea E) ) dﬁ(w, W) }7 % max {dﬁ<wa W) ) dﬁ(Ea W) } } :

If either Iy, = Wy or lyy = Ty, then dg(dgm(V), dgm(W)) = %max {d@(n, W) , d@(ﬁ, W) },
given by the empty matching, so we will suppose that Iy, # 7y and ly # Tgy. Since
dgm(V) = {(Iy,uy)} and dgm(W) = {(lw,@w)}, there are only two possible matchings:
either (I, 7y,) is matched with (I, %) or both are unmatched. In the first case, the d., dis-
tance between the two points is max {d@(n, E),d@(W7 W) }, so this is an e-matching for
e > max {dg(lv,lw),dg(@v,Tw)} and is not for lesser €. In the second case, the distances
of the points to the diagonal are idg(ly,uy) and idg(lw,uw), so this is an e-matching for
e > fmax {dg(lv,uv),dg(lw,uw)} and is not for lesser . This shows the bottleneck dis-
tance is as claimed. By Example 2.1.3, this shows that dg(dgm(V'), dgm(W)) = d;(V, W) for

interval modules V' and W'.

Since the bottleneck distance between persistence diagrams agrees with the interleaving dis-
tance in the case of interval modules, we might guess that these distances are closely related in
general. In fact, we show in Section 2.5 that dg(dgm(V'),dgm(W)) = d,;(V, W) for all g-tame
modules V' and W over R. This result is known as the isometry theorem. In preparation, we prove

the analog of the distance bound in Lemma 2.3.1 for e-smoothings.

Lemma 2.4.2. If V is a g-tame persistence module over R, then for any ¢ > 0, the e-smoothing

Ve satisfies dg(dgm(V'),dgm(Ve)) < e.
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Proof. We defined dgm(V') = | J..,dgm,_(V?) after observing that if 0 < ¢’ < ¢, then dgm_(V*)
consists of the points (z,y) € dgm_ (V') with y — 2 > 2¢ (with the same multiplicities). This
implies dgm(V?) is the multiset {(z + ¢,y — ¢) | (x,y) € dgm(V), y — x > 2¢}. We can thus
match each (z + €,y — ¢) € dgm(V*) with the corresponding (z,y) € dgm(V') to define an

e-matching. O

The following lemma shows g-tameness, one of our finiteness conditions for persistence mod-

ules, implies a finiteness condition for persistence diagrams.

Lemma 2.4.3. Let V be a g-tame persistence module over R. For any (x,y) € H, there ex-
ists an open neighborhood of (x,y) that contains finitely many points of dgm(V') (counted with

multiplicities)?.

Proof. By the definition of dgm(V/), it is sufficient to prove the statement holds for locally finite
V', since smoothings are locally finite by Lemma 2.3.1. We split into cases of finite and infinite
coordinates. Given any (z,y) € H, with x and y finite, since V' is locally finite, there exist open
neighborhoods U, and U, of x and y in R that intersect finitely many of the intervals of V. This
implies the open set (U, x U,) N H must contain only finitely many points of dgm (). On the other
hand, if (x,y) € H with z finite and y = 400, then since V is locally finite, we can choose an
open neighborhood U, of x in R that intersects finitely many of the intervals of V', so the open set
U, x {+o0} contains only finitely many points of dgm (V). A similar argument applies if x = —oo
and y is finite. If v = —oo and y = 400, then applying local finiteness of V' at any point in R
shows that the multiplicity of (—oo, +-00) is finite, so the open set {(—oo, +00)} contains finitely

many points of dgm(V). N

This lemma leads to the following theorem and corollary, which show that persistence diagrams

of g-tame modules are especially well behaved with respect to the bottleneck distance. The results

ZMultisets in H satisfying this condition are sometimes called locally finite (for instance, in [27]). This is distinct
from the use of the term “locally finite” for persistence modules, but they are related: since locally finite persistence
modules are g-tame, this lemma implies they have locally finite persistence diagrams. However, not every locally
finite multiset in H can be obtained as the diagram of a locally finite persistence module.
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do not hold for arbitrary multisets in  (see Exercise 2.4.1), so this gives further motivation for

making g-tame modules our primary focus.

Theorem 2.4.4 (Theorem 4.10 of [27]). Let V and W be g-tame persistence modules over R with

dp(dgm(V'), dgm(W)) = e. Then there exists an e-matching between dgm(V') and dgm(W).

Proof. Choose a countable dense subset of H, for instance, the set of points with both coordinates
in QU{—o00, +00}. Applying Lemma 2.4.3 to this countable set implies that dgm (V") and dgm (W)
can be indexed by countable sets A and B, and we can also index A x B as {(am, bm) }mez+-
Since dp(dgm(V),dgm(W)) = e, for each n € Z7, there exists an (¢ + +)-matching M, C
A x B between dgm(V') and dgm(W). We use this sequence of matchings to construct a single
e-matching.

For each n, let x,: A x B — {0,1} be the indicator function associated to M,,, where
Xn(a,b) = 1 indicates that (a,b) € M,. We will construct a subsequence of {x, },cz+ that con-
verges to the indicator function of an e-matching. There exists a subsequence {x. },, of {x, }» such
that {x.(ay,b1)}, is constant, as either infinitely many of the x,,(a;, b;) are 0 or infinitely many are
1. Repeating the argument, we can recursively define { " },, to be a subsequence of { '}, such
that { X" (@, by )} is constant. Then the diagonal sequence {x"},, converges pointwise, meaning
its value at each (a,b) € A x B is eventually constant. Letting x be the limit, we show that x is
the indicator function of an e-matching.

To show Y is the indicator function of a matching, fix a € A. For any b, € B, we have
x(a,b) = x"(a,b) and x(a,b’) = x?(a, V) for all sufficiently large n. Since each x” is an indicator
function of a matching, at most one of x(a, b) and x(a, ') is equal to 1. Thus, x matches a to at
most one element of B, and symmetrically, it matches each element of B to at most one element
of A, so it is the indicator function of a matching. To show it is an e-matching, suppose that
(z,y) € dgm(V) is indexed by @ € A and is at a distance greater that ¢ from the diagonal in the

d~ distance. For a fixed, sufficiently large V, the region

S=lr—Ct+metl+xly-(C+yy+E+y)]
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does not intersect the diagonal. So for n > N, this implies (x, y) must be matched by M,, to some
point of dgm (W) in S. To bound the number of possibilities, apply Lemma 2.4.3 at every point in
S, giving an open cover. S is compact, as it is homeomorphic to either a closed square, a closed
interval, or a singleton (z and y may be infinite), so after extracting a finite subcover, we see that
S must contain only finitely many points of dgm(W). This finiteness implies that for all large
enough n, x"(a,b) = x(a,b) for all (a,b) such that b indexes a point of dgm (/) in S. Since a
is matched for all large enough n, we have x(a,b) = 1 for exactly one such b. If (z',y’) is the
point indexed by b, then since x”(a, b) = 1 for all large enough n and our original sequence {x, }»
consisted of indicator functions of (¢ + +)-matchings, we have do((z, ), (¢/,y)) < € + + for all

n. Therefore do. ((z,y), (2',y’)) < €, so x is the indicator function of an e-matching. O

Corollary 2.4.5. If V and W are g-tame persistence modules over R and dg(dgm(V'),dgm(W)) =
0, then dgm (V') = dgm(W). Thus, dp is an extended metric on any set of persistence diagrams of

q-tame modules.

2.4.2 Changing Index Sets

Given a persistence module V over R C R and a subset S C R, we can restrict the index set to
get a persistence module over S that takes values V; for all £ € S and reuses the applicable maps of
V. Viewing persistence modules as functors, this new persistence module is the composite functor

V o G, where G: S < R is the inclusion.

S > Vect

oo A

R

Restricting the domain behaves well on interval-decomposable modules: if V' is interval decom-
posable, then each interval module summand restricts to either an interval module over S or a zero
module if its support does not intersect S, so V' o G is interval decomposable.

Restricting the domain is a straightforward operation, but a reverse process is less obvious: we

can ask whether there is a natural way to extend a persistence module V' over R to a larger subset.
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There is a good reason to ask for such a process: it will allow us to define persistence diagrams for
persistence modules over any 2 C R by first extending to a module over R (until now, we have
only defined persistence diagrams when R = R). The case of R = 7Z is particularly important,
since persistence modules indexed by discrete sets are the most useful in applications. We will
see that the persistence diagram of an interval-decomposable module over R can be defined by
the following convention: an interval module supported on an interval J C R of positive length is
represented by a point (x,y), where the birth time x is the infimum of J in R and death time v is the
infimum in R of those elements of R greater than all elements of J. This matches the conventions
established early on in the history of persistent homology for discrete index sets [1, 16]. What
follows is an algebraic justification of this rule; those who are happy to accept it as a convention
can skip the details and simply look ahead to Proposition 2.4.6 at the end of the section.

Given an interval-decomposable persistence module V' over any R C R, it seems most natural
to picture its intervals as intervals in R, so we can ask if there is a way to extend a persistence
module to all of R that behaves reasonably on interval-decomposable modules. Rather than work
in full generality, we will focus on the case of extending from R to R, as this will allow us to define
the barcode and persistence diagram of V" as the barcode and persistence diagram of its extension.
The same technique could, however, be used to extend to another index set containing R.

Given a persistence module V' over R C R, define the extension of V' to R to be the persistence

module V over R given by

V,= colim V.

s€ERN(—o0,t]
The maps of V' are those given by the universal property of colimits. Intuitively, V, takes into
account what has happened in V' up to time ¢, providing a best guess, based on history, of what
happens at time ¢. For all { € R, we have a natural isomorphism 7,: V; — V. Viewing the

persistence modules as functors, we can visualize the extension as follows:

R v > Vect

oA

R
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where the functor F is the inclusion and 7 is a natural isomorphism V' — V o F. Given two
modules V' and W over R and a morphism ¢: V' — W, the universal property of colimits gives
a morphism %: V — W. It can be checked that the assignments V +— V and ¢ > % define a
functor.

This operation of extension behaves well on interval-decomposable modules. If V =& _, V*

is an interval-decomposable persistence module over R, with each V' an interval module supported

on J,, then

V,= colim V= @ colim V! = @ Ve
RN(—o0,t RN(—o0,t
seRN(=ood] = aea SERN(=o0] a€A

This isomorphism follows from the fact that colimits commute with colimits (Theorem 3.8.1
of [44]), or it can be checked directly. Each V¢ is an interval module, supported on the inter-

val consisting of all £ € R satisfying
e t>rforsomer c J,
e t < sforall s € Rsuchthats > jforall j € J,.

Furthermore, the isomorphism is natural in ¢, so this shows V is interval decomposable. This
allows us to define barcodes and persistence diagrams for any interval-decomposable persistence
module over any R C R: simply set bar(V') = bar(V) and dgm(V') = dgm(V). This is consistent
with the definitions for persistence modules over R, since V = V if R = R.

Extensions of persistence modules have other appealing categorical properties that further jus-
tify their use. First, these extensions are in fact left Kan extensions®*, meaning there is a natural
bijection

Vect™(V, W) = Vect®(V, W o F)
for persistence modules W': R — Vect. This follows from the construction of Kan extensions (see

Theorem 6.2.1 of [44], for instance) or can be checked using the universal property of colimits.

Setting W' = X for a persistence module X : R — Vect, we find Vect®(V, X) = Vect™(V, XoF).

24Kan extensions have appeared in the study of persistence before; [48] uses them in a similar way.
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Applying the natural isomorphism X o F' = X, we have a bijection

Veet™(V, X) = Vect?(V, X),

which sends p: V — X top: V — X. Thus, the functor defined by V ~ V and ¢ +— % is full
and faithful, so it embeds Vect® as a full subcategory of Vect®. In short, we can study persistence
modules over R by studying appropriate persistence modules over R, and this justifies developing
most of the theory of persistence modules in terms of persistence modules over R. The fact that
this embedding preserves interval-decomposability is what allows us to define barcodes for any
interval-decomposable module over any index set R C R.

Finally, we conclude this section by examining barcodes and persistence diagrams for an im-
portant class of persistence modules, those indexed by the integers (or other discrete subsets of R).
Our definition above gives an intuitive description of their barcodes and persistence diagrams. An

interval module V' over Z supported on a bounded interval has the form

K iftm<t<n
‘/;:

0 otherwise

for all t € R, where m,n € Z and m < n (and where K is the fixed field of scalars for our vector
spaces, as before). By our work above, the extension V is in fact given by the same formula, where
t is now allowed to take any real value. Thus, the barcode consists of the single interval [m,n),
and the persistence diagram consists of the single point (m,n). Note that the right endpoint n
is the first integer after the support of V', rather than the last integer in the support. Similarly,
interval modules supported on unbounded intervals yield bars of the forms [m, +00), (—oo,n), or
(—00, +00). Taking direct sums of these interval modules, we see that any interval-decomposable
module (in particular, any pointwise finite-dimensional module) over Z has a barcode in which all

bars are of the forms listed above.
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Given a pointwise finite-dimensional persistence module V' over Z, we can give a formula for
the multiplicity of a bar in the barcode. The rank of V;,,<,, is equal to the number of bars beginning
at or before m and ending strictly after n. This means rank V},,<,, — rank V;,,_;<,, is the number of
bars beginning at exactly m and ending strictly after n, and similarly rank V,,, <,y —rank V,,,_1<,_1
is the number beginning exactly at m and ending strictly after n — 1. Subtracting gives us the

following formula, used early in the history of persistence [7, 16].

Proposition 2.4.6. If V' is a pointwise finite-dimensional persistence module over 7, then the
multiplicity of [m,n) in its barcode (or equivalently, the multiplicity of (m,n) in its persistence

diagram) is given by

(rank V<1 —rank Vi, _1<,—1) — (rank V,,<, — rank V,,_1<,,).

Formulas for multiplicities of unbounded intervals will involve limits and colimits of the per-
sistence module: for instance, it can be checked that the multiplicity of the bar [m, +00) is given
by rank (V,, — colim,¢z V},) — rank (V,,,_; — colim, ¢z V},). The ideas presented here for per-
sistence modules over Z can be generalized to persistence modules indexed by any discrete subset

R C R, with the necessary changes if R contains minimum or maximum elements.

Exercises

Exercise 2.4.1. Find an example to show that Theorem 2.4.4 does not hold if the diagrams dgm (V")

and dgm (W) are replaced by arbitrary multisets in the upper half plane H.

Exercise 2.4.2 (q-tameness). An upper left quadrant Q,, ,, = {(z,9) € R x R | 2 < 20,y > yo}
is contained in the extended half plane H if x¢y < yo. Show that if V' is a g-tame module and
zo < Yo, then dgm(V') contains only finitely many points in (), ,, (counted with multiplicities).
Conversely, show that any multiset in /7 that contains finitely many points in each )y, ., With
o < Yo arises as a persistence diagram of some g-tame persistence module. The name “q-tame,”

short for “quadrant-tame,” comes from this characterization of persistence modules [27,45].
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Exercise 2.4.3. We showed in this section that extension of the index set of a persistence module
preserves interval-decomposability; this exercise examines the effect of extension on some of our

other properties of persistence modules.

1. Find an example to show that if V' is a pointwise finite-dimensional (and thus g-tame) per-
sistence module over R C R, then V is not necessarily pointwise finite-dimensional and not

necessarily g-tame.

2. Show that if V' is a pointwise finite-dimensional module over a subset of Z, then V is point-

wise finite-dimensional and thus interval decomposable.

3. The following gives a condition on a persistence module V' over R C R that ensures V is
locally finite (recall that we have only defined locally finite persistence modules over R).
Show that if V' over R is interval decomposable and any ¢ € R has an open neighborhood

that intersects only finitely many of the bars of V/, then the extension V is locally finite.

2.5 The Isometry Theorem

We have shown in Theorem 2.2.3 that if two interval-decomposable persistence modules are
isomorphic, then there is a bijection between their interval module summands, matching each
summand to one supported on the same interval. This implies they have identical barcodes and
persistence diagrams. Here we provide a relaxed version of this result, known as the isometry
theorem [27,47]. Instead of beginning with an isomorphism of persistence modules, we begin
with an e-interleaving, which we can think of as an “approximate isomorphism.” The maps of
this interleaving will roughly specify how to match interval module summands of one persistence
module with those of the other, such that the endpoints of matched intervals are within € of each
other. This will show the persistence diagrams are “approximately equal.” In more detail, we
will show that the interleaving distance between g-tame persistence modules is the same as the

bottleneck distance between their persistence diagrams. The proof will progress through different
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levels of generality: we first handle finite direct sums and bounded intervals, then extend to locally

finite modules, and finally extend to q-tame modules.

2.5.1 Finding Matchings

The problem of matching intervals with close endpoints can be considered more abstractly
as a problem of matching elements of sets A and B, with restrictions on which elements can
be matched. We begin by considering the problem in this general setting, along with a standard
combinatorial approach to the problem. As described in Section 1.2.2, we will denote a bipartite
graph with parts A and Bby G = (A, B, ), where E C A x B is the set of edges. A matching in
G is asubset M C FE such that no two edges of M share a vertex; equivalently, a matching in G is
a matching between the sets A and B that is contained in E. Our goal will be to use a matching in
a certain bipartite graph to construct a matching between persistence diagrams. For a subset S of
the vertices, define the neighborhood N¢(S) to be the set of vertices adjacent to some vertex in S.
Note that if S C A, then Ng(S) C B, and vice versa. We say that a subset S contained in either
A or B has the marriage property if for all subsets 7' C S, we have |[Ng(T')| > |T'|. The name
comes from the following standard result from graph theory. We include a proof for completeness,

following the method in [50].

Theorem 2.5.1 (Hall’s Marriage Theorem). Suppose G = (A, B, E) is a finite bipartite graph.
If A has the marriage property, then there exists a matching in G such that each vertex in A is

matched.

Proof. Let M be a matching in G of maximal cardinality, which exists because G is finite. We

show that if some vertex a € A is unmatched, then for some A’ C A,

Neg(A')| < A', and thus
A does not satisfy the marriage property. Let P be the set of alternating paths in G starting at
a, that is, paths with sequences of edges that alternate between edges in M and edges not in M.
Let A’ be the set of vertices in A that can be reached by paths in P, including a, and let B’ be
the set of vertices in B that can be reached by paths in . We check that every maximal path in

P, that is, a path that is not part of a longer path in P, must end at a vertex in A’. If a maximal
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path in P ends in B’, it begins and ends with an edge not in M, and it must end in an unmatched
vertex in B’, otherwise the path could be extended. Then replacing the edges of M in the path by
those in the path that are not in M, we obtain a strictly larger matching, contradicting our choice
of M. This shows the maximal paths in P all end in A’. Thus, for each b € B’, a path in P ending
at b can be extended to a path in P ending in A’, and this shows b is matched to some vertex in
A’. This implies that the edges of M in A’ x B’ give a bijection between A’ — {a} and B’, so
|A’| = |B’| + 1. Furthermore, we can check that B’ = Ng(A'). If b € B — B’ were adjacent to
c € A, we would have (c,b) ¢ M, since a is unmatched and all other vertices of A’ are matched
to an element of B’. But then adding (c, b) to any alternating path from a to ¢, we would get an
alternating path ending at b, contradicting the assumption that b ¢ B’. Thus, B’ = Ng(A'), so

[Na(A)| = |B| = [A'] = 1 < [A]. 0

We will use Hall’s Marriage Theorem in combination with the following result, which will
allow us to find matchings covering subsets on both sides of a bipartite graph. Although we will
later use the lemma for finite graphs, we give a proof that applies to infinite graphs as well. This

result in fact generalizes the Cantor—Schréder—Bernstein theorem? of set theory [28,51,52].

Lemma 2.5.2. Suppose G = (A, B, E) is a (possibly infinite) bipartite graph, A’ C A, and
B’ C B. If M4 is a matching that matches every vertex in A" and My is a matching that matches

every vertex in B', then some subset of M 4 UM is a matching that matches every vertex in A'UB'.

Proof. Consider the subgraph of GG consisting of the edges in M4 U Mp and their vertices, which
by our assumption contains all vertices in A’ U B’. It is sufficient to construct a matching in each
connected component C' of this subgraph that matches all vertices of A’ U B’ appearing in C'; we
check that this is possible case by case. If C' contains an edge in M4 N Mp, then since M4 and
Mp are matchings, this is the only edge in C, so it provides a matching in C. For all remaining
cases, C' contains no edges in M4 N Mp, so color the edges in M 4 red and the edges in My blue

and note that each vertex has degree at most two. If all vertices in C' have degree two, then either

23The Cantor-Schroder—Bernstein theorem states that if there are injective functions f: A — Band g: B — A, then
there exists a bijection h: A — B. To see this from Lemma 2.5.2,let E = A x B, A’ = A, and B’ = B.
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the red or blue edges form a matching that matches all vertices in C' (this includes both cycles and
the “infinite cyclic” graph). If not, then C is a (possibly infinite) path beginning at some vertex
v of degree one, and without loss of generality, suppose that v € A. This path must alternate
between red and blue edges, since M4 and Mp are matchings. If the path is infinite or has an odd
number of edges, then the edges colored the same as the edge incident to v form a matching that
matches all vertices in C'. If the path has an even number of edges, then without loss of generality
the path begins with a red edge incident to v and ends with a blue edge incident to a vertex w € A
with degree one. Then w is unmatched in M4 as there is no red edge incident to it, so w ¢ A’.
Therefore, the red edges provide a matching in C' that matches every vertex of C' except w and thus

matches every vertex of C thatisin A’ U B’. O

2.5.2 Stability for Finite Persistence Modules

As Theorem 2.5.1 applies to finite sets, we begin by considering the problem of matching a
finite number of interval module summands, and we further restrict to interval modules supported
on bounded intervals. The following theorem establishes matchings in this setting and will be used
to extend the result to more general persistence modules later. A similar method has previously
appeared in [28] in the more general setting of decomposable persistence modules parameterized

by multiple variables. A related approach can also be found in [53].

Theorem 2.5.3. Suppose there is an c-interleaving between persistence modules V = @ ., V*

and W = @, 5 WP over R, where A and B are disjoint finite sets, all V* and W are interval
persistence modules supported on bounded intervals [l,,u,| and [y, uy| respectively, and € > 0.

Then there exists a matching between their persistence diagrams such that the following hold:

* ifa € A is unmatched, then [l,,u,| does not contain a closed interval of length 2¢

* if b € B is unmatched, then [l,, uy,| does not contain a closed interval of length 2

* ifa € Aismatchedwithb € B, then [l,,u,| C [ly—e,up+e]| and [ly, up]| C [la—€,uq+¢].
In particular, this is an e-matching, so dg(dgm(V'),dgm(W)) < e.
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7 AN

Figure 2.2: The matching between persistence diagrams is constructed as a matching in a bipartite graph,
pictured here in an example with the corresponding barcodes.

Proof. This follows from Theorem 2.2.3 if ¢ = 0, so we will suppose £ > 0. Define a bipartite
graph G = (A, B, E), where E C A x B consists of all (a, b) such that [l,,u,| C [l —&,up + €]
and [ly, up| C [l, — &, u, + €. Below, we will verify the marriage property for the subset A =
{a € A| [l,,u,] contains a closed interval of length 2c}. Specifically, letting A’ C A and letting
B’ = Ng(A’) be the neighborhood of A’ in G, we will show |B’| > |A’|. Assuming this holds,
Theorem 2.5.1 implies there is a matching in the induced subgraph on the vertices A U B, and thus
a matching in G, that matches every vertex in A. Symmetrically, there is also a matching in G that
matches every b € B such that [[, u,| contains a closed interval of length 2¢, so Lemma 2.5.2
implies there is a matching that satisfies the desired properties.

We show |B’| > |A’| algebraically by comparing dimensions of vector spaces. Suppose
p: V. — W . and v: W — V ,_ define an s-interleaving. Intuitively, ¢ is nearly an inverse
to ¢, so we would like to use a dimension argument to say that &, 5 WP must be “at least
as big” as @, 4 V*, implying |B’| > |A’|. Thus, we begin as in the proof of Theorem 2.2.3,
replacing the isomorphism with the “approximate isomorphisms” ¢ and v, and considering com-
ponents "% V¢ — W' and ¢**: W’ — V% _forany « € Aand b € B. For simplic-
ity, we can replace VV* and W with isomorphic interval modules in which all nonzero vector
spaces are K and the maps between them are identity maps. Then any two nonzero maps ¢%¢
and " must be equal, and similarly for ¢». Let " = P for any ¢ such that ¢ € [l,, u,]
and t +¢ € [lp,up], or let @ = 0 if no such ¢ exists. Define Ja’b similarly. Since these are

maps between one-dimensional vector spaces, we can identify all $>* and @Za’b with elements
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of K. We thus have matrices ¢ = {Ja*b}ae wpep and & = {@b’“}ae wpepe With product
Y =¢F = {>en Pad o Ghao }al’aoeA,. We will show that Y is in fact upper triangular with
every diagonal entry equal to 1. This will show it is invertible, implying ¢ has rank A’, and thus
showing | B’| > | A’| as required.

The rest of the proof is a careful analysis of when maps are zero or nonzero. For a € A and
b € B, since V*_ is an interval module supported on [l, — ¢, u, — €] and W*,_ is an interval

module supported on [l, — €, u, — €|, Lemma 2.1.1 gives us the following facts:
W40 = I —e <l andu, — e < g, 2.1)

P40 = l,—e<lyandu, — e < up. (2.2)

In particular, these imply that if ¢** # 0 and ** # 0 for fixed « € A and b € B, then
[lasua] € [ly —e,up+ ] and [lp, up| C [lo — &, uq + €], 0 (a,b) € E.

For any ag,a; € A’ and any ¢, we have

VAR ai,b bao _ a,b b,ao ai,b bao
t<t+2£ § ¢t+s § ¢t+s oWy A E 1/’t+5

beB beB’ beB-B’'

Suppose ag # ai, in which case V,Z;1%. = 0. We find for which aq and a, it is possible that

ai,b b,ao

Y pen Yite o™ # 0. The equation above shows this can only happenif ), . . f}re o gp? a0 £
0, in which case ;. a1.bo gofo’ao # 0 for some by € B— B’. Then (2.1) and (2.2) imply Iy, — & < l,,,
Upy — € < Uggs lay — € < Iy, and u,, — e < uy,. Since by ¢ B’, we further have either Iy, < [, — ¢
or up, < Uq, — €, and similarly, either l,, < [, — ¢ or u,, < up, — . Considering these case by

case, we end up with three possibilities:
o Iy <lgy —2cand uy, < ug, + 2¢
* Uy < Ugy — 2¢and l,, <, + 2¢

o oy <l and ug, < Ug,.
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These suggest that the values of [l,,, u,, | should be on average less than those of [l,,, t,, |, Which
motivates the following ordering of A’. For any a € A’, let m, be the midpoint of [l,,u, |, that

18, m, = (recall we have assumed the intervals [l,,u,| are bounded). If m, < m,, we

lo+Ta
2

will say a < a'. If [l,,u,] and [l u, | have the same midpoint, compare the decorations on
their endpoints: let a < o if there are more +’s in the two endpoints of [l,, u. | than in those of
[la, u, . Finally, if @ # o’ and the midpoints and the number of +’s in the decorations agree, break
the tie arbitrarily to define a total order on A’. The cases above then show that ), ., b o phee
can be nonzero only if a; < ay. Identifying the linear transformations between one-dimensional
vector spaces with elements of the field K, the matrix y; = { Y ben f}ra o b }ahaoe v 1S upper
triangular when the elements of A’ are ordered as described above.

Equipped with this understanding of the matrices y;, we move on to the matrix Y. For the

diagonal entries, if a € A’, then there is a ¢ such that ¢, ¢+ 2¢ € [l,, u,]. Forb € B, (2.1) and (2.2)
imply that if ¢ e " =£ 0, then (a,b) € E, and thus b € B’. Therefore,

oo = Z ¢t+e o g} Z ¢t+e 0 g = Z QZa’b o PM =X

beB beB’ beB’

Now consider the entries below the diagonal: let ag,a; € A’ with ay < a;. Letting mqg
and m; be the midpoints of [l,,, ua, | and [l4,, us, |, we have my < m;. Furthermore, since
these intervals contain closed intervals of length 2¢, we have my — e, mg + ¢ € [l4, Uq,| and
mi —e,my + ¢ € [la,, Ua, |. For any b € B, we aim to show that ¢ o Gha0 = i gp?nzo .
If either zzal’b = 0 or p»% = (), then wfnlv o 2% — () by our definition of 12“1”’ and ™%, so we

mo—e

will suppose ¢ £ 0 and 3% =£ 0. Applying (2.1) and (2.2) gives:
Iy —e <lay, up — € < Ugy, lgy —€ < lp, and ug, — € < up.
Somgy € [la, + €, uq, + €] implies my € [ly,+00] and my € [l,, — &,u,, — €] implies m; €

[ —00, up ], and thus mg € [—o0, up]. Therefore, mg € [ly, up|. Applying all the inequalities above
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shows [, < l,,+2¢ and u,, < ug,+2¢, 50 mg < my+2e. This shows m; —e < my+¢ < my+e,
S0 Mg+ € € [lay, Uqy |-
We have thus seen that mg — e € [la,, Uq, |, Mo € [lp, up ], and mo + € € [y, , Uq, |, SO We have

verified that ¢ = @b and G4 = 2® . Summing all b o Bha0 | we get

Sai,ang __ Nal,b ~b,a0 _ al,b b,ao _ al,ap
X - E w o ()0 - § mo © Somo—e - Xmg—a - 07

beB’ beB’

since we showed above that each x, is upper triangular. Thus, Y is upper triangular, as required. []

2.5.3 Extension to q-tame Modules

We now extend the results of Theorem 2.5.3 to more general persistence modules, starting
first with locally finite modules and then continuing to q-tame modules. We will start with the
following operation: given any persistence module V' over R and an interval U C R, we define
Vv by letting (V|y); = V;if t € U and letting (V|); = 0 otherwise. We let (V|y)s<: = Vi<t
if s < tands,t € U, and let (V|y)s<: be the zero map otherwise. This can be thought of as
“restricting the support” of V, and for this section, we will simply refer to it as “restriction” — note
that it is different from restricting the domain, as we did in Section 2.4.2. This operation respects
direct sums: if V=& _, V* then Viy = P, (V) |v.

We will extend Theorem 2.5.3 to locally finite modules by constructing matchings piece by

piece on restrictions. Fix ¢ > 0 and suppose V =&, ,V*and W = P, 5 W? are locally finite

acA
persistence modules over R, where A and B are disjoint and the V¢ and W are interval modules
supported on intervals .J, and J,. Further suppose p: V. — W . and v: W — V . define an
e-interleaving. Then for any interval U C R, we get an e-interleaving of V'|;; and W |, defined by

reusing the maps ¢, and vy whenever ¢ and ¢ + ¢ are both in U.

For any bounded interval U, let

AU)={a€ A|J,NU + 2}
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B(U)={be B|J,NU # o}.

Then A(U) and B(U) are finite, since V' and WV are locally finite. Since restriction respects direct
sums, V'|¢s is a direct sum of interval modules supported on intervals J, N U forall a € A(U), and
similarly for W|y. Thus, Theorem 2.5.3 applies to V| and W |y, so there exists an e-matching
between their persistence diagrams. The intervals of V'|;; are indexed by A(U) and the intervals of
W |y are indexed by B(U), so let M(U) be the set of e-matchings M C A(U) x B(U) between
dgm(V|y) and dgm(W|y;). By definition of an e-matching, M € M(U) if and only if the follow-
ing hold: M matches all a € A(U) (respectively b € B(U)) such that .J, N U (respectively J, N U)
has length greater than 2¢, and for any (a,b) € M, the corresponding undecorated endpoints of
J, MU and J, N U differ by at most ¢ in the dg distance. We will view each M € M(U) as a
subset of A x B and compare such subsets for different U.

Given nested intervals U C U’ and a matching M € M(U’), we check that MN(A(U)x B(U))
is in M(U). For a € A(U), we check that if the length of J, N U is greater than 2¢, then a is
matched in M N (A(U) x B(U)), and a symmetric argument applies for elements of B(U). If the
length of J, N U is greater than 2¢, then the length of J, N U’ is as well, so a must be matched
by M. Then (a,b) € M for some b, so the corresponding (undecorated) endpoints of J, N U’ and
Jy N U’ differ by at most . Since J, N U has length greater than 2¢, this implies J, N U # &.
So b € B(U), which shows that a and b are matched in M N (A(U) x B(U)). This verifies that
all the required indices are matched (those corresponding to intervals of length greater than 2¢).
Furthermore, for any (a,b) € MN(A(U) x B(U)), since the endpoints of J,NU" and J,NU’ differ
by at most ¢, the endpoints of J, N U and .J, N U also differ by at most ¢, so M N (A(U) x B(U))
is an e-matching. We thus get a function M(U C U’): M(U’) — M(U) defined by

M(U C U (M) = M N (AU) x BU)).
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We furthermore have the property that if U C U’ C U”, then

MU CU")y= MU C U)o MU' CU").

For bounded U, Theorem 2.5.3 implies M(U) is nonempty. We will extrapolate from an
increasing sequence of bounded intervals to find an e-matching between dgm(V') and dgm(W).
Let U3 = [-1,1). If U; C U C U/, thenim M(U; C U’) C im M(U; C U), that is, the image
can only shrink as intervals grow. Since M (U ) is finite, this image can only shrink finitely many
times, so there exists a Us containing U; such that for any U containing Us, im M(U; C U) =
im M(U; C U,). Repeat this construction to recursively define a sequence of intervals U; such
that for each ¢, U; C U, and for any U containing U; 1, im M(U; C U) = im M(U; C U;4q).
We further require [—i, ¢] C U; for each i, since at each step, we can expand the interval if needed.
Pick M, € imM(U; C Us,). Since imM(U; C Us) = imM(U; C Us,), we can choose
My € im M(Uy C Us) such that M(U; C Uy)(My) = M. Repeating, we can recursively
define M; so that M(U; C U;y1)(M;41) = M; for all i. This gives a sequence of matchings that
account for increasingly large intervals. By definition of the functions M(U; C U;,;), we have

M, C M, C ... assubsets of A x B.

Figure 2.3: The construction of the matching: each M; is chosen from the small region in M (U;), which
indicates the image of M (U;11).
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We now check that | J, M; C A x B defines an e-matching between dgm(V') and dgm(W/).
First, |J, M; is in fact a matching: if (a1, 1), (ag,b2) € |J; M;, then (a1, b1), (az,b2) € M; for
some 7, so since M; is a matching, a; = as if and only if b; = b,. Next, if a € A and J, has
length greater than 2¢, then J, N U; does as well for some 7, so a is matched by M; and is thus
matched by |J; M;. The same holds for b € B such that J, has length greater than 2¢. Finally,
if (a,b) € |J; M;, then (a,b) € M; for some j, so (a,b) € M, for all ¢ > j. This implies the
corresponding endpoints of J, N U; and J, N U; differ by less than ¢ for all large enough 7, so the
corresponding endpoints of J, and J, differ by less than ¢ in the di distance, as required.

We have thus shown that if locally finite modules V' and W are e-interleaved, then there is an
e-matching between dgm(V') and dgm(W), so dg(dgm(V'),dgm(W)) < d;(V, W). This proves

the more difficult part of the following lemma, which states the two distances are in fact equal.

Lemma 2.5.4 (The Isometry Theorem for Locally Finite Persistence Modules). For locally finite

persistence modules V and W over R,
dp(dgm(V), dgm(W)) = d;(V,W).

Proof. Suppose V = @, ., V¢and W = @, W? are locally finite persistence modules over

acA
R, where A and B are disjoint and the V' and W are interval modules supported on intervals
J, and J,. We just need to show dg(dgm(V'),dgm(W)) > d;(V, W), so we show that given
an e-matching M between the persistence diagrams, we can construct an &’-interleaving (¢, 1))
between V and W for any ¢/ > ¢. For any (a,b) € A x B — M, let the components ¢>¢
and 1" be zero morphisms. For any (a,b) € M, since the endpoints of .J, and J, differ by at
most €, we can construct an ¢'-interleaving between V® and W (see Example 2.1.3). So let the
morphisms of this interleaving be the components ¢”*: V¢ — W’ _, and ¢**: W — V4 .
Then for each ¢, ¢§fa' o pl® is equal to Vit 9o if @ and b are matched and is zero otherwise, so
ai,b _ bag

(Vrger 0 p1)* = V&, 5. for any a that is matched by M. Furthermore, any v}~ o ,"* is zero

if ap # ay, since b cannot be matched to both ay and a;. Thus, computing ;.. o ¢; from its
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components Shows 1. 0 ¢y = Vi<t y9.s, since for all unmatched a, the support of J, has length at
most 2¢, and thus V,2, ,, is the zero map. Similarly, we have ./ o Yy = Wi<iyo.. Therefore ¢

and ¢ form an &’-interleaving, so dg(dgm(V'),dgm(W)) > d;(V, W). N

We now make the final extension to g-tame modules. Let V' and W be g-tame persistence mod-
ules over R and let ¢ > 0. Here we will write dg(V, W) for dg(dgm(V'),dgm(W)) to make the
notation more compact. We have seen in Lemma 2.4.2 that the e-smoothings satisfy dg(V, V¢) < ¢

and dg(W, W¢) < e. The triangle inequality for the bottleneck distance shows

dg(V,W) <dp(V,V®) +dg(VE,W?) + dg(W, W?)

< dB(VE, WE) + 2¢,

and similarly, dp(V¢, W¢) < dp(V, W) + 2¢, so dg(dp(V,W),dp(V:, W*)) < 2e. We have also
seen in Lemma 2.3.1 that d;(V, V) < ¢ and d;(W, W¢) < . So as above, the triangle inequality
for the interleaving distance implies dg(d;(V, W), d;(V=,W*)) < 2e. By Lemma 2.3.1, V¢ and
We are locally finite, so by Lemma 2.5.4, we have dg(V®, W¢) = d(V¢, W¢). Thus,

dg(dp(V,W),d;(V,W)) < dg(dp(V,W),ds(V:,W?)) + dg(dp(V:, W?),d;(V,W))

dg(dp(V,W),dp(Ve,W?)) + dg(d(VE,W?),d;(V,W))

IN

4e.

Since this holds for any € > 0, we have proved the following main result of this section.

Theorem 2.5.5 (The Isometry Theorem). For any g-tame persistence modules V- and W over R,

dp(dgm(V'), dgm(W)) = d;(V, W).
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This is called the “isometry theorem” because it states that the operation of producing a persis-
tence diagram from a persistence module is an isometry?® with respect to the bottleneck distance
and the interleaving distance. The inequality dp(dgm(V'),dgm(W)) < d;(V, W) is called “al-
gebraic stability” or the “stability part” of the isometry theorem: it states that the operation of
producing a persistence diagram from a persistence module is stable with respect to these dis-
tances. The reverse inequality is called the “converse stability part” of the theorem. This theorem,
especially the stability part, plays an important role in the theory of persistent homology, where it
is used to show certain ways of associating a persistence diagram to a space are stable. We will see

this in Chapter 3.

Exercises

Exercise 2.5.1. In the proof of Theorem 2.5.3, we showed the matrix Y is always upper triangular.

Find an example in which Y has nonzero entries above the diagonal.

2.6 Decomposition of Pointwise Finite-Dimensional Persistence

Modules

We now return to prove Theorem 2.2.2, which states that any pointwise finite-dimensional
persistence module over any index set /2 C R is interval decomposable. The methods used in this
section are based on those in [17], and we begin with some preliminary definitions and a lemma

that appear there.

2.6.1 Sections and Cuts

For a vector space X, define a section of X to be a pair (S~,S*) of subspaces such that
S— C ST C X. We will say that a set of sections {(S,,S;) | a € A} of X is disjoint if for all

ay # ag, we have either S, C S, or S7 C S

«,» and we will say that the set of sections covers X

26To be precise, V' + dgm(V) defines a map from any set of g-tame persistence modules over R to the set of
multisets in the half plane H. Any such map is an isometry (of extended pseudometric spaces) onto its image. For a
characterization of which multisets arise as persistence diagrams of g-tame modules, see Exercise 2.4.2.
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if for any proper subspace Y C X, thereis ana € A such that Y + S, # Y + S;. We will soon

use sections to construct direct sum decompositions, via the following lemma.

Lemma 2.6.1 (Lemma 6.1 of [17]). Suppose {(S,,S}) | a € A} is a disjoint set of sections of a
vector space X, and for each a € A, let W, be a subspace such that S, ® W, = S:. Then the sum

of the W, is a direct sum @ . , W, € X, and if the set of sections covers X, then @, , W, = X.

Note that a disjoint set of sections may contain sections (S—,S™) with S = S*. Such a

section contributes a summand of 0 in the direct sum.

Proof. To show that the sum of the W, is a direct sum, suppose w,, + Wq, + -+ + w,, = 0 with
w,, € W,, foreach . Since the set of sections is disjoint, we may assume without loss of generality
that S7 C S, forall i < n. Then —w,, = Wa, + Way + -+ + Wy, _, is in W, N S, = {0}.
Repeating this argument shows each w,, is zero, so we have a direct sum &, _, W,. Finally, if
Y =@,c4Wa # X, thenforall a, we have Y + S =Y + 5, + W, =Y + S, so the set of

sections does not cover X . ]

We will also follow [17] by using the language of cuts to describe intervals. Given a totally
ordered set R (in our case, a subset of the reals), a cuf ¢ is a pair ¢ = (¢~,c¢") of subsets of R
such that c Uc¢t = Rand s < t forany s € ¢~ and t € ¢ (thus, ¢~ and ¢ are necessarily
disjoint). For instance, any cut of R is either (&, R) or (R, @) or is of the form ((—o0, t), [t, +00))
or ((—oo,t],(t,+00)) with t € R. Cuts provide a convenient description of intervals, as any

interval J in R can be expressed as ¢t N d~ for a unique pair of cuts (¢, d) given by

c={teR|t<sforallseJ}, " ={teR|t>sforsomeseJ},

d-={teR|t<sforsomese J}, d"={t€R|t>sforallse J}.

2.6.2 The Decomposition

We begin to develop the terms needed for the decomposition, without yet imposing any con-

ditions on dimensions. Throughout this section, let V' be a persistence module over an index set
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R C R. For any cut c, define

L.= lim V},
tect

C. = colim V.
tec

In this setting, the limit and colimit are also called the inverse limit and direct limit respectively,

and they have the following explicit constructions:

L.= {{Ut}t6c+ S H Vi

tect

forall t; <tyinct, Vi<, (vy,) = th} ,

- 1)/

where for any t1,%5 € ¢, given vy, € V4, and v, € V,,, we have v, ~ vy, if and only if there exists
ats € ¢ such that Vi, <, (vi,) = Viy<s,(vt,). The colimit C,. can be thought of as describing V" at
the end of ¢, and L. can be thought of as describing V" at the beginning of ¢*. The limit L. comes
with the usual projections 7 : L. — Vi for any ¢ € ¢*, given explicitly by 7oy ({v; }reer) = vy
Similarly, the colimit C.. comes with the usual injections ¢;.: V; — C. for any ¢ € ¢, sending any
v, € V; to its equivalence class in C...

Given two cuts ¢ and d with ¢™ Nd~ # @ and s < tin ¢t N d~, the projections and injections
commute with the maps of V' as in the following diagram. The positions from left to right are a

reminder of the relative locations of cuts and numbers in R.
L.

Tet
Tcs
Vs<t

L; —— LQ
Ltd
lsd

Cq
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We can thus define a map t.q: L. — Cq by ¢eq = 135 © 7o for any t € ¢t N d~. Furthermore, the
universal properties of limits and colimits (or the evident maps using their explicit constructions)

give the maps L4 and ¢4 in the following commutative diagram.

®d

Cq

We will use some additional relationships between these maps, which we list here for reference:
Teaty © Leyes = Teytys Weges © Lieyey = Weyeqs AN Teypy © Py © Liyey = Viy<i,- These hold whenever
the maps are defined and can be checked either directly using the universal properties of limits and
colimits or by using their explicit constructions. All of the relationships we have mentioned so far

can be found in the following commutative diagram, in which we omit labels of arrows.

With the goal of decomposing V' into interval modules, we attempt to determine which el-
ements of the vector spaces of V' are alive during the entirety of an interval ¢ N d~ and dead

outside it. Thus, we define the following subspaces of L.:

A = ker Ly (A for “alive™)
Beg = im @, (B for “born before™)
D.q = ker 4 (D for “dies during”).
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The space A.; can be thought of as the subspace of elements of L. that are alive at the beginning
of the interval ¢ N d~ and dead at all times after the interval. The space B, can be thought of
as the elements that are born before the interval, and it does not depend on d. The space D4
can be thought of as the elements that die during the interval; we have D.; C A,y Let W 4 be
any subspace of A.; such that B,y + Ay = (Bea + Deg) ® Weg; it is sufficient to choose W,y
to be a vector space complement to (Beg + Deg) N Aeq in Aeg. Then W, can be thought of as a
subspace of elements whose lifetimes are exactly the interval ¢t Nd~. Our goal is to show that W4
determines the interval modules supported on ¢ N d~ in the decomposition®’. We begin with the
following lemma, which shows our interpretation of W, remains valid when elements are viewed

at a specific time in the interval.

Lemma 2.6.2. For cuts c and d, if t € ¢ N d~, then m.|w,, is injective and 7o (Beq + Aca) =

7Tct(Bcd + Dcd) ¥ 7T-ct(VVc )

Proof. To show 7. |w., is injective, suppose w € W4 and m(w) = 0. Then w € ker t4g 0 7 =
ker g = Deg, S0 w € Weq N Deg = {0}.

For the direct sum, first note that 7. (B.g + Deq) + Tet(Wea) = Tet(Bea + Dea + Wea) =
Tet(Bea + Aca)- So supposing that v € 7y (Beg + Deq) N Tet(Weq), we must show v = 0. Write
v = Tq(b+ 2) = mq(w) for some b € Beg, 2 € Doy, and w € Wy, We have ¢4(w — b) =
Lid(Tee (W) =7t (D)) = t4a(Tet(2)) = Yea(z) = 0. So letting 2’ = w—b, we have 2’ € ker 1.g = Dy,

sow=>b+ 2z € WeN (B + Deg) = {0} and thus v = 7 (w) = 0. O

Although we are working with vector spaces defined abstractly in terms of limits and colimits,
the following lemma provides more concrete descriptions of some of these spaces in the case that

V' is pointwise finite-dimensional. In fact, it is only because of this step that our final result will

YTt can be instructive to compare the definition of W.; with the formula of Proposition 2.4.6 for persistence
modules over Z. By rank-nullity, that formula shows the multiplicity of the interval [m,n) in the barcode is
dimker V;,,<,, — dimker V;;,_1<,, — dimker V,,<,,—1 + dimker V,;,_1<,,—1. Here, the space W, is chosen as
a vector space complement to (Beg + Deq) N Aeq in Ay, and since Doy C Agq, we have (Beg + Deg) N Acqg =
(BeaNAcd)+ Deg. Thus, dim Wy = dim A.q—dim B.gqNA.q—dim D g+dim B.qN D4 (at least, as long as these
dimensions are finite). Writing out the definitions of these spaces shows this expression for dim W, 4 mirrors the
formula above for persistence modules over Z, using subspaces of L. and replacing vector spaces at the beginnings
and ends of intervals by limits and colimits.
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require pointwise finite-dimensional modules, so other modules satisfying the results of this lemma

are also interval decomposable: see Remark 2.6.5 at the end of this section.
Lemma 2.6.3. If'V is pointwise finite-dimensional and ¢t N d~ # &, then

1. ifd* +# &, then A,y = ker 7., for some r € d*+

2. ift € c"Nd, then ny(L.) = im Vi<, for some s € ¢t with s < t.

Proof. For the first statement, suppose d™ # &. Choosing any r; € d*, we have 7.., = T4, © Leg,
s0 Acq = ker Loq C ker me,,. If ker Ly # ker m.,, let v € ker m.,., — ker L.q. Then since Lqq(v) #
0 in the limit L, there must be an 7, € d* with 7o < r; such that 7., (v) = Tar, (Lea(v)) # 0, s0
ker 7., C ker 7., . Since V' is pointwise finite-dimensional, this process has produced a subspace
ker 7., containing ker L.; with strictly smaller dimension than ker 7.,,. Repeating this process,
we must eventually find an r € d* with ker L.q4 = ker 7.

The proof of the second statement is based on a similar use of finite-dimensional vector spaces,
but it will require some additional steps®. For any s € ¢t with s < ¢, we have 7(L.) C im V,<;
since my = Vi<t 0 Tes, SO we must find an s so that the reverse inclusion holds. Set sy = t.
By an argument similar to the one above, there exists an s; € ¢t with s; < sq such that for all
r € ct with r < s, im Vi<g, = im Vi, <4, set Wy = im Vi, <,. Repeat to recursively define a
sequence sy > S; > Sp... in ¢ along with spaces Wy, Wy, W, ... such that W; = im Veii1<si
and W; = im V<, for all r € ¢ with r < s;,;. We can further assume that given any r € ¢™,
there is an 7 such that s; < r, since at each step of the construction, we are free to reduce s; as
long as it remains in ¢*. For each ¢ > 1, we have Vi, <,, ,(W;) = Vi<, , 0 Vi <o (Vaiy) =

Veri<sii(Ve,,) = Wiy, Thus, given any zp € Wy = imV; <, we can recursively choose

Sit+1
x; € Wi such that Vi, <, (z;) = 2,1, which implies Vi <, (x;) = ; for j > i. This allows us to
define an element [ = {l,},c.+ of the limit L.: for each r € ¢*, choose some s; such that s; < r

and set [, = V5, <,(x;). Then 7. (l) = x0, so we have shown im V;, <; C met(L,). O

2The technique used here is very similar to how we constructed the matching | J ; M; in Section 2.5.3; see Figure 2.3
there, replacing M(U;) with V;,. The key feature is a system of sets/vector spaces satisfying a Mirtag-Leffler
condition; see for instance Section I1.9 of [54], and in particular Example 9.1.2. This condition also appears in the
proof of Lemma 4.1 of [17], the paper that provided the first proof of Theorem 2.2.2.
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From here, we show the subspaces of a given V; considered in Lemma 2.6.2 provide a disjoint

set of sections. This prepares us to use Lemma 2.6.1 to produce a direct sum decomposition of V.

Lemma 2.6.4. For anyt € R, we have a disjoint set of sections of V; consisting of all sections
(Wct(BCd + Deg), 7ot (Bea + Acd)) with ¢ and d cuts such that t € ¢t Nd~. If V is pointwise

finite-dimensional, then this set of sections covers V;.

Proof. We show the set of sections is disjoint by considering cuts ¢y, dy, co,dy with t € ¢f Ndy

andt € ¢ Nd, . If ¢c; # cy, then without loss of generality ¢ N ¢, # @, so

ﬂ-clt(Bcldl + AC1d1) = Teat © Pey © wclcQ (Bc1d1 + Acldl) - 7TC2t(im 9002> - 7rc2t(BCQd2 + DC2d2)'

On the other hand, if ¢; = ¢ = ¢, then suppose d; # ds, so without loss of generality, we have
di Nd, # @. Then since Vg, = Va,dy, © Lea,» We have Aoy, = ker Log, C ker by, = Deg,,
and thus 7. (Aca,) C 7et(Deg, ). Since Beg, = im ¢, = Beg,, we further have 7. (Beg, + Acq,) C
Tet(Bea, + Dea, ). This shows the set of sections is disjoint.

We now suppose that V' is pointwise finite-dimensional and show that the set of sections covers

V;. Suppose U is a proper subspace of V; and define

¢ ={s<t|imV,«, CU}

ct={s>t}U{s<t|imVie £ U}.

Then ¢ = (¢, c¢t)isacutand t € ¢t. Next, define

d-={s<t}U{s>t|mu(L.) Nker Ve, CU}

d" ={s>t|ma(L.) Nker Vics £ U}.

Thend = (d~,d")isacutandt € d—,sot € ¢" Nd~ and (7 (Beq + Dea), Tet(Bea + Acq)) is in

the set of sections. We show 7 (Beg+ Deq) C U and 7 (Aq) € U, which will imply the covering
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property. Intuitively, ¢ and d have been constructed to find an element of V; not in U that is alive
in the interval ¢ N d~ and dead outside it.

If cc = &, then B,y = 0 and 7 (B.q) C U, so we will suppose ¢~ # &. If b € By, then
b = .0 ts(v) for some s € ¢~ and v € V. Then 7(b) = ey © @ 0 15.(v) = Viey(v) € U by
the definition of ¢~. Thus 7 (B.) C U. Next, if © € 74(Deq), then z € ker 144, s0 Vic,(x) =0
for some r € d~ with r > ¢. Then x € m+(L.) Nker Vi<, C U by the definition of d~, so we have
Tet(Deq) € U, and thus ey (Beg + Deq) C U.

Finally, we apply Lemma 2.6.3 to understand 7.;(A.q); this will be the only part of the proof
that requires V' to be pointwise finite-dimensional. By Lemma 2.6.3(2), 7. (L.) = im Vi<, for
some s € ¢t with s < ¢, so by the definition of ¢*, we have 7+(L.) € U. If d* = @, then Ly = 0
and Acqg = L, s0 Tt (Acg) = Tet(Le) € U. On the other hand, if dt # @, then by Lemma 2.6.3(1),
Acq = kerm,, for some r € dt. Then my(Ac) = ma(ker ) = ma(Le) Nker Vie, € U by the
definition of d*. We have thus shown 7.+(B.q + D) C U and 7 (Acq) € U, which implies that

the set of sections covers V. O
Finally, we use these lemmas to prove Theorem 2.2.2.

Proof of Theorem 2.2.2. Suppose V' is pointwise finite-dimensional. For any cuts c and d such that

ct Nd~ # @, we have a submodule V¢ of V' defined by

. a(Weq) ift€ctnd”
Ve

0 ift¢ctnd

and with maps in the interval ¢t Nd~ defined as the restrictions of the maps of V. By Lemma 2.6.2,
for each t € ¢t N d~, 7 restricts to an isomorphism W, = Vth. Thus, the maps of V*? in the

. _ . . -1 . .
interval ¢ N d~ are isomorphisms: Vsc<dt = T w.,) - Choosing a basis for W4, we

W.q © (ﬂ-cs
find that V¢ is a direct sum of dim W, interval modules on the interval ¢ N d~.
The module V is in fact the direct sum of the modules V¢ for all pairs of cuts (c,d) with

¢t Nd- # @. We first verify this for each t. Lemma 2.6.4 gives a set of disjoint sections of the
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form (7. (Beg + Dea), Tet(Bea + Acq)) that covers V; and Lemma 2.6.2 shows that in each case,
Tet(Bea + Aca) = Tet(Bea + Deq) @ mey(Weq). Therefore, Lemma 2.6.1 shows that V; is the direct
sum @67 4 Tet(Weq) taken over all cuts ¢ and d with t € ¢* N d~. By definition of V', we have
V, = ., V™, where now the direct sum is taken over all pairs of cuts (¢, d) with ¢c* N d~ # @.
Finally, we must check that V,<, = @67 d Vscgdt. The map V;ngt is the restriction of V<, if s and ¢
are in ¢ N d~ by definition, as well as if s € ¢~ or s € d* since then they are zero maps. So
it is sufficient to check that Vi, (V) = 0if s € ¢t Nd~ and t € d*. If v € V¥ = 7,,(W,),
then v = m.s(w) for some w € Wy C Acg = ker Leg. Then Ve (v) = Vicy(mes(w)) = ma(w) =

Tat(Lea(w)) = mg(0) = 0, as required. This completes the proof that V' = EBc, Vel O

Remark 2.6.5. The proof of Theorem 2.2.2 only requires that V' is pointwise finite-dimensional
in its use of Lemma 2.6.4, which in turn only requires the results of Lemma 2.6.3. This means the
interval decomposition found above is valid for any persistence modules that satisfy the properties
given in Lemma 2.6.3. The papers [11, 17] give more general conditions under which a persistence

module indexed by a totally ordered set are interval decomposable.

Exercises

Exercise 2.6.1. Following [11, 27], call a persistence module V' over R ephemeral if whenever
s < t, the map V<, is the zero map, and define the radical rad V' of a persistence module V' over

R to be the submodule given by
(rad V) = U im V<.

s<t

Ephemeral modules have barcodes in which all bars have length zero (that is, all bars are single-
tons), and the paper [11] formalizes the philosophy of ignoring bars of length zero by building
a category that “quotients out” ephemeral modules. This exercise builds some intuition for this

approach.

1. Show that any ephemeral persistence module is interval decomposable, where the support of
each interval module summand is a singleton. This relies on the fact (or axiom) that every

vector space has a basis.
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2. The radical of V' can equivalently be defined by colimits: show that
(rad V'), = im (colimVs — V}).
s<t

How does this relate to the colimits C,. defined in this section?

3. Show that the quotient V/(rad V') is ephemeral. Furthermore, show it is the “universal
ephemeral image of V" in the sense of the following universal property: given an ephemeral
module £ and a morphism ¢: V' — E, there exists a unique morphism ¢: V/(radV) — E

such that the following diagram commutes.
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Chapter 3

Filtrations of Spaces and Persistent Homology

Having established firm algebraic foundations in Chapter 2, we now turn to the topological
and geometric side of persistence. Our goal in this chapter is to develop the theory of persistent
homology, the primary tool of applied topology. Just as homology assigns vector spaces to topo-
logical spaces, persistent homology assigns persistence modules and their persistence diagrams
or barcodes to indexed collections of topological spaces. These collections of topological spaces
are generally constructed to embellish a single space or sample of points, which in practice can
be a dataset. If the space or dataset is viewed as the input to persistent homology, the resulting
persistence diagram or barcode is the output, providing a condensed, homological summary of the
input. We will begin by introducing parameterized collections of topological spaces and persistent
homology abstractly, then move on to specific methods of associating them to given inputs and
theoretical properties of these methods.

The primary references for this chapter include [7,9] for the classic stability results for sublevel
set filtrations and simplicial complexes, [55] for the definition of simplicial metric thickenings,
and [29, 30] for their stability. We will refer to [56] when describing connections to Morse theory
and to [16] for general definitions related to filtrations and simplicial complexes. We will end the
chapter with a section summarizing reconstruction results, relating certain simplicial complexes to

spaces on which they are built: references are provided for the theorems given there.
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3.1 Filtrations

A filtration of topological spaces over an index set R C R consists of
* atopological space X; foreacht € R
* for elements s < ¢ in R?, a continuous function X,<;: Xy — X,

such that X;<; = 1y, forall t € R and X,<; o X,<s = X,<; wheneverr < s < tin R. In
categorical terms, a filtration of topological spaces is a functor from the poset R, considered as
a category, to the category Top of topological spaces. Note the similarity to the definition of a
persistence module: viewed as functors, the only difference between a persistence module and a
filtration of topological spaces is the target category. Morphisms of filtrations and interleavings of
filtrations over R can be defined similarly to those for persistence modules. Soon we will describe
a slight generalization of interleavings that will be especially useful. Frequently, the maps X,
will all be inclusions. In this case, imagining ¢ as time, we can picture the filtration as a space
growing over time.

Let { X, };cr be a filtration and let H,, be homology? in dimension n > 0 over the field K. The
collection { H,(X}) }+cr of vector spaces then forms a persistence module over R, where the maps
are the induced maps on homology: H, (Xs<t): H,(Xs) — H,(X}). Simply put, composing the
functor X: R — Top with the homology functor H,,: Top — Vect gives a functor & — Vect.
This persistence module is the n-dimensional persistent homology module, or simply the persistent
homology, of the filtration {X;},cg. While this is well defined for any R C R, we will mostly
consider cases where R = R; we will see shortly that there are many standard ways of obtaining a
filtration indexed by R.

The term “persistent homology” also refers to the use of these persistence modules in applied
topology, which typically involves turning an input into a filtration, then into a persistent homology

module, and finally into a persistence diagram or barcode. Persistent homology is one of the most

2We will omit the field K from the notation, writing H,, (X) for the n-dimensional homology of X with coefficients
in K. In general, singular homology may always be used, but in the appropriate settings, it is more convenient to
use simplicial or cellular homology.
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important tools in applied topology, so much so that it is sometimes viewed as synonymous with
the entire field. We will see later in this chapter how filtrations can be constructed to enrich the
structure of a given space or a sample of its points, viewed as the input to persistent homology. The
persistent homology module of the filtrations records homological data from the input. In many
cases, we will be able to show that a persistent homology module is g-tame, which implies it has a
well-defined persistence diagram. This persistence diagram is then viewed as the output of persis-
tent homology. We will also describe persistent homology modules using barcodes, since in most
specific cases, our persistent homology modules will be interval decomposable. Persistent homol-
ogy can thus be understood as giving an incomplete or reductive view of a filtration, providing a
summary of its homological features.

Barcodes and persistence diagrams provide a way to view how these homological features of
a space, i.e. holes or path-connected components, evolve as the space evolves. A bar [/, u] in the
barcode tells us that an n-dimensional feature, i.e. a generator of the n-dimensional homology
vector space, persists over the interval [/, u]. Similarly, a point (z,y) in a persistence diagram
records the beginning and end of the interval this feature is present. We will say that the fea-
ture/hole/component/generator/bar is born at x and dies at y and refer to x and y as the birth and
death times. Thus, a point higher above the diagonal represents a feature that is alive longer. This
interpretation is subject to the Elder Rule, which states that if at some point in time two features
merge (for instance, if a gap fills in between two path components), then the older feature contin-
ues and the younger dies (see Exercise 2.2.1). This does not mean that a younger feature cannot
outlive an older one, just that when this happens, the older does not merge with the younger when
it dies.

The isometry theorem (Theorem 2.5.5) will give us a way to understand the persistent ho-
mology of a filtration in terms of the barcode or persistence diagram. To this end, we will want
to construct interleavings of persistent homology modules, and this is typically done following
a specific outline. Given two persistent homology modules { H,,(X})}+cr and {H,,(Y;) }tcr, we

can attempt to construct the morphisms of an e-interleaving using the induced maps of continuous
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functions f;: X; — Y . and ¢;: Y; — X,,. for all t. For the collections of induced maps to
form an interleaving, the diagrams given in Section 2.1.2 must commute. But since homotopic
maps induce equal maps on homology, it is sufficient to check that the corresponding diagrams for
the filtrations of spaces, given below, commute up to homotopy. This means any two composite
maps in a diagram starting and ending at the same spaces must be homotopic (relaxing the usual
requirement that they be equal in a commutative diagram). We will apply this technique in proofs

in both Sections 3.4 and 3.6.

Xi<tyae

Xy > Xijoe Xiye
gt Jt+e
ft Gtte
Y;ers th Yictioe > th+25
ngt Xs+5§t+£
X, > X Xoe > Xiie
ft gs
fs gt
Y, Y, Y. > Y,
ste Y€+5§t+€ t+e s YSSt t

Before moving forward with our study of filtrations, we take a moment here to consider persis-
tent cohomology, obtained by applying a cohomology functor H™ to a filtration. If { X, }cg is a fil-
tration, then because cohomology is contravariant, we have maps H" (X <;): H"(X;) — H"(Xj).
We can view this collection of maps as defining a persistence module over the opposite poset of R,
giving a contravariant persistence module. Since R with the reversed order is isomorphic to R with
the usual order, all our results on persistence modules over R apply with the appropriate changes in
directions. Since we are only considering homology and cohomology with coefficients in a field,
H™(X,) is naturally isomorphic to the dual space of H,,(X;) by the universal coefficient theorem
for cohomology (see Corollary 1I1.4.2 of [49]). Thus, the persistent cohomology module can be
obtained, up to isomorphism, by applying the dual space functor to the persistent homology mod-
ule (see Exercise 2.3.3). To consider the effect on interval-decomposable modules, we note that the

dual of an interval module is still an interval module on the same interval (albeit with maps in the
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reverse direction) and the dual of a direct sum is the direct sum of the dual spaces if the direct sum
is finite. Together with Theorem 2.2.2, these imply that a pointwise finite-dimensional persistence
module has a dual module that is interval decomposable, with the same intervals. Thus, in cases
where a persistent homology module over R is pointwise finite-dimensional, persistent homology
and persistent cohomology produce identical barcodes and persistence diagrams. While we will
use this as a justification for our focus on persistent homology, there are still sometimes reasons
to take the perspective of persistent cohomology. For instance, [57] exploits the relationship be-
tween cohomology and homotopy classes of maps to the circle. Experimentally, computations can
be performed faster using persistent cohomology [5]. Recent work has also considered the cup

product for cohomology in a persistent setting [58,59].

Exercises

Exercise 3.1.1. Just as with topological spaces, we can combine filtrations of spaces into new filtra-
tions. This exercise considers simple operations combining filtrations and their effect on persistent

homology.

1. Given an indexed family {{X}icr}aca of filtrations, we can form the filtration of the dis-

joint unions {| | _, X/ }ier, and if the filtrations are in fact filtrations of pointed spaces,

acA

we can form the filtration of wedge sums {\/,_, X/ }cr. Find the persistence module

acA
{H,(,ca Xi) }er in terms of the persistence modules {H,,(X}')}:cr. Under appropri-

ate assumptions, find the persistence module { H,,(\/,_ , X}) }+er in terms of the persistence

acA
modules { H,,(X}) };cr- What does this imply about their barcodes and persistence diagrams,
assuming they are well defined? (This will involve a specific operation on multisets; refer to

Section 1.2.3 for conventions on multisets.)

2. For any given interval-decomposable persistence module V' and any n > 1, construct a fil-
tration X such that the persistence module { H,,(X}) }+cr is isomorphic to V. This shows we

can realize any barcode as a persistent homology barcode of some filtration. What prevents
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this from being true for n = 0? Show we can also include the case of n = 0 by switching to

reduced homology.

3. Given an interval-decomposable module V" for each n € Zx, can we find a filtration X

such that { H,,(X;) }ier = V™ for all n?

Exercise 3.1.2. The “Hawaiian earring” is the space defined by

E=|J{@y) e® | (x— 1)’ +y = (2)?}.

n=1

Define a filtration by setting X; = & for ¢ < 0, setting
X;=FEU{(z,y) eR*| (z —t)> +y* < t*}

forall ¢ > 0, and letting the maps X<, be the inclusions. Show that the persistent homology mod-
ule { H;(X}) }+er is not interval decomposable (use the fact that H; (F) has uncountable dimension

and refer to Exercise 2.3.2).

3.2 Sublevel Set Persistent Homology

Let X be a topological space and let f: X — R be any function (not necessarily continuous).
A subset of X of the form f~!((—oo,t)) or f~((—o0,t]) is called a sublevel set; we can often
picture f as height, in which case a sublevel set consists of all points below a certain level. For any
s < t, we get inclusions f~!((—o00,5)) — f1((—o0o,t)) and f~!((—o0,s]) = f~1((—o0,t]),
$0 {f71((—00,1)) }+er and {f~1((—00, t]) }ser along with inclusion maps define filtrations called
the sublevel set filtrations of X with respect to f. The sublevel sets “filter” X according to f,
and in addition to picturing f as height, we may also imagine the sublevel sets growing over
time, filling in the space X. The persistent homology module obtained by applying H,, to such
a sublevel set filtration is called the n-dimensional sublevel set persistent homology of X with

respect to f. By default, we will work with sublevel sets f~!((—o0,]) defined with a closed
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interval; the results apply for the open interval as well, and from the viewpoint of persistence, the
two filtrations { f~!((—o0, t)) }ser and {f~!((—o0, t]) }1cr are essentially the same, since for any
e > 0, inclusion maps define an e-interleaving between them. This implies that, when defined,
their persistence diagrams are equal, and their barcodes will only differ on whether endpoints of
bars are open or closed.

The following theorem establishes that certain sublevel set filtrations have g-tame persistent
homology modules, which allows us to define their persistence diagrams. Notice how the finite-
ness condition in the theorem (the requirement of a finite simplicial complex) yields the finiteness

condition of g-tameness for persistence modules.

Proposition 3.2.1 (Theorem 2.22 of [27]). Suppose X is a topological space that is homeomorphic
to a finite simplicial complex and f: X — R is continuous. Then for any n > 0, the n-dimensional
sublevel set persistent homology module of X with respect to f is g-tame and thus has a well-

defined persistence diagram.

Proof. Let X; = f~'((—o0, t]) for each t. We will suppose X is a finite simplicial complex, which
implies it is compact and metrizable, and we will assume it has been given a metric. Given any
s < tin R, we must show that the map H,,(X;) — H,(X;) induced by the inclusion map is of finite
rank. The preimages f~'(s) and f~!(¢) are disjoint closed sets and are thus compact, so the dis-
tance between them is positive. Thus, by subdividing X as many times as needed, we can assume
no simplex intersects both f~!(s) and f~1(¢). Letting Y be the union of the simplices that intersect
X, we have inclusions X, <— Y — X, which induce maps H,,(X,) — H,(Y) — H,(X}). Since
Y is a finite simplicial complex, H, (Y") has finite dimension, so the map H,(X;) — H,(X;) has

finite rank. ]

The persistence diagram of the n-dimensional sublevel set persistent homology of X allows us
to view the n-dimensional holes in X as it s filtered by f. A point (x, y) in the persistence diagram
represents a hole formed at time x that is filled in at time y. If f is bounded above by some r € R,
then X; = X for all £ > r, so the collection of persistent homology bars alive after r indicate the

homology of the full space X.
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The following theorem is our first in a set of results known all referred to as the stability of
persistent homology. These results capture a desirable property of persistent homology in the set-
tings of various input spaces and filtrations: a change to the input produces at most a proportional
change to the persistence diagram. In practical settings, the change to the input can be interpreted
as an amount of error or noise in a dataset, so these theorems imply that adding a small amount of
noise produces a small change to the persistence diagram. In our current case, the change to the
input will be a change to the function defining a sublevel set filtration on a fixed space. This change

will be measured by the norm || - || on the set of real-valued functions on a space X, defined by

£l = supsex [f(2)]-

Theorem 3.2.2 (Stability of Sublevel Set Persistent Homology [7]). Let X be a topological space
and suppose f and g are two real-valued functions on X such that the associated n-dimensional
sublevel set persistent homology modules are g-tame. Then letting D and D, be their persistence
diagrams,

dp(Dy, Dg) < || = glloc-

Proof. The result holds if || f — g||c = 00, so suppose || f — gl| is finite. Let X; = f~((—o0,])
and let X, = g~'((—oc,t]) for each ¢, and let ¢ = ||f — gloo. If 2 € X,, then g(z) < f(z) +
e < t + ¢, so we have inclusion maps X; — )?HE for all . Similarly, we have inclusion maps
X, < Xite. Applying H,,, we get a e-interleaving of persistent homology modules, so the result

follows from Theorem 2.5.5. O]

3.2.1 Connections to Morse Theory

Those familiar with Morse theory may be able to recognize its connection with sublevel set
persistent homology. Both examine the topology of a space through sublevel sets, and in fact, the
main theorems of Morse theory translate into statements about the sublevel set persistent homology
of manifolds. In what follows, we will assume a basic knowledge of Morse theory and cover the
connections to persistent homology; see [56, 60] for the relevant results of Morse theory. Here we

will use cellular homology, described, for instance, in [61].
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For the remainder of this section, let M be a differentiable manifold, let f: M — R be a
Morse function, and let M; = f~!((—o0,t]) for all ¢. Each result below will assume M; is com-
pact for all ¢; note that this is satisfied automatically if M is compact, since each M, is a closed
subset of M. Under this assumption, f attains a minimum value, so that M, is empty for ¢ less
than this minimum. Furthermore, this minimum is attained at a critical point of index 0. We will
rely on the following characterization of critical points of f: the set of critical points of f con-
tained in any M, is closed and therefore compact, and since the critical points of a Morse function
are isolated, compactness implies there are finitely many. We start by establishing the existence
of persistence diagrams by showing the sublevel set persistent homology modules are pointwise
finite-dimensional. A finiteness condition on the manifold, the compactness of the sublevel sets, is

what implies this finiteness condition on the persistence module.

Proposition 3.2.3. If M, is compact for all t and n > 0, the persistence module { H,,(M,) }1cr is

pointwise finite-dimensional and thus has a well-defined barcode and persistence diagram.

Proof. The proof of Theorem 3.5 of [56] shows that as long as ¢ is not a critical value of f,
M; is homotopy equivalent to a CW complex with one cell for each critical point of f in M,.
The CW complex thus has finitely many cells, so H,,(M,) has finite dimension. Furthermore,
Remark 3.4 of [56] shows that if ¢ is a critical value of f, then M, is a deformation retract of M, .
for some sufficiently small £ > 0, so in this case H,,(M,) still has finite dimension. This shows the
persistence module { H,,(M;) };cr is pointwise finite-dimensional. By Theorem 2.2.2, it is interval

decomposable, so it has a well-defined barcode and persistence diagram. [

Theorem 3.2.4. Suppose M, is compact for all t, and for any n > 0, let V' be the persistence
module {H,(M,)}icr. Then any bar in bar(V') is of the form [z,y), where x is a critical value
of f corresponding to a critical point of index n, and y either is 400 or is a critical value of f

corresponding to a critical point of index n + 1.

The same characterization applies to points (x, y) of dgm(V), but the statement of the theorem
in terms of the barcode is slightly stronger: it specifies that each bar has a closed left endpoint and

an open right endpoint.
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Proof. By Theorem 3.1 of [56], an inclusion map M, — M, is a homotopy equivalence if there is
no critical value of f in [s, ], so endpoints of bars must occur at critical values of f. Furthermore,
by Remark 3.4 of [56], if ¢ is a critical value of f, then the inclusion M; — M, . is a homotopy
equivalence for all sufficiently small € > 0, so each bar has a closed left endpoint and an open
right endpoint. Following the proof of Theorem 3.5 of [56], the homotopy type of each M; is a
CW complex, where a change in homotopy type occurs when ¢ reaches critical values of f. An
n cell is added for each critical point of index n, so by cellular homology, an H,, bar can only be
born at the critical value of a critical point of index n and can only die at the critical value of a

critical point of index n + 1. [

Theorem 3.2.4 reinterprets the ideas of Morse theory in terms of persistent homology, showing
that the persistent homology bars are connected to the critical values of f. This provides us with
another interpretation of sublevel set persistence that may resonate with those who have previously
learned Morse theory: sublevel set persistent homology generalizes the approach of Morse theory
beyond the setting of differentiable manifolds to consider arbitrary topological spaces and func-
tions (this perspective dates back to early in the history of persistent homology; for instance, see
Section 2 of [7]). In this general setting, endpoints of persistent homology bars represent general-
ized “critical values,” at which the topology of the sublevel set filtration changes. The birth time
of an H,, bar indicates the formation of an n-dimensional hole, which arises in the Morse-theoretic
setting by attaching an n-cell. The death of this H,, bar corresponds to the hole being filled in,

which is achieved in the Morse-theoretic setting by attaching an (n + 1)-cell.

Exercises

Exercise 3.2.1. Suppose X is a filtration of topological spaces over R such that each map X,<; is
an embedding. Show that there exists a sublevel set filtration Y of some topological space such that
X is e-interleaved with Y for any € > 0 (as a first step, show that X is isomorphic to a filtration
in which every space is a subset of some fixed topological space Z and all maps are inclusions).

Compare this to Exercise 3.3.1, which gives a similar result.
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3.3 Filtrations of Simplicial Complexes

In this section, we work with some of the most important types of filtrations used in applied
topology, in which the topological spaces are all simplicial complexes and the maps are simplicial
maps; any filtration defined this way is a filtration of simplicial complexes, also called a filtered
simplicial complex. In many cases, these simplicial maps are in fact all inclusions, so this is
sometimes assumed when defining filtrations of simplicial complexes. We will assume the basic
facts of simplicial complexes, as developed in [62], for instance. By default, the topology of
a simplicial complex will mean the coherent topology (also called the weak topology, the final
topology, or the colimit topology), in which a set is open if and only if its intersection with each
simplex is open. We will not explicitly distinguish between a simplicial complex and its geometric
realization; context should always make it clear whether we are discussing a simplex as a finite set
of vertices or as a geometric simplex homeomorphic to one in Euclidean space.

Just as simplicial complexes provide a useful setting for homology, filtrations of simplicial
complexes provide a useful setting for persistent homology. Simplicial complexes are a funda-
mental tool in applied topology because they allow for concrete, combinatorial descriptions of
topological spaces, and it is straightforward to construct simplicial complexes on datasets arising
in applications. Furthermore, simplicial complexes come with the practical technique of simplicial
homology, which makes it possible to compute homology in applications. Simplicial homology
with field coefficients and finite simplicial complexes reduces to matrix computations, and this
in turn has led to algorithms that can compute persistent homology for a filtration of simplicial
complexes [1,5,16]. We will also see that simplicial complexes provide a useful setting for theo-
retical aspects of persistent homology: this will be exemplified in Section 3.4 by one of the most
important results in the area, the stability of persistent homology for certain filtrations of simplicial
complexes.

From a practical perspective, the various filtrations of simplicial complexes considered below
provide ways to associate additional topological structure to discrete sets of points, such as those

arising in applications. We will build simplicial complexes that connect points that are sufficiently
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close together, thereby approximating the shape outlined by the initial set of points. This leads to
not just a single simplicial complex, but a filtration, where the interpretation of “sufficiently close”
is controlled by the parameter. In some cases, we may hypothesize that the original set of points
is sampled from some underlying space, in which case the simplicial complexes are an attempt to
reconstruct that space.

From a theoretical perspective, these complexes can be defined for any metric space, including
those that have infinitely many points and are not discrete. They will play a prominent role in
Section 3.4 when we compare the topological features of two metric spaces that are close to each

other (in a distance we will define there).

3.3.1 Vietoris—Rips Complexes

We now come to our first method of constructing filtrations of simplicial complexes. If (X, dy)

is a metric space, define the Vietoris—Rips simplicial complexes of X by
VR<(X;r) = {{:Cl, T C€X | diam({:cl, o ,xn}) < r}

VR (X;r) = {{xl,...,xn} C X | diam({z1,...,2,}) < r}.

Here diam indicates the diameter of a set of points in a metric space, the supremum of distances
between pairs of points in the set; the condition diam({xl, e ,xn}) < r is often rewritten as
dx(z;,z;) < rforalliand j. VR<(X;r) is the Vietoris—Rips complex with the < convention,
and VR (X;r) is the Vietoris—Rips complex with the < convention. The variable r € R is called
the scale parameter or simply the parameter. Vietoris—Rips complexes provide the most straight-
forward notion of “connecting nearby points,” since a simplex is formed out of any finite collection
of points that are pairwise close, as measured by r. In fact, since the complex is determined by
a condition on pairs of points, the entire complex can be determined once the 1-simplices have
been determined: viewing the 1-skeleton as a graph, each clique in the graph becomes a simplex.

For this reason, Vietoris—Rips complexes are examples of clique complexes on graphs. Note that
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VR<(X;r)isempty forr < 0and VR (X; r) is empty for r < 0, as the diameter of any nonempty
set of points in X is at least 0. Furthermore, if X is bounded, then VR<(X;r) is contractible for
r > diam(X) and VR (X;r) is contractible for » > diam(X): in these cases, all finite subsets
are simplices, so a straight line homotopy can be used to contract the simplicial complex to any
vertex.

We have inclusions VR<(X;7) < VR<(X;r) whenever r; < g, so the collection of
all VR<(X;r) and inclusion maps forms a filtration, which we write as VR<(X;_) or simply
VR<(X). Similarly, for the < convention, we get a filtration denoted VR (X; _) or VR (X).
Applying homology H,, gives persistence modules H,(VR<(X)) and H,(VR-(X)), either of
which may be referred to as the Vietoris—Rips persistent homology of X. We will see soon (in
Proposition 3.4.5) that these persistence modules have well-defined persistence diagrams under
reasonable conditions.

Many results we will state about Vietoris—Rips complexes apply to both the < and < conven-
tions. To be able to discuss both concisely, we will adopt the convention, used for instance in [55],
of writing VR(X;r) or VR(X) whenever either convention can be used, with the understanding
that the choice of convention must be applied consistently throughout a statement or proof. As with
sublevel set persistence, the choice of convention is negligible from the viewpoint of persistence:
for any € > 0, inclusion maps give an c-interleaving between VR (X') and VR<(X). This implies
equal persistence diagrams and barcodes that differ at most at endpoints of bars, as long as they
are defined. We will see other examples of filtrations with < and < conventions in the following
sections: these properties apply verbatim to them as well.

In addition to the inclusions VR(X; r;) < VR(X; ) for r; < ry, we can also consider maps
that arise by changing the metric space rather than the scale parameter. If Y is a subspace of X,
we have natural maps VR(Y';r) < VR(X;r) for all r; these are the simplicial maps induced by
the inclusion Y — X. More generally, any 1-Lipschitz map Z — X of metric spaces induces
simplicial maps VR(Z;r) — VR(X;r). Using these maps, the Vietoris—Rips filtration can be

considered as a functor from the category consisting of metric spaces and 1-Lipschitz maps to the
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category of filtered simplicial complexes, defined as the category of functors from the poset R to

the category of simplicial complexes and simplicial maps.

Example 3.3.1. For certain spaces, Vietoris—Rips complexes can be identified with combinatorial
approaches: we give a motivating example here. Let X be the vertices of a cyclic graph on 2n
vertices with n > 2. Define a metric on X by letting dx (v, v2) be the length of the shortest path
between v; and v,. We find VR<(X; r) for some values of r; these results could easily be adjusted
to use the < convention as well. For r € [0, 1), the only simplices of VR<(X; ) are the vertices,
so VR<(X; ) is a discrete space of 2n points. For r € [1, 2), the only additional simplices are the
edges between adjacent vertices, so we find VR<(X; ) is the cyclic graph itself, homeomorphic
to S1. For r € [2,3), we start to distinguish between the various n. Forn = 2 and r € [2,3),
VR<(X; ) is the entire tetrahedron and is thus contractible. For n = 3 and € |2, 3), the maximal
simplices consist of all triangles on three consecutive vertices and the two triangles with vertices at
alternating points; VR<(X;r) is then homeomorphic to the boundary of an octahedron, and thus
to S% Forn > 4 and r € [2,3), the maximal simplices are just the triangles on three consecutive
vertices, 0 VR<(X;7) & St x I.

Finally, we consider € [n — 1,n). In this case, every vertex is within 7 of all other vertices
except the one opposite it, so 0 C X is in VR<(X; ) if and only if o contains no pair of opposite
vertices. This allows us to identify the maximal simplices: they are the simplices consisting of n
vertices, with exactly one chosen from each pair of opposite vertices. This becomes a recognizable
shape when realized in R": letting e, ..., e, be the standard unit vectors, we will let our vertices
be the 2n points *+e;, ..., £e,. Identify each pair +e; with a pair of opposite points in the cyclic
graph, so that the maximal simplices are of the form {+e, ..., +e,}, where all the signs can be
chosen independently. The simplicial complex formed is the boundary of the cross-polytope: it
is the boundary of a square in R?, the boundary of an octahedron in R? (we observed this case
directly above), and in general is homeomorphic to an (n — 1)-sphere in R™. Therefore, we have

VR<(X;7) = S"forr € [n—1,n).
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The cross-polytope also appears for certain other symmetric vertex sets in which each vertex
has a corresponding “opposite” vertex, for instance, the set of 2" vertices of an n-dimensional
hypercube. While we have considered the simplest scale parameters here, the homotopy types of
Vietoris—Rips complexes of cyclic graphs are known at all scale parameters [63]. This inspired
work on the infinite version of the problem: the homotopy types of the Vietoris—Rips complexes of
the circle S* were found in [64], and we will study related spaces in Chapter 4. The Vietoris—Rips

complexes of hypercubes, on the other hand, are still unknown for many scale parameters [65].

3.3.2 Cech Complexes

Here we consider another approach to building simplicial complexes on top of a metric space.
There are two closely related families of Cech simplicial complexes, and both also come with a
choice between a < or a < convention. Let (X, dx) be a metric space. Define the intrinsic Cech

simplicial complexes of X by

Ce(X;r) = {{xl,...,xn} C X | forsome c € X, dx(z;,c) < r for allz’}

Co(X5r) = {{:cl,...,:cn} C X | forsome ¢ € X, dx(x;,c) < r for allz’}.

Again, we have inclusions C<(X;71) = C<(X;75) and Co(X;71) < Co(X;7y) when r; < 7,
so the collections of simplicial complexes and inclusion maps define filtrations denoted C< (X;_)
and C.(X;_), or more simply C<(X) and C(X). We will follow the same convention as for
Vietoris—Rips complexes, writing C(X;7) and C(X) in cases where either convention may be
used, when applied consistently. Each simplex in a Cech complex is a finite collection of points
that fits inside some ball of radius 7 in X. For a simplex {z,...,2,} € C<(X;r),any ¢ € X such
that d(z;,c) < r for all i is called an r-center, or simply a center, for the simplex, and similarly
for simplices of C_(X ;). Similarly to the Vietoris—Rips complexes, C< (X ;) is empty if r < 0
and C_(X;r) is empty if r < 0. If X is bounded, then C<(X;7) is contractible if 7 > diam(X)

and C_(X;r) is contractible if » > diam(X), since in these cases all finite subsets are simplices.
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As with Vietoris—Rips complexes, we also have natural maps C(Y;r) — C(X;7)if Y C X and
more generally, any 1-Lipschitz map f: Z — X between metric spaces induces natural simplicial
maps C(Z;r) — C(X;7).

Cech complexes and Vietoris—Rips complexes both contain simplices meeting a size re-
quirement, and we can compare these two requirements. If {zy,...,2,} € VR<(X;r), then
{x1,...,2,} € C<(X;r), since any x; is an r-center for the simplex. On the other hand,
if {zy,...,2,} € C<(X;r), then there is a center ¢ such that dx(z;,c¢) < r for all i, so
dx(z;,z;) < 2r for all 7,7 and thus {zy,...,2,} € VR<(X;2r). The same arguments apply

with < in place of <, so with either convention, we have the following relationships:

VR(X;r) C C(X;r) C VR(X;2r).

Example 3.3.2. As in Example 3.3.1, let X be the vertices of a cyclic graph with 2n vertices
with n > 2, and give X the shortest path metric. We find the Cech complexes CS(X ;1) for
some simple scale parameters. In such finite metric spaces, the Cech complexes can be identified
by finding the r-ball centered at each point. For r € [0,1), C<(X;7r) is a discrete space with
2n points. For r € [1,2), the maximal simplices are the triangles formed by three consecutive
vertices; if n > 3 then C<(X;r) is homeomorphic to a cylinder S* x I, but if n = 2, then the
four triangles form the boundary of a tetrahedron, making CS(X ;1) homeomorphic to S?. This
behavior in fact generalizes: for alln > 2 and r € [n — 1,n), an r-ball centered at a point contains
all but the opposite point. Since these form the maximal simplices, CS(X ;) is homeomorphic
to the boundary of a (2n — 1)-simplex, so C<(X;7) 2 S?*~2. As in the Vietoris—Rips case, this
same technique may be applied to other symmetric X in which each point has a corresponding
“opposite” point. The homotopy types of Cech complexes of cyclic graphs are known at all scale

parameters [66].

The Cech complexes C(X ;) are instances of a more general type of simplicial complex. Given

any topological space X and a collection i/ = {U,},c; of subsets, the nerve complex or more
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simply the nerve of U is the simplicial complex NI/ that has the finite subset 0 C .J as a simplex if
and only if N;c,U; is nonempty. In general, we will allow the U; to be arbitrary subsets of X, but
in some settings it can be helpful to require that / be an open cover. To obtain Cech complexes
from this construction, fix r > 0, let (X, dx) be a metric space, let J = X, and for each z € X,
let U, = {y € X | dx(z,y) < r}. Then N,c,U, # @ if and only if there exists a ¢ € X such
that dx (x,c) < r forall 2 € o, so we have NU = C(X;r). Similarly, we can obtain C_(X;7)
for any » > 0 by replacing all instances of < with <. This is a helpful point of view because any
results applying to nerve complexes in general apply to Cech complexes. In particular, we will
briefly mention in Section 3.8 how a well-known result for nerve complexes, the nerve theorem,
implies that C(X; ) is homotopy equivalent to X in certain cases.

The Cech complexes considered so far are called “intrinsic” because any center for a simplex
is required to be in X. However, if X sits inside some larger metric space, we could instead allow
the center to be in the larger space. For instance, X could be a finite set of points in R and we
could allow any ball of radius r in R". Generalizing a little further, let . and W (“landmarks”
and “witnesses”) be subsets of an ambient metric space X. Define the ambient Cech simplicial

complexes by

Co(L,W;r) = {{xl, ...,x,} C L | for some w € W, dx (z;, w) < r for alli}

C(L,W;r)= {{xl, oz CL | for some w € W, dx (z;,w) < r for alli}.

We get the analogous filtrations C< (L, W) and C_(L, W) from the inclusion maps, and as for the
previous complexes, we write C(L, W;r) and C(L, W) in cases where either convention can be
used, when applied consistently. Like intrinsic Cech complexes, the ambient Cech complexes are
examples of nerve complexes: for instance, C (L, ;) is the nerve complex of the collection of
open sets of the form {w € W | dx(z,w) < r} forall 2 € L. Intrinsic Cech complexes are in fact

special cases of ambient Cech complexes: for any metric space X, we have C(X;r) = C(X, X;r).
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Exercises

Exercise 3.3.1. Given a filtration X of simplicial complexes over R C R such that every X <; is an
injective simplicial map, show that there is a set S and a filtration of simplicial complexes Y such
that every Y; has a vertex set contained in S, every map Y, is an inclusion, and Y is isomorphic

to X. Compare with Exercise 3.2.1, which gives a similar result for sublevel set filtrations.

Exercise 3.3.2. Show that Vietoris—Rips and Cech filtrations of simplicial complexes can be de-

scribed as sublevel set filtrations for appropriate spaces and functions.

Exercise 3.3.3. The definitions of Vietoris—Rips and Cech complexes can in fact be applied to any
extended pseudometric space; this exercise shows we lose very little by restricting our attention
to metric spaces. Recall from Section 1.2.1 that for any extended pseudometric space X, we have
a quotient map gx: X — @Q(X) that identifies points at distance 0, making Q(X) an extended

metric space.
1. Show that there are homotopy equivalences VR(X;7) ~ VR(Q(X); r) that are natural in r.
2. Show that VR(Q(X); ) is the disjoint union of Vietoris—Rips complexes of metric spaces.
3. What do these results imply for the persistent homology of VR(X)?

4. Verify that the same results hold for Cech complexes.

Exercise 3.3.4 (The Vietoris—Rips complex of a tree is contractible [63,67,68]). Let T" be a tree
with vertex set X, and define a metric on X by letting dx (z1, x2) be number of edges in the unique

path from z; to x5 in 7. Show that VR< (X ;) is contractible for any r > 1.

3.4 Stability of Persistent Homology for Simplicial Complexes

We are now almost ready to prove a fundamental result for Vietoris—Rips and Cech complexes,
the stability of their persistent homology. Roughly speaking, we will show that if two metric spaces
are close, in an appropriate sense, then the persistence diagrams for their Vietoris—Rips or Cech

persistent homology are close in the bottleneck distance. This will require some notion of distance
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between two metric spaces; the distance that is useful in the setting of Vietoris—Rips and intrinsic

Cech complexes is the Gromov—Hausdorff distance, which we describe now.

3.4.1 The Gromov-Hausdorff distance

The overarching idea of what follows is to consider functions between a pair of metric spaces
that do not alter distances too much. While we will mainly be interested in metric spaces, the
definitions are simple to state in the more general setting of extended pseudometric spaces (see
Section 1.2.1). If (X, dx) and (Y, dy) are extended pseudometric spaces and f: X — Y is any

function (not necessarily continuous), define the distortion of [ by

dis(f) = sup }dx(xh@) — dY(f(ml)af(@))L

xr1,72€X

and given another (not necessarily continuous) function g: Y — X, define the codistortion of f
and g by

codis(f,g) = sup ]dx(:mg(y)) — dY(f<x)>y)|'

rzeX,yeYy

The definition of distortion can be generalized to relations & C X X Y by setting

dis(R) = sup |dx(z,2) —dy(y,9)|.

(z,y),(z',y")ER

In this section, we will be interested in the case where the relation is a correspondence, that is, a
subset C' C X x Y that projects surjectively onto both X and Y (see Section 1.2.2 for background).

To develop a notion of distance between spaces, we can begin with the simple setting in which
both are subspaces of some ambient extended pseudometric space (X, dy ). The Hausdorff distance

between two subsets of X is written d, or di when the space X is understood, and is defined*

In order to give concise definitions that are valid for the empty set, we will establish the following conventions,
which can briefly be described as taking suprema and infima in the interval [0, +0c]. When we write the supremum
of a set generally consisting of distances or absolute values, in the cases where that set is empty, the supremum
will be defined to be 0. For instance, the distortion of a function f: @ — Y is 0. The infimum of the empty set
will always be 400 (this is one reason extended pseudometrics are a convenient setting here). Alternately, one can
restrict the definitions of distances to nonempty sets, although this is unnecessary.

92



dﬁ(Aa B) = mnax {Sude(av B)a Sude(bv A)} )

acA beB
where dx (z, A) = inf,ca dx(z,a) is the distance from a point x € X to a subset A C X. The
Hausdorff distance forms an extended pseudometric on the set of subsets of X.

To extend this idea to define a distance between two unrelated extended pseudometric spaces
(X,dx) and (Y, dy ), we can imagine embedding X and Y into a common extended pseudometric
space Z, and considering their Hausdorff distance as subsets of Z. In general, this could produce
many different distances, so we will ask for an “optimal” way to perform this embedding by taking
the infimum of this Hausdorff distance over all possible Z and all isometric embeddings of X and
Y into Z. This defines the Gromov—Hausdorff distance [69] between X and Y. The unwieldy
idea of taking an infimum over such a large collection of possible embeddings is made simpler
when we realize that the only relevant information obtained from the embedding is found in the
images of X and Y. We thus get an equivalent definition if we take an infimum over all possible
extended pseudometrics on the disjoint union X LI'Y that restrict to dx on X and dy on Y. This
gives our first definition of the Gromov—Hausdorff distance in the proposition below. The other
two definitions, observed in [70], show that the Gromov—Hausdorff distance can be conveniently
rephrased in terms of functions or correspondences, removing the need to consider the larger space

X UY. The third definition, based on functions, is the one we will use most often.

Proposition 3.4.1 (Definitions of the Gromov—Hausdorff distance). The following are three

equivalent definitions of the Gromov—Hausdorff distance between extended pseudometric spaces

(X, dx) and (Y, dy)

1. dgy(X,Y) =inf, dguy’d) (X,Y), where the infimum is taken over all extended pseudomet-
rics d on X UY that restrict to dx and dy on X and Y and dguy’d) is the Hausdorff distance

in(XUY,d)

2. deu(X,Y) = 5infc dis(C), where the infimum is taken over all correspondences C C

X xY
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3. den(X,Y) = §infy, max {dis(f), dis(g), codis(f, g) }, where the infimum is taken over all

pairs of (not necessarily continuous) functions f: X — Y and g: Y — X.

The following proof assumes that X and Y are nonempty; the degenerate cases with one or

both sets empty can be handled with small adjustments or checked directly from the definitions.

Proof. The three definitions involve infima over correspondences C, pairs of functions f and g,
and extended pseudometrics d meeting the descriptions above. Any one of these can be used to

define instances of the others as follows.

1. Given f and g, we get a correspondence C' = {(z, f(z)) | z € X} U{(9(y),y) | y € Y}
that satisfies dis(C') = max{dis(f), dis(g), codis(f, g)}.

2. Given d, for any ¢ > 0, we can choose functions f: X — Y and g: ¥ — X such that
d(z, f(x)) < dﬁf“’d) (X,Y)+eforallz € X and d(g(y),y) < d(}fu"d)(x, Y') + ¢ for all
y € Y. Then 1 max {dis(f),dis(g), codis(f,g)} < df,ff“y’d) (X,Y) +e.

3. Given C, define d on X LI'Y by letting d agree with dy and dy on X and Y and setting
d(,y) = d(y,x) = infyyeoldx (z,7') + dy (y,y)) + 3dis(C). Then dif " (X, Y) <
$dis(O).

We check below that the d defined in item 3 is in fact an extended pseudometric. Assuming
this for now, taking the infimum in each of the cases above and letting £ approach 0 in the second
gives the inequalities

: irclf dis(C') < 3 inf max {dis(f), dis(g), codis(f, g)} < igf dg(uy,d) (X,)Y) <

f.g

1 1 - .
= sinfd .

5 21 is(C)
These infima are therefore equal, which proves the three definitions of the Gromov—Hausdorff
distance are equivalent.

To check that the d defined in item 3 is in fact an extended pseudometric, we first note that

it is nonnegative and symmetric by definition, so we just need to check the triangle inequality.
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The triangle inequality holds for any three points in X or any three points in Y, as d restricts
to the extended pseudometrics dx and dy in these cases. Thus, we consider points 1,z € X
and y € Y; the case of two points in Y and one in X is analogous. For any (z/,y') € C, we
have dx (x1,2") + dy (y,y') < dx(x1,22) + dx(z2,2") + dy(y,y’). Taking the infimum over all

(«',y") € C, first on the left side and then on the right, gives

inf(dx (z1,2") +dy(y,y)) < dx (21, 22) + inf(d(z2, 2") + dy (y, 7))

Thus d(x1,y) < d(x1,z2) + d(xe,y), so the triangle inequality is satisfied in this case. Bounding

d(x1,x2) instead, given any (2',v'), (2", y") € C, we have

dx (1, 70) < dx(x1,2') + dx (2, 2") + dx (2", xs)
<dx(xy,2") +dy(y,y") + dis(C) + dx (2", x2)
<dx(z1,2") +dy(y,y) +dy(y,y") + dis(C) + dx (2", x2)

= (dx(z1,2") + dy(y,y') + 3dis(C)) + (dx (2", z2) + dy (y,y") + 3dis(C)).

Taking the infimum gives d(z1,x2) < d(x1,y) + d(y, z2), so the triangle inequality is satisfied in

this case as well. O]

Example 3.4.2. A simple but useful illustration of the Hausdorff and Gromov—Hausdorff distances
appears when approximating a metric space by a subset. Let (X, dx) be a metric space and let Y’
be an e-sample of X, that is, a subset such that for every x € X, there is a y € Y satisfying
dx(x,y) < €. The sample Y can be thought of as a metric space approximation of X, accurate to
within distances of €. The Hausdorff and Gromov—Hausdorff distances agree with this intuition:
we will show that d(X,Y) < e and dgy(X,Y) < e.

For the Hausdorff distance, we have dx(z,Y) < ¢ for all x € X and dx(X,y) = 0 for
ally € Y, sody(X,Y) < e. For the Gromov-Hausdorff distance, we have a choice of three

definitions given by Proposition 3.4.1; in this case, the definition based on correspondences gives
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a particularly simple approach. Define C' C X x Y by

C={(y) | dx(z,y) <e}.

We have (y,y) € C forall y € Y, and every x € X occurs in some pair in C' because Y is
an e-sample; thus, C' is a correspondence. The definition of C' implies dis(C') < 2e, so we find

dGH(X7 Y) S E.

3.4.2 Proof of Stability

We now move on to prove the stability of persistent homology for Vietoris—Rips and Cech com-
plexes. The following two lemmas capture the key feature of Vietoris—Rips and Cech filtrations:
small Gromov—Hausdorff distances between metric spaces produce proportionally small interleav-
ings between their persistent homology modules. The methods used in these lemmas and in the
remainder of the section are largely based on those in [9]. In the following proofs, we let the

inclusion VR(X;7) < VR(X;r2) be denoted by VR(X ;7 < 13).

Lemma 3.4.3 (Vietoris—Rips complex interleaving, Lemma 4.3 of [9]). Suppose X and Y are
metric spaces and € > 2dgy(X,Y). Then for any n > 0, the persistent homology mod-
ules H,(VR(X)) and H,(VR(Y)) are e-interleaved, and thus d;(H,(VR(X)), H,(VR(Y))) <
2dar(X,Y).

Proof. By definition of the Gromov—Hausdorff distance, there exist functions f: X — Y and
g: Y — X such that dis(f) < ¢, dis(g) < ¢, and codis(f, g) < €. If o € VR(X; r), then because
dis(f) < e, the diameter of f(c) in Y is less than r + ¢, so f(o) € VR(Y;r + ¢). Therefore f in-
duces natural simplicial maps f,.: VR(X;7) — VR(Y;r+¢) forall » € R, and similarly g induces
maps ¢,: VR(Y;7r) — VR(X;r + ). Applying the functor H,, gives morphisms of persistence
modules H(VR(X;_)) - H(VR(Y; _+¢))and H(VR(Y;_)) = H(VR(X;_+¢)). To show that
these form an e-interleaving, we just need to show that H,, (g, o f,) = H,(VR(X;7r <1+ 2¢))

and H,(fr4c 0 9,) = H,(VR(Y;r < r + 2¢)) for all r; we will show the first of these, and the
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second is similar. We apply the method outlined at the beginning of this chapter: it is enough
to show g,.. o f, ~ VR(X;r < r + 2¢) since homotopic maps induce equal maps on ho-
mology, and we will use a straight-line homotopy. Recalling that VR(X;r < r + 2¢) is the
inclusion map, it is enough to check that for any simplex {xy,...,z,,} in VR(X;r), the union
{9(f(x1),.. . g9(f(zm)} U{x1,. .., 2n} is asimplex in VR(X; r + 2¢), since then the straight-
line homotopy is well-defined and continuous. Both {g(f(z1)),...,9(f(x))} and {z1, ..., 2}
are simplices in VR(X; r + 2¢) and thus meet the diameter requirement, so it is sufficient to show

dx(xi,g(f(z;))) < r+ 2 forall i and j. Applying the fact that codis(f, g) < €, we have

dx(vs,9(f (7)) < dy(f(z:), f(7;)) +e <7+ 2,

where the final inequality uses the fact that { f(z1), ..., f(z;,)} is a simplex in VR(Y;r 4+ ¢). O

Lemma 3.4.4 (Cech complex interleaving, Lemma 4.4 of [9]). Suppose X and 'Y are metric spaces
and ¢ > 2dgy(X,Y). Then for any n > 0, the persistent homology modules H,(C(X)) and
H,(C(Y)) are e-interleaved, and thus d;(H, (C(X)), H,(C(Y))) < 2dau(X,Y).

Proof. The overall proof technique is the same as in the Vietoris—Rips case of Lemma 3.4.3, so
using the same f and g from that proof, we just need to check that f and g induce natural simpli-
cial maps on the Cech complexes and that the final straight-line homotopy applies in the Cech
complexes as well. To check that f induces simplicial maps C(X 1) = C(Y;r + ¢), sup-
pose that {x1,...,x,,} is a simplex in C(X;7) with r-center c. Then f(c) is an (r + )-center
for {f(z1),..., f(zn)} in Y, since for each z; we have dy (f(x;), f(c)) < dx(z;,¢c) + ¢ <
r+e. Thus, {f(z1),..., f(zm)} is a simplex in C(Y;7 + €), so we obtain the necessary sim-
plicial maps. To validate the final straight-line homotopy, we must find an (r + 2¢)-center for
{9(f(z1)),...,9(f(xm))yU{z1,..., 2y} The original center c is sufficient, since for any z;, our

bound on codistortion gives

dx(g(f (1)), ¢) < dy(f(x:), f(c)) +& <7+ 2.
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]

These results have shown that Vietoris—Rips and Cech persistent homology are stable in terms
of the interleaving distance: in each case, a small change in the input metric space results in a small
change in the persistence modules. In light of the isometry theorem (Theorem 2.5.5), the same
bounds apply to the bottleneck distance between persistence diagrams, as long as the diagrams are
defined. The following lemma will show that we get well-defined persistence diagrams for totally
bounded metric spaces. Note the connection between the finiteness condition on metric spaces and

the finiteness condition on persistence modules.

Proposition 3.4.5 (Proposition 5.1 of [9]). If (X, dx) is a totally bounded metric space, then for
any n > 0, the persistent homology modules H,(VR(X)) and H,(C(X)) are g-tame and thus

have well-defined persistence diagrams.

Proof. We will prove the result for H,(VR(X)); the method is the same for H,(C(X)) with
Lemma 3.4.4 in place of Lemma 3.4.3 below. We will interleave H,, (VR (X)) with the persistent
homology module of a finite sample. For any € > 0, since X is totally bounded, there exists a
finite ' C X such that each element of x is within i of some element of F', and we will give F’
the metric inherited from X. Define f: X — F by letting f(z) be the element of F' closest to z,
breaking ties arbitrarily. Letting g: F* — X be the inclusion, we have dis(g) = 0, dis(f) < 3,
and codis(f,g) < 5, s0 dgu(X,F) < §. Thus, by Lemma 3.4.3, H,(VR(X)) and H,(VR(F))
are c-interleaved. Choosing an e-interleaving, for each r € R, the map H,(VR(X;r < r + 2¢))

factors as

H,(VR(X;7)) s H,(VR(X;7 + 2€)).

\/

H,(VR(F;r+¢))

Since F is finite, VR(F;r + ¢) is a finite simplicial complex. Thus, H,(VR(F;r + ¢)) has finite
dimension, so the map H,,(VR(X;r < r + 2¢)) has finite rank. Since this holds for arbitrary

e > 0, this shows H,,(VR(X)) is g-tame. O
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If X and Y are totally bounded metric spaces, Proposition 3.4.5 shows we have well-defined
persistence diagrams for their Vietoris—Rips and Cech persistent homology. The isometry theorem,
Theorem 2.5.5, then lets us replace the interleaving distance between persistence modules with the
bottleneck distance between persistence diagrams in both Lemma 3.4.3 and Lemma 3.4.4 (in fact,
here we only need the stability part of the isometry theorem, hence the name). We have thus proved

the following stability theorems, the main results of this section.
Theorem 3.4.6 (Stability of Vietoris—Rips Persistent Homology, Theorem 5.2 of [9]). If X and Y
are totally bounded metric spaces, then for any n > 0,

dp (dgm(H,(VR(X))), dgm(H,(VR(Y)))) < 2deu(X,Y).

Theorem 3.4.7 (Stability of Cech Persistent Homology, Theorem 5.2 of [9]). If X and Y are

totally bounded metric spaces, then for any n > 0,

A (dgm(H,(C(X))), dgm(H,(C(Y)))) < 2don(X,Y).

Exercises

Exercise 3.4.1. Show that the Gromov—Hausdorff distance defines a pseudometric on any set
of nonempty compact metric spaces and that if X and Y are compact metric spaces, then

der(X,Y) = 0if and only if X and Y are isometric.

Exercise 3.4.2 (Theorem 5.6 of [9]). Mimic the techniques used in this section to prove the fol-
lowing stability result for ambient Cech complexes: if L, L', and WV are subsets of a metric space

X such that L and L’ are totally bounded, then

dB (dgm(Hn(C(L> W)))v dgm(Hn(C(I/? W)))) < 2d)]§(L7 L,)'
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3.5 Simplicial Metric Thickenings

The Vietoris—Rips and Cech simplicial complexes we have considered so far aim to create a
more elaborate topological space from a given metric space, allowing us, for instance, to view
nontrivial topological features that are only outlined by a finite point set. Moreover, this additional
topological structure is theoretically justified by the stability of persistent homology (Section 3.4)
as well as certain reconstruction results that we will see later (Section 3.8). However, in spite
of these results, there are still limitations to our understanding of these complexes, especially at
larger scale parameters, where the reconstruction results may not apply. There have been many ap-
proaches to understanding these simplicial complexes better. Here we will focus on one particular
approach: in this section, we give these simplicial complexes an alternate topology that more accu-
rately reflects the underlying metric spaces while also preserving some of their most the desirable
properties — in particular the stability of persistent homology and reconstruction results mentioned
above. The resulting objects are known as simplicial metric thickenings, which were introduced
in [55] and later generalized in [30].

We will start by observing a deficiency of Vietoris—Rips and Cech complexes. Given a met-
ric space X, we have an inclusion function X — VR(X;r) for any positive r that sends each
x € X to the vertex {x} in the simplicial complex. Unfortunately, this inclusion is in general
not continuous: the set of vertices of a simplicial complex is always a discrete subspace, so this
inclusion is continuous if and only if X is a discrete metric space. The same is true of the Cech
complex C(X ;1) for any positive r and of any simplicial complex whose vertex set is the metric
space X . This is counterintuitive: we would like to think of Vietoris—Rips and Cech complexes as
building upon the original metric space, but in fact they do not necessarily even contain a copy of
the original space. Of course, if X is finite, then X has the discrete topology and so the inclusion
is continuous, but for metric spaces with infinitely many points, the topology is not necessarily
discrete. These infinite metric spaces are surprisingly natural to consider: they fit well within the
setting of the stability of persistent homology (which applies equally well to finite and infinite met-

ric spaces) and the reconstruction results for manifolds. In short, our current simplicial complexes
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on infinite metric spaces do not allow the same geometric intuition that applies in the finite cases.
This motivates the definition of simplicial metric thickenings: in the new topology we will define,
the inclusion will always be a homeomorphism onto its image, so that the vertex set will in fact
be homeomorphic to the original metric space. We will also see later that this topology allows for

other geometrically intuitive constructions that do not hold for our current simplicial complexes.

3.5.1 Probability Measures, the Wasserstein Distance, and Metric Thicken-
ings

To define the simplicial metric thickening topology, we formalize the idea that two simplices
with vertices in a metric space X should be considered “close” if their collections of vertices are
close together. It is convenient to interpret a point x € X as a delta measure d,. Then a point in
a simplex, described as a linear combination ) ., a;z; of points in {z1,...,z,} € X, becomes
a finitely supported measure Y ' | a;0,,. It is in fact a probability measure, as the a; sum to 1.
We will describe how to define a suitable metric on our simplicial complexes using a well-studied
notion of distance on between measures, the Wasserstein distance’', also called the Kantorovich-
Rubinstein metric. We will present this distance in the setting that is useful here, although it is
often introduced in much more generality.

For any metric space (X,dx), let Pi(X) be the set of finitely supported probability mea-
sures on X. Each measure 1 € P(X) can be written as > | a;0,, with a; > 0 for all ¢ and
> i, a; = 1. This expression is unique up to reordering if all z; are distinct and all a; are positive,
but it will sometimes be convenient to allow repetition of the z; and to let some a; be 0. We will
write the support of a measure 1 = > | a;0,, as supp(p) = {x; | a; > 0}. The measures can be
interpreted in the sense of optimal transport: we will think of a; as the amount of mass at location
x;, and we will describe transporting mass from one measure to another. While the Wasserstein

distance can be defined for a larger collection of measures, it has a particularly simple description

3'We will always use the 1-Wasserstein distance. However, the p-Wasserstein distance generates the same topology
for any p € [1, 00): see Appendix A.1 of [30].
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for finitely supported measures. We will describe the transportation of mass between measures
po= > a0, and i = Z’;;l agéx; using a transport plan, an indexed set of nonnegative real
numbers £ = {k;; | 1 <i <n,1 <j <n'} such that Z?/:l Kij = a; foralldand Y 7" ;= af
for all j. Each r; ; represents the amount of mass moved from z; to z. The cost of a transport plan
is defined by cost(k) = >, Zgil ki jdx(z;, x;). There is always at least one transport plan from
fv to pi': an example is given by setting x; ; = a;a};, which we will refer to as the product transport

plan®?. The Wasserstein distance between two measures p and 4/ is the infimal cost required to

transport mass from p to '

dyw (p, 1) = inf cost(k),

where the infimum is taken over all transport plans from p to p’. Conveniently, this infimum is
always attained in our setting of finitely supported measures, since the set of transport plans from
w to 11 is a compact set of R™™ . Any transport plan that attains this minimal cost will be called
an optimal transport plan. The Wasserstein distance defines a metric on Pi"(X); the triangle
inequality can be checked by constructing an appropriate “composition” of two given transport
plans.

Now that we have reinterpreted points in simplices as probability measures, we can define
the simplicial metric thickening topology on a simplicial complex. These definitions follow [55].
Given a simplicial complex S with vertex set a metric space X, define the simplicial metric thick-

ening S™ to be the corresponding subspace of P (X):
S™ = {p € P™(X) | supp(u) is a simplex in S} .

Using the Wasserstein distance inherited from Pi%(X), S™ is a metric space. While S is in bi-
jection with S™ by the map » ., a;x; — Y., a;0x;, the topologies on these spaces are in gen-

eral different, meaning the bijection is in general not a homeomorphism. Right away, we can

32This corresponds to the product measure on X x X, which also serves as a transport plan in the more general setting
where the measures are not assumed to be finitely supported.
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observe that the inclusion X — S™ defined by x +— J, is continuous. In fact, dy (0., d,) =
cost({(x,2)}) = dx(z, '), so the inclusion is an isometric embedding®}. We can also phrase this
by saying the set {J, | x € X} of delta measures in P (X) is an isometric copy of X.

We will be mostly interested in simplicial metric thickenings S when S is a Vietoris—Rips or
Cech complex. The Vietoris—Rips metric thickenings of a metric space X with parameter € R
are obtained by setting S = VR<(X;7) or S = VR.(X;r). These are denoted VRZ (X’;7) and

VRZ(X;r) respectively, and they are defined explicitly by

VRZ(X;7) = {Z 0y,

i=1

a; > 0 for all ¢, Zai =1, diam({z,...2,}) < r}

n

VRZ(X;r) = {Z a0y,

=1

a; > 0 for all 7, Zai =1, diam({zy,...2,}) < r} )

The Cech metric thickenings are defined similarly from the Cech complexes, denoted Cg‘(X i),
Cm(X;r), C2(L,W;r), and C(L, W;r). As with the simplicial complexes, we will omit the <
or < from the notation whenever either convention can be used, as long as it is applied consistently.

‘We have the inclusions

VR™(X;r) C C™(X;r) € VR™(X;2r),

since we already showed the analogous inclusions for the simplicial complexes.

We have inclusions VR™ (X ;1) < VR™(X; ro) whenever r; < 75, and thus we get a filtration
of metric thickenings, analogous to our filtrations of simplicial complexes. We denote this filtration
of Vietoris—Rips metric thickenings by VR™(X’; _), or more simply VR™(X); similarly we have
filtrations C™(X) and C™(L,W). As with the simplicial complexes, if ¥ C X, then we have
natural inclusions VR™(Y;7) — VR™(X;r) and C"™(Y;r) — C™(X;r) for all . As with

filtrations of simplicial complexes or any filtrations of topological spaces, we can apply a homology

functor H,, to these filtrations to obtain persistence modules. We will show soon (Proposition 3.6.3)

33 Because of this isometric embedding, sometimes delta measures J,, are simply written as their support points x, so
that an arbitrary measure » .., a;0,, is instead written as >, a;z;. We will continue to write the delta measures
in order to maintain a clear distinction between simplicial complexes and simplicial metric thickenings.
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that as long as X is totally bounded, these persistence modules are g-tame and thus have well-

defined persistence diagrams.

3.5.2 Basic Properties

Next, we will prove some basic properties of simplicial metric thickenings. We have seen
that simplicial metric thickenings are essentially simplicial complexes with an alternate topology,
defined by reinterpreting points in simplices as probability measures. The next proposition gives
a direct comparison between the two topologies under consideration. If shows that the metric
thickening topology is in general coarser than the simplicial complex topology. However, it also

shows that in the case of finite metric spaces, the two topologies are equivalent.

Proposition 3.5.1 (Propositions 6.1 and 6.2 of [S5]). Let S be a simplicial complex with vertex set
a metric space (X, dx). The bijection S — S™ given by >\ | a;x; — Y .| a;0,, is continuous.

It is a homeomorphism if X is finite.

Proof. Call the bijection f. By definition of the topology on the simplicial complex S, to check
that f is continuous, it is sufficient to check that f is continuous on an arbitrary simplex of S with
vertices z1,...,%, € X. Furthermore, we can identify this simplex with the standard simplex
A" C R" by identifying > " | a;x; with (a1, ..., a,). We thus need to check continuity of the
map f: A""! — S™ given by (ar,...,a,) — > a;0,,. We can bound the Wasserstein distance
between a pair of measures in the image as follows. This first inequality below comes from noting
that any transport plan between measures » ., a;0,, and Z?Zl b;0,, must transport a mass of
max; |a; — b;| a distance of at least min,.; dx(x;,z;). The second inequality follows by leaving
the maximum possible mass of min(a;, b;) fixed at each x;, and transporting the remaining mass

of 3 >0, |a; — b;| arbitrarily.

Iglindx(xi,ﬂfj)ﬂ(al, oy tp) = (b1s ) [l < dw (Z 0z, ij5$j>
i=1 j=1

#j

104



Z7j

dW (Z a25117zbjdiﬁj> S %maXdX(a:lax])H(ah s ,Cln) - (bb' s 7bn)H1
i=1 j=1

The second inequality shows that fis Lipschitz with respect to the 1-norm, which generates the
Euclidean topology on A"~!, By definition of the simplicial complex topology, this is enough
to conclude that f is continuous. The first inequality shows that the right inverse of ]7, given
by > ", aidy, — (a1,...,a,), is Lipschitz with respect to the co-norm, which also generates
the Euclidean topology on A"~!. However, this is in general not enough to show that f~! is
continuous; we have only showed that it is continuous on the image of each simplex of S.

It is at this point that we will make the additional assumption that X is finite. We will show
the image of each simplex of S is closed in S™, and then because there are finitely many by
assumption, this shows ! is continuous by the gluing lemma for closed sets. Let o be an arbitrary
simplex of S with vertices z1,...xz,. To show f(c) is closed, given a u ¢ f(o), there is some
y € supp(p) not equal to any of x4, ..., x,, with positive mass a in . The cost of transporting
this mass to any measure in f(o) is at least a - min; dx (y, ;) > 0. Thus, the open ball with radius

a - min; dy (y, x;) centered at y does not intersect f(c), so f(o) is closed. O

It is worth emphasizing that according to Proposition 3.5.1, simplicial complex and metric
thickenings are topologically identical for finite metric spaces. This means metric thickenings only
differ from simplicial complexes in the case of infinite metric spaces. While datasets that arise in
practice will always be finite, infinite metric spaces still have an important place in the theory of
persistent homology. In light of the stability of persistent homology for Vietoris—Rips and Cech
complexes (Theorems 3.4.6 and 3.4.7), infinite (totally bounded) metric spaces may be thought
of as limiting objects of finite metric spaces: the Vietoris—Rips and Cech persistent homology
of finite samples of a metric space will approach that of the entire space as the samples become
denser. With this perspective, the limiting objects provided by simplicial metric thickenings give
an alternative to the usual simplicial complexes.

Proposition 3.5.1 gave a comparison of the simplicial complex and metric thickening topologies

for arbitrary simplicial metric thickenings. For Vietoris—Rips and Cech metric thickenings, we can
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go one step further and determine exactly for which S the map S — S™ is a homeomorphism.
The condition, given in the following proposition, is that the simplicial complex be locally finite**,
meaning each vertex is contained in only finitely many simplices. The method of the proof> comes

from [55].

Proposition 3.5.2 (Proposition 6.3 of [55]). Let X be a metric space and let r > 0. The bijection
VR(X;r) — VR™(X;r) given by > ", a;x; — Y ., a;0, is a homeomorphism if and only if
VR(X;r) is locally finite, and similarly, the map C(X;r) — C™(X;r) is a homeomorphism if
and only if C(X ;) is locally finite.

Proof. By Proposition 3.5.1, we just need to show that the inverse map VR™(X;r) — VR(X;r)
is continuous if and only if VR(X;r) is locally finite, and similarly for C(X;r). We prove the
more general fact that for any simplicial complex S with vertex set X such that S O VR<(X;r)
for some > 0, the map g: S™ — S givenby > ., a;0,, — > ., a;x; is continuous if and only if
S is locally finite. This covers the Vietoris—Rips and Cech cases alike, since VR(X;7) C C(X;r)
for all .

Suppose S is locally finite. Since S™ is a metric space, we check sequential continuity, so

suppose {; } is a sequence of measures that converges to 4 in S™. Let
Y = {z € X | 3s € supp(n), Iz € X with {z, 2} and {z, s} simplices in S}.

For any v € S™, we will check that if dy (i, v) < r, then supp(v) C Y. If dw (i, v) < r, then
supp(») must contain at least one point z at distance less than r from some s € supp(u). Then for
any = € supp(v), we find that {z, z} is a simplex in S and {z, s} is a simplex in VR(X;r) and is
thus a simplex in S. Therefore z € Y, so supp(r) C Y as claimed. This shows that z; has support

contained in Y for all large enough j. Furthermore, since .S is locally finite, Y is finite. Letting 7’

3The term “locally finite” appears in multiple contexts. It was a finiteness condition on persistence modules and is
sometimes also used as a condition on persistence diagrams (see the footnote for Lemma 2.4.3).

3Warning: there is an error in the proof of Proposition 6.3 of [55], which attempts to establish the result of our
Proposition 3.5.2 for a larger class of metric thickenings. See Exercise 3.5.3.
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be the subcomplex of S on the vertices Y, we have ;1 € T, and by Proposition 3.5.1, g restricts
to a homeomorphism 7™ =2 T'. Therefore {g(y;)} converges to ¢g(y) in 1" and thus converges to
g(p) in S, so g is continuous.

For the converse, we show that if S is not locally finite, then the map S — S™ is not a
homeomorphism. This follows from the general fact that any simplicial complex that is not locally
finite is not metrizable®®. To prove this, suppose a vertex x in a simplicial complex is in edges e,
for all j € Z*, and suppose d is a metric on V' = | ; €; that makes each edge homeomorphic to
I. Then the set J;{y € ¢; | d(z,y) < %} is open in the simplicial complex topology on V, as its
intersection with each e; is open in e;. However, it cannot contain an open ball around x of any
positive radius, so the metric topology on V' induced by d is not the same as the simplicial complex

topology. [

The next results are general enough that we can prove them working in Pf*(X), rather than in
a specific metric thickening. They establish some tools for working with the Wasserstein distance

and the topology it generates.

Lemma 3.5.3. Let X be a metric space. If i1, ..., fin, iy, - .., 1., € P(X) and cy,. .., c, are

nonnegative real numbers with ., _, ¢, = 1, then

dW(chMky ch%) < chdw(/ika%)-
k=1

k=1 k=1
Proof. Let {x1,...,2,} = [J, supp(u), so that each py, can be written as a linear combination
of measures d,,, and similarly, let {z},...,2],} = [J,supp(p;). Given a transport plan x;, =

{Fk.ij}i; from gy to pp for each k, it can be checked that {D>;_, cxky;;}i; defines a transport
plan from Y ,_, cppy to D), ¢y This transport plan has cost Y, cycost(ky), which gives

the required bound on the Wasserstein distances. 0

36 A simplicial complex is metrizable if and only if it is locally finite, and there are other conditions that are equivalent
as well; see for instance Theorem 2.8 in Chapter 3 of [62].
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The following lemma allows us to use straight line homotopies in metric thickenings. This will
be a convenient technique, as it is in subsets of Euclidean spaces. Versions of this lemma appear

in [29,30,55].

Lemma 3.5.4 (Straight line homotopies). Let X be a metric space and suppose f,g: Z — P"(X)
are continuous functions from any topological space Z. Then the homotopy H: Z x I — P"(X)

given by H(z,t) = (1 —t)f(z) + tg(2) is continuous, and thus f and g are homotopic.

Proof. We show continuity of H at (z2q,tg) € Z x I. For all ¢ > 0, since f and g are continuous,
there is some open set U C Z containing z such that dy(f(20), f(2)) < § and dw(g(20), 9(2)) <
s forall z € U. We will suppose that z € U and ¢ is in an open neighborhood of ¢y such that
[t —to|dw (f(20),9(20)) < § and show dy (H (20,%0), H(z,t)) < €.

By Lemma 3.5.3, we have

dW(H(Z(J?t)? H(Z7t)) S (1 - t)dW(f(ZO)af(Z» + tdW((g(ZO)vg<Z>) <

DO ™

Next, to bound dy (H (20, t0), H(z0,t)), choose an optimal transport plan x = {x; ;} from f(z)
to g(2p), so that cost(k) = dw (f(20),9(20)). Temporarily setting 1 = (1 — max{¢,to}f(20) +
min{¢,to}g(20)), we find that H(z,to) and H(zo,t) are given by p + |t — to|f(20) and p + |t —
to|g(z0) (in either order). We can thus define a transport plan between H(zg,to) and H(z,t)
by leaving the mass of y fixed and using a scaled transport plan |t — to|x = {|t — to|k;;} to
transport the remaining mass. This has a cost of |t — ty|cost(k) = [t — to|dw (f(20),9(20)) < 5.

so dy (H (20, t0), H(z0,t)) < %. Therefore,
dw (H (20, t0), H(z,t)) < dw (H(20,%0), H(20,t)) + dw (H (20, t), H(2,1)) < e.

]

The following two lemmas provide ways to construct continuous functions into a metric thick-

ening. Lemma 3.5.5 shows we get a continuous map into P(X) by defining the masses and
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support points of the output to be continuous functions of the input: this generalizes the sim-
pler statement in which the support points remain fixed, versions of which appear in [29, 30].
Lemma 3.5.6 provides a means of constructing maps between metric thickenings analogous to
simplicial maps between simplicial complexes; however, the map on the underlying metric space
must satisfy the additional conditions of continuity and boundedness, which are irrelevant in the
simplicial complex topology. Versions of Lemma 3.5.6 appear in [29, 55], and the proof follows a

method used in Lemma 5.2 of [55].

Lemma 3.5.5. Let X be a metric space and let Z be a topological space. Let py,...,pn: 4 —
X be continuous functions and let fi, ..., f,: Z — Rsq be continuous functions such that
S fi(2) = 1 forall z € Z (that is, the f; form a partition of unity). Then the function

g: Z — P™(X) given by g(z) = >, fi(2)0p.(») is continuous.

Proof. We show continuity at zp € Z. Lete > 0 and let C' > diam{p;(20),...,pn(20)}. By
continuity of all f; and p;, there exists an open neighborhood U of z, such that for all z € U, we
have |fi(2) — fi(20)| < 125 and dx(pi(2),pi(20)) < min{g, C} for all i. Then for any z € U,
we can define a transport plan between g(z) and g(zp) by moving a mass of min{ f;(z), fi(z0)}
from p;(z) to p;(zo) and moving the remaining mass arbitrarily. The mass transported arbitrarily

is then less than n-—=~ = -=

yTrel ic and moves a distance less than 2C' by our choice of C' and since

dx(pi(2),pi(z0)) < C for all i. The rest of the mass (a mass of at most 1) is moved a distance less
than § since dx (p;(2), pi(20)) < § for all i. Thus, by bounding the cost of this transport plan, we
find dyw (g(2), 9(20)) < 7520 + 5 = €. O
Lemma 3.5.6 (Induced maps). Let X and Y be metric spaces. If f: X — P"(Y) is a continuous
and bounded function, then the induced map f: P™(X) — P™(Y) given by f(z?zl a;i0y,) =
Sy aif(z;) is continuous.

Proof. Since f is bounded, let C' > 0 be such that dy (f(x), f(y)) < C for all x,y € X. Let
e > 0: we show continuity of f at a fixed y = S aidy, € P(X). By continuity of f, there is
ad > Osuchthatfor 1 <i <nandanyz € X, dx(z;, ) < d implies dy (f(2;), f(x)) < 5. We

will further require 0 < § < 5 and show that dy (u, 1') < 62 implies dy (f (), ) <e.
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Let 4/ = Z;L 1 @505 € Pin(X) and suppose that = {k; ;};; is a transport plan between

pand pi with cost(k) < 0. Let A = {(4,]) | dx(z;,2}) > 6} and B = {(4, ) | dx(zs,2}) < 0}.

First, we have

Y ki < Y Rigdx(ana)) <Yk gdx(w,2)) < 6%

(1,5)€A (i,j)€A ij

N Z(z‘,j)eA Kij < 0. Thus, applying Lemma 3.5.3, we have

= dw (Z Hi,jf(fﬁi), Z ﬁzgf($;)>
< Z K jdw (f (23), f(x;))

= Z K,dew(f(l'z),f(l';))‘f‘ Z /’iz,]dw<f($l),f($;))

(i.j)€A (i.)€B
< Z ki ;O + Z /i”
(1,5)eA (¢,5)eB
<6C+ -
+ 2
< E.
This shows fis continuous at . [

A specific application of Lemma 3.5.6 is worth singling out. The maps in this corollary can

also be referred to as “induced maps.”

Corollary 3.5.7. If g: X — Y is a continuous bounded function between metric spaces, then the

induced map g: P (X) — P (Y) given by g(3_1, aibz,) = D iy @ily(zy) is continuous.

Proof. The map given by composing the embedding Y — P (Y) with g is continuous and

bounded, so applying Lemma 3.5.6 gives the result. [
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We began this section on simplicial metric thickenings by observing that Vietoris—Rips and
Cech simplicial complexes do not always contain a natural copy of the metric space they are built
on. We have seen that the metric thickenings, on the other hand, do contain a natural copy of
the underlying metric space, and will end this section by showing that the points of the metric
thickenings are gathered around this copy in a particularly nice way. Let S be a simplicial complex
with vertex set a metric space X. The name “metric thickening” to describe S™ comes from the
fact that S™ is a larger metric space containing (an isometric copy of) X. In the Vietoris-Rips
and intrinsic Cech metric thickenings with the < convention, the copy of X appears at parameter
r = 0: both VRZ(X;0) and C™(X;0) consist of the set of delta measures in P (X), which we
have seen is isometric to X. This copy of X remains for all » > 0, as then we have inclusions
VRZ(X;0) — VR™(X;r) and C™(X;0) = C™(X;r). Furthermore, the amount by which
X has been “thickened” can be measured, as follows. As defined in [71], an r-thickening of a
metric space (X, dy ) is a metric space (Y, dy ) containing X such that dy restricts to dx on X and

dy(y,X) <rforalyeY.

Proposition 3.5.8 (Lemma 3.6 of [55]). Let (X,dx) be a metric space and let r > 0. Then
VR™(X;r) and C™(X ;1) are r-thickenings of X, where X is identified with its image under the
isometric embedding x — 0,. If L,W C X and dx (I, W) < r for each | € L, then C"™(L, W;r)

is a 2r-thickening of L.

Proof. The space X is isometrically embedded in VR™(X;7) and C™(X;r) by the map = > &,
so identifying X with its image, the Wasserstein distance dy, restricts to dx. For any measure
p=> 1 a0, € VR™(X;r), we can transport all mass to z; via the only transport plan possible,
k= {(x1,2;) }i. Then dy (1, 04,) = Y iy aidx (z;, 1) < Y1 a;r = r, since each x; is within r
of z;. Similarly, if 4 = Y7 | a;0,, € C™(X;7), then all z; are within r of some center ¢ € X, so
dw (@, 0c) = >0 adx (z4,¢) <.

The ambient Cech metric thickening C™ (L, W;r) is different in that L and W may be unrelated
subsets of X. As long as dx (I,W) < r foralll € L, we have 6, € C"™(L,W;r) forall [ € L,

and the collection of these delta measures forms an isometric copy of L. Furthermore, for any
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p=>" a0, € C™(L, W;r), all I; are within 7 of some center w € W, so the distance between

any two is at most 2r. Thus, dy (11, 0;,) = D> iy aidx (1;,11) < 2r. O

Exercises

Exercise 3.5.1 (Lemma 3.7 of [55]). After Lemma 3.5.6, we showed a continuous function be-
tween metric spaces f: X — Y induces a continuous map J?: Pin(X) — Pi(Y) given by
(e ; Gi0z,) = >, 4;i04(z,) as long as f is bounded. For another result on these induced maps, show

that if f is c-Lipschitz (and not necessarily bounded), then the induced map fis also c-Lipschitz.

Exercise 3.5.2 (Lemma 5.2 of [55]). This exercise provides another type of induced map, this
time with a different codomain. Let X be a metric space and let f: X — R"™ be continuous and
bounded. Show that the map P™"(X) — R defined by >_. a;0,, — >, a; f(x;) is continuous and

bounded. Extend this result to normed vector spaces.

Exercise 3.5.3. Proposition 6.3 of [55] contains an error, stating the function S™ — S from
a simplicial metric thickening to the corresponding simplicial complex given by > " | a;0,,
> i, a;x; is continuous if S™ is an r-thickening. This exercise provides a counterexample (and
more restrictive cases in which this function is continuous are given in the proof of Proposi-
tion 3.5.2). Start with two opposite sides of a square: let X = [0,1] x {0} U [0,1] x {1} C R?
and give X the restriction of the usual metric on R?. Let the simplicial complex S consist of
the vertex set X and all 1-simplices of the form {(z,0), (x,1)} with = € [0,1]. Check that the
simplicial metric thickening S™ is an r-thickening for some r and is locally finite, and show that

S™ 20, 1] x [0, 1]. Conclude that the function S™ — S is not continuous.

3.6 Stability of Persistent Homology for Metric Thickenings
Having established some basic facts about simplicial metric thickenings, we can now prove

two of our main results about Vietoris—Rips and Cech metric thickenings. We show that for totally

bounded spaces, these metric thickenings have the same persistence diagrams as their simplicial

complex counterparts, and this immediately implies the stability of their persistent homology. The
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main difficulty in proving these results is that simplicial maps are not continuous in the metric
thickening topology. This prevents us from using the techniques from the proof of stability for the
simplicial complexes of Section 3.4, since simplicial maps were crucial in those proofs. We will
handle this difficulty by first approximating our filtrations of metric thickenings by metric thick-
enings of finite spaces, which we have seen are homeomorphic to their corresponding simplicial
complexes (Proposition 3.5.1). Settling for these approximations, we will be able to draw upon
our techniques and results for simplicial complexes.

To begin, let (X, dx) be a metric space and suppose for some € > 0, there exists a finite 3-
sample Z = {z1,...,z,} C X, meaning every point in X is at distance less than § from some
z;. The collection of open balls of radius § centered at the z; form an open cover of X, so we can
choose a partition of unity {fi,..., f,} subordinate to this open cover’’. Explicitly, this means
the continuous functions f;: X — [0, 1] satisfy > | fi(z) = 1 forall x € X and f;(z) = 0 if
dx(z;, x) > 5 foreach i. By Lemma 3.5.5, we obtain a continuous map f: X — Phin(Z) given by
f(z) =31, fi(x)d,,. This map gives us a way to approximate X in P (7), where the partition
of unity determines how each z € X is dispersed as mass at nearby points of Z. Furthermore, by

Lemma 3.5.6, we get a continuous induced map f: Pin(X) — Piin(Z) given by

m m

f(Z aj5xj> = Zajf(%‘) = Zzajfi(xj)ézr

j=1 j=1 i=1 j=1

By design, this map redistributes mass in X to nearby points in Z, so we should expect that it
distorts distance by a small amount. Because of this behavior, we can use f to prove the following

lemmas, which appear in some form in [29, 30].

Lemma 3.6.1 (Lemma 7 of [29]). If (X, dx) is a metric space and Z C X is a finite 5-sample,
then for any n > 0, the persistent homology modules H,(VR™ (X)) and H,(VR™(Z)) are ¢-

interleaved.

3T This follows, for instance, from the fact that all metric spaces are paracompact and Hausdorff, but it is also not too
difficult to construct a partition of unity meeting our requirements directly: see Exercise 3.6.1.
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Proof. Let ]?be defined as above. We check that frestricts toamap VR™(X;r) - VR"(Z;r+¢)
for any € R. This follows since for any © € VR™(X;r) and any z;,, z;, € supp(f(,u)), we
must have x1,x2 € supp(u) such that f;, (z1) # 0 and f;,(z2) # 0, and thus dx(z;,,2i,) <
dx (2, 71) + dx(v1,22) + dx(22,25,) < § + r + 5. Define an interleaving by letting the
maps ¢,: H,(VR™(X;r)) — H,(VR™(Z;r + ¢)) be induced by these restrictions of f and
letting ¢,.: H,(VR™(Z;r)) — H,(VR™(X;r + ¢)) be induced by the inclusions VR (Z;r) —
VR™(X;r + ¢). To verify that these form an interleaving, we must check the commutativity
conditions described in Section 2.1.2. Since we are working with induced maps on homology, it is

sufficient to check that the following diagrams commute up to homotopy, where all arrows directed

down and right are restrictions of fand all other arrows are inclusions.

VRm(X,Tl) c > VRm(X,T2>

T T

VR™(Z;r +¢) < > VR™(Z;ry +¢)

VR™(X;r +¢) < > VR™(X ;79 +¢)

— —

VR™(Z;1) < » VR™(Z;1r3)

VR™(X;r) < > VR™(X;r + 2¢)

/

VR™(Z;r +¢)

VR™(X;r +¢)

)/ \

> VR™(Z;r + 2¢)

VR™(Z;r

The first diagram commutes because both arrows directed down and right are restrictions of ]?, and
the second diagram commutes because all arrows are inclusions. To verify that the third diagram
commutes up to homotopy, we must check that ﬂVRm( xy: VR™(X;r) = VR™(X;r + 2¢) is

homotopic to the inclusion. Since X is bounded, P (X) is as well, so Lemma 3.5.4 shows we may
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use a straight line homotopy in VR (X; r+2¢) as long as it is well-defined. Thus, it is sufficient to
check that if 1 € VR™(X; r), then diam (supp(p) Usupp (f( 1t))) < r+2e, since then all measures
defined by the straight line homotopy do in fact lie in VR™ (X ; r42¢). In fact, we have the stronger
bound diam (supp () Usupp (f(u))) < r+-¢ because supp (f( /1)) is contained in the union of open
S-balls centered at the points of supp () and supp(y) has diameter at most r. Thus, we conclude
that the third diagram commutes up to homotopy. Similarly, checking that the fourth diagram
commutes up to homotopy amounts to checking that ﬂVRm( zwy: VR™(Z;r) = VR™(Z;7 + 2¢)

is homotopic to the inclusion. A straight line homotopy applies, by the same argument, so we

conclude that the fourth diagram commutes up to homotopy. [

Lemma 3.6.2 (Lemma 8 of [29]). If (X, dx ) is a metric space and Z C X is a finite §-sample, then

for any n > 0, the persistent homology modules H,,(C™(X)) and H,,(C™(Z)) are e-interleaved.

Proof. The proof follows the Vietoris—Rips case closely. Let fbe defined as above. We check that
f restricts to a map C™(X;r) — C™(Z;r + ¢) forall r € R. For any p € C™(X;7), there must
be a center ¢ such that dx (x,c) < r forall € supp(u), and since Z is an $-sample of X, there is
az € Z such that dx(c, z) < 5. Then for any z; € Supp(f(,u)), there is an x € supp(u) such that
dx(zi,r) < 3,50

dx(zi,2) < dx(zi,x) +dz(z,c) +dz(c, z) < % +r+ %

Therefore z is an (r + ¢)-center for f(u), so f(u) is in fact in C™(Z;r + ). We define an
interleaving as in the Vietoris—Rips case by letting o,: H,(C™(X;7)) — H,(C™(Z;r + ¢€)) be
the maps induced by these restrictions of f and letting 1, : H,,(C™(Z;7)) — H,(C™(X;7+¢)) be
induced by the inclusions C™(Z;7) < C™(X;r + ¢). To check that these define an interleaving,

we verify that the following diagrams commute up to homotopy.

C™(X;r) > C™(X;rg)

T~ T

C™(Z;r +e) < » C™(Z;ry +€)
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Cm(X;r1—|—5) c 5 Cm(X;r2—|—5)

" "

C"™(Z;ry) < » C™(Z; 1))

Cc™X X+ 2¢e)

\/

C"™(Z;r +¢)

(X5 +e)

The first diagram commutes because both of the arrows directed down and right are restrictions of

Ccm(Z; C™(Z;r + 2e)

f, and the second diagram commutes because all arrows are inclusions. For the third diagram, we
check that a straight line homotopy between f : C™(X;r) — C™(X;r + 2¢) and the inclusion is
well defined. Let 2 € C™(X;7) and let c be an r-center for yi. As above, for any z; € supp (f(,u)) ,
there is an = € supp(p) such that dx(z;,x) < 5, and thus dx(z;,¢) < r 4 €. Therefore all
points of supp(u) U supp(f(u)) are within r of ¢. This shows that the straight line homotopy
in C™(X;r + 2¢) is well defined, so the third diagram commutes up to homotopy. Similarly, for
the fourth diagram, the same approach shows that a straight line homotopy is well defined, so the

diagram commutes up to homotopy. 0

The lemmas above allow us to approximate a Vietoris—Rips or Cech metric thickening by
the metric thickening of a finite sample. In the case of a totally bounded metric space X, these
approximations can be made arbitrarily close. Combing with comparisons to the corresponding
finite simplicial complexes gives the following results, the first of which is analogous to Proposi-

tion 3.4.5.

Proposition 3.6.3 (Propositions 4 and 5 of [29]). If (X, dx) is a totally bounded metric space, then
for any n. > 0, the persistent homology modules H,(VR™ (X)) and H, (C™(X)) are q-tame and

thus have well-defined persistence diagrams.
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Proof. Since X is totally bounded, for any ¢ > 0, there exists a finite S-sample Z. By Lem-
mas 3.6.1 and 3.6.2, H,(VR™(X)) and H,(VR™(Z)) are e-interleaved and H,(C™(X)) and
H, (C™(Z)) are e-interleaved. The map H,,(VR™(X ;7)) — H,(VR™(X;r+2¢)) factors through

H,,(VR™(Z;r + ¢) using the interleaving maps:

H,(VR™(X: 7)) s H,(VR™(X;r + 2)).

\/

H,(VR™(Z;r +¢))

By Proposition 3.5.1, VR™(Z; r+¢) is homeomorphic to a finite simplicial complex, which implies
H,(VR™(Z;r+¢)) has finite dimension. Thus, the map H,,(VR™(X;7)) — H,(VR™(X;r+2¢))
has finite rank, and since this holds for all ¢ > 0, we conclude that H,,(VR™ (X)) is q-tame. The

same technique shows that H,,(C™ (X)) is q-tame. O
We now come to the main results of this section, the following four theorems.

Theorem 3.6.4 (Equivalence of Vietoris—Rips persistent homology, Theorem 4 of [29], Corol-
lary 5.10 of [30]). If X is a totally bounded metric space, then for any n > 0, we have
dgm(H,(VR™(X))) = dgm(H,(VR(X))).

Proof. Both persistence modules are g-tame by Propositions 3.4.5 and 3.6.3, so the persistence
diagrams are well defined. Since X is totally bounded, for any € > 0, there is a finite 5-sample Z,

and we have dgg (X, Z) < £ by Example 3.4.2. By Lemma 3.4.3, H,(VR(X)) is ¢’-interleaved

3
with H,,(VR(Z)) for any ¢’ > ¢, and by Lemma 3.6.1, H,(VR™(X)) is e-interleaved with
H,(VR™(X)). Furthermore, by Proposition 3.5.1, H,(VR(Z)) and H,,(VR™(Z)) are isomor-
phic, or equivalently, we may say they are O-interleaved. Composing these three interleavings

shows H,,(VR(X)) and H,,(VR™(X)) are (¢ + £')-interleaved for any ¢’ > ¢. Since this holds for
any € > 0, we have d; (H,(VR(X)), H,(VR™(X))) = 0. By Theorem 2.5.5, we have

dp (dgm(H,(VR(X))), dgm(H, (VR™(X)))) = 0,
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and by Corollary 2.4.5, this shows the persistence diagrams are equal. [

Theorem 3.6.5 (Equivalence of Cech persistent homology, Theorem 6 of [29], Corollary 5.10
of [30]). If X is a totally bounded metric space, then for any n > 0, dgm(H,(C™(X))) =
dgm(H,(C(X))).

Proof. The proof is the same as in the Vietoris—Rips case, replacing previous results with their

Cech analogs. [

These theorems show that either the simplicial complexes or metric thickenings may be used to
define Vietoris—Rips or Cech persistent homology. Instead of using the persistence diagrams, we
could also express these results by saying that the barcodes of the simplicial complexes and metric
thickenings agree up to changing between open and closed endpoints of the bars. Combining these
results with Theorems 3.4.6 and 3.4.7, we immediately obtain the following stability results for the

metric thickenings.

Theorem 3.6.6 (Stability of persistent homology for VR, Theorem 5 of [29], Corollary 5.9

of [30]). If X and Y are totally bounded metric spaces, then for any n > 0,
iy (dgm( Hy (VR™ (X)), dgm(H,(VR™(Y)))) < 2dgn(X, Y).

Theorem 3.6.7 (Stability of persistent homology for C™, Theorem 7 of [29], Corollary 5.9 of [30]).

If X and Y are totally bounded metric spaces, then for any n > 0,
i (dgm(H, (C(X))), dgm(H, (C™(V))) < 2den(X.Y).

While we have used the stability of the simplicial complexes to prove the stability of the metric
thickenings, it is also worth noting that the stability of the metric thickenings could be proved with-
out reference to the simplicial complexes. To do this, we would construct appropriate interleavings
between the metric thickenings of arbitrary totally bounded spaces, approximating them both by

finite samples. This emphasizes the point made by the main results of this section, that metric
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thickenings can serve as an alternative to simplicial complexes in the foundations of persistent

homology.

Exercises

Exercise 3.6.1. Construct an explicit partition of unity meeting the requirements of this section.
That is, given a metric space X and a finite -sample {z;,...,2,} C X, construct continuous

functions f;: X — [0,1] such that >")"  fi(z) = 1forallz € X and f;(z) = 0if dx(z;,x) >

N ™M

for each .

Exercise 3.6.2 (Theorem 8 of [29]). Suppose L and WW are subsets of a metric space X. Mimic the
techniques used in this section to show that if L is totally bounded, then the persistence diagrams

for H(C™(L,W)) and H(C(L,W)) are identical.

Exercise 3.6.3 (Theorem 9 of [29]). Combine Exercises 3.4.2 and 3.6.2 to prove the following
stability result for ambient Cech metric thickenings: if L, L', and W are subsets of a metric space

X such that L and L' are totally bounded, then

A (dgm(H,(C™ (L, W), dgm(H,(C™ (L', W)))) < 245(L, L').

3.7 Generalization to p-metric thickenings

We will take a moment to briefly describe some generalizations of simplicial metric thicken-
ings, first defined in [30]; these will not be used outside this section. While so far we have worked
with Pin( X)), which consists of finitely supported probability measures on X, much of the theory
carries over to more general probability measures. For this section, we will follow [30] and only
consider bounded metric spaces X. Letting P(X) be the space of Radon probability measures
on X, equipped with the Wasserstein distance, we can define filtrations of subspaces of P(X)
analogous to our previously defined Vietoris—Rips and Cech metric thickenings.

Another generalization results from adjusting the functions used to define the filtrations. We

previously defined the Vietoris—Rips filtrations using the diameter of a measure and defined the
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Cech filtrations using a “radius” of a measure, meaning the minimal radius of a ball that can
contain the support of a measure. Given any metric space X and any p € [1, 00|, we can define

diam,: P(X) — R and rad,: P(X) — R, analogously to L norms:

| <//XX (dx(z,2"))" o(d) a(dm’)) " <o

diam, (o) =
\diam(supp(a)) if p=o00
;161)1“( (/X (dX(x,x’))pa(dx’))p if p < oo
rad,(a) =
inf sup dx(z,s) if p = oo.
\IEX s€supp(a)

These can be used to filter our spaces P (X) and P(X), giving the following p-Vietoris—Rips and
p-Cech metric thickenings. Following [30], we will only use the < convention in these definitions,

but the corresponding definitions with the < convention could be made as well.
VR, (X;r) ={p € P(X) | diam,(p) < r}

VRIM(X;7) = {u € P(X) | diamy(s) < r}

Cp(X;7) ={p € P(X) | rad,(p) <}
Co(X;r) = {p € P(X) | rady (i) < 7}

Each contains the isometric copy of X given by the embedding X — Pi(X), so the name
“metric thickening” is justified (see Proposition 3.5.8 and the preceding discussion). In each case,
we get a filtration by letting 7 vary, denoted VR, (X), for instance. Various filtrations defined
this way are related to each other: it can be shown that for any p,q € [1,00], if ¢ < p, then

VR, (X;r) € VR,(X;r), and similarly for the other filtrations above. Furthermore, if p = oo,
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then diam,, and rad, become the usual diameter and radius, so VR™*(X;r) = VR™”(X;r) and
Cin(X;r) = C(X;r) for all r. Thus, the filtrations VR?“(X ) and an(X ) can be viewed as
approximating our previously defined filtrations VR”'(X) and C_(X) as p approaches oc. Using
VR, as an example, we may also summarize these relationships by saying that the collection of all
VR, (X;r) for all p and r forms a bifiltration that is covariant in r and contravariant in p, meaning
VR, (X;7r1) € VR,,(X;ry) whenever r; < ry and py < p.

These generalized metric thickenings are not as directly related to simplicial complexes as our
original simplicial metric thickenings. However, they do share an important property: they have
analogous stability results for their persistent homology. To state these results, we quickly cover
some preliminary facts, proved in [30]. First, if X is a totally bounded metric space, then the persis-
tent homology modules H,,(VR, (X)), Hn(VRgn(X)), H,(C,(X)), and Hn(cgn(X)) are g-tame
and thus have well defined persistence diagrams (note that this is similar to the cases of simpli-
cial complexes or simplicial metric thickenings). Furthermore, it can be shown that H,(VR, (X))
and Hn(VRﬁn(X )) have the same persistence diagram, which we will write as dgm}{%(X ); sim-
ilarly, H,(C,(X)) and Hn(égn(X )) have the same persistence diagram, which we will write as
dgmgp(X ). This fact shows that from the point of view of persistent homology, there is no differ-
ence between defining our metric thickenings in P(X) or Pfin(X).

The following results are proved in [30] and are completely analogous to the results for simpli-
cial complexes (Theorems 3.4.6 and 3.4.7) and for simplicial metric thickenings (Theorems 3.6.6
and 3.6.7). The proofs are similar to those for simplicial metric thickenings, making use of finite

samples and partitions of unity to construct maps between the metric thickenings.

Theorem 3.7.1. If X and Y are totally bounded metric spaces, then for any p € [1, 00| and any

integer n > 0, we have

dp (dgm, ¥(X),dgm, ~(Y)) < 2den(X,Y).

n7p n?p
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Theorem 3.7.2. If X and Y are totally bounded metric spaces, then for any p € [1, 00| and any

integer n > 0, we have

dp (dgmg,p(X), dgmg,p(Y)> < 2den(X.Y).

Exercises

Exercise 3.7.1. Show that for a bounded metric space X and any p € [1, o], we have
VR, (X;7) € Cp(X;7) € VR,(X;2r),

fin . ~fin . fin .
VR (X;r) € CF"(X;r) C VRE(X; 2r).

These match the analogous statements for simplicial complexes and simplicial metric thickenings.

3.8 Reconstruction Results

The stability of persistent homology, in its various forms, shows that small distortions to an
input produce small changes to the persistence diagram or barcode. This gives a theoretical justifi-
cation for the use of persistent homology as a reductive view of a space. In particular, our stability
theorems for Vietoris—Rips and Cech simplicial complexes and metric thickenings give a theoreti-
cal justification for the use of these constructions to enrich our initial metric space. In this section,
we give a different type of justification for these constructions: we will show that in certain set-
tings, Vietoris—Rips and Cech complexes and metric thickenings have the same homotopy types as
the metric spaces they are constructed from. We will not prove any of the results in this section,
but citations are given for each.

The theorems tend to focus on small scale parameters, that is, values of r between zero and
some value depending on the space. These theorems center around the setting of closed Rie-
mannian manifolds, which can be thought of as reasonable spaces that we would like to analyze

using simplicial complexes or metric thickenings. From a practical viewpoint, manifolds can serve

122



as idealized spaces from which we hypothesize a set of points is sampled. Then our simplicial
complexes and metric thickenings are meant to help us better understand the underlying mani-
fold. Theorem 3.8.2 below is best suited to this point of view. We begin with a classic result on

Vietoris—Rips complexes.

Theorem 3.8.1 (Hausmann’s Theorem [72,73]). If M is a closed Riemannian manifold, then there

exists an € > 0 such that VR(M;r) ~ M forall r € (0,¢).

This theorem in fact applies in a slightly more general setting than closed Riemannian mani-
folds, and conditions determining £ can be given that depend on the manifold. The theorem was
originally proved for VR_ (M) in [72], and an alternate proof that covers VR< (M ; r) as well is
given in [73]. Note that the homotopy equivalence implies H,,(VR(M;r)) = H,,(M) for any n, so
the persistent homology of VR (M r) in fact captures the true homology of M for small values of
r. Furthermore, while it is not necessarily practical to consider VR (M r), Theorem 3.4.6 implies
that replacing M with a close approximation results in a close approximation of the persistence
diagram (a closed manifold is compact and is therefore totally bounded). Thus, for a sufficiently
dense finite sample X C M, the persistence diagram of VR (X; r) accurately recovers the homol-
ogy of M for sufficiently small r. This is already suggestive of the following result, which shows

VR(X; ) can in fact recover the homotopy type of M.

Theorem 3.8.2 (Latschev’s Theorem [74]). Let M be a closed Riemannian manifold. Then there
exists an € > 0 such that for every r € (0, €|, there exists a 6 > 0 such that VR_(X;r) ~ M for

any metric space X such that dgp (X, M) < 0.

We next turn to Cech complexes, which, as we observed in Section 3.3.2, are examples of nerve
complexes. An important result for nerve complexes, referred to as both the nerve theorem and
the nerve lemma, serves as the main reconstruction result for Cech complexes. There are in fact
multiple variations of the nerve theorem: the one we give here applies to the nerve of an open cover.

Note that the theorem applies when X is a metric space, since all metric spaces are paracompact.
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Theorem 3.8.3 (The Nerve Theorem, Corollary 4G.3 of [61]). LetU = {U;};c; be an open cover
of a paracompact space X. If every nonempty intersection of finitely many U; is contractible, then

X is homotopy equivalent to the nerve NU.

For r > 0, the Cech complex C_(X;r) is the nerve of the collection of all open r-balls in
X, so the nerve theorem shows C_(X;7) ~ X whenever every nonempty intersection of finitely
many open 7-balls is contractible. The same idea applies to ambient Cech complexes. For instance,
given an L C R”, which may be taken to be a finite set of data points, the ambient Cech complex
C. (L,R™; r) is the nerve complex of the collection of open balls centered at the points of L. Any
nonempty intersection of open balls is convex and thus contractible, so Theorem 3.8.3 shows that
C. (L,R™; r) is homotopy equivalent to the union of this collection of open balls. For this reason,
the filtration C (L, R™) can be understood as the union of open balls that grow with 7.

Reconstruction results for Vietoris—Rips and Cech metric thickenings are modeled after those
for the simplicial complexes. These results are somewhat more natural for the metric thickenings,
and in fact they were some of the first main results proved about them in [55]. The alternate
topology allows us to use the natural embeddings M — VR™(M;r) and M — C™(M;r), and
these can be shown to be homotopy equivalences under appropriate assumptions. While we will

not give a full proof of the two reconstruction results below, we will give a proof sketch to exhibit

how the metric thickening topology provides a natural setting for these results.

Theorem 3.8.4 (Metric Hausmann’s Theorem, Theorem 4.2 of [55]). If M is a closed Riemannian
manifold, then there exists an ¢ > 0 such that the natural embedding M — VR™(M;r) is a

homotopy equivalence for all r € (0, ¢).

Theorem 3.8.5 (Metric Nerve Lemma, Theorem 4.4 of [55]). If M is a closed Riemannian man-
ifold, then there exists an € > 0 such that the natural embedding M — Cm(M ;1) is a homotopy

equivalence for all r € (0, ¢).

If we use the < convention, the results of Theorems 3.8.4 and 3.8.5 in fact apply for r € [0, ¢),

since in this case, the embeddings M — VRZ(M;0) and M — C’g(M ; 0) are homeomorphisms.
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As with Theorem 3.8.1, these results were originally proved in a slightly more general setting than
closed Riemannian manifolds (see [55]), and conditions determining € can be given that depend

on the manifold.

Proof sketch for Theorems 3.8.4 and 3.8.5. The proof of these theorems in [55] follows the same
outline in the Vietoris—Rips and Cech cases, and we will give our sketch for the Vietoris—Rips
case. The homotopy inverse to the embedding M — VR™(M;r) is constructed using a notion
of a mean of a measure called the Riemannian center of mass or Karcher mean [75]. The map
sending measures to their means in M is well defined and continuous as long as the supports of the
measures are sufficiently small, and this condition yields the € in the theorem. The mean of a delta
measure is the point on which it is supported, so the composition M — VR™(M;r) — M is the
identity. The reverse composition VR (M;r) — M — VR™(M;r) is shown to be homotopic to
the identity using a straight line homotopy (Lemma 3.5.4). Showing this straight line homotopy is
well defined in VR™ (M ; ) simply amounts to checking that the mean of a measure is sufficiently

close to the points of its support. 0

Exercises

Exercise 3.8.1. This exercise extends the results of Example 3.3.1. Give the unit circle S! the
geodesic metric, which assigns to two points the arc length of the shorter arc between them. Apply
Theorem 3.8.2 to the set X,, of n evenly spaced points on S to conclude that for sufficiently
small r, we have VR (X,,; ) ~ S* for all sufficiently large n. To strengthen this statement, for all

n > 4, construct an explicit homotopy equivalence showing VR (X,,;r) ~ S* forall r € (2%, 27].
Exercise 3.8.2. For any n > 1, give the unit sphere S™ the geodesic metric, which assigns to two

points the arc length of the shortest smooth path between them: explicitly, if v,w € S™, we set

dsn(v,w) = cos™! (v - w). Show that for any r € (0, %), we have C(S™;7) ~ S™.
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Chapter 4

Vietoris—Rips Metric Thickenings of the Circle

We now depart from the theoretical foundations of persistence considered in the previous chap-
ters and turn to specific topological problems to which we can apply the tools we have developed.
In this chapter and the next, we study particular filtrations in detail. These examples serve both as
case studies, which can be used to guide work on similar problems, and as interesting results in
their own right.

In this chapter®®, we find the homotopy types of the Vietoris—Rips metric thickenings of the
circle, from which the barcodes and persistence diagrams follow. By Theorem 3.6.4, this will
also imply the persistence diagrams of the Vietoris—Rips simplicial complexes of the circle. The

homotopy types, which we will give in Theorem 4.7.3, are as follows:

S2k+1 ifr ¢ [ 2km (2k+2)7r)

VR’;(SI; r) ~ 2k+1° " 2k+3

{x} ifr >m.

Here the distance between two points is the length of the shorter arc between them. If instead
S* is given the Euclidean metric inherited from R?, we obtain the same sequence of odd spheres,
but the values of r at which the homotopy types change are distorted. These odd-dimensional

spheres yield persistence diagrams with single points in odd homological dimensions 2k + 1 at the

2k (2]€+2)ﬂ'
2k+17  2k+3

corresponding points < ) Alternately, Theorem 4.8.1 will give the barcodes, which

are visualized in Figure 4.1.

3This chapter contains content previously published in [39], modified only slightly to fit into the dissertation.
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Hy —f—

H,

Figure 4.1: Visualization of the persistent homology bars of VRZ (S 1. ), omitting Hy. There is one bar in
each odd dimension, corresponding to the homotopy types of odd-dimensional spheres.

These barcodes and persistence diagrams provide an important theoretical understanding of
Vietoris—Rips persistent homology, since the stability of Vietoris—Rips persistent homology (The-
orems 3.4.6 and 3.6.6) imply that approximate circles will have persistence diagrams close to
those of the circle. Because of this, we can improve our understanding of the persistent homology
of more general spaces: [76] shows that certain loops in a space may be detected by persistent
homology, as they contribute persistent homology bars similar to those of the circle.

Historically, the work here builds on previous similar results for Vietoris—Rips simplicial com-
plexes. Work in [63] gave the homotopy types of finite numbers of evenly spaced points on the
circle; along with the stability of persistent homology, these finite cases suggested reasonable
conjectures for the homotopy types of Vietoris—Rips simplicial complexes of the circle. These
conjectures were confirmed in [64], which finds the homotopy types of the simplicial complexes
at all scale parameters. The method used there is significantly different from the one we will use,
reflecting the difference in topologies between the standard simplicial complexes and the metric
thickenings. Other work in this area has improved the understanding of the homotopy types of
Vietoris—Rips complexes of general n-spheres at low scale parameters: two distinct approaches
in [77] and [78] apply in a range of scale parameters where the homotopy type of the n-sphere

is recovered. Furthermore, [77] describes how their results in fact improve upon those implied
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by Hausmann’s theorem (Theorem 3.8.1). Similarly, [79] finds the homotopy types of certain
Vietoris—Rips complexes of ellipses.

These previous results, along with Theorem 3.6.4, provided enough reason to make conjec-
tures for the homotopy types of the Vietoris—Rips metric thickenings of the circle (see for example
Conjecture 6 of [80]). Furthermore, recent work in [81] and [82] has shown that under reason-
able conditions, Vietoris—Rips simplicial complexes and metric thickenings are weakly homotopy
equivalent, further strengthening the relationship between these two constructions. Prior to [39],
the homotopy types of the Vietoris—Rips metric thickenings of the circle had been found for only
low scale parameters [55, 80, 83]. More generally, Theorem 5.4 of [55] identifies the first new ho-

n+1)

motopy type, S™ * Sa(

o that appears in the filtration of Vietoris—Rips metric thickenings (with

the < convention) of any n-sphere. The proof applies at the single lowest scale parameter at which

the metric thickening is no longer homotopy equivalent to the n-sphere.

4.1 Outline

Our technique will be to first show the metric thickenings are homotopy equivalent to CW
complexes, which provide a clear understanding of why these homotopy types appear. These CW
complexes provide a much simpler view of the metric thickenings and will in fact be constructed
as quotients of the metric thickenings. The quotients will identify each measure with a measure
supported on an odd number of regularly spaced points on the circle; a large part of our work will
be dedicated to constructing the quotient maps and showing they are homotopy equivalences.

The CW complexes reveal the homotopy types of odd-dimensional spheres as follows. For & >

Oand r € [22,!“_:1, (22’?;23)”) as shown above, there is one n-cell for each dimension 0 < n < 2k + 1.
The 1-cell is glued by its two endpoints to the O-cell to create a circle, which should be viewed
as the underlying copy of S'. For k > 1, the metric thickening contains measures supported on
three evenly spaced points around the circle, which can be viewed as points of a triangle, so we

obtain a subspace of triangular measures on a set of triangles parameterized by a circle. The 2-cell

is represented by a single distinguished equilateral triangle and is glued by its boundary to the
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circle to produce a 2-disk. The remaining triangles are parameterized by an interval, so adding in
the remaining triangular measures amounts to gluing in a 3-cell. The boundary of this 3-cell is
glued to the contractible 2-disk, producing a space homotopy equivalent to S3. Spheres of higher
dimensions appear similarly. For the final two steps, a single distinguished 2k-cell, represented
by measures supported on a chosen set of 2k + 1 evenly spaced points, is glued into the previous
(2k — 1)-sphere to produce a 2k-disk, and then a (2k + 1)-cell is glued in by its boundary, giving

a space homotopy equivalent to S?++1,

— A =
- a

Figure 4.2: The CW complex giving the homotopy type of S® has one cell in dimensions 0, 1, 2, and 3.
The 2-cell is a triangle and is glued by its boundary to the circle. The 3-cell is a triangular prism with cross
sectional triangles corresponding to all equilateral triangles on the circle. Both of its triangular faces are
glued to the 2-cell, with the top face rotated by %’r The rectangular faces are collapsed to the circle.

This approach of reducing to a CW complex is reminiscent of Morse theory and will hopefully
contribute to the development of a more general Morse-like theory for simplicial metric thick-
enings. Morse-theoretic ideas have previously been applied to related problems. One such idea
is described in [84], and this work was later found to be closely related to Vietoris—Rips com-
plexes; see [77]. The main result of [84] in fact implies the homotopy type of S? in the case of

Vietoris—Rips complexes of the circle. Discrete Morse theory has also been applied to the study of
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the Vietoris—Rips complexes of spheres: [78] uses a version of discrete Morse theory to show the
complexes recover the homotopy types of n-spheres at low scale parameters.

The remainder of this chapter is organized as follows. In Section 4.2, we set some conventions
and give a useful technique for constructing homotopies in simplicial metric thickenings. Sec-
tion 4.3 describes properties of the Vietoris—Rips metric thickening of the circle that will be used
throughout, many of which suggest the methods of the later sections. In Section 4.4, we give back-
ground information and basic results related to quotients and the homotopy extension property, and
we show that certain pairs of subspaces of the metric thickenings of the circle have the homotopy
extension property. Section 4.5 describes homotopies that collapse certain subspaces of the metric
thickenings, and in Section 4.6, we piece these homotopies together, defining a quotient map that
is a homotopy equivalence. In Section 4.7, we show this quotient has the CW complex structure
described above and use the CW complex to find the homotopy types of the metric thickenings.
As a final result, in Section 4.8, we find the persistent homology of the metric thickenings. Two of

the more technical results are delayed and proven in Sections 4.9 and 4.10.

4.2 Background, Notation, and Conventions

4.2.1 Coordinates on the Circle

We begin with some conventions for our work with the circle. The straightforward techniques
here will be used in detail later. We give the circle S' the geodesic metric, written dg1, which
assigns to two points the arc length of the shorter arc between them. We will typically use an angle
enclosed in square brackets to indicate a point on the circle: that is, [0] = (cos(f),sin(6)). The
square brackets can be thought of as denoting equivalence classes of points identified by the map
R — S! given by 0 +— (cos(f),sin(#)). Thus, [01] = [0,] if and only if 6; — 6, is an integer multiple
of 2. We can then describe the distance between two points easily: without loss of generality, two
points can be written as [¢;] and [f5] with §; < 0y < 6; + 7, and the distance between them is

given by dsl([el], [92]) = 92 — 91.
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It will be convenient to identify the circle minus a point with an open interval of length 27 on
the real line in a way that preserves distances locally. For any angle 6, € R and any chosen point

Yo € R, we can make this identification by a coordinate system z: S* — {[fy]} — R defined by

z([6]) = yo + 6 — o,

where the representative 6 for [6] is taken in the interval (6, 6y + 27). The image of z is thus
(Yo, Yo + 2m). We will describe such an = as a coordinate system that excludes [0y). The 27-

periodic function 7: R — S* given by

7(2) = (cos(z + 0o — o), sin(z + 6y — yo))

is a left inverse for x, that is, 7 o x([f]) = [f] for [#] # [fy]. Composing in the other direction,
we have z o 7(2) = z for z € (yo,yo + 27). We note that 7 preserves distances that are at most
m. In general, we have dg1(7(21),7(22)) < dgr(z1,22), that is, 7 is 1-Lipschitz. We will only
use coordinate systems defined as x is above, and we will also call (z, 7) a coordinate system to
indicate that 7 is the 27-periodic left inverse for x.

We can convert between the coordinate system z and another, z’: S* — {[0y]} — R, defined by

2([0]) = yo + 0 — 6,

where the representative 6 for [¢] is taken in the interval (6, 6, + 27). We will assume without loss

of generality that 6y < 6, < 6, + 2m. These coordinate systems are related as follows:

, (Yo —yp) + (0 — o) — 21 iffy < O < 6
x([0]) — 2'([0]) =
(yo — yh) + (6 — 6o) if 0, < 60 < 0+ 2,
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where here we choose the representative ¢ for [0] from the intervals (6o, 6f)) or (6;, 0y + 27). If T

and 7’ are the periodic left inverses, then we must have

7(2) = 7'(z = (yo — yo) — (65 — b))

4.2.2 Support Homotopies

Next, we introduce some techniques for working with simplicial metric thickenings that we
have not covered yet. Recall from Section 3.5 that if X is a metric space, a simplicial metric
thickening with vertex set X is a subset of Pi"(X), equipped with the Wasserstein distance. We
are of course interested in the Vietoris—Rips metric thickenings of the circle VRZ (S :7), and we
will restrict our attention to the < convention. In this chapter, we will use dy, to indicate the
Wasserstein distance on any space of probability measures, and from Section 4.3 on, it will always
be subspaces of Pin(S1).

A convenient way of working with topology of Pi(X) comes from the relationship between
the Wasserstein distance and weak convergence. A sequence of measures {, },>o in Pi(X)
is said to converge weakly to p € P™(X) if lim,, o0 [ f dpn = [y f dp for all bounded and
continuous f: X — R. The relationship with the Wasserstein distance is often summarized by
saying “the Wasserstein distance metrizes weak convergence.” We record this fact in language that
applies to our work: for a more general statement, see [85]. Note that this lemma applies to S*
since it is a Polish space: it is separable and is complete with respect to either the usual Euclidean

metric or the geodesic metric.

Lemma 4.2.1. Let X be a Polish bounded metric space and suppose {ji,}n>0 is a sequence
of measures in P(X). Then {j,}n>0 converges weakly to i € P(X) if and only if

Proof. This is a special case of Theorem 7.12 of [85] (the case of bounded metric spaces is men-

tioned in Remark 7.13(iii1) following the theorem). L]

132



We now describe a convenient way of constructing homotopies in subspaces of Pi*(X) that we
will soon use in VRZ (S 1:r). The following lemma shows that if X is bounded, then continuously
deforming the supports of measures in a subset U C P (X) results in a homotopy U x I — X
as long as all measures remain in U as their supports are deformed. We will allow the motion of
a mass at a point x in supp(u) to depend on both x and p, so we begin with a homotopy on the
subspace Q(X,U) = {(z,pn) € X x U | x € supp(p)} C X x U. We define a support homotopy
in U to be a homotopy H: Q(X,U)x I — X suchthatforanyt € Iandany p =" | a;0,, € U
with a; > 0 for each 7, we have Z?Zl ;0 (z,,u,t) € U (here we require y to be written with each a;
positive so that x; € supp(u), making (z;, i, t) in the domain of H). The following lemma shows
that a support homotopy in U induces a homotopy H:U x I — U if X is bounded. The proof

uses ideas similar to the proof of Lemma 3.5.6.

Lemma 4.2.2. Let (X, dx) be a bounded metric space and let U C P (X). If H: Q(X,U)x I —
X is a support homotopy in U, then H: U x I — U given by f[(,u,t) = > O () fOT

=, a0y, with a; > 0 for each i, is well-defined and continuous.

Proof. Up to reordering, there is a unique way to write a measure u € U C Pi(X) as p =
Yo a0, with a; > 0 for each ¢ and with x4, ..., z, distinct. Note that if xy, ...z, are not
distinct, this does not affect the value of H(u,t), so H(yu,t) is uniquely determined for each
(u,t) € U x I. Furthermore, by definition of a support homotopy, H does in fact send elements of
U x I into U, so it is a well-defined function; we must show it is continuous. Since X is bounded,
let C' > 0 be such that dx(z,y) < C forany z,y € X. Fixt € [and p = > a;0,, € U
with each a; > 0. To show continuity of H at (u,t), let ¢ > 0. Using continuity of H at
the finitely many points (z1, i, t), ..., (zn, i, t), there exist 1y, 7m2,m3 > 0 such that for each i,
if (y,p/,t") € Q(X,U) x I satisfies dx(x;,y) < m1, dw(p, ') < m2, and |t — ¢'| < 13, then
dx (H (i, p, ), H(y, ¢/, ")) < 5. We will reduce 7 if necessary so that 0 < 7, < F&.

Suppose (¢, t") € U x I satisfies dy (i, ') < 12 and |t — /| < n3, where p/ = Z’;l:l @;0q7.

Then there exists a transport plan {r;;} from p to u' such that 3, ; r; jdx (2;,25) < na. Let
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A={(i,7) | dx(zi,z}) > m} and B = {(i, ) | dx(zi, 2j) < m}. Then we have

xl? ]) T2 €
ki< m” <o <35
(i,7)EA (i,7)EA

We can use the same set of values {; ; } to define a transport plan between the measures H(p,t) =

> iy @iOH(z; oty and ﬁ(,u’, t') = Z?’ 1 jdH(z w.1)» and by our choice of 71,7,, and 73, we have

dW(f[(:u> t)? ﬁ(ula t/))

<Z/§de mzaluv ),H(x;-,,u’,t/))

= Z "ii,jdX(H<xi7/~L7t)7H(xg'alfblat/>)+ Z Ki,jdX(H(xia:uat>7H<'T;‘7:u/7t/)>

(i,7)€A (i,5)eB

< Z KijC + Z H”g

(i,j)€A (i,j)€B

=E.

Therefore H is continuous at (1, ¢). O

Finally, we note that given a homotopy in a simplicial metric thickening S™ constructed using
this lemma, the corresponding homotopy in the simplicial complex S is in general not continuous.

Thus, the technique of support homotopies is specific to the metric thickening topology.

4.3 (Odd numbers of arcs on the circle

A surprising amount of the structure of Vietoris—Rips metric thickenings of the circle will
depend on the following simple observation. Consider n distinct pairs of antipodal points on the
circle, with one of each pair colored blue and the other red. Given such a set of red and blue points
on the circle, consider the maximal length open arcs on the circle containing at least one blue point

and no red points. We can show by induction that there will always be an odd number of these
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maximal blue arcs. There is one arc for n = 1 or n = 2, and adding a new pair changes the number
of arcs only if the blue point is placed between two consecutive red points. This introduces a new
blue arc, but it also splits a previous blue arc, since the antipodal red point was placed between
two consecutive blue points. Therefore, each new antipodal pair introduced increases the number
of maximal blue arcs by either O or 2.

We find similar behavior in finite subsets of S with constrained diameter. Let r € [0, 7), and
consider a nonempty set © = {[6],...,[0,]} C S! with diam(©) < r. Since © cannot contain
a pair of antipodal points, we may color the points in © blue and the points opposite them red,
obtaining the situation described above. Furthermore, for any [6;] € ©, the open interval of length
2(m — r) opposite [6;] does not contain any other point in ©; we call a point in any such interval
excluded by ©. Let a (O, r)-arc be a closed arc of maximal length such that there is at least one
point of © contained in the arc and no point excluded by © is contained in the arc. We allow the
case where a (O, r)-arc consists of an individual point. This simply shrinks the blue arcs described
in the case of antipodal pairs, so the number of (©, r)-arcs is still odd. Let arcs,(©) be the number
of (O, r)-arcs.

If 1 € VRZ(S";r), then by definition diam(supp(u)) < r, so the definitions above may be
applied with © = supp(u). In this case we will call a (supp(u), 7)-arc a (p, r)-arc, and will write
arcs, (u) for arcs, (supp(u)). For any [#] in supp(u), we call any point in the open interval of length
2(m — r) opposite [0] a point excluded by i (note that this definition depends on the parameter r —
we will use this term when 7 is understood). The set of all points excluded by 1 may be called the
excluded region of p; this is the set of points that are at distance greater than r from some point in
supp(u). Thus, a (i, r)-arc is a closed arc of maximal length such that there is at least one point
in supp(p) contained in the arc and no point excluded by y is contained in the arc. Each point
in supp(p) is contained in exactly one (u,r)-arc, and as above, the number of (1, r)-arcs is odd.
Note that (u, r)-arcs are defined entirely in terms of supp(u), so if p and 1/ have the same support,

then the (i, r)-arcs agree with the (1, r)-arcs.

135



_—

Figure 4.3: Visualization of ©-arcs and points excluded by ©. The blue points are points of © and the red
points are the points opposite them. The blue arcs show the O-arcs and the red arcs are excluded by O.

For any k > 0, let V5,11(r) be the set of all measures 1 € VRZ(S';r) that have exactly
2k +1 (u,r)-arcs, and let Woy 41 (r) = Uf:o Vai+1(r) be the set of measures p with at most 2k + 1
(u,r)-arcs. For convenience, we will let V_;(r) and W_;(r) be empty. By definition, the sets
Vi(r), Vs(r), ... are disjoint and {J, -, Vars1(r) = VRZ(S"; 7). We will mostly work with a fixed
parameter r and will often suppress the r from the notation. In particular, we will often write the
sets of measures above as VR’;‘(S D), Vogy1, and Way, 1, and we will use the terms ©-arc and p-arc
when 7 is fixed or understood from context™®.

For r € [0, ), the region excluded by a point in the support of a measure has length 2(7 —7) >
0, so there is a maximum number of arcs a measure in VR’;(Sl; r) can have. Thus, Vo 1(7) is
empty for all sufficiently large k. From here on, we let K = K (r) be the largest value of k such
that Vag41(r) is nonempty; then VRZ(S';r) = Vi(r) U -+ - U Vag41(r) = Wag(r). To find K,
note that in order for a measure (. to have 2k + 1 arcs, the set of points excluded by p must be split

into 2k + 1 connected components. Since the open arc of length 2(m — r) opposite any point of

2km
2k+1°

supp(u) is excluded, this can only happen if 2(m — 7)(2k + 1) < 27, or equivalently r >

*In this chapter, VRZ'(S") will always mean VRZ'(S';r) at a fixed parameter r as described here; it should not be
confused with the shorthand notation for the entire filtration used in Chapter 3. We will use the notation VRZ'(S*; _)
to refer to the filtration, which will only appear in Section 4.8.
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2km

Conversely, if r > then any measure with support equal to a set of 2k + 1 evenly spaced

2k+1°

points has diameter 22:_& and is thus in V41 (7). This shows Vor 1 1(7) is nonempty if and only if
2k

T2 3t

We summarize the properties described above in the following proposition.

Proposition 4.3.1. Ler v € [0, 7). For any u € VRZ(S';r), there are an odd number of (j1,7)-

2km
2k+1’

arcs. Vayy1(r) is nonempty if and only if r > so K = K(r) is the unique integer such that

o <1 < % Thus, Vi(r), V3(r), ..., Vag4 (r) partition VRZ (S*;7), and VRZ (S';r) =

W2K+1(T).

Having defined the subspaces V5i 1 and Wsi 1, we now introduce additional subspaces that
will begin to suggest the CW complex described in the introduction. As with our previous defini-
tions, we will often omit the parameter r. For 0 < k < K, let Pyp11 = Poryq(r) C VR’;(Sl; T)
be the set of measures whose support is 2k + 1 evenly spaced points; that is, their support is of

the form {[60], [0 + 5725 ], - -, [60 + 2k 525 ]}. We refer to these as regular polygonal measures.

Each P51 is nonempty if and only if V5,1 is nonempty, and by Proposition 4.3.1, this holds if

2km

and only if r > 5%

The closure Py 1 of Pyyy1 in VRZ(S 1) consists of measures whose support
is contained in a set of 2k + 1 evenly spaced points (where not all of these points are required to
be in the support). The set of measures with support contained in a fixed individual (2k + 1)-gon
is homeomorphic to a 2k-simplex (and thus homeomorphic to the disk D?*), where a homeomor-
phism can be defined by taking linear combinations of delta measures to the corresponding linear
combinations of vertices of a 2k-simplex. This homeomorphism sends a measure with all 2k + 1
points in its support to the interior of the simplex. Furthermore, Py, = D% x S, where the
S parameterizes the set of regular (2k + 1)-gons on the circle (this S* may be better thought of

as the quotient of S' by the action of . Z )Z). These homeomorphisms can be checked using

k+1
Proposition 5.2 of [55], for instance. We define 0Py 11 = Popi1 — Popr1 = Pory1 N OVogyq since
for k > 1, we have the homeomorphism 9P, = S?*~1 x S1; however, P, is in general

not the boundary of Py,1 in VRZ(S"). Note that P;(r) consists of all delta measures, is equal

to its own closure, and is homeomorphic to S! by the canonical embedding of S! into VR’;(Sl).
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We also let Ry, = Ryi(r) € VRZ(S; ) be the set of measures with support equal to the specific

regular (2k + 1)-gon {[0], [3:2%], .. ., [325]} (the choice of the polygon containing [0] is just for

convenience; any fixed individual polygon could also be used). Then Ry, C Vari1 and Ry 1S

homeomorphic to the interior of a 2k-simplex. The closure Ry, of Ry in VR;”(Sl) is the set of

measures with support contained in {|[0], [2113:1], e [giiﬂ }, and we will write O Ry, = Rop — Roy.
Thus, for & > 1, the pair (Rg, ORy) is homeomorphic to (D%, S?*=1) Note that Ry, is not
necessarily the boundary of Ry in VR;”(Sl). For k = 0, we let D° be a space with one point, so
Ry = D°.

Our strategy for finding the homotopy type of VRZ (S 1) will be to define (in Section 4.6) a
quotient map ¢q: VRZ(S') — VRZ(S')/ ~ that is a homotopy equivalence. Under the equiva-
lence relation ~, each measure of VRZ'(S 1) will be equivalent to exactly one regular polygonal
measure. In particular, each measure in V5, ; will be equivalent to exactly one measure in Py 1,
determined by repositioning the masses in the 2k + 1 arcs to lie at 2k + 1 evenly spaced points.
Thus, VRZ (S 1)/ ~ will be described by specifying how the closures Ps 1 are glued together by
their boundaries. We will further split each Po 1 into Rox and Poy 1 — Roy, which are homeomor-
phic to an open 2k-disk and an open (2k + 1)-disk respectively. These will form open cells of a
CW complex that is homeomorphic to VRZ'(S")/ ~ and thus homotopy equivalent to VRZ'(S").
We will thus have one cell in each dimension 0 < n < 2K + 1, glued together as described in
Section 4.1 to give a space homotopy equivalent to S*%+1,

For reference, we list the main definitions made in this section, treating the scale parameter r

as fixed.

* For any 1 € VRZ(S 1), a p-arc is a closed arc of maximal length containing a point of

supp(x) and containing no point excluded by .
* V511 consists of all measures in VR’;(S 1) with exactly 2k + 1 arcs.

* Wapy1 consists of all measures in VRZ (.S 1) with at most 2k + 1 arcs.
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* Pypy1 consists of all measures in VRZ' (S 1) whose support is 2k + 1 evenly spaced points on

the circle.

* Ryq1 consists of all measures in VRZ'(S") with support equal to {[0], [52%], ..., [gif{]}

4.3.1 Properties of V5. and Wy 4
In this section, we give some technical lemmas characterizing the subspaces Va; 1 and Wy 1.
The first lemma below will allow us to determine when a measure p is in VRZ' (S 1) — Wok_1 (that

is, when 4 has at least 2k + 1 arcs). We will write it in the general setting of finite subsets of S*.

Lemma 4.3.2. Let r € [0, 7) and let © be a nonempty finite set of points in S* with diam(0) <
r. There are at least 2k + 1 distinct (©,r)-arcs if there exist distinct points [0p], ..., 0] € O
such that if the [0;] are colored blue and their antipodal points are colored red, the red and blue
points alternate around the circle. Conversely, if there are exactly 2k + 1 (©,r)-arcs, then if
[6o], . .., [0ax] are points in ©, each contained in a distinct (©,r)-arc, then coloring the [0;] blue

and their antipodal points red results in red and blue points that alternate around the circle.

Proof. Both statements are trivially true if £ = 0, so we suppose k£ > 1. Suppose first that there
exist distinct points [0o], ..., [f2x] € O such that if the [f;] are colored blue and their antipodal
points are colored red, the red and blue points alternate. Each blue point belongs to a unique O-
arc, and each red point is excluded by ©. Since the red and blue points alternate, for any pair of
blue points, there is a red point on each of the two arcs between the blue points. Therefore the blue
points must be contained in distinct ©-arcs, so there are at least 2k + 1 distinct ©-arcs.

To prove the second statement, suppose there are exactly 2k + 1 (O, r)-arcs (note that if & > 1

and there are 2k + 1 (©,r)-arcs, we must have r > Z¥L > 20) Let [0], ..., [05] € © with
one [f;] in each ©-arc. Color the [f;] blue and the points opposite them red. We show there
must be a red point on any arc between any distinct blue points [¢;] and [¢;]; without loss of
generality, we assume 6; < 6; < 6; + 27 and show there is a § € (6;,0;) such that [¢] is a red
point. If 0; + m < 6, then [0; + 7] is a red point and #; < 6; + m < 6;, so now consider the

case where 6, < 6#; < 60, + w. Since [f;] and [f,] belong to different O-arcs, there is a point
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excluded by © that can be represented by an angle in (6;,6,), so §; > 6, + 2(7m — r) and there
isaf € [0, +7+ (r—r),0; + 7 — (m — r)| such that [/'] € ©. Since [¢'] belongs to some
©-arc, there must be a blue point [¢;] in this ©-arc, and without loss of generality, we can choose
the representative ¢, such that 6, € [6; + 7 + (7 —7),60; + 7 — (7 — r)]. Then [#, — 7] is a red
point and ¢; < 0, — 7 < ¢;. Therefore there must be a red point on any arc between distinct blue

points, so the red and blue points alternate around the circle. [

The somewhat combinatorial nature of the definition of V5., and Wy, leads to interesting
topological properties. In general, the V5,1 are neither open nor closed, as shown in the following
example. However, we will see soon that each Wy is closed, and we will provide a description

of the closure of Vo1 in VRZ'(S?).

Example 4.3.3. For any k£ > 1, suppose r € [0, ) is large enough so that Vo, (7) is nonempty.
Then Va4 contains measures supported on 2k 4 1 evenly spaced points, and we can define a

sequence with a predictable limit by varying the mass placed at these points: define the sequence

{#tn}n>1 by
2k

fin = 5070 + Z (3% = 20m) O 227 -

2k+1
j=1

For each n > 2, u, is in V5,11, since it has nonzero mass at each of the 2k + 1 regularly spaced

points. On the other hand, the sequence converges to y = Z% ié[ 247 ), which is in V55
2k+1

7=1 2k

because [%} and |

2(k+1)m
2k+1

] are in the same p-arc (since 0 is not in supp(x)). Thus, {f, fn>2 is a
sequence in V5 that converges to a measure in V5, 1. This shows V5,1 is not open in VR?(S 1)
and V341 is not closed in VRZ'(S 1). Since this example applies whenever 1 < k < K, we see
Vaga1 1s neither open nor closed if 1 < k£ < K — 1. If K > 0, then V] is not open and V5x 1 is not

closed. We will see soon that V] is always closed and V55 1 is always open.

The following lemma shows that all measures sufficiently close to a fixed measure y have

certain properties determined by p.
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Lemma 4.3.4. Let k > 0 and r € [0, ), and suppose i € Vay11(r). For all € > 0, there exists an

n > 0 such that the following statements hold for all v € VRZ (S*;r) satisfying dy (p1,v) < 1.
1. For any [0] € supp(u), there is a [§'] € supp(v) such that ds:([0], [0]) < e.
2. ve VR’;(SI; 1) — Wok_1(r), that is, v has at least 2k + 1 arcs.

3. If Ay, Ay, ..., Ay are all the v-arcs, then for each i, define the closed arc A, by expanding A;
by ™5 on both sides. Then v(A}) = v(A;) for each i, the arcs A\, A}, ..., Ay, are disjoint,

supp(p2) € U, A} and [u(Al) — v(A})| < & for all i

The length of “5* in (3) is just used for convenience, and it could be replaced with an arbitrarily
small positive number. This length will also be used later when we need to expand arcs by a small

amount.

Proof. For (1), let m = min{u([0]) : [#] € supp(i)}, noting that m > 0 because p is finitely
supported. Then moving any point mass of p a distance of ¢ costs at least me. Choosing 1 €
(0,me), we find that for any v € VRZ(S") satisfying dy (1, ) < 7, there is a transport plan
between £ and v with a cost of less than me, so each point in supp(x) must be at a distance less
than ¢ from some point in supp(v).

To show (2), choose one point in each p-arc that is in supp(u) to color blue, and color the
points opposite them red. We apply (1) to choose 7 such that each point in supp(u) is at a distance

less that 5~ from some point in supp(v). Then for each blue point, choose a point in supp(v) at

T

2

distance less than to color green, and color the points opposite the green points orange (here a
point may be colored both blue and green or may be colored both red and orange). Since the blue
points are in distinct p-arcs, the distance between any two of them is at least 2(w — r), and thus
the green points are distinct; so we have 2k + 1 points of each color. Since the red and blue points
alternate by Lemma 4.3.2 and each red point is at a distance of at least 7 — r from each blue point,

the green and orange points must alternate as well. So again by Lemma 4.3.2, v has at least 2k + 1

arcs.
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Finally, we prove (3). By (1), we may choose 7 so that each point in supp(u) is within

=T
2

a distance of from some point in supp(v), and this will imply supp(p) € |J, A;. Since
Ag, A, ..., Ag are distinct v-arcs, each is at a distance of at least 2(m — r) from all others, so
each A] is at a distance of at least 7 — r from all others. This shows that the A} are disjoint.
For each i, the only points of supp(r) in A’ are those that are in A;, so v(A}) = v(A4;). In any
transport plan between p and v, for each ¢, at least a mass of |(A}) — v(A})| must be transported
from Aj to outside of Aj. Since all other A’ are at a distance of at least 7 — r from Aj, we must

have |u(A}) — v(A)|(m — r) < dw(u,v). Therefore, if we require n < (7 — r)e, we find that if
dw (p,v) < n, then |u(A]) —v(A])| <e. O

For any k > 0 and any n € VRZ(S 1) — Wor 11, Lemma 4.3.4(2) above implies there is an open
neighborhood of x4 in which all measures have at least as many arcs as . This neighborhood is

therefore contained in VRZ (S 1Y — Wor1. This gives us the following lemma.
Lemma 4.3.5. For any r € [0,7) and any k > 0, Wa41(r) is closed in VRZ(S"; r).

Note that in the case £ = 0, we have W, = V1, so this lemma shows V] is closed in VR’;(Sl).
This lemma also implies Voi 11 = Wopi1 — Wop_1 is open in Wy, for each k. We now give an ex-
plicit description of the closure of each Va.11: we will write the closure of Va1 (r) in VRZ (S Lor)
as m Note that Lemma 4.3.5 already implies Vo1 € Wayy1. Furthermore, simple exam-
ples show that V5,1 can be a strict subset of Woy,,: for instance, if 7 = 27”, then it can be checked

that a measure with support {[0], [27], [<], [%*]} is in Vi (r) € W5(r) but not in V3(r). The follow-
ing lemma shows that situations like that in Example 4.3.3, in which a sequence in V51 converges
to a point in V5,1 by altering the masses on a fixed support, in fact account for all measures in

Var+1. While this result is not unexpected, the proof is long and we give it in Section 4.9.

Lemma 4.3.6. Forallk > 0 and allr € [0,7), pt € Vay1(r) if and only if supp(u) is contained

in a finite set T C S* such that diam(T) < r and arcs,(T) = 2k + 1.

Lemma 4.3.6 will allow us to describe measures of VRZ'(S ) in a concise and useful form.

First, by Lemma 4.3.5, the closure of V51 in Wo,, 1 is Vory1, and the interior of Voiy 1 in Woy 1y
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is Vor11. Therefore, the boundary of Vo1 in Woryq is m — Voi11. From here on, we write
Vo1 = m — Vop4q for the boundary of Vi1 in Wy, 1. Note that this is not necessarily
the boundary of V5, in VR;”(Sl), as there may be points in V5, that are not in the interior of
Vaok41 1n VR’;(Sl) (see Example 4.3.3). By Lemma 4.3.6, we may write any measure it € Vapy1
as j = Z?io a;pv; where |, supp(p;) has 2k + 1 arcs, each ; is a probability measure supported
on a distinct (|J, supp())-arc, a; > 0 for each 4, and ), a; = 1. Furthermore, @ € OVap if
and only if a; = 0 for some ¢. If © € Vi1, then each a; is the amount of mass in an individual
pi-arc, so in this case we will refer to the a; as the arc masses of ;1. When we write p € Va1 as
W= Z?ﬁo a;p; meeting the description above, we will say p is written in (2k+1)-arc mass form,
or simply arc mass form when k is understood. The value of £ is relevant, as measures may be in
Vait1 for multiple values of k (in general, the closures Vay ; are not disjoint, even though the V.
are disjoint: again, see Example 4.3.3). If ;1 € Va1, both the set of 1; and their corresponding
a; are completely determined by p, so the arc mass form of p is unique up to reordering the sum.
In general, it is not unique if ;. € 0Vay 1, since if a; = 0, there are many choices for ;. We now
expand on the ideas of Lemma 4.3.4: the following lemma essentially shows that close measures

have close arc masses.

Lemma 4.3.7. Let r € [0, ), and let each sum below express measures in arc mass form.

1. Let k > 1, and let n € OVoyy1(r). For any € > 0, there exists an 7 > 0 such that if

v = Z?ﬁo biv; € Vary1(r) satisfies dy (p,v) <1, then b; < € for some i.

2. Letk > 0, and let u = Z?io a;pt; € Vopy1(r). For any € > 0, there exists an n > 0 such

that if v = Zfﬁo biv; € Vo (r) satisfies dw (p,v) < nand Ao, ..., Asy are closed arcs

m—r

2

obtained by expanding the v-arcs by on both sides, then possibly after reordering, we

have supp(u;) C A, a; = p(4;), b = v(4;), and |a; — b;| < ¢ for each i.

Proof. To prove (1), suppose v = Z?io biv; € Vori1(r) is written in arc mass form and satisfies
dw (p,v) < n. For each 4, supp(x) must have a point within ;- of some point in supp(v;), oth-

erwise the mass of b;v; could not be transported for a cost of less than 7. We now suppose for a

143



™=

5—. For each i, we may choose a point in supp(v;) to color green

contradiction that —L-—~ <
min; {b; }

and a point in supp(x) within a distance of Kn?ﬁ from this green point to color blue (here we

allow a point to be colored both green and blue). The green points are in separate v-arcs, so they

are at distance at least 2(m — r) from each other. Since < "5+, the blue points must be

n
min; {b; }
distinct, so we have 2k + 1 points of each color. Color the points opposite the blue points red and
the points opposite the green points orange. By Lemma 4.3.2, the green and orange points alternate

around the circle, and each green point is at a distance of at least 7 — r from each orange point

since diam(supp(v)) < r. Since < ™57, this implies the red and blue points alternate as

PR/ N
well. But by Lemma 4.3.2, this implies p has at least 2k + 1 arcs, contradicting the assumption

that © € OVa 1. Therefore we can conclude that — >

T

=L, so ming{b;} < % So given
any € > 0, setting = "¢ gives the desired result.
To prove (2), let ¢ > 0. Applying parts (1) and (3) of Lemma 4.3.4, we can choose an n > 0

such that for any v = Z?io biv; € Vayyq(r) written in arc mass form and satisfying dy (i, v) < n,

™=

the following hold: each point in supp(u) is within =5

of some point in supp(v), and letting
Ay, . .., Aoy be the disjoint closed arcs obtained by expanding the v-arcs by = on both sides,
supp(p) € U; Ai and |p(A;) — v(A;)| < e for each ¢. If k = 0, we are done, since A, contains
all points of supp(u) and supp(v), so we can suppose k& > 1. Reordering if necessary, we have
b; = v(A;) by the definition of arc mass form. We will show that for any ¢, the points of supp(u)
contained in A; all belong to the same fi-arc; since supp(p) C |J; A;, this will imply that each A;
contains some points of supp(x) and thus contains exactly the points of supp(u) belonging to a
particular p-arc. After reordering if necessary, this will show a; = u(A;) for each i. Suppose for
a contradiction that [0,], [#2] € supp(p) are in distinct p-arcs and that [0,], [f2] € A;. Color one
point of supp(u) in each p-arc blue, choosing [f;] and [0] for their u-arcs, and color the points
opposite the blue points red. By Lemma 4.3.2, the red and blue points alternate, so there is a red
point [¢'] contained between [0;] and [fs] in A;, and since [#'] is at distance at least 7 — r from both

[61] and [6], [#'] must in fact be contained in the v-arc contained in A;. Since there must be a point

T

2

of supp(v) within of the blue point [#' + 7|, the point [¢'] is excluded by v, contradicting the
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fact that it is in a v-arc. Therefore if [0], [02] € supp(p) N A;, they must belong to the same p-arc,

as required. U

4.4 Homotopies, Quotients, and the HEP

4.4.1 General Facts

This section covers some facts related to quotient maps and the homotopy extension prop-
erty. Our aim is to cover the theory that will be necessary to construct the map ¢: VRZ'(S') —
VRZ(S")/ ~, alluded to in Section 4.3 and which we will construct in Section 4.6, which will be
both a quotient map and a homotopy equivalence. We recall the relevant definitions. If X is a topo-
logical space and A C X, the pair (X, A) is said to have the homotopy extension property (HEP)
if given any homotopy H: A x [ — Z and any map f: X — Z such that f(a) = H(a,0) for any
a € A, there exists a homotopy G: X x [ — Z such that G|4»; = H and G(_,0) = f. A fiber of
a function is a preimage of a singleton. A surjective continuous function ¢: X — Y is a quotient
map if and only if it satisfies the following universal property: for any space Z and any continuous
f: X — Z that is constant on the fibers of ¢ (that is, ¢(z1) = ¢q(z2) implies f(z1) = f(x2)), there

is a unique continuous function g: Y — Z such that g o ¢ = f, as in the following diagram.

X
ql\
Y --—--- y 7

Furthermore, if this property holds, then Y is homeomorphic to the quotient space X/ ~ where
x1 ~ xo if and only if ¢(z1) = ¢(z2) and a subset of X/ ~ is open if and only if its preimage under
gisopenin X.

Proposition 4.4.3 below shows that quotient maps meeting certain conditions are homotopy
equivalences, and this is one of the main tools we will use. Lemma 4.4.2 will be used in the proof
of Proposition 4.4.3, as well as in a later section. Lemma 4.4.1 will only be used for proofs in this

section.
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Lemma 4.4.1. Suppose q: X — Y is a quotient map and Z is a locally compact Hausdorff space.

Then the product map q X 15: X x Z — Y X Z is a quotient map.
Proof. Lemma 4.72 of [86]. ]

Lemma 4.4.2. Suppose X is a topological space, ~ is an equivalence relation on X, and ~' is an
equivalence relation on X X I defined by (x1,t1) ~' (x2,ts) if and only if ©1 ~ x5 and t; = ts.

Then we have a homeomorphism (X/ ~) x I = (X x I)/ ~' defined by ([x],t) — [(x, t)].

Proof. Letq: X — X/ ~and¢: X x I — (X x I)/ ~' be the quotient maps. By Lemma 4.4.1,
since I is locally compact and Hausdorff, the map ¢ x 1;: X x I — (X/ ~) x [ is also a
quotient map. It can be checked that the function f: (X/ ~) x I — (X x I)/ ~' given by
([x],t) — [(z,t)] is well-defined and is a bijection, so we just must verify it is continuous and
has a continuous inverse. This follows from the universal property of quotients since the fibers of

q X 17 and ¢’ agree and we have both fo (¢ x 1;) =¢ and f~'o¢ = ¢ x 1;.
X xT

gx1y

(X/ ~) X T — (X x ) ~

]

We will use the following fact about pairs of spaces with the HEP, which establishes that certain
quotient maps are homotopy equivalences. This is a modest generalization of Proposition 0.17

from [61], and we will mimic its proof.

Proposition 4.4.3. Suppose (X, A) has the HEP and suppose H: A x I — A is a homotopy
such that H(_,0) = 14 and each H(_,t) sends each fiber of H(_,1) into a fiber of H(_,1).
Define an equivalence relation on X by x1 ~ x if and only if either ©1 = x5 or x1,12 € A and

H(x1,1) = H(x,1). Then the quotient map q: X — X/ ~ is a homotopy equivalence.
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Proof. Apply the HEP to find a homotopy G: X x I — X such that G(_,0) = 1x and G(a,t) =
H(a,t) for all (a,t) € A x I. Let ~' be an equivalence relation on X x [ defined by (z1,%;) ~/
(x9,t5) if and only if z; ~ x5 and ¢; = t5. Because each H(_,t) sends fibers of H(_,1) into
fibers of H(_,1), each G(_,t) sends fibers of ¢ into fibers of ¢. Thus, ¢ o G is constant on the
fibers of the quotient map X x I — (X x I)/ ~/, so we get an induced map on the quotient. By
applying the homeomorphism of Lemma 4.4.2, we obtain a homotopy G such that the following

diagram commutes for each ¢.

Since G(_,0) = 1x, we have G(_,0) = 1x/~. Furthermore, since G(a,t) = H(a,t) for all
(a,t) € AxI, wecansee that G(_, 1) is constant on the fibers of ¢, sowe getamap g: X/ ~ — X

such that the following diagram commutes.

X/~ — X/~
[~ a0 X

Therefore go g~ 1x viaG and go g ~ 1x/. via G, so q is a homotopy equivalence. 0
The next proposition will allow for further use of the HEP in combination with quotient maps.

Proposition 4.4.4. Let (X, A) be a pair of spaces with the HEP and let ~ be an equivalence
relation on X with quotient map q: X — X/ ~. If for each x € X — A the equivalence class of

x is the singleton {z}, then the pair (X/ ~ , q(A)) has the HEP.
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Proof. A pair (X, A) has the HEP if and only if there exists a retraction 7: X xI — X x{0}UAx[

(see Proposition A.18 of [61]). We will find a map 7 making the following diagram commute.

X xI - » X x {0} UAXT

gx1r (@x1r)|xx{oyuaxr

(X) ~) % T wemmzemeny (X[ ~) x {0} U(A] ~) X T

By Lemma 4.4.1, the map ¢ X 1; is a quotient map, so by the universal property of quotients,
it is sufficient to show that (¢ x 17)|x xjojuaxs © 7 is constant on the fibers of ¢ x 1;. This follows
from the fact that r is constant on A x [ and each x € X — A is the only element of its equivalence

class. Finally, 7 is a retraction because r is, so the pair (X/ ~, q(A)) has the HEP. O

4.4.2 The Homotopy Extension Property for (VRZ (S*; 1), Woy11(r))

In order to apply the ideas above in later sections, we will first demonstrate that certain pairs
of spaces within VRZ'(S') have the HEP. We will use the fact that a pair (X, A) has the HEP if
and only if X x {0} U A x [ is a retract of X x [ (Proposition A.18 of [61]). For any n > 1,
let A™ C R"™ be a regular n-simplex centered at the origin. We can first obtain retractions that
demonstrate (A", OA™) has the HEP similar to the retractions used in Proposition 0.16 of [61]. Let
A A" x I — A™ x {0} UJA™ x I be the map defined by projecting radially from the point
(0,2) € A" x R, where A™ x R is considered as a subspace of R"!. Then )\, is continuous, and

if the vertices of A" are vy, ..., v,, then )\, has the form
n n
)\n (Zaivi7t> - (Z ATL,?Z(CLO?'''7an7t)vi70-n(a()7"'7a/n7t)) 9
i=0 i=0

where o,,: A" x I — [ is continuous and the barycentric coordinates A, ;: A" x [ — [ are
continuous. Any point in the codomain A™ x {0} U JA™ x [ has at least one of the barycentric

coordinates or the coordinate for I equal to zero, so for any (D> . ,a;v;,t) € A" x I, either
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on(ag, ... an,t) =00r\,;(ag,...,a,,t) =0 for some i. Furthermore, \,, respects the symmetry
of A™ in the sense that for any permutation ¢, we have A, ;(ac(o), - - -, Gcn)) = Anc@)(ao; - - -, an)
and o, (ac), - - -, acm)) = onlao, - .,a,) (in short, A respects relabeling of vertices). Since A,
fixes points in A™ x {0}UOA™ x I, it is a retraction; specifically, A, (D1, a;v;,t) = (D1 a;v;, t)
if either t = 0 or a; = 0 for some .

We extend the ideas above to subsets of VR’;(Sl). Recall that we have defined 0V5; 1 =
m — Vap41 and that OVay, 4 is the boundary of Vo1 in Wo, 1, although it is not necessarily the
boundary in VR (S"). For each k > 1, we define a retraction pojy1: Vagr X I — Vagyq x {0} U

OVorr1 X I based on \g,. With measures written in (2k + 1)-arc mass form, define

% %
P2k+1 (Z @iy, t) = (Z Aok,i(@o, . ., Gog, t) i, Oog(ag, - . ., aoy, t)) .
i=0

=0

Since for any ay, . . ., asy, t, either oo (ag, . . ., agk,t) = 0 or Aoy i(ag, ..., ak,t) = 0 for some 7,
par+1 does in fact send points into Vay 1 x {0} U OVayyy x I. Each measure j € Vo, may be
expressed in arc mass form p = Z?ﬁo a;4; in multiple ways, either by permuting indices or by a
choice of ;1; when a; = 0; we must check that the definition of po;1 1 does not depend on the choice
of how i is written. First, if a; = 0 for some ¢, then as described above, Ao (Z?ﬁo a;v;, t> =
<Zfi0 aivi,t>, which implies poji1(u,t) = (p,t). Thus, if a; = 0 for some 4, then p(u,t) is
uniquely defined. If a; # 0 for each ¢, then p has 2k + 1 arcs, and thus two different ways of
expressing 4 in arc mass form must be the same up to a permutation of indices. By the symmetry

of A\gx, permuting the set of indices does not affect the value of p(u,t). Therefore poyiq is a

well-defined function.

Lemma 4.4.5. For each k > 1, the function pog.1: Vopr1 X I — Va1 X {0} U0V X Tisa

retraction, and thus the pair (Va11(r), OVar11(r)) has the homotopy extension property.

Proof. Since Mgy, is a retraction, poy. 1 fixes all points of Vo1 X {0} U 0Vory1 X I, as required.

We need to show it is continuous. We will suppose { (v, t,)}n>0 is a sequence in Vor 1 X I that
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converges to (u,t) € Vg1 X I and check that poy 1 (v, t,,) converges to por+1 (i, t), splitting into
cases for when p € Vo1 and when 1 € OVay 1.
For the first case, suppose 11 € Vay1 and write p in (2k 4 1)-arc mass form as 1 = Z?io jfb;.

Then a; # 0 for all 7, since 1 € Vap1. Applying Lemma 4.3.7(2), we see that for all large enough

2k

n, we can write each v, in arc mass form as v, = ) =0 OnjVn,;j such that lim,, , a,, ; = a; for

each j. As in the lemma, the v, ; can be chosen so that expanding the v,,-arc containing supp(v,, ;)

by 5" on either side produces an arc that contains supp(y;). Furthermore, we show 1, ; converges

weakly to y; for each j. Let A; be the p-arc containing supp(js;). Define A’ by expanding A;

T

by "7 on either side, and define A7 by expanding A; by "5

on either side. For all large enough

n, supp(vy,;) is contained in A;-, since by Lemma 4.3.4(1), expanding all open arcs excluded by

mT—r

4

v, by covers all points excluded by x. Any bounded continuous function f: S' — R can be
replaced with a bounded continuous function fequal to f on A’ and with supp(f) C AJ. Then
Jor fdvn; = [ £ du,, for all large enough n, so
lim fdv,; = lim fdz/n = fd,u = / fdu;,
- 51 51

n—oo g1 n—oo S1

where the second equality follows from Lemma 4.2.1. Therefore v, ; converges weakly to 1, for
each j.

Since a,, ; approaches a; for each j, continuity of each \y;; and oy, show that as n — oo,
Aok i(@n0s - - - G2k, tn) approaches Aoy ;(ao, . . ., as, t) for each i and oox(an, - - -, Gnok, tn) ap-
proaches g, (ag, - . ., as, t). Then since v, ; converges weakly to 4, for each j, Lemma 4.2.1
shows the components Zfio Aok i (@n0y - - -y G2k, tn )V, converge in the Wasserstein distance to
Z?ﬁo Aoki(@o, - - -, ok, t) s, Which is the first component of pax1 (4, t). We have thus shown both
components of poy 11 (v, t,) converge, so pog1(Vn, L) converges to poyi1 (1, t), as required.

We now consider the second case, where 1 € 0Va, 1, and we have previously noted this means
pakr1 (e, t) = (u,t). First, we determine how Ay, behaves near 9A?* x I. Since Ay, is continuous,

we have a continuous function Aoy : A2 x I — R2¥ given by Aoy(z, 1) = Aap(z, 1) — (, ).
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For any open neighborhood of 0 in R2**1, the preimage under Xok is an open set that contains the
compact set OA?* x I and thus contains an open ball around this compact set*’. Therefore, for
any ¢ > 0, there is an 7 > 0 such that if (ay, ..., ax,t) € A% x [ with a; < n for some j, then
| Aaki(ao, . .., agk, t) — a;| < eforalliand |ogx(ao, . .., axy,t) —t| <e.

We apply this fact to describe the image of the sequence {(v,, t,,)} under pox. 1. Again, write
each v,, in arc mass form as v,, = Z?io p jVp . Temporarily write the first component of pa1

as amap wogy1: Vorr1 X I — Vogyq, so that

2%
Wokt1 (Un, tn) = Z Aokei(An0y - - 5 G2y tn) Vi
1=0

By Lemma 4.3.7(1) and the fact that v,, converges to u € OVa,i1, given any n > 0, for all
sufficiently large n, we have a,; < 7 for some j. Applying the fact above, this shows that
given any ¢ > 0, for all sufficiently large n, we have Aok i(@n0,- .., anok, tn) — ani| < € for
all ¢ and |oox(ano, .-, Gnok,tn) — t,| < €. Simple bounds on the Wasserstein distance show
that this implies w41 (vn, t,) is arbitrarily close to v, for all sufficiently large n. Combined

with the fact that (v, t,) converges to (u,t) = pags1(i, t), this shows pox1 (v, t,) converges to

P2kt (2, ). O

We use Lemma 4.4.5 to prove the fact we will use in later sections, that (VR;”(Sl), ngH)
has the homotopy extension property for each k. Recall we have defined X' = K(r) to be the
smallest integer such that VR’;‘(S 1) = Wsk 1. For each k > 1, we extend the retraction pyg1 to

a retraction

Pokt1: Wagpr X {0} U Wopq X I — Wogq x {0} U Wy x 1

40This is a general fact about compact subsets of metric spaces: see, for instance, Exercise 2 in Section 27 of [41].
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defined by

~ par+1(p,t) if (p,t) € Vagyr x 1
Par+1(p,t) =

(,u,t) if (u,t) € Woki1 X {0} U Wop_1 x 1.

We have defined o1 on two closed subsets of Wor 11 X {0} U Woyyq X I, since Woy 1 x I is

closed for each k£ by Lemma 4.3.5. The intersection is given by
Vaky1 X I'N (W2K+1 X {0} U Wo_q X I) = Va1 X {0} UOVagqq x [

and pos1 is constant on this intersection by Lemma 4.4.5, which shows por,; is well-defined.
Again by Lemma 4.4.5, the definitions on the two closed sets are continuous, S0 por1 is continu-
ous. By definition, all points of Wax 1 X {0} UWa; 1 x I are fixed, so pax 1 is in fact a retraction
for each k. By applying these retractions in decreasing order starting with pog 1, we obtain a
retraction

52k+3 0...0 ;52](_,_12 W2K+1 x [ — W2K+1 X {0} U W2k+1 x I

forany 0 < k < K. Thus, Lemma 4.4.5 implies the following.

Proposition 4.4.6. For any k > 0, there exists a retraction
VRZ(SY;7) x I — VRZ(S';7) x {0} U Wapya (r) x 1,

and thus the pair (VR’;‘(S Y1), Waky1(r)) has the homotopy extension property.

4.5 Collapse to Regular Polygons

We are now ready to define homotopies on subspaces of VR;”(SI). For each £ > 0 and any
r € [0,7) such that Va1 (r) is nonempty, we define a homotopy that collapses Vi1 to the set
of regular polygonal measures Py1. We first define a support homotopy (see Section 4.2.2). Let

p € Va1 We will choose a coordinate system (z,7) with z: ST — {[6y]} — R. If k = 0,
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we can choose [fy] to be any point excluded by p and let Ay be the single u-arc. Otherwise, let
Ap, Ay, ..., Agy be the p-arcs, in counterclockwise order around the circle and with [fy] chosen
strictly between the two closest support points of Ay, and Ag. Let v3}" RS ! — R be a function
such that [0] € A,zx () for any [0] belonging to any A;. Then vy, , is constant on the arcs, and

we can choose it to be continuous. Define m3, ;: Vor1 — R by

x 2m 2T
M (1) :/sl (-f 2k+1”2k+1> dp = Z/ (I_ 2k+1)du,

where we recall z: S' — {[fy]} — R is a continuous function, defined everywhere except the set

{[fo] }, which has measure 0. Furthermore, let

Q(S", Varrr) = {([0], 1) € 8" x Vary1 | 0] € supp(p)}

and using any such coordinate system (z, 7), define the function*' Fyy,1: Q(S', Voryy1) x I — S1
by
2T .
Faea(8)0) = (1= 0016+ ¢ (52503 00D 4 i) )
The intuition for these definitions is as follows. We use the choice of = to work with coordinates

in R (we will soon show that the definition of F5;; is independent of the choice of coordinate

system). The homotopy is constructed as a composition

V
~
\‘
+
U
&

Q(Sl, V2k+1) x I

The integral [ 1. T dp acts as a weighted average (ignoring the total mass of A;) of the images under

x of the support points in A;. Since the p-arcs Ay, ..., Ay are in counterclockwise order around

the circle, the integral m3, (1) = S W (=

20T
2k+1

) dp takes an average of where points in

4I'We define Fj11 for any value of  such that Vay 41 (r) is nonempty. However, the definition does not depend on r,
so we can safely omit it from the notation. We follow this convention for the homotopies Foj 11, Gog+1, and Gag41,
defined later, as well. In fact, we could even treat r as fixed until the end of Section 4.7.
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supp(11) “expect” A to be centered. Then for each [0] € supp(p), 5225 v54 1 ([0]) +my 4 (1) is an
angle of a point on a regular polygon associated to i, as v5;", ,([0]) € {0,...,2k}. The homotopy
is then defined as a straight line homotopy in R, and we compose with the map 7 to return to S*.
This has the effect of moving all masses in a single p-arc to the same point and ending with masses
located at 2k + 1 evenly spaced points; we can picture Fb,,; as deforming the support of each

measure in V51 into an average regular polygon (see Figure 4.4 below).

Lemma 4.5.1. For each k > 0, the function Fy,,1: Q(S*, Varr1(r)) x I — St is well-defined and

is a support homotopy.

Proof. We begin by showing Fb;; is well-defined, that is, that the choice of coordinate system
does not affect the definition. We compare the definition for two coordinate systems z: S' —
{[60]} — R and 2': S* — {[0;]} — R, where {[fy]} and {[0}]} are points excluded by p. As
above, if £k = 0, let Ay be the single p-arc, and otherwise, let Ay, Ay, ..., Aox be the p-arcs, in
counterclockwise order around the circle, and with [fy] between Ay, and Ay. If £ > 1, then [6]
is excluded by p, and it lies between two p-arcs; let [ be such that [f()] lies between A;_; and A,
orlet [ = 2k + 1 if [0])] lies between Ay, and Ay. If & = 0, let | = 1. By converting between

coordinates z and 2’ as in Section 4.2.1, we find that there is an s € R such that on arcs,

z([0]) —s+2r if[fle AgU---UA_,
7([0]) =
z([0]) — s if[0] € AyU--- U Ay

Furthermore, there exist periodic functions 7,7/: R — S'suchthat 7oz = 1g1 and 7/ 0 2’ = 141,
and these must satisfy 7(z) = 7/(z — s).

We just need to convert each term in the definition of F5;,; between the two coordinate sys-
tems. First, for [0] € Ao U --- U Ay, we have

vy ([0) + 2k +1) =1 if (] € AgU---U A,

vt ([0]) =
vyt ([0]) =1 if[0] € A U--- U Ay
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Next, keeping in mind that supp(p) C Ag U - -+ U Ay, we compute

2 27T
mzkﬂ(ﬂ) = /Sl (1’/ 2k+ 1 2k+1> dp
/ <x—s+27r— T (o +(2k+1)—l))d
AgU Uy 2k+ 2k+1
2
+ r—s— ok =1 ) dp
/I4[U"‘UA2k ( 2k +1 ( 2k:+1 )

2m ] n / 2 J
= — S xr — ’U
% + 1 o o 1 ke ) 1

From these, we can convert the following term in the definition of Fbjq:

2 %Ugéil +mg () —s+2r if[f] € AgU---

%—vakﬁl(w]) + M (1) =

21311 aipr Mg (1) — s if[0] e A;U---

Along with the conversion for 2'([f]), this gives

(=0 + s (60) + b ()
( ( +
= (1= ) (18] + 1 ( s (6 + (1)) ).
( (55

UA;

U Agy.

where we have used the fact that 7(z) = 7/(z — s) for all z € R and 7’ is 27-periodic. This shows

the definition of F5; 1 does not depend on the choice of coordinate system.

We next show Fyy 41 is continuous at an arbitrary point ([¢], 1/, ). First, choose a [¢] such

that [0y + 7] € supp(y’) (thus, [0p] is excluded by p'), and work with a coordinate system

z: S" — {[6]} — R and 7 such that 7 o = 1g1_g,;. By Lemma 4.3.4(1), for any measure

w sufficiently close to 1/, there is a point in supp(u) at distance less than 7 — r from [0y + 7]

and thus excludes [fy] as well. Therefore we may use the same coordinate system (z, 7) in some

neighborhood of x/. Since z and 7 are continuous and the argument for 7 in the definition of
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Fy44 1s defined by a straight line homotopy in R, it is sufficient to check that the function given
by ([0], 1) = 50250541 (0]) 4+ m3y.,, (1), defined on a neighborhood of ([¢], /), is continuous.

By Lemma 4.3.7(2), for any u sufficiently close to 1/, if Ay, ..., Ag. are defined by extending the

T

2

ji-arcs by on both sides, all points of supp(y’) contained in a single y/'-arc are contained in the
same A;, with distinct y/-arcs corresponding to distinct A;. This implies that if [#”] € supp(u) and
ds1(0',0") < m—r, then v;”,;‘il([ﬁ’]) = vy 1([0"]), and thus we now only need to show the function

(= mi;. 1 (p), defined on some neighborhood of 1/, is continuous. With o and A, . .., Ay as

above, we have

7T 7T
— dl_ / _ d
/Sﬂ" W=D s () /Slxwz%ﬂm )
— [ e [ r+ S B () — i A)
1 51 2k + 1 ’ ‘

For the integrals, | g1 T dp approaches /. 1 T dp’ as p approaches p': this follows from Lemma 4.2.1
after replacing x by an appropriate bounded continuous function without changing the values of
the integrals. For the sum, by Lemma 4.3.7(2), each |p(A;) — 1/ (A;)| can be made arbitrarily small
by choosing a sufficiently small neighborhood of ;i’. Therefore the function p — m3, () is
continuous, so we conclude that Fb; 4 is continuous.

Finally, to see that Fj;; satisfies the definition of a support homotopy (Section 4.2.2), we
must check that for any 1 = >~ | a;0p,] € Vapqq With a; > 0 for all 4, and for any ¢ € I, we have

> 1 @i0R,,  (j6ut) € Voks1. This amounts to checking that Y7 | a;0p,, ., (j6,),u.0) has diameter at

2k

most  and has exactly 2k + 1 arcs. First, supposing V341 is nonempty, we must have r > 5%

by Proposition 4.3.1. For the diameter bound, consider any two points in supp(u), without loss of
generality writing them as [#;] and [f5]. Choose a coordinate system (z, 7) with a corresponding

ordered set of p-arcs Ay, ..., A so that, without loss of generality, [01] € Ay and [f,] € A; with
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0 < j < k. Then |z([¢h]) — z([62])] < r. Forany ¢t € I, we apply the fact that 7 is 1-Lipschitz

(Section 4.2.1), giving the following bound:

s (Faryr([01], 1, 1), Faryr([02], 1))
~d (7 (0= 0 0) + tm5s0) o7 (1= O(8) +1 (5227 + w0 ) )
< |- o)+t = (= el + ¢ (525 + w0 )

< (1= 0fa(0) = (B | + 1500~ (5o + 5 )|
<(1 —t)r+t2zjfl
2km
S
<(1-t)r+tr

Therefore, Y " | a;0p,, ,,(j6:],ut) has diameter at most 7.

To see that each Z?:l a;i0py, +1(16:),,t) has 2k + 1 arcs, we first associate to any nonempty finite
subset © C S of diameter at most r a continuous map fg: S* — S*. Color the points of ©
blue and the points opposite them red. Let fo send each blue point to [0] and each red point
to [r]. On any arc between consecutive colored points that are the same color, let fg remain
constant at the value of the endpoints. On an arc between consecutive colored points with opposite
colored endpoints, let the angle of fg([f]) increase at a constant rate as € increases, such that it
increases by 7 across the length of the arc. Since each blue point is at a distance of at least 7 — r
from each red point, fe is —"—-Lipschitz. We can see that arcs,(©) is equal to the degree of fe.
Letting ©; = {For1([0;],11,t) | 1 < i < n}, we get a function fg,: S — S* for each ¢t. The

continuity of Fb;,; can be used to check that we get a continuous map S' x I — S! defined by
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([0],t) — fo,([0]). Thus, any fe, is homotopic to fg,, so for each ¢,
arcs,(0;) = deg(fo,) = deg(feo,) = arcs,(©g) = arcs,(supp(u)) = 2k + 1.

This shows each > | a;0p,, ., (0,),ut) has 2k + 1 arcs and completes the proof that Fyy,; is a

support homotopy. [

Applying Lemma 4.2.2 to the support homotopy Fsj11, we get a homotopy ﬁgkﬂ s Vo X I —
Vak1, defined for o = 377 | a;0p9, with a; > 0 for each ¢ by ﬁng(M, t) = Y i1 QO Fy ([0 st)-
For each . € Vopyq, Z:;gkﬂ(u, 1) is a measure supported on 2k + 1 evenly spaced points on the
circle, and all masses in p in a single p-arc are moved to a single one of these evenly spaced points.

Explicitly, following the notation above, for each i1 € Vo1, we have
ﬁ2k+1(/£, 0) =

and

F2k+1 ,U/7 Z /’L 2k+1+m2k+l(u)> (4.1)

Thus, ﬁzkﬂ(_, 1) sends Vay 41 into Poyq.

N N

Figure 4.4: F2k+1 can be visualized for an individual measure by sliding the support points along the circle.
This example shows F2k+1(/.1,, 0) = u, ngﬂ(,u,, 2) and ngﬂ(,u,, ) for a specific measure . The blue
points are the support points, which move until they reach the smaller black points.
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For each £k, it can be checked that the homotopy ﬁ2k+1 is a deformation retraction, which is
enough to show that V51 ~ Po ;. However, this is not enough for our purposes, as we would
like to collapse all the V5,1 while preserving the homotopy type of the entire space VRZ (S h.
We will describe in Section 4.6 how this can be accomplished using Proposition 4.4.3, by defin-
ing equivalence relations that relate measures in Vo, if they are sent to the same measure by
ﬁ2k+1(_, 1). To prepare for this use of Proposition 4.4.3, we prove the following lemma, which

implies that each Ekﬂ (_,t) sends each fiber of Ekﬂ (_, 1) into the same fiber.

Lemma 4.5.2. For any r € [0, 7) such that Va1 (r) is nonempty, any k > 0, any t € I, and any
€ Vaoyyq(r), we have

Forpr (Fopr (11, 1), 1) = Fogerr (11, 1).

Proof. Let y = Z?:l a;djg,) with a; > 0 for each i. We will show the claimed equation holds at
a fixed ty € I. We first show we can find a coordinate system that can be used for each compu-
tation of Fv2k+1. Temporarily, we define a reduced p-arc to be the smallest closed arc containing
all the points of supp(u) contained in a given p arc; that is, its endpoints are the outermost sup-
port points of the p-arc. For any p € Vo1, we know that ﬁ2k+1 collapses the masses of each
reduced p-arc to a single point. If some reduced pi-arc contains the point it is collapsed to, let 6]
be the point opposite it (note that this is the only possible case when £ = 0). Otherwise, suppose
each reduced p-arc is collapsed to a point outside it and hence, within each reduced p-arc, all
support points are moved in the same direction by Fy;,1. Since m3, , is defined by a weighted
average, we can show not all support points are moved clockwise and not all are moved counter-
clockwise. This can be seen using any valid coordinate system (z, 7): by the definition of Fy 1,

a point [6;] € supp(u) is moved in z values from z([0;]) to 5225 v5;t:, ([0:]) + m3; (). Since

Sy ai (2(16:]) — (g5 vy (16:]) +m3, (1)) = 0 by the definition of may1, not all support
points move in the same direction. Thus, beginning with an arc that is moved clockwise and read-
ing counterclockwise around the circle until we reach the first arc that is moved counterclockwise,

we can find two reduced p-arcs A and A’ such that A’ is the p-arc immediately counterclockwise
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from A, A is moved clockwise, and A’ is moved counterclockwise. Because these are contained in
distinct p arcs, there must be a point excluded by o between the two, immediately counterclock-
wise of A and clockwise of A’; let [fy] be any such point. In either case, we can check that no mass
is moved through [6y] by Fy1(pt,_ ), so the coordinate system (z, 7) with z: S* — {[6y]} — R
is a valid choice of coordinate system for both 1 and ﬁ’gkﬂ (1, t) for the computation of ﬁ2k+1- In
the notation of Section 4.2.1, we can choose ¥, to be 0, so that the image of x is (0, 27) . By the
choice of 6], the expression (1 — ) z([0]) +t (527 v5y,([0]) + M, (1)) used in the definition
of Fyy,41 produces values in (0, 27) for all ¢ and all [f] € supp(z). This means we will be able to
use the fact that = o 7 restricted to the interval (0, 27) is the identity.

Equation (4.1) above shows

F2k+1 p, 1 Z M gifl +m2k+1(“))

and

where Ay, ..., Ay are the arcs of yand A), . .., Al are the arcs of Fy1((11, %), 1), both ordered
counterclockwise starting at [fy]. Since the arcs of 1 and ﬁzk“ (i, to) remain in the same order and
have the same amounts of mass, Fay1 (1, to)(4}) = pu(4;) for each i. Thus, it is sufficient to show

that mg, ,(p) = m§k+1(ﬁ2k+1(ﬂ, to)). By definition,

. 2m
m%ﬂ(#) = /51 (95 2k+1 2k+1> du,

and

~ 27‘(‘ x - ~
Mg (Forr1 (1, to)) = / (m - %—Uzlffﬂ(u’to)) dFor11(p, to)-
1 +1
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Again, the arcs of y and ﬁ%ﬂ (1, to) remain in the same order and have the same amounts of mass,

so the terms vy;”, ; and v, ,’i?f“(” ) integrate to the same value. We thus need to show that

/xdu:/ xdﬁ2k+1(u,t0).
51 51

By definition, if 4 = ", a;d}p,) with a; > 0 for each 7, then ﬁ2k+1(lu/, t0) = Y i1 @iOFy, 1 (16:] ko)

We compute, applying the fact that x o T restricted to the interval (0, 2) is the identity:

n

/51 7 P (1 o) = > aiw(Fasa ([6:], 1, to))

=1

_ Z or (1= toa() + o (G0 + )
=3 o (0=myetiod + o (it (0 + i)

2
= (1 —to) /Slxdu—Fto (/51 2%k + 1 U2k+1 d,u + m2k+1(ﬂ))

= / zdp,
Sl

where the last step uses the definition of m3, (). O

4.6 A Sequence of Quotients

Having defined homotopies ﬁQk.ﬁrl: Vori1 X I — Vi that collapse the Vo, 1 to measures
supported on regularly spaced points, we now show how to collapse all V5, at once in a way that
preserves the homotopy type. There is not necessarily a natural way to extend a given ﬁng con-
tinuously to all of VRZ (S 1). However, it turns out that proceeding one k at a time, we can identify
points with equal images under ﬁgkﬂ while preserving the homotopy type, which produces a much

simpler space. We introduce a sequence of quotient maps as follows.
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VRZ(S")

VRm(Sl) \

VRZ(S) ~ VRm(S )

VRZ(Sh)

PR — 7
~3 a5 Q2K+1  T2K+1

For each k > 0, let the equivalence relation ~y;41 on VRZ'(S") be defined by ju; ~ops1 fio if
and only if p; = py or for some [ < k, uq and py are in Vo, and Elﬂ(ul, 1) = ﬁ21+1(u2, 1).
Let q1,...,q2x+1 be the associated quotient maps. For convenience, we will also let ~_; be
equality and let ¢_; be the identity map on VRZ(S ). Because each equivalence relation re-
spects the previous ones, we also get quotient maps ¢i, ..., ax+1. We also note that for all k
and [, Wy, is a closed, goj-saturated*? subspace of VR?(Sl), which implies the restriction
Q2k41|Warsr © Waryr = @okg1(Wargr) is a quotient map (Theorem 22.1 of [41]). Our aim is to show
that each quotient g1 is a homotopy equivalence.

We extend the composition gg_1 © Ekﬂz Vorr1 X I — qok—1(Vog+1) to the following map
so that we will be able to apply Proposition 4.4.3. For each k£ > 0, define Gogy1: Wopr1 X I —
Gor—1(Wary1) by

G2k—1 © ﬁ2k+1(,u; t) ifp € Varqy
Gops1(p,t) =

Qor—1(10) if 1 € Wop_q.
Thus, we have f1; ~or41 pi2 if and only if Gopq1 (1, 1) = Gopgr (12, 1).

Checking that each G951 is continuous will be tedious, so we place the proof of continuity in
Section 4.10. The intuition for the continuity of G, is as follows. We can reduce to checking
continuity at each point in Va1 x I. Since ﬁgkﬂ (_, 1) performs an averaging operation on mea-
sures of V5,1 and ¢o;,_1 identifies measures with the same averages under the various ﬁ2l+1(_7 1)

with [ < £, we need to check that these averages are compatible with each other (where for ﬁ2]€+1,

“Given a function f: X — Y, asubset U C X is called f-saturated, or simply saturated, it U = f=1(f(U)).
A continuous, surjective function between topological spaces is a quotient map if and only if the image of each
saturated open (closed) set is open (closed) [41].
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we actually need to consider a limit as we approach 0V5;, 1). This compatibility is analogous to the
fact that to take a weighted average in R, we can perform the sum in any order, and in particular,
averaging certain subsets of points first does not change the final average. Since the averaging
operation performed by each Elﬂ depends on taking weighted averages of coordinates in R, it is
reasonable to expect that the various averages are in fact compatible.

We proceed with our goal of showing each ¢,,1 is a homotopy equivalence. Letting

r € [0,7) and 0 < k < K(r), we will check that we can apply Proposition 4.4.3 to the

pair (vwg(s ), qgk_l(ngH)) and the homotopy CNJ%H constructed below. Proposition 4.4.6

~2k—1

states that each pair (VRZ(S'), Waj11) has the HEP. By Proposition 4.4.4, since each p €

VRZ (S 1) — Way1 is only equivalent to itself under the equivalence relation ~q;,_;, we find that
VR (S%)

~2k—1

each pair ( y q2k_1(W2k+1>> has the HEP. Each G2k+1 (_,t)i W2k+1 — q%_l(ngH) is
constant on the equivalence classes of ~q;_1, so applying Lemma 4.4.2 and the universal prop-
erty of quotients, we get a homotopy CNJ%H: Gok—1(Wags1) X I — qop_1(Wagy1) defined by

C~}'2k+1(q2k,1(,u), t) = sz+1 (,u, t) Speciﬁcally,

_ G2k—1 © ﬁ2k+l(ﬂa t)  ifp € Vag
Gok1(qar—1(p), t) =

Qor—1(1) if e Wo_1.

Thus, é2k+1(Q2k—1(V2k+1) X I) C qog—1(Vogs1) and éQk+1(Q2k—1(W2k—1) X I) C qop—1(Wak—1),
where we can note that gog_1(Vogs1) and gox—1(Wor_1) are disjoint. Furthermore, the equiv-

alence classes of Vo, with respect to go_; are singletons, so for pq, s € Vopiq, we have

é2k+1(Q2k—1(M1), 1) = é2k+1(Q2k—1(M2)7 1) if and only if ﬁ2k+1(/v017 1) = ﬁ2k+1(/v02, 1). Therefore,
VRZ(S') VRZ(S!

~ok—1 ~2ok+1

the quotient map qag 1 : ) described above identifies gox—1(1t1) and gog—1 (p2) if
and only if CNJ%H(q%_l(,ul), 1) = égk+1(q2k_1(u2), 1). Finally, by Lemma 4.5.2, for any ¢ € I,
we have égkﬂ(é%ﬂ(qgk,l(u), t),1) = (N}’gkﬂ(qgk,l(u), 1), so each égk+1(_ ,t) sends each fiber

of Gopin (_, 1) back into the same fiber. Therefore, all conditions of Proposition 4.4.3 apply to the
VR™(S1)

~ok—1

pair of spaces ( QQk_1<W2k+1)> and the homotopy éng, so we conclude that ¢o51 i

163



a homotopy equivalence. By forming the composition ¢z 1 © - - - © g3 © ¢; of homotopy equiva-
lences, we have thus proved the following theorem. We now simplify notation, writing the final
equivalence relation ~yx 1 above as ~ and writing ¢: VRZ'(S") — VRZ'(S")/ ~ for the quotient

map.

Theorem 4.6.1. Define an equivalence relation ~ on VRZ (S L.r) by setting j11 ~ s if and only if
for some k > 0, 1 and iy are in Vi1 (1) and ﬁzk_t'_l(,ul’ 1) = ﬁ%ﬂ(ug, 1). Then VRg(Sl; r) o~
VRZ(SI;T)/ ~.

The quotient VRZ'(S*;7)/ ~ is a much simpler space than VRZ'(S';7). Each measure is
deformed to a regular polygonal measure by some ﬁ2k+1 and is equivalent to this measure under
the equivalence relation. This means every class in VRZ'(S 1.7)/ ~ can be represented by a regular

polygonal measure.

4.7 The CW Complex and Homotopy Types

We now show that each quotient VRZ'(S*;r)/ ~ described in Theorem 4.6.1 has the topol-
ogy of a CW complex, which will allow us to determine the homotopy types. We will use the
description of CW complexes from [61] given in Proposition A.2 (page 521), which first requires
that VRZ'(S L.7)/ ~ be Hausdorff; this is not generally true of a quotient of a metric space, so the

proof will depend on the construction of this particular quotient.
Lemma 4.7.1. For each 0 < k < K(r), VRZ(S";7)/ ~a+1 is Hausdorff.

Proof. We will use induction on k. Recall we defined ~_; as equality, so that VRZ'(S")/ ~_,=
VRZ(S") is Hausdorff. We use this as the base case. For the inductive step, let & > 0 and
suppose that VRZ (S")/ ~aj_1 is Hausdorff. Supposing that gaj1(f41) # Gort1(p2), we must find
disjoint open neighborhoods of these points in VRZ' (S')/ ~a441. This is equivalent to finding
(2k+1-saturated, disjoint, open neighborhoods of 1 and yip in VRZ'(S*).

We split into three cases. If 117 and p5 are in VR’;(Sl) — Woiy1, thenlet Uy = BVR%L(Sl)(,uI, £)

and U, = BVRZL(SI)(ILLQ, e), with ¢ > 0 small enough so that U; and Us are disjoint. Then since
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Wok1 1s closed in VR;"(Sl), Uy — Wogyq and Uy — Wo1 1 are open, disjoint neighborhoods of 1,
and ps. They are qo1-saturated since each element in VRg(Sl) — Waky1 1s the only element in
its equivalence class.

Next, suppose (11 € Wapyq and pip € VRZ(S') — Woyyq. Let Uj = UM€W2k+1 BVRg(Sl)(,u, €)
and let U, = BVR’S"( s1)(pt2,€), where ¢ > 0 is chosen by Lemma 4.3.4(2) so that all measures
of BVRgL(sl)(/,I/Q, 2¢) have at least as many arcs as j5. Suppose for a contradiction that there is
av € U NU,. Then for some pp € Woyyq, we have v € BVRg(Sl)(u,e), so dy (u, p2) <
dw (1, v) + dw (v, 2) < 2¢. But this contradicts the choice of ¢, since p has at most 2k + 1 arcs
and o has more than 2k + 1 arcs. Therefore U] and U/ are disjoint open neighborhoods of i
and pp. Furthermore, Wa, 1 C U and U} N Wy 11 = & because all measures in U, have at
least as many arcs as yo. Therefore U] and U, are ¢of11-saturated, again because each element in
VRZ(S') — Wapy is the only element in its equivalence class.

Finally, we consider the case where p; and po are both in W5, 1. Recall we have shown that
Gopy1: Wapy1 X I — qog—1(Wog1) is continuous and that Gy 1 (11, 1) = Gaogy1(1e, 1) if and only
if qor1(v1) = Qoit1(v2), for vy, v5 € Woyyy. Since we have supposed qopt1 (/1) 7 Gort1(pt2), we
must have Gog1(pt1, 1) # Gorr1(pe, 1). By the inductive hypothesis, we can find disjoint open
neighborhoods of Goyy1(11,1) and Gaogy1 (2, 1) in gog—1(Wogs1) C VR’S”(Sl)/ ~ok—1; let UY
and U be their preimages under Goy11(_, 1). Then U] and U} are go1-saturated, disjoint, open
subsets of W5, that contain p; and o respectively. We must extend these to open subsets of
VRg(SI), so we will thicken around every point, as follows. For each v; € U} and each v, € U,

define

e1(v1) = sup{e | Bw,,,,(v1,¢) C U/}

£2(v2) = sup{e | By, (v2,) € Ug}.
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These are always positive since U} and U, are open in W1, so we can obtain the following open

sets of VRZ'(S1):

U/// — U BVR’S"(Sl) (1/1, %61(1/1))

v evy
Uy' = U Bygrm (st (v2, 3e2(10)) .

v ely
If v € U N Wog1, then v € UY' by choice of €1(14), so we have U;” N Wy 11 = U;. Therefore
U{" is qop41-saturated, since Uy is gox1-saturated and each point not in Wo. 1 is the only element
in its equivalence class. Similarly, we see U’ is gox+1-saturated. To show U;” and U are disjoint,
suppose v € U{" N UY, so that v € BVRg(Sl)(yl, ze1(n)) N BVRTSN(SI)(VQ, 1e5(1)) for some
v1 € Uy and vy, € UY. Without loss of generality, suppose £1(v1) > e5(12), so that dy (v, 15) <
2(e1(11) + e2(12)) < €1(11). Then by definition of 1 (), we have 1, € U{ N UJ, contradicting
the fact that U] and U} are disjoint. Therefore U;” and U}’ are ¢o1-saturated, disjoint, open

neighborhoods of 11 and p in VR™(S; ), as required. O

For the following lemma, recall that we have defined Ry, € VRZ (S 1) to be the set of measures

with support equal to the regular (2k + 1)-gon {[0], [32%], . .., [5227]}.

Lemma 4.7.2. For each k > 1, and any r € [0,7) such that Ry, C VRZ(S';r), restricting q
gives a surjective map q|og,, : ORor — q(Wak—1(7)). If we further restrict the domain to 0 Ry, N

Var—1(r), then qlog,,nva, . (r) is a bijection onto q(Var—1(7)).

Proof. To simplify notation, we will write (zg, 21, . . ., 22;) for the measure Z?ﬁo zié[%] and will
+

refer to the masses being in positions 0 through 2k. When we describe points between consecutive

positions, we will mean points on the shorter arc, of length 2,3%, immediately between them (as
opposed to the longer arc of length gﬁq on the other side of the circle). Any equivalence class in

q(Wag—_1) can be represented by a regular polygonal measure with at most 2k — 1 vertices, so we
begin with an arbitrary set of masses ay, . . ., asx_2 With a; > 0 for each 7 and 212262 a; = 1. We

will write indices of the masses a; modulo 2k — 1 and the positions modulo 2% + 1. To determine
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the arcs of a measure in 0 Ry, we can use the fact that a position ¢ has nonzero mass in a measure
w if and only if the open arc between positions ¢ + k& and ¢ + k£ + 1 contains a point excluded by .
We begin with the measure (ag,0,aq,...,a51,0,ay,...,as_2) and gradually pass masses

between the support points. Define vy : [0, ag] — ORqy by

’}/o(t) = (&0 — t,t,al, e ,ak,l,O,ak, e ,&Qkfg).

Since there is zero mass at position £ + 1 throughout, this is in fact a map into d Ry, and further-
more, there is no excluded point between positions 0 and 1. This shows positions 0 and 1 belong
to the same arc of o(¢) for each ¢. Thus, if &’ is such that 70(0) € Vorry 1, then vo(t) € Vopryq for
all t € [0, agl, and if we consider (2%’ + 1)-arc mass forms, the arc masses of () are the same for
all values of ¢. The measure v (ao) has zero mass at positions 0 and k + 1, so positions k£ and k + 1
belong to the same 7y(ag)-arc. We will next move mass between these positions, then repeat this
process. In general, we obtain paths ;: [0, a;x—1)] — ORay, defining (%) by letting the masses at

positions [k through [k + 2k be, in order,

Qk—1) — bt Qye—1)415 - - > Uk—1)+k—15 05 Qpk—1)4k» - - 5 QU(k—1)+2k—2-

Note that the domain of ~; is the singleton {0} if ayx—1) = 0. Again, a mass of zero at position
lk+ k+1 implies that positions [k and [k + 1 are in the same arc, so the arc masses remain constant
in each path.

It can be checked that ;(ayk-1)) = 4+1(0) for each [, so we may concatenate these paths;
write the resulting path as 7; - v;+1. Then the path v - v - - - Y252 preserves arc masses throughout
and has starting point

(ao,O,al, ce ,ak,l,O,ak, Ce ,agk,g)

and ending point

(a2k727 ap,0,a1,...,a5-1,0,a,... ,szfs)-
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t ag ao

a a; —t 0
aop —t 0 t
0 t a
a2 a2 a2 —t
Y0(t) = (a0 — t,t,a1,0,a2) 1 (t) = (0,a0,a1 — t,,a2) Y2(t) = (t,a0,0,a1,a2 — 1)

Figure 4.5: Paths in the proof of Lemma 4.7.2 with k£ = 2. We have o(ag) = 71(0) and 1 (a1) = v2(0),
so the paths may be concatenated. Compare 7 (0) to v2(az2): the masses are shifted by one position.

That is, the overall effect has been to move each mass over one position. Repeating 2k + 1 times,
we define v = 70 - 71+ * * Y(2k—1)(2k+1)—1, Which rotates each mass once around the circle; thus, v
is a loop. By scaling, we can assume the domain of + is [0, 1]. More generally, for any [ and ', we
have v, =y if =1’ mod (2k — 1)(2k + 1).

To see that ¢|gg,, is surjective onto g(Wa,_1), take any equivalence class in g(Wa,_1) and
choose a representative p1 € Wo,_1 with support a regular (2k’ 4+ 1)-gon, with £’ < k. We can
choose ay, ... ag_o and set v = (ag,0,a4,...,a5-1,0,ax,...,as_2) such that in (2k" + 1)-arc
mass form, the ordered arc masses of  match those of i. For instance, if we choose v to have
nonzero masses at exactly positions 0, k, . .., 2k’k, then these positions are distinct because £ is
relatively prime to 2k + 1, and it can be checked that they lie in separate v-arcs; we can then choose
the masses at these positions to match the arc masses of . Define each ~y; and ~y as above with this
choice of ay, . .. as;_s. Then v(0) = v, and for any ¢ € [0, 1], since () and y(0) have the same
ordered arc masses, Fuj41(7(t), 1) is a measure with support a regular (2’ + 1)-gon and ordered
arc masses matching those of . Working in any coordinate system x valid near some (t), we
can see that m3,, ., (y(t)) is strictly increasing in ¢, since v moves mass counterclockwise. This
implies that locally, the masses of Fby1(7(t), 1) move strictly counterclockwise as ¢ increases.
Furthermore, ~ is a loop and each mass of Ek/+1(’y(t), 1) traverses the entire circle exactly once
as ¢ ranges from 0 to 1, so there is some ¢, such that F i1 (y(to),1) = p. This shows that

q(7v(to)) = q(u), and since y(ty) € Ry, we can conclude that g|gg,, is surjective.
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To show that ¢|sr,, 1, , 1S @ bijection onto g(Va;_1), consider any equivalence class in
q(Vax_1) and let i/ be a representative measure with support a regular (2k — 1)-gon. We show the
equivalence class of 1 intersects 0 Ro, M Vai—1 in a single point. Let ay, . . ., ab,_, be the masses at
the support points of 1/, ordered counterclockwise around the circle, and note that a; > 0 for all i,
since p € Vai—1. Define ; like ; above for each /, with a! in place of a; in each case. Following
the same reasoning as above, we can concatenate these paths, so define v = ;-] - "%%—1)(2 F1)—1
(similarly to y above). If v/ € ORgy, N Vo satisfies q(v') = q(¢'), then v/ must have 2k — 1 arcs,
so one of the positions will have zero mass. Then the opposite two positions are in the same 1/'-arc,
and the remaining positions must each be in separate v/-arcs and have nonzero mass. It follows
that the masses of v/ are, in order counterclockwise and beginning with the two positions opposite

a position with mass zero,

/ / / / /
CLJ _t,t7aj+17...,aj+k71707aj+k,...7aj+2k72

for some j and some t € [0, a;}. In fact, if t = a;, we could instead write the list above starting
with @, , (or starting with the only nonzero mass if k& = 1), so the masses of 1/ can actually
be written as above with ¢ € [0, a}). Thus, we have v/ = ;(t) for some [ and ¢ € [0, a;,_,): in
particular, we can choose 0 < [ < (2k — 1)(2k + 1) by the Chinese remainder theorem. Therefore,
every V' € ORg, N Vo1 satisfying ¢(v') = ¢q(1') is of the form v/ = +/(t) for some ¢ € [0, 1), so
it is sufficient to show that if ¢(7/(¢1)) = q(7/(t2)), then v/ (t1) = +'(t2).

The simplest case occurs when the masses of 1/ have no rotational symmetry: that is, there
is no nontrivial cyclic permutation of its masses that leaves it unchanged. In this case, since the
masses of ﬁ%_l(y’ (t),1) move strictly counterclockwise as ¢ increases and traverse the circle
exactly once, there is a unique ¢ € [0, 1) such that ¢(7/(¢)) = ¢(¢'). Now consider the case where
the masses of 1/ have some nontrivial symmetry: let j be the least positive integer dividing 2k — 1

such that a/, ; = a} for all i. Then once again, since each mass of Fb,_1(7/(£),1) traverses the

i+j
circle exactly once as ¢ ranges from 0 to 1, there must be exactly %j—_l values of ¢ € [0,1) such

that ¢(7/(t)) = q(i'). We show that each of these values of ¢ yields the same value of v/(¢). It
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can be checked that for any [, v, ., (t) is defined by the formula for ~;(¢) with each a; replaced

by a;_,. Applying the assumed symmetry, 7;, ( = ~, foreach [, so vy = v, ifl =T

2k+1)j
mod (2k + 1);j. Therefore, there must be an index 0 <l < (2k+1)jand ato € [0, aj ;) such
that ¢(;, (to)) = q(¢). Furthermore, we have defined ' = 7 - 7| * * * V(g 1y(2x+1)_1 and we have
Vgn(z1)j(t0) = 7, (to) for each 0 < n < % Therefore, the % values of t € [0,1) such

that ¢(+/(t)) = q(u') all satisfy +/'(t) = ~;,(to), so there is exactly one v' € O Ry, N Va1 such that

q(v') = q(i). O

We can now describe VRZ'(S')/ ~ as a simple CW complex, with one cell in each dimension
from 0 to 2K +1. See Figure 4.2 for an illustration of the case of K' = 1. We partition VRZ'(S Y/ ~

into cells Cy, ..., Coxyq: for 0 < k < K, define

Cor = Q(Rzk)

C2k+1 = Q(V2k+1) - Q(RQk)-

Since ¢ only identifies a measure with measures that have the same number of arcs, the collection of
subspaces q(Vaor11) for all & > 0 partitions VR?(SI) / ~, and thus the cells Cy, ..., Cox 1 parti-
tion VRZ (S')/ ~ as well. Since VRZ(S")/ ~ is Hausdorff by Lemma 4.7.1, to give VRZ (S")/ ~
the structure of a CW complex, it is sufficient to construct for each n > 1 a map from a closed
n-disk D™ into VRZ'(S")/ ~ such that the interior is mapped homeomorphically onto C;, and the
boundary is mapped into the union of the cells of lower dimensions; see Proposition A.2 of [61].
We will write each n-skeleton as X,, = Cy U --- U C,,, so by the definition of the cells above, for

each 0 < k < K, we have

Xok = q(Wag—1) U q(Rax)

Xokt1 = ¢(Wag1).
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We consider the even dimensions first. For k = 0, the single 0 cell is ¢(Ry) = {q(djg)}. For
each k& > 1, choosing a homeomorphism D?* — Ry that maps S?*~! homeomorphically onto

0 Ry, we define the characteristic map ®;, by the following composition:
D* —=— Ry, —— VRZ(S') —1— VRZ(S")/ ~ .

Combining Lemma 4.7.1 with the closed map lemma, we find that ®5; is a closed map. Since
q sends distinct regular polygonal measures to distinct equivalence classes, ¢ is injective on Ry,
and thus ®,;, maps the interior of D?* bijectively onto Cy;. It can be checked® that since @,y
is a closed map and the interior of D?* is ®,-saturated, the interior of D?* is in fact mapped
homeomorphically onto Cy;. Because 0 Ry consists of measures with less than 2k + 1 arcs, the
boundary of Dy is sent into ¢(Way_1) = Xoy_1, as required.

For the odd dimensions, for any £ > 1, we consider D%* x I as a (2k + 1)-cell and con-
struct a map into VR’;(Sl). Recall that P,4q is the set of regular polygonal measures on
2k + 1 vertices. We can choose a continuous, surjective map D%* x [ — % that, for each
t € I, maps D?* x {t} homeomorphically onto the set of measures with support contained in
{[z552n], (5752, .. ., [32427]} and maps 5?71 x {t} to the set of such measures with zero

mass at at least one of these points. Thus, I parameterizes the regular (2k -+ 1)-gons and D?* x {0}

and D?* x {1} are both mapped into Ryy. Define @1 by the following composition:
D% x [ —— Py — VRZ(S') —— VRZ(SY)/ ~

Each element of ¢(V5,,1) can be represented by a unique measure in Py 1, S0 by an argument
similar to the above, ®o;; maps the interior of D?* x I homeomorphically onto Cy ;. Further-

more, points in the boundary of D?* x I are mapped into either ¢(0Paor11) € q(War_1) or ¢(Rax),

“In general, if f: X — Y is a closed map and A C X is an f-saturated set, then f|4: A — f(A) is a closed map.
We will use this fact once more below.
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Porlg2K—1

S2k71 y X2k;—1
1 P2k—1
2k—1 f 2k—1
S > S
Dok M
D2k > ng
1 \\\\ P
~ N ~
D2k y SQkfl l—lf D2k

Figure 4.6: Commutative diagram for determining the homotopy type of Xo;. The front and back squares
are pushouts and the map v is a homotopy equivalence.

so the boundary is mapped into X,,. We have thus shown VRZ'(S')/ ~ has the CW-complex
structure described above.

We now find the homotopy types of the skeletons: we show for each k& > 0 that X, ~ D% ~
{*} and Xopy1 =~ S2k+1 We use induction on k to construct, for each & > 0, a homotopy
equivalence Yoy 1: Xopy1 — S?F*H1 that maps Xy, to a point 2 € S?**1 and maps the cell Cyy
homeomorphically onto S%*+! — {z}. For the base case, ¢(Ro) = {q(djg))} is the single O-cell, and
since X; = ¢q(W;) is formed by gluing a 1-cell to by its two boundary points to the zero cell, we
in fact have a homeomorphism X; = S! that maps C; homeomorphically onto S* — {[0]}.

For the inductive step, let k& > 1 and suppose o;_1: Xor_1 — S?*~1 is a homotopy equiv-
alence that maps Xy, _» to a point z € S?*~! and maps the cell Cy;_; homeomorphically onto
S2k=1 _ {2}, In the diagram in Figure 4.6, ®o,: D?* — Xy, is the characteristic map defined
above, with the codomain restricted. By Lemma 4.7.2, ®o; | g2x-1 is surjective onto X1, and this
implies P9, 1s also surjective onto Xo. Since Py is a closed map, this implies it is a quotient map,
and these facts can be used to check that the square in the diagram containing ®o5, and Poy|gor—1

is a pushout. Letting f = @or_1 © Poy|g2x-1, the diagram commutes and both the front and back
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squares are pushouts. By the gluing theorem for adjunction spaces (7.5.7 of [87]), the resulting
map ¢: Xop — S?1 LUy D defined by the universal property of pushouts is a homotopy equiv-
alence. Since (D%, 5?*~1) has the HEP, the homotopy type of S*~1 L; D?* depends only on
the homotopy equivalence class of the map f (Proposition 0.18 of [61]). This, in turn, depends
only on the degree of the map f (see, for instance, Corollary 4.25 of [61]), which we will find by
considering the local degree at a suitable point.

Since (qlor,,)  (Car—1) C (qlor,,)  (¢(Var—1)) C Var_1 N IRy, Lemma 4.7.2 shows g re-

stricts to a bijection from (q|gr,, ) " (Cax_1) onto Cyy,_1. Furthermore, ®oy | 4211 factors as

~ E
Sl —— 5 ARy iy q(Wak—1),

80 Doy |g2r—1 restricts to a bijection from (Poy|g2e-1) "1 (Cor_1) onto Coi_1. Since Py, is a closed
map and S%~1 is ®yp-saturated, Pop |gox—1: S~ — Xy, is also a closed map. Similarly, since
(@or|g2x-1) " (Cop_1) is Por|gor—1-saturated, it can be checked that the restriction of ®y|g2x-1 to
(®op|g2e—1) "1 (Cop_1) is in fact a homeomorphism onto Cy;,_;. By the inductive hypothesis, we
have @5, | (S%~1 — {z}) = Cy_1, and this cell is mapped homeomorphically onto S%*~1 — {2z}
by ¢ox_1, S0 we can conclude that f restricts to a homeomorphism from f~!(5%~1 — {>1}) onto
S2k=1 _ {2}, Therefore, the local degree of f at any pointin f~1(S%~1 —{2}) is &1, which shows
that the degree of f is &1 (see Proposition 2.30 of [61]). This shows S?**~! Ly D?* is homotopy
equivalent to the space formed by gluing the boundary of D?* to S?*~! by the identity map, which
is homeomorphic to D?*. Thus, we find Xy, ~ S?~1 Li; D?* ~ D% ~ {x}.

Finally, since CW pairs have the HEP and we have shown Xy is contractible, the quotient
map Xopy1 — Xopy1/Xok is a homotopy equivalence by Proposition 0.17 of [61] (or by our
Proposition 4.4.3). In our case, Xo; 1 is obtained by gluing single a (2k + 1)-cell by its boundary

to X9, and thus we have the homotopy equivalence 1 defined by the composition

X2k | —— X2k 1 X2k ;> D2k+1 SQk ;> S2k+1.
+ +
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Furthermore, (o1 sends Xy, to a single point of S?**1 and sends the cell C,,; homeomorphi-
cally onto the remainder of S***!, completing the inductive step.

We have thus found the homotopy types of the skeletons. Furthermore, for » > =, it can be
checked that VRZ'(S") is contractible by a straight line homotopy using Lemma 3.5.4. Recalling
the 7 values for which V3,1 (r) is nonempty, described in Proposition 4.3.1, we have proved the

following theorem.

Theorem 4.7.3. For each k > 0, if Vay 1 () is nonempty, then q(Wop1(r)) =~ S**1. This implies

3 . 2kn (2k+2)7
VR™ (S 1) o A
<077 =

{x} ifr >m.

4.8 Persistent Homology
Finally, we will address the inclusion maps as the parameter r varies and find the persistent ho-
mology barcodes of the filtration VR’;(Sl; _). Here we must be careful to distinguish between

the quotients we have constructed at different values of the parameter r. Let & > 0 and let

e[S (2;,:53“) with 7 < 7”. Let the equivalence relations on VRZ'(S*;7) and VRZ'(S*; 1)
described in Theorem 4.6.1 be denoted ~ and ~' respectively, and let the corresponding quotient
maps be ¢ and ¢’ respectively. In both quotients VRZ'(S"; )/ ~ and VRZ(S'; 1)/ ~/, any equiv-
alence class can be represented by a regular polygonal measure with at most 2k + 1 support points,
and all such regular polygonal measures represent distinct equivalence classes. Since the defini-
tion of each Fy 1 does not depend on the parameter r, if 1 € VRZ(S';r) € VRZ(S'; 1), then
q(p) and ¢'(p) are in fact represented by the same polygonal measure. We thus have a bijection
VRZ(S';r)/ ~ = VRZ(S';1")/ ~' that sends the equivalence class of a regular polygonal mea-
sure in VRZ'(S'; r) to the equivalence class of the same regular polygonal measure in VRZ (S*; 7).
This bijection is continuous by the universal property of quotients and is in fact a homeomorphism

by the closed map lemma, since VRZ(S*;7)/ ~ and VRZ(S';7")/ ~/ are finite CW complexes

and are therefore compact and Hausdorff (note that this homeomorphism can be viewed as the
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natural homeomorphism of the CW complexes constructed in Section 4.7). This homeomorphism

makes the following diagram commute:

VR?(Sl; r) —— VR’;(Sl; ')

VRZ (8%;r) . VRZ(S';)

7
~ ~!

The vertical maps are homotopy equivalences by Theorem 4.6.1 and the bottom map is the
homeomorphism described above. Therefore, after applying a singular homology functor H,, in
any dimension n > 0 and with coefficients in any fixed field, we obtain a commutative square in

which each map is an isomorphism:

H,(VRZ(S';r)) ——— H,(VRZ(S";1"))

Hn (VRgiSl;r)> . Hn (VR?(:?I;TI)> ‘
Applying these facts across all scale parameters r, this shows that the quotient maps induce

VR;%SI;_))

an isomorphism of persistence modules between H,(VRZ(S';_)) and H, ( By

Theorem 4.7.3, both VRZ(S*;r)/ ~ and VRZ(S*;7’)/ ~' are homotopy equivalent to S+,

From the homology of spheres, for any r € [;,;fl, (2§kf§”), we find that Hy(VRZ(S';r))

and Hy,1(VRZ(S';7)) are one-dimensional and the homology in all other dimensions is zero.

Thus, for each & > 0, we find that HQkH(VRgL(Sl;_)) is an interval module supported on

[ 2kw  (2k+2)w

Shti’ 213 ) For zero-dimensional homology, we note that the class of a fixed delta measure

is a generator for all 7 > 0, so Hy(VRZ(S";_)) is an interval module supported on [0, c0). This
gives us the barcodes in the following theorem, which were shown in Figure 4.1 at the beginning

of this chapter.
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Theorem 4.8.1. The filtration VRZ (S*; _) of Vietoris—Rips metric thickenings of the circle has

2k+17  2k+3

one persistent homology bar [0, 00) in dimension 0, one bar [ ) in dimension 2k + 1

for each k > 0, and no bars in the remaining dimensions.

4.9 Proof of Lemma 4.3.6

Here we prove Lemma 4.3.6, which states that i € Vo, 1(r) if and only if supp(u) is contained

in a finite set 7' C S' such that diam(7") < r and arcs,(T) = 2k + 1.

Proof of Lemma 4.3.6. Let C' be the set of measures ;1 € VRZ'(S') with supp(u) contained in
some finite set 7' C S* such that diam(7') < r and arcs,(T') = 2k + 1. We must show C' = Va1,

and we start by noting that V5,,; C C. We first show C' C V5,,1. We can write any o € C'

in the form a = ", a;0p,), with a; > 0 for each i and such that diam({[0],...,[0.]}) <
and arcs,({[6o],...,[0n]}) = 2k + 1 (note that some a; may be 0, allowing for the case when
the support of y is strictly contained in {[f], ..., [#,]}). For each positive integer j, let o; =

Yoo <(1 - %)ai + %(n—}rl)) djp,)- Then avj € Vo4 for each j and the sequence {c;} converges to

a, so a € Vopiq.

The remainder of the proof will handle the converse: we suppose ;1 € VRZ(S Y — C and
show 1 € VRZ(S') — Vagt1. If k = 0, then this is true since V; is closed (by Lemma 4.3.5) and
V1 C C; thus, we may assume for the remainder of the proof that & > 1. If arcs,(u) > 2k+ 1, then
€ VRZ(S') = Wajy1, s0 pu € VRZ(S') — Vayiq because Lemma 4.3.5 implies Vaj1 © Wap 1.
Thus, we consider the case where arcs, (1) < 2k + 1, and in this case, we must in fact have
arcs,(u) < 2k + 1 because Va1 € C. Then for any finite set 7 C S' with diam(7) < r such
that supp(u) C T, we must have arcs,(T") < 2k + 1, since o ¢ C.

We examine the ways that points can be added to supp(u) to produce such a set 7. Begin by
coloring the points of supp(u) blue and the points opposite them red. From here on, whenever we
color a point red or blue, we assume the point opposite it is colored the opposite color, and thus it
is sufficient to describe colored points on half the circle. Fix some blue point [0] € supp(u), and

let Ay, ..., Ay be all arcs between consecutive colored points on a fixed half of the circle between
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the blue point [f] and the red point [# + 7|. Then diam(A4;) is the length of the arc A; for each i.
In general, if a finite set of points on the circle are colored blue and the points opposite them are
colored red, the set of blue points has diameter at most r if and only if the distance between any
blue point and any red point is at least 7 — r. Following this restriction on distances, we search
for a way to color additional points of an arc A; that produces the greatest increase in the number
of arcs of the set of blue points. Adding a pair of antipodal points, with one red and one blue,
increases the number of arcs of the set of blue points by two if and only if the blue point is placed
between consecutive colored points that are both red, which happens if and only if the red point
is placed between consecutive colored points that are both blue. If the endpoints of A; are both
the same color, without loss of generality we let them be blue and note that after adding additional

points, the increase in the number of arcs is equal to two times the number of new red points in

diam(A;)

A; immediately counterclockwise of a blue point. There can be at most | )

| such red points
because of the required distance between red and blue points, and this number of new red points can

be achieved by placing points of alternating colors at distance 7w — r from each other, beginning at

one endpoint A and continuing until no new red points can be placed. Therefore 2| 1)

| is the
maximal increase in the number of arcs of the set of blue points that can be produced by coloring

additional points of A;, and this maximal increase can be achieved. By similar reasoning, if one

diam(A;)—(7r—r) J .

endpoint of A; is red and the other is blue, we find that the maximal increase is 2| ST

If T C S' is any finite subset with diam(7") < r and such that supp(u) C 7, then T can be
obtained as a set of blue points meeting the description above. Using the bounds on the maximal

increases described above, we have

arcs,(T') < arcs,(u) + ZGZ] 2 L(;I(E:Tm—féj)w + ; 2 Ldiam(;(l;) __7(; - T)J

where [ is the set of all 7 such that A; has endpoints of the same color and J is the set of all ¢
such that A; has endpoints of opposite colors. Furthermore, this bound is tight, since the maximal

increase can be achieved for each A;, so since p ¢ C implies arcs,(T') < 2k + 1 for a T producing
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the maximal increase in arcs, we have

arcs, () + ZZLC;(iTm—_(A;))J + ;2{(11&1&1(2/(1;):7? — T)J <%+ 1.

icl
We can now choose an ¢ > 0 such that increasing any diam(A;) by 2¢ does not increase the
value of any floor function above. Specifically, choose € > 0 so that

(Ldiam(Ai)J 1o diam(Ai)>

e < (m—r)min =) 20— 1)

icl

and

Qdiam(;(l; :T;r - r)J 1o diam(;(l;):yg;r — T>>,

noting that each minimum is taken over a finite set of positive values. By Lemma 4.3.4(1), there

€<<7T—7“)Iirél}l

exists a & > 0 such that if v € VRZ'(S") and dyy (11, ¥) < 0, then each point of supp () has a point
of supp(v) that is at distance less than . For any such v, choose one such point in supp(v) for
each point of supp(u) to define a set U C supp(v), and color the points of U green and the points
opposite them orange. Shrinking ¢ if necessary, we can assume each green point is within € of a
unique blue point, and the ordering of the green and orange points matches the ordering of the cor-
responding blue and red points. This implies that arcs,(U) = arcs,(u); that the arcs Ay, ..., Ay
above have corresponding arcs A/, ..., Ay defined analogously for corresponding the green and
orange points; and that for each 7 the endpoints of A, differ from the corresponding endpoints of
A; by less than €. Since U C supp(v), arcs,(v) can be bounded by the same method we used to

bound arcs,(T") above, replacing A; with A} for each i. We have diam(A}) < diam(A;) + 2¢ for
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each i, so by the choice of ¢,

arcs,(v) < arcs,.(U) + Z 2 {dlam—(A;)J X Z 9 Ldiam(A;) — (7 — r)J

— 2(m —r) P 2(m —r)
= arcs, (p) + ;2 Blérm—jf:” - leZJ 9 {dlam(;(l;) :;;T — T)J

<2k + 1.

This shows v ¢ Vs, 1, so p has an open neighborhood that does not intersect Va1, and we can

conclude 1 € VRZ'(S') — Vapqs. O

4.10 Continuity of G

We now return to check that each G951 is continuous. The intuition is described in Section 4.6.
The main challenge is that there is not a unique natural way to extend the definition of Ekﬂ to
OVory1 X I, which makes it difficult to consider a limit as p approaches V5, 1. To handle this, we
consider all sensible ways one could attempt to extend }*N}kﬂ to a given point in 0Va1 x I and
find that there are finitely many. This allows us to use a compactness argument to consider a limit
as p approaches 0Vayy 1.

In the proof, it will be convenient to bound the 1-Wasserstein distance between measures by
specifying how only part of the mass is transported. Formally, this will be described by a partial

transport plan between measures p = » ., a;0p, and p/ = >

?;1 aj 5[9;_], which is defined to be an

indexed set k = {k;; | 1 <i <n,1 <j <n'} of nonnegative real numbers such that y " | k; ; <
a’; for all j and 27,:1 ki; < a; for all . A partial transport plan gives an incomplete description of
how mass is transported from 4 to y/, and the cost of a partial transport plan is defined in the same
way as the cost of a transport plan. Any partial transport plan from x to i/ can be completed to
a transport plan from x to y': that is, given a partial transport plan x, there exists a transport plan

' such that x; ; < n;,j for all ¢, 5. The cost of transporting the remaining mass not accounted for
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by the partial transport plan  can be bounded using the diameter of S! (as a metric space): the

maximum distance between two points of S is 7.

Proof of continuity of Gor1. Note that G; = ﬁl is continuous, so we let & > 1. It is sufficient
to check sequential continuity for each point in 0V, 1, since the continuity of ¢or 1 and ﬁ2k+1
imply that G551 is continuous on Va1 and Wor g — m, which are open in Wy, 1. Suppose
{(ptn, tn) }n is a sequence in Wo, 1 x I that converges to (u,t) € 0Vari1 X I. We need to show
{Gak11(ptn, tn) }n converges to Gogy1(ft,t) = qox—1(pt). For the subsequence consisting of those
(tn, tr) in Wop_q x I, we have Gogi1(fin, tn) = qor—1(itn), and we can apply continuity of gor_1
to show this subsequence converges. Thus, we can reduce to the case where (p,,,t,) € Vogr1 X 1
for all n.

Let [ < k be such that 1 € V5 1. By Lemma 4.3.4(3), for any ;' € V5,1 sufficiently close

™7

to 41, if we extend the arcs of 4 on either side by ™5

, we obtain disjoint arcs Ay, ..., Ay that
collectively contain the support of u. Let (x,7) be a coordinate system that excludes a point
not in these arcs and assume the arcs are in counterclockwise order starting from the excluded

point. As before, we let v;,;‘il : S — R be a function such that for any [0] in some A;, we have

0] € A .

. With p fixed as above, define
U2k+1([9})

o 2T 0
mot = /51 (37 - %—Hvzk’fu) dp

and writing p as y = Z@]L a;0[p,), define JEH T — Vo1 by

N
1 o ) ,
T = z_; U0 ((1tya((0,)+H( 25 (0 4me )

2k+1

This mimics the definition of ]*N}Hl, but applies it to x4, which is not in V5,11 (7). By an argument
similar to that in the proof of Lemma 4.5.1, each JEH (t) is in fact in Vo y4. Since J =1 i contin-
uous, J** (I) is compact. Note that the only reason J** depends on 4’ is because of the use of

s, ,;fj;l in these definitions. Since there are only finitely many points in supp(u) and finitely many
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indices of arcs they are assigned to by v% 11 there are only finitely many sets J=# (I) that can be
obtained from all possible /. Taking the union of these finitely many J**'(I) for all possible 1,
we obtain a compact set S C Wop 1.

Any open set of go_1(Wayy1) containing Goyyq(p,t) = qor—1(pt) has a preimage equal to a
(Gox—1)-saturated open subset U C Woy, 1 containing p. For any such U, we show S C U by
showing EZH(J (1), 1) = EZH(M, 1) foreach ¢ € I and each 1/ meeting the description above.
We mimic the proof of Lemma 4.5.2, omitting details. As in the proof of Lemma 4.5.2, we can
choose (,7) to be a valid coordinate system for both i and J** (t) and such that all points of
supp(u) and supp(J®* (t)) are sent into (0,27) by z. Since the masses of the corresponding
arcs of y and J®* (t) agree, following Equation 4.1 before Lemma 4.5.2, it is sufficient to check

that m, | (p) = m,(J5 (t)). If Af, ..., Al are the arcs of p, we have m,_ | (1) = [, x dp —

Zfl 0 22;11 11(A?), and analogously for m%,, , (J=* (t)). Again, since the arc masses of zand J* (t)

agree, we only must check that [, xdp = [4, xd(J =4 (t)). Using the notation above for ; and

JoH (), we have

/ xd( J’“"’“
g1

ot (1= D2(6]) +1 22”1v2k+1([9i])+mw
( (55

(1= 0a(l0) + t ( Gogestia(10) +
- (" ))

2m
:(1—15)/Slxdu+t/51 2k+1v2k+1d,u+tm

= / zdp,
Sl

where the last equality follows from the definition of m®**

Therefore we have S C U, and since S is compact and U is open in Wo;,, there exists*
an £ > 0 such that any point within € of S is contained in U. We will show that even though

{ﬁ%ﬂ(,un, t,) }n does not necessarily converge to a specific point in S, the points of the sequence

“This is a general fact about compact subsets of metric spaces, which was also used in the proof of Lemma 4.4.5.
See, for instance, Exercise 2 in Section 27 of [41].
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become arbitrarily close to S as n approaches infinity and are thus contained in U for all sufficiently
large n. Since y,, approaches p, we can set i/ = p, for all sufficiently large n. We can also make
a choice of a coordinate system (z, 7) that meets the requirements above simultaneously for all 1,

with n sufficiently large: for instance, let x exclude a point opposite a point of supp(sx). Then we

x 27T n
m“un:/sl (‘T 2k5+]. QI;iI)du

- 27 @ pim
m2k+1(:un) = /sl (x 2k:+ 1 2kﬂ+1) dfin;

where m3, ., is as defined in Section 4.5. Thus,

have

N

T (tn) = Y 01 tmyao D+tn (G vailys ([0:])+m=sm))
=1

and if p,, = Z;V"l Qn,j0[9, ;> then

Nn

et (ptn, t) = 2 U, jOr((1=t,)a 2(10n,5)) Ftn (2T Ve (0n,5])FmE 1 (10)))"
j=

We show that Fh (1, ) becomes close to S by showing the distance between Foesn (fns T)
and J*#~(t,) approaches zero as n approaches infinity. For all sufficiently large n, we will have a
bound |[m™#" —mg_,(11,)| < § by Lemma4.3.7(2) and the fact that [ x du,, approaches [ @ du
as n approaches infinity (by Lemma 4.2.1, replacing x with a suitable bounded continuous function
that does not change the value of the integrals). As long as n is sufficiently large, we can define the
arcs Ay, . .., Agy. as above with 1/ = p,, and these arcs collectively contain supp(x) and supp(p').
We now fix n and let {x;;} be an optimal transport plan between j and p,. Distinct arcs are
separated by a distance of at least 7 — r, so a mass of no more than M may be transported

between distinct arcs by {x;;}. Thus, letting B = {(7,j) | vy ([0i]) = v5;" ([0n.5]) }. we have

Z ,{Z] Z 1 — dW(H?Mn)

T—T
(i,j)€B
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We define a partial transport plan for the measures J**#(¢,) and Fopen (tin, t,) by using the same
values ; ; for (7, j) € B. We will use the fact that for (i, j) € B, the distance |z([0;]) — z([0,.,])| is
the arc length between [6;] and [6,, ;] in the arc Ayzm (0,)) containing them, so \z([6;]) —x([0n4])| =

ds1([0i], [0n,;]). Thus, the cost of this partial transport plan is bounded by

D iy (r((1= t)o([8]) + tulEE 3 ([0]) + ),

(4,7)€B

H((1 = ) (8] + ta (05 () + 31 (1))
< 3 gt (1= ta)o([6) + (205 (10) + ),
(i,j)eB

(1= 60)2(0n]) + ta(Z7 055 (O s]) + s () )

<(1—tp) Z Kijlx([0:i]) — x([On;])] + tn Z Kijlm®Hr — mglﬁl(ﬂﬂ)‘

(i,j)eB (¢,4)eB
=(1=tn) Y igdsi (6], [6ng]) +tn D maglm™ —mgy s (1)
(i,j)eB (¢,5)eB

g

<dw (1, ptn) +

DO ™

There is mass at most W( fin)

remaining, and this mass can be transported arbitrarily at a cost of at
most —"—dy (i, 1,). This shows there exists a transport plan between J**#*(t,,) and F2k+1(un, tn)

with cost at most (1 + " )dy (1, f1n) + 5. Thus, for all sufficiently large n, we have

dw(Jm”un(tn), ﬁQk—&—l(,U/m tn)) <é&.

Therefore, for all sufficiently large 1, Fojs1(in, t,) is within & of J®#=(t,,) and is thus within
e of S, soitisin U. So for any open neighborhood of gox_1 (1) in gog—1(Wagy1), we have shown
Gok—1 © kaH(Mn, t,) is in this neighborhood for all sufficiently large n, s0 {Gax11(fin, tn)}n con-

verges to Gox11(i, t). This completes the proof that G, 1 is continuous. [
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Chapter 5

Anti-Vietoris—Rips Metric Thickenings

This chapter, like the last, uses our techniques for simplicial metric thickenings to study spe-
cific filtrations. In this case, the filtrations are primarily motivated not by topological data analysis,
but by graph theory. They arise in connection to graph coloring problems and build on previous
work that has used algebraic topology in the study of graph coloring. In Section 5.1, we begin
with an overview of this motivation and introduce the main objects of study, Borsuk graphs and
anti-Vietoris—Rips metric thickenings of spheres, particularly the circle. In Section 5.2, we find
the homotopy types of the anti-Vietoris—Rips metric thickenings of the circle, mimicking the tech-
niques of the previous chapter. The content of this chapter is part of ongoing joint work, planned

to be published in a future paper [40].

5.1 Graph Coloring and Topology

Although graph coloring is a combinatorial problem, topological approaches are sensible to
consider because graphs are fundamentally topological objects. In addition to this, coloring prob-
lems may be stated for graphs defined from topological objects or with some topological condition
imposed. The problem of coloring planar graphs, for instance, considers only graphs meeting a
certain topological condition. The proof of the five color theorem® takes advantage of this topo-
logical condition, making use of the Euler characteristic. Another more abstract application of

topology to graph coloring is found in Gottschalk’s topological proof of the De Bruijn—Erdds the-

“The five color theorem states that any simple planar graph can be colored using at most five colors. It is the precursor
to the four color theorem, which lowers the number of colors to four; see [88, 89].
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orem, which states that if all finite subgraphs of a graph G can be colored with n colors, then G
can be as well; the proof is based on Tychonoft’s theorem [90,91].

An application of algebraic topology to a graph coloring problem was given by Lovész in [92].
The main result gives the chromatic numbers of the Kneser graphs K (n, k), which have as vertices
the k-element subsets of a set with n elements, with an edge between subsets when they are disjoint.
The proof uses the topology of the neighborhood complex of a graph GG, which is the simplicial
complex on the vertex set of G in which a set of vertices forms a simplex when they share a
common neighbor. It also makes use of the Borsuk—Ulam theorem, which is itself connected
to certain graphs called Borsuk graphs; Lovasz in fact cites the similarity between the Borsuk
graphs and the Kneser graphs as the motivation for the proof. We will examine Borsuk graphs and
their connection to the Borsuk—Ulam theorem in Section 5.1.2, and we will see related simplicial
complexes in Section 5.1.3.

Before this, in Section 5.1.1, we will see how one particular Borsuk graph, whose vertex set is
the circle, leads to a generalization of graph coloring. We set some terminology and conventions
here. We will consider graphs to be one-dimensional simplicial complexes and will shortly explore
their connection with more general simplicial complexes. In particular, all graphs considered here
are simple and undirected. A “graph coloring” will always mean a proper coloring, that is, an
assignment of colors to the vertices of a graph such that no two adjacent vertices are assigned
the same color. An n-coloring is a coloring of a graph using at most n different colors, and the
chromatic number x(G) of a graph G is defined to be the least number*® of colors required to
color GG. A graph homomorphism G — H is a function from the vertex set of G to the vertex set
of H that sends edges to edges — in particular, two adjacent vertices in G may not be sent to the

same vertex. We will need to be careful to distinguish between graph homomorphisms, continuous

41In general, we can define a coloring of a graph with a set of colors of any cardinality, and the “least number” of
colors required may be an infinite cardinal in the case of graphs with infinite vertex sets [93]. While we will consider
graphs with infinite vertex sets here, we will only need to discuss colorings with a finite number of colors and finite
chromatic numbers.
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functions, and general functions, as soon we will construct graphs whose vertex sets are topological

spaces.

5.1.1 Reinterpretation of Graph Coloring

We can make a simple reformulation of graph coloring in terms of graph homomorphisms: an
n-coloring of a graph G is the same thing as a graph homomorphism h: G — K,,, where K, is the
complete graph on n vertices. Here, the vertices of K, represent the n colors, and the condition
that h be a graph homomorphism assures that adjacent vertices in GG are sent to distinct colors.
Some basic properties of graph colorings are clearly displayed in this point of view. Given a graph
homomorphism G — H, if H can be colored with n colors, then G can as well: this follows by
composing with a given homomorphism to K, to obtain the composite G — H — K,,. Similarly,
we have the trivial statement that an n-coloring of a graph is also an m-coloring for all m > n: this
follows by composing G — K,, — K,,. Abstractly, we can phrase the problem of coloring graphs
in terms of the contravariant hom-functors Hom(_, K,) from the category of graphs to Set, or even
more generally the bifunctor Hom(_, K ), where K _is the functor sending n € N to K, (see the
beginning of Chapter 2 of [44]). This follows a general theme in category theory of understanding
an object in terms of its relationship to others: graph coloring aims to partly understand graphs in
terms of their homomorphisms to /,,.

Replacing K, with other graphs of a particular sort will in fact allow us to gain more infor-
mation about colorability. For any r € R, let Bor(S'; r) be the graph with vertex set S! and with
an edge between two points when the distance between them is at least r in the geodesic metric
dg1. These graphs are called Borsuk graphs of the circle [92]; we will generalize them to spheres
of higher dimensions shortly. It is at least visually plausible that these graphs should be consid-
ered continuous analogs of the complete graphs K,,, and we will justify this idea in the next few
results. With this perspective, we will ask when maps exist from a given graph into Bor(S%;r).
The parameter r also lends itself to this interpretation: just as we can embed K,, — K,, when

n < m, we also have the (reversed) inclusions Bor(S';r;) C Bor(S*;ry) when r; > 75. Thus,
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given any ¢t € [1,00), we define a t-circular coloring (or simply t-coloring) of a graph G to be a
graph homomorphism G — Bor(S?; 27“) We further define the circular chromatic number [94,95]
of G by

Xc(G) = inf{t € [1,00) | there exists a t-coloring of G'}.

Note that the set in the definition is upward closed, since if there is a t-coloring and ¢ < ¢/, we
can compose with the inclusion Bor(S*; 28) — Bor(S"; 27) to get a t-coloring. The next theorem
is an analog of the De Bruijn—Erd&s theorem for circular colorings, and the corollary following
it shows that the set in the definition of y¢(G) is in fact the closed interval [xc(G),00). We

will mimic the technique of the topological proof of the De Bruijn—Erdds theorem, making use of

Tychonoff’s theorem.

Theorem 5.1.1. For any t € [1,00), if all finite subgraphs of a graph G can be t-colored, then G

can be t-colored.

Proof. Let G = (V, E). The statement holds if £ = &, so we will suppose £ # &. Give the space
X =1lev S ! the product topology, and note that a ¢-coloring of G is an element {s,},cy € X
such that dg1(s,, s,,) > 2* for any {v,w} € E. For any finite subgraph H = (Vp, Ej7) such that

Ey # @, define f: X — Rby

vfv = 1 d vy Ow
ulfsehoer) = min dsi(s0,50)

and let Cy = fﬁl([%ﬁ, oo)) Then Cy consists of the set of elements of X that restrict to ¢-
colorings of H. Since each fy is continuous, being the minimum of a finite number of continuous
functions, each C'y is closed.

Suppose that every finite subgraph of G is t-colorable, implying each C'y is nonempty. The
collection {Cy } i over all finite subgraphs H with nonempty edge set has the finite intersection
property: given such subgraphs Hy, ..., H,, the intersection C'y, N - -- N C'y, must be nonempty,

since the induced subgraph of GG on the union of the vertex sets of Hy,..., H, is also a finite

subgraph and can thus be t-colored. By Tychonoff’s theorem, X is compact, so (1), Cy must

187



contain some element {s, },cy. This elements satisfies dg1(s,, s,) > 27” for any {v,w} € F as

each edge appears in some finite subgraph, so G is ¢t-colorable. [l
Corollary 5.1.2. Foranyt € [1,00), if xc(G) = t, then there exists a t-coloring of G.

Proof. If x¢(G) = t then for any finite subgraph H = (V, Ey), we also have yo(H) < t, so
there exist t’-colorings of H for ¢’ arbitrarily close to t. If Ey = &, then H is 1-colorable and thus
t-colorable. If Ey; # &, the continuous function gy : HUGVH St — R given by g ({5, }vevy ) =
Ming, wiepy dst (84, Sw) has compact image because the domain is compact, so ¢ is in the image,

which means there must exist a ¢-coloring of H. Theorem 5.1.1 then implies G is t-colorable. [

The following theorem relates the circular chromatic number to the usual chromatic number,
which explains its name. The theorem is well known (see [95]), and our proof adapts previous
ideas to the language used here. The choice of the condition ¢ € [1,00) in the definitions of
circular colorings and x¢ is included so that the theorem holds in the case of graphs with no

edges‘”, which have a chromatic number of 1.
Theorem 5.1.3. If G is a graph and either x(G) or xc(G) is finite, then x(G) = [xc(G)].

Proof. Let n € Z*. We will exhibit a pair of graph homomorphisms K, — Bor(S*; %) and
Bor(S1; 27”) — K, which will show there exists a graph homomorphism G — K, if and only if
there exists a graph homomorphism G' — Bor(S; 27”) This will imply x(G) < n if and only if
Xc(G) < n as required, since x(G) < n if and only if there is a homomorphism G — K, and by
Corollary 5.1.2, xc(G) < n if and only if there is a homomorphism G — Bor(S?; 27).
Let {0,1,...,n—1} be the vertices of K,, and write points on the circle as [f] with 6 € [0, 27).
2k

A homomorphism K, — Bor(S?; %’r) is given by k£ — [T}’ since two points on the circle

of the form [22£] and [2E] with k # K are at a distance of at least 2*. A homomorphism

n

471f we had used R in the definitions of circular colorings and x( instead, then graphs with no edges would have
been assigned circular chromatic numbers of 0, so the theorem would have needed to exclude these graphs. As
currently stated, Theorem 5.1.3 does not allow the null graph (the graph with no vertices, which may or may not be
considered a valid graph depending on context and preference), although we could simply alter the definition of the
circular chromatic number in this one case so that the result holds.
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Bor(S'; 2) — K, is given by sending any [0] with 6 € [22—’“, W) to k, since then any two

points at distance at least %” are sent to different vertices in /. 0

In this proof, the two homomorphisms relate usual colorings to circular colorings, where the
homomorphism K,, — Bor(S*; 27”) embeds [, as a subgraph on n evenly spaced points and the
homomorphism Bor(S?; 27“) — K, colors the circle by splitting it into n arcs of equal length. In
particular, since this shows there is a correspondence between n-colorings and n-circular colorings
for n € Z*, we can use either to test for n-colorability. Furthermore, the theorem shows that the
circular chromatic number provides more information than the usual chromatic number, since the
usual chromatic number can be recovered from it.

To summarize our interpretation of graph coloring, complete graphs K, can be understood as
creating a copy of Z* out of graphs, which we then use to study other graphs, and similarly, the
Borsuk graphs of the circle Bor(S'; ) can be understood as a line of graphs. The essential features
of the chromatic number and circular chromatic number are recorded by the properties below, with
n€Ztandt € [1,00).

X(G) <n << J(G— K,)
xc(G) <t < 3(G — Bor(5'; 28))
X(G) <n <= xc(G) <n

Categorically speaking, these properties can be formulated as adjunctions between appropriate

categories (in fact posets, making the adjunctions Galois connections).

5.1.2 Borsuk Graphs

The Borsuk graphs of the circle we defined above have a natural generalization to spheres,
considered in [92]. We will use the geodesic metric on the sphere S”, which defines the distance
between two points to be the length of the shortest geodesic between them: this is always a path

along a great circle, so the geodesic metric is given explicitly by dg» (v, w) = cos™*(v - w). For
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any r € R, we now define®® the Borsuk graph Bor(S™;r) to have vertex set S™ and an edge
between two points if and only if the distance between them is at least . The Borsuk graphs
of S are simple to understand: Bor(S°;r) has two vertices that are connected by an edge if
and only if »r < 7 (as long as we use the formula for the geodesic metric above, which gives
dgo(—1,1) = cos™'(—1) = ). The Borsuk graphs of spheres of dimension greater than 1 do
not have as close of a connection to chromatic numbers as the Borsuk graphs of the circle, since
coloring these graphs is more complicated. They are, however, of topological interest in their own
right, as shown by the following theorem connecting them to the Borsuk—Ulam theorem, observed,

for instance, in [92].

Theorem 5.1.4. The statement that x(Bor(S™;r)) > n + 2 for any r < w is equivalent to the

Borsuk—Ulam theorem.

Proof. We will use the following statement that is equivalent to the Borsuk—Ulam theorem, some-
times called the Lusternik—Schnirelmann theorem [96-98]: if S™ is covered by n + 1 closed
sets Cp, C1, ..., C,, then at least one C; contains a pair of antipodal points. First, assuming
this theorem, we fix r < 7 and suppose that Bor(S";r) has been colored with n + 1 colors.
For ¢ = 0,1,...n, let C; be the closure of the set of points of color .. Then some C; contains
a pair of antipodal points, and thus there is a pair of points with distance in (r, 7| colored the
same color, contradicting the fact that they are connected by an edge in Bor(S™; ). This shows
x(Bor(S*;r)) > n+ 2.

For the converse, we now assume X (Bor(S™;r)) > n + 2 for any r < 7 and suppose S™ is
covered by closed sets Cy, C', ..., C,. Forany r € (arccos (n_—+11) ,7T), it is impossible to (n + 1)-
color Bor(S™; r), so the sets Cy, C1\Cy, . . ., C,\ (CoU- - -UC,,—1) do not define an (n+1)-coloring.
This implies there must be a pair of points contained in a single C; with distance at least r. Letting
r approach 7, we can thus choose a “nearly antipodal” sequence {(py, ¢,)}» in S™ x S™ such that

dgn (pn,qn) — m and for each n, both p, and ¢, are in the same C;. By compactness, there is a

“8The Borsuk graphs can also be defined using the usual Euclidean metric on the sphere. This simply has the effect of
distorting or “reindexing” the filtration, as the graphs are the same and appear in the same order.
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convergent subsequence, so some C; x C; contains a convergent subsequence. Thus, since C; is

closed, it contains a pair of antipodal points. U

We can also quickly determine x(Bor(S™;r)) for r > 7. If » = 7, then Bor(S™; 7) has edges
connecting each pair of antipodal points and no others, so it has chromatic number 2. If » > m,
then Bor(S™;r) is just the vertex set S™ with no edges, so its chromatic number is 1. For S, the
chromatic numbers are known at all parameters: we have y(Bor(S*;r)) = [2%] by Theorem 5.1.4
and Theorem 5.1.5 below.

On the other hand, for » < 7 and n > 1, the chromatic numbers of Bor(S™; ) are more difficult
to understand. At parameters r just below 7, we get an n + 2 coloring of Bor(S™; r) by projecting
the points of an inscribed regular (n + 1)-simplex in S™ radially outward and coloring according
to the facets, breaking ties arbitrarily. This gives x(Bor(S™;r)) =n+2forr € (m —e,7), fora
small enough ¢ > 0 depending on n. While it can be tempting to guess that the chromatic number
of n + 2 holds for r as low as the distance between two vertices of the inscribed simplex, this
is unfortunately not true (see Section 4 of [99]). The diameter of one of the regions formed by
projecting a facet of the regular simplex to the sphere can be found explicitly [100] to give the
range of r for which this coloring is valid; interestingly, as n — oo, these diameters approach
. At general scale parameters, the chromatic numbers can at least be bounded by solutions to
packing and covering problems on S™, that is, the problems of placing points on a sphere with
a large spread or covering the sphere with balls of a given size. These bounds are given in the

following theorem.

Theorem 5.1.5. For anyn > 1, m > 2, let p,, ,,, be the greatest r > 0 such that m points can be
placed on S™ with each pair of points at distance at least r. Let c,,,, be the least v > 0 such that
m points can be placed on S™ such that each point in S™ is at distance at most 3 from one of these
m points. Then for any r < p, ., we have x(Bor(S™;1)) > m + 1 and for any r > ¢, ,,, we have

x(Bor(S™;r)) < m.

Proof. If r > ¢, ,, then we can choose a set of m points z1,...,z, € S™ such that each point

of S™ is at distance strictly less than  from some ;. For each ¢, let U; be the open ball of radius
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5 centered at ; and color S™ by coloring points of U; color 1, coloring points of U, \ U; color 2,
and so on, in general coloring points of U; \ (U; U - - - U U,_4) color i. This gives an m-coloring of
Bor(S™;r), since any two points colored the same color must be in the same Z-ball and thus must
have distance strictly less than 7.

For the other bound, let r < p,, ,,, and choose m points z1, ...z, € S with pairwise distances
strictly greater than r. We immediately have x(Bor(S™;r)) > m, since these m points form a
clique in Bor(S™;r). With some more work, we can improve this bound by 1. Suppose for a
contradiction we have colored Bor(S™;r) with m colors. Since each dgn(z;, ;) > r for any
indices 7 and j, we can find an € > 0 such that dg» (x;, ;) > r+¢ for all i and j. Any element g of
SO(n+ 1) rotates our set of m points on S™ to obtain the points g- 1, ..., g x,,, all with pairwise
distances greater than r + €. Moreover, for any g € SO(n + 1), there is some open neighborhood
V of g such that forany h € V, dgn(g- z;, h- x;) < € for each i. This implies dgn (g - z;, h-x;) > r
for all « # j, so for each ¢, g - x; cannot have the same color as any h - x; with ¢ # j, and thus
g - x; and h - z; must be the same color. This shows that nearby points in SO(n + 1) produce the
same coloring of the m points: more formally, for any permutation o of the indices 1, ... ,m, if U,
is the set of g € SO(n + 1) such that ¢ - x; has color (i) for each i, then U, must be open. The
collection {U, }, over all permutations o is then a partition of SO(n + 1) into open sets, so since
SO(n + 1) is connected, we must in fact have U, = SO(n + 1) for some o. But for any 7 and j,
thereisa g € SO(n + 1) such that g - x; = x;. With m > 2, this implies distinct points x; # z;

are the same color, contradicting the fact that they are connected by an edge in Bor(S™;r). [

Packing problems for spheres are summarized, for instance, in [101], and results on these
problems can be used to give bounds on the chromatic numbers of Borsuk graphs via Theo-
rem 5.1.5. For instance, the bound in Chapter 1, Equation (57) of [101] shows that x(Bor(S";r)) >

2~ (n+1)loga (sint)(1+o(1)) for all 1 < ¢, where the term o(1) uses little-o notation as n — oc.
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5.1.3 Anti-Vietoris—Rips Metric Thickenings of Spheres

The Borsuk graphs considered in the previous section connect points of a sphere that are far
apart, as measured by the parameter . Here we consider the simplicial complex analogs, which
build simplices on sets of points of the spheres that are pairwise far apart. We will formulate
this definition abstractly for any metric space (X, dx), keeping in mind our focus on the case
of X = S™. Because the condition that points be pairwise far apart is the opposite of the con-
dition for Vietoris—Rips complexes, that points be pairwise close together, the resulting simpli-
cial complexes are called the anti-Vietoris—Rips simplicial complexes. While these are not as
common as Vietoris—Rips complexes, they have been studied before: see Definition 4.1 of [102]
and [103,104]. To parallel the definition of Vietoris—Rips complexes we gave in Section 3.3.1,
let spread({x1, ..., 2, }) = min{dx(z;,z;) | ¢ # j} and define the anti-Vietoris—Rips complexes

with > and > conventions respectively by
AVR> (X;r) = {{xl, T C€X | spread({ml, o ,xn}) > r}

AVR.(X;r) = {{xl,...,:cn} cCX ‘ spread({xl,...,:cn}) > r}.

Again, we use the convention of omitting the > or > subscript when a statement holds for either
convention. We can also give these the simplicial metric thickening topology, defining the anti-

Vietoris—Rips metric thickenings:

n

AVRZ(X;r) = {Z a;0,

=1

a; > 0 for all ¢, Zai =1, spread({z1,...z,}) > T}

%

a; > 0 for all 4, Zaz =1, spread({z1,...2,}) > r} :

AVR™(X;7) {Zal .,

These families of simplicial complexes and metric thickenings come with inclusion maps from
higher parameters to lower: if 7 < 7y, we have AVR>(X;73) € AVR>(X;7;) and similarly

for the other cases. Thus, they define contravariant filtrations indexed by R, which behave just
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like usual (covariant) filtrations as defined in Section 3.1. We can thus apply any concepts we
have defined for filtrations to these contravariant filtrations, including morphisms, interleavings,
and persistent homology, with the necessary modifications for maps from higher parameters to
lower. The Borsuk graphs of the previous section define contravariant filtrations as well. We have

morphisms

Bor(S™;_) < AVR>(S";_) — AVRZ(S";_),

where the first is given by the inclusions of Bor(S"™; r) into AVR> (S"; r) as the 1-skeleton (where
Bor(S™;r) is given the topology of a simplicial complex) and the second by the usual maps from
the simplicial complex to the metric thickening (see Proposition 3.5.1). The complex AVR (S™; 1)
is in fact the clique complex of Bor(S™; r), meaning it has a simplex for each clique in Bor(S™;r).

We have seen that we can test graphs for colorability by determining if we can find graph
homomorphisms G — Bor(S?;r) as r varies, and we have defined a t-coloring to be a graph
homomorphism G — Bor(S*; 27”) Composing with the maps above, any ¢-coloring yields contin-
uous maps G — AVR(S*; 2) and G — AVRZ(S'; 2%). In fact, since a graph homomorphism
is determined by where it sends vertices, we could equivalently define a ¢-coloring on a graph GG
as a simplicial map G — AVR(S'; 2%). If V is the vertex set of G, this can be visualized in the

following diagram.

Q<
el

|

AVRs (St 21)

Note that this diagram consists of continuous maps only if S* is given the discrete topology, as
the vertex set of a simplicial complex is discrete. We can remedy this by replacing the simplicial
complex with the metric thickening, so in the following diagram, all maps are continuous when S*

is given its usual topology.

|

|

—— AVRZ(S%; 27”)
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In this way, AVR> (S"; 7) and AVRZ (S"; ) can be viewed as spaces that can “test for colorability,”
and this opens the possibility of using topological properties of these spaces and techniques from
persistence. This is a perspective that will be explored further in [40].

Finally, we note that anti-Vietoris—Rips complexes differ from Vietoris—Rips complexes in that
they do not allow arbitrarily close points to be vertices in the same simplex, as long as » > 0. For
spheres, this implies that for a given r > 0, all simplices of AVR(S"; ) are finite-dimensional, and
in fact, we can find an upper bound for their dimension depending on r, so each AVR(S™; ) is an
N-dimensional simplicial complex for some N depending on r. For r close enough to 7, there are
at most two points in a simplex of AVR(S™; ), and switching to the metric thickening topology,
this will allow us to find the homotopy types at these scale parameters in the next theorem. Before
giving these homotopy types, we note that the argument used for spheres generalizes to show that
AVR(X; ) is finite-dimensional for any totally bounded metric space X and any r > 0: covering
X by a finite number M of 3-balls, any set of M + 1 points must have two in a single ball and
thus at distance less than r, so any simplex in AVR(X; ) must have at most M vertices. The same
statements hold for metric thickenings, with the number of vertices in a simplex replaced by the
number of points in the support of a measure. This property will be on display in the following
section, where we find the homotopy types of the anti-Vietoris—Rips metric thickenings of the

circle at all remaining scale parameters, and the following theorem gives a preview.
Theorem 5.1.6. For any r € (3, 7|, we have AVRZ (S™;r) ~ RP™.

Proof. For any r € (¥, 7], there are measures in AVRZ(S™; ) with two points in their support,
including at least the measures supported on antipodal pairs. We can also check that there are
no measures supported on more than two points: suppose for a contradiction that there are three

points on S™ with spread greater than %’r and by rotating, assume without loss of generality that

one pointis e; = (1,0, ...,0). Then the other two, v and w, must have first coordinates v; = v - ¢;
and w; = w-e; that are less than cos(3) = —1, so we get [[v—vie1]|? = 1—07 < 2, and similarly
lw—wye;||* < 2. By Cauchy-Schwarz, v-w = viw; + (v —wvier) - (w—wyer) > 3-3 —3 = -2,

. . . 2
contradicting the assumption that dg» (v, w) > .



Thus, all measures of AVRZ'(S™;r) are of the form y = ad, + b6, with dgn(z,y) > r and

a + b = 1. For each such measure, we define &t = a0 az-—ty + bd by—az , NOting that © = p

Taz—by]l Tby—az]]

if either a = 0 or b = 0. We can further define a support homotopy (see Section 4.2.2) that

by—ax
llby—az||

ax—by
llaz—by|

moves the support points of p, moving x to and moving y to along geodesics.
The induced homotopy then moves each p to the corresponding 1z, and since this homotopy fixes
measures supported on pairs of antipodal points, it is a deformation retraction of AVRZ'(S™;7)
onto the space of measures supported on antipodal pairs. By a straight line homotopy, this space

then deformation retracts to {%(L; + %5_93 | # € S™}, which is homeomorphic to RP". [l

In the case of S, just before the last step of the proof, we find that AVRZ(S 1. 1) is homotopy
equivalent to the space of measures supported on antipodal points. This space is homeomorphic
to the M&bius strip, represented by ([0, 7] x [0,1]) / ~ with (0,y) ~ (7,1 — y): any measure
supported on an antipodal pair of points in S* can be written as ad(coso,sin0) + (1 — @)(— cos6,— sin )
with @ € [0, 7), which we identify with (6, a) in the Mobius strip. The last step of the proof
retracts this Mobius strip to its central circle, which can be viewed as RP!. This implies that for
ry € (¥,n] and ro > m, the map S* = AVRZ(S%;ry) < AVRZ(S';ry) ~ S' has degree 2,
since the set of delta measures on points of S* forms the outer circle of the Mobius strip. We
will see this behavior again in the following section and will in fact find similar behavior for the
lower scale parameters. More generally, the space of measures on S™ whose supports are pairs of
antipodal points is a fiber bundle over RP", with fiber [0, 1]. With r; and r, as above, the map

S™ = AVRT(S™;ry) — AVRTZ(S™;r1) ~ RP™ is the double cover of RP" by S™.

5.2 Homotopy Types of AVRZ(S';r)

In the previous section, we saw that graph coloring problems are fundamentally connected to
the Borsuk graphs of the circle Bor(S*; ), and we introduced the analogous simplicial complexes
and metric thickenings, AVR(S';r) and AVR™(S';r). Here we find the homotopy types of the
metric thickenings AVR™(S'; ) at all scale parameters. Because these spaces are closely related

to the Vietoris—Rips metric thickenings of the circle, our technique will be based on the technique
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we used in Chapter 4. We will omit some of the technical details, as they are very similar and will
appear in an upcoming paper [40].

To begin, we will reuse much of the notation from Chapter 4, making the necessary changes.
Write points on S* as [f] = (cos(#), sin(6)), and write the standard k-simplex as A*. Letr € (0, ]
and for each k € Z*, let V,(r) be the subspace of AVRZ(S"; r) consisting of measures whose sup-
port has exactly & points; these are analogous to the spaces denoted Va1 (r) in Chapter 5.2, but
here, each point in the support forms its own “arc,” separated by a distance of at least r from
all other points in the support. Let Wy (r) = Vi(r) U --- U Vi(r), so that Wy(r) is the sub-
space of measures whose support has at most k points. Note Vj(r) is empty for k£ > 27”; we let
K = K(r) = |2] so that Vi(r) is nonempty for exactly k = 1,2,..., K and AVRZ(S%;r) =
Wi(r). Let Py(r) € Vi(r) consist of the measures whose support consists of & evenly spaced
points around the circle — again call these “regular polygonal measures.” As before, we will
also single out a specific regular k-gon for each k: let Ry(r) C Py(r) consist of all measures
whose support is {[0], [27], .. ., [W]} Note that for 1 < k£ < K, we have homeomorphisms
R(r) = int A*=! = int DF1 and Py(r) — Ry(r) = int (A*1 x I) = int D*.

We define a support homotopy that averages measures to regular polygonal measures, similar
to our technique in Chapter 4. Let Q(S*, Vi) = {([0], 1) € S* x Vi | [6] € supp(u)} and define a
support homotopy Fj: Q(S*, Vi) — St as follows. Any p € Vj, can be written as 1 = Zf;ol a;djp,]

with angles chosen such that v < 6y < --- < 0,1 < x4+ 27 for some x € R. Temporarily defining

m =3 a; (0; — ). let

We get an induced homotopy ﬁk: Vi x I — Vj, defined for p = Zle a0, with a; > 0 for
each i, by fk(u, t) = Zle a;i0F, (19,),ut)- As in Chapter 4, we define an equivalence relation ~
on AVRZ(S";r) by setting i ~ p if and only if for some k& > 0, py and fi5 are in Vi(r) and
Fi(p1,1) = Fi(po,1). The quotient map ¢: AVRZ(S';r) — AVRZ(S';r)/ ~ is a homotopy
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equivalence, which can be shown by taking a sequence of quotients and applying Proposition 4.4.3

as in Chapter 4.

5.2.1 Cell Complexes

We now decompose AVRZ (S';7)/ ~ as a cell complex with one 0-cell and two cells of each
positive dimension & with k < K. Within AVRT(S";r)/ ~, the k-cells are given by C} =
q(Pi(r) — Ry(r)) for 1 <k < K and C}, = q(Rg41(r)) for 0 < k < K — 1. Let

Y0 =
X' =CjuC,
Yi=CiuC,uq;

X2 =CpuC,uC;uCy

so that AVRZ (S';7)/ ~ = X*. Note that Y is a point, X" is a copy of S*, and X? is the M&bius
strip observed after Theorem 5.1.6. We define characteristic maps for the cells C};, and C}, using

AF=1 % T and A* as k-cells. Define ®;,: A*! x I — X* by

O ((ag, ..., ak-1),t) =q (Z CLi(S[QTr(;’-H)]) :

=0

and define @ : A* — Y* by

k
(I);f(a,o, c. ,ak) = ( (Zazé‘[m]> .
=0

Then @, and @} map the interiors of the cells homeomorphically onto Cj, and Cj, respectively.
In general, the image of ®) intersects C}, so it glues part of the boundary of a k-cell to another
k-cell. The cells and characteristic maps above thus describe AVRY (S';7)/ ~ not as a CW

complex, but as a more general cell complex, in which cells may attach to previously attached cells
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of the same dimension. Specifically, beginning with the 0-cell C{, = Y0 = q(é[o]), forl < k<K,
the space X* is homeomorphic to the adjunction space obtained by attaching a k-cell to Y*~! by
the map

(I)k’B(Akflxj)i 8(Ak71 X [) N kal,

and for 1 < k < K — 1, the space Y* is homeomorphic to the adjunction space obtained by

attaching a k-cell to X* by the map

q);,‘aAki 3Ak — Xk

In other words, the following diagrams are pushouts.

B(AR x 1) Prloar i,y g oAk Thlaak s
AU Xk AF
), )

This can be verified using the closed map lemma and the fact that AVRY (S';7)/ ~ is Hausdorff,

which can be proved using the method of Lemma 4.7.1.

5.2.2 Homotopy Types and Proof Outline
Having found the cell complex above, we are in the right position to find the homotopy types.
This will be more intricate than the analogous step in Chapter 4; we will find that some of the
gluing maps are more difficult to understand and will need to use some additional algebraic tools.
The homotopy types of AVRT (S 1. 1) are given in the following theorem and illustrated below

in Figure 5.1.
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Theorem 5.2.1. The homotopy types of AVRZ (S';r) are as follows:

;

St ifr € (& o, +00)
AVRZ(S%;r) = ¢ g2n-1 ifr € (325, 522, forn > 2
* ifr € (—o0,0].

Given 2 < r < r' < +o0, the map AVRZ (S*;r') — AVRZ(S';r) is a degree 1 map if either
7 <r <71 orr<vr <m7andisadegree 2 map if r < m < r’. Similarly, for any n > 2,
given 25 < r <y < 25 the map AVRZ(S';1') — AVRZ(S;r) is a degree 1 map if either

2 2 . .
ﬁ<r§r’orr§r §ﬁand1sadegree?mapzfr§ﬁ<7"/.

Figure 5.1: The homotopy types of AVRZ'(S'; 7).

We will verify these homotopy types using the fact that AVRT (S';7) ~ AVRZ(S";r)/ ~
= XK. As for the maps, the homotopy equivalence AVRZ (S*;r) ~ AVRZ(S;r)/ ~ we have
constructed is natural in r; that is, given r; < 79, the following diagram commutes, where the

quotients are those constructed above using 5 and r; respectively.

AVR™(S%575) « » AVR™(S%;7)

| |

AVR™(S%ry)) ~ ——— AVR™(SY;ry)/ ~

Therefore, Theorem 5.2.1 will be implied by the following theorem, which we prove in the follow-

ing sections.
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Theorem 5.2.2. Forallr € (0,27] and all 1 < k < | 2], we have

i Sk if k is odd i Sk Sk ifk is odd
X"~ Y ~

Sk=1ifk is even. * if k is even.

Furthermore, for odd k, the map S*—' ~ X*=1 — X* ~ S*=1 s q degree two map, determining

it up to homotopy.

The homotopy types, along with the fact that the homotopy equivalences we will construct are
natural in the parameter r, imply the persistent homology the filtration AVRT (.S L. ). The degree
two maps between spheres have an interesting effect: over fields of characteristic 2, these induce

zero maps on homology, but for other fields, they induce isomorphisms. This means the barcodes

depend on the characteristic of the field. The barcodes are given in the following theorem.

Theorem 5.2.3. Using homology with coefficients in a field with characteristic 2, the persistent

homology barcodes of AVRY (S';_) consist of
* one bar (—oo, 00) in dimension ()

* two bars (%3, 7] and (, 00) in dimension 1

* two bars (2211, 25] and (2, 52%| in dimension 2n — 1 for eachn > 2

and no bars in the remaining dimensions.
Using homology with coefficients in a field with characteristic other than 2, the persistent

homology barcodes of AVRZ(S'; _) consist of

* one bar (—o0,00) in dimension 0

* one bar (3, 00) in dimension 1
* one bar (2211, 22’:1] in dimension 2n — 1 for eachn > 2

and no bars in the remaining dimensions.
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The homotopy types are determined by the diagrams in Figures 5.2 and 5.3, in which the front
and back squares are pushouts. In each case, the back square shows the cell structure we have
defined, where we have identified cells with disks, and we use the pushout as the definition of the
lower right space, which we simply mark with its homotopy type. The gluing theorem for adjunc-
tion spaces (7.5.7 of [87]) shows that if the three diagonal maps are homotopy equivalences such
that the diagram commutes, then the dotted map given by the universal property of pushouts is a
homotopy equivalence (this relies on the fact that the inclusion S*~* < D* is a closed cofibra-
tion). We begin with base case of Y° = x and inductively show that following the sequence of the
four diagrams gives the homotopy equivalences for the next two X* and the next two Y*. The four

parts of the inductive step, one for each diagram, are given in the following four sections.

Yk—l Sk—l

Dk il Xk Dk i Yk
\ J . \ J )
D¥ Sk D¥ ~ Gk Gk
Figure 5.2: Diagrams for odd %

Sk_l ‘i’klskfl Yk’_l Sk:_l (ID;clskfl Xk'
gk—1 Yy J{ Gk—1y, gk—1 gh—1 gk—1

Dk Py Xk ‘ Dk % Yk

S L S |

Dk ~ Gk-1 Dk ~ x

Figure 5.3: Diagrams for even k
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Figure 5.4: The four parts of the inductive step, visualized in low dimensions.

5.2.3 First Step for Odd £

We begin by assuming Y*~! ~ x for an odd k. The left diagram in Figure 5.2 describes the
gluing of D* to the contractible space Y*~! to show X* ~ X*/y*=1 =~ G* The homotopy
equivalence X* — S* collapses all of Y*~! to a single point and maps the open cell C}, homeo-
morphically onto the complement of this point. The composite D¥ =% X* — S* is then the map

that quotients the boundary of D to a point.

5.2.4 Second Step for Odd &

The right diagram in Figure 5.2 describes the gluing of a k-cell to X*, where X* ~ S*. Up to
homotopy, there is only one option for the gluing map S*~! — S* since m;_1(S*) is trivial, so we
get Y* ~ S¥ v S¥ We will make this homotopy equivalence more explicit for use in the next step
by finding points 5,7 € Y* and a homotopy equivalence Y* — S* \/ S* that takes y into the first
sphere, takes ¥ into the seconds sphere, and is injective on a neighborhood around each.

Recall we have let ¢: AVRZ(S";7) — AVRZ(S';r)/ ~ be the quotient map. For a suffi-

ciently small € > 0, which we will impose conditions on later, set

k-1
y=4q (Z %5[2%#,:@'1)
=0
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k—1
y=q (ZO %5[;;5#,;‘@']) :

These measures, the centers of their respective k-gons, lie in the cell Cj. The closure of the cell
C}, is the image of ®;: A*1 x I — X* which we will treat as a quotient of a prism, where
the quotient is only nontrivial on the boundary. Divide the prism into upper and lower halves
U= 0, (A" 1 x[0,1]) and L = ®5,(AF x [1,1]), and let E = §,(A*! x {3}). Let N, and Ny
be small open balls containing y and ¥, so that IV, C U and Ny C L; we will impose additional
conditions on these neighborhoods later.

Now start with the homotopy equivalence f: X* — X*/Y*~! from the previous step, where
X /Y1 22 Sk More explicitly, X*/Y*~1 = C*/9C*, so f(E) becomes an equator S*~! of S*;
that is, we have a homeomorphism of pairs (X*/Y*~1 f(E)) = (S* S*=1). Since Y* is formed
by gluing a k-cell to X* by the map ®),|yax, the gluing theorem for adjunction spaces [87, 7.5.7]

gives a homotopy equivalence Y* — X*/Y* ! g . A as in the following diagram.

ONF Phloar > Xk
OAF l , XH /Yl
AF l y Y*
\ A N Xk/Yk—l l—lfo‘I’UaAk AF

Let h; be a homotopy of f o @ |5ax that moves points radially outward from y in U and radially
outward from 7 in L until reaching the boundaries (this requires that the image of ®) |5+ does not
contain y or 7, which is verified below). Replacing f o ®} |sax with the homotopic map h;, we get
a homotopy equivalence

Yk o XF/yEt iy, AR (5.1

204



and h has image contained in f(E) = S*~1. Since (X*/Y*~1 f(E)) = (S*, S*~1), Equation 5.1
should be viewed as gluing a k-cell to the equator of S*.

We show that h, is a degree 1 map into f(F) allowing us to contract the newly glued k-cell.
Letc=f (q <Zf;01 %5[% t2r Z]>> (the center of the prism). Any point in h;'(c) must be mapped
by @) |sar to the center of a k-gon lying between y and 7 in the prism. Points mapped to the centers

of k-gons are of the form (y,...,+,0,+...,1) € OAF. Ifitis the j™ coordinate that is 0, we have

k
1=0,i#j
k—1
3
— 1
=4 Z KOy 2mi 4 2mi]
j=1=k
2
k—1
2
_ 1
=49 E(S[ﬂ'-‘r%"r%] )

where the second line reindexed support points and the third line applies the definition of ¢ to
choose a regular polygonal representative. These are the centers of the k + 1 different k-gons that

contain support points at [7r + Qﬂ] for 0 < 5 < k. Equivalently these are the centers of the k-gons

k+1
with support points at [0], [ﬁ} s [%k] . As long as ¢ is chosen small enough, the only

27 k+1 s

Ek+1) 2 k°

one of these lying between y and ¥ is the center of the k-gon with a support point at
This yields one point in A} '(c). The same reasoning extends to small open neighborhoods of the
points in A*. The neighborhood around the one point in h;'(c) is mapped into the prism by
®/, locally an affine map, and projected away from y and 3 onto f(F), which shows h; maps it
homeomorphically onto a neighborhood of ¢ in f(E). This shows h; has degree 1.

Since h; glues a cell A* to f(FE) with degree 1, where (X*/Y*=1 f(E)) = (S* S¥1), the
resulting space is a CW-complex with the closure of the newly attached cell forming a contractible

subcomplex. Thus, we can contract the newly attached A* in Equation 5.1 to obtain a homotopy
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equivalence

VP XE/(YR U B) = SF/Ssht = ghy gk, (5.2)

The centers of the k-gons found above also show that as long as N, and Ny are chosen small
enough, they are disjoint from the image of @/ |5a%. With the right choice of N, and Ny, projection
away from y and ¥ in U and L does not move a point from outside the neighborhood to inside, so
this implies the image of A does not intersect them either. This implies the homotopy equivalence
of Equation 5.1 is injective on [V, and Ny. Therefore the homotopy equivalence in Equation 5.2
can be chosen to be injective on N, and Ny, sending one into the first S* of the wedge sum and the

other into the second.

5.2.5 First Step for Even £

Now let k be even, one greater than in the previous steps. In the left diagram of Figure 5.3, the
map Uy, : S¥1 — S*=1v S5 ~1 must make the diagram commute, so it is given by ®| g« followed
by the homotopy equivalence Y*~1 — S*~1v§*¥=1 found in Equation 5.2 the previous step. We can
understand the map ¥, using the (k — 1) homotopy group of S*~! v/ S*~1, which can be found
by cellular approximation, as described in [105], or can be found using Hilton’s theorem [106],
which gives a general description of the homotopy groups of wedge sums of spheres. For k£ > 4,
the homotopy group is given by m;,_; (S*~1 Vv Sk~1) = Z @ Z. The case of k = 2 is different, since
T (S LAV 1) = 7 x Z; we will write the remainder of this part assuming £ > 4, and the k = 2 case
can be handled by either working with this fundamental group separately, or using Theorem 5.1.6,
which covered this case.

The map U, represents an element of 7, (S*~! v S*=1) = Z @ 7Z, the components of which
are determined by the degrees of the maps formed by composing with quotient maps that collapse
the spheres: SF—1 25 Gh=1\/ Gh=1 _y Gh=1\/ 4 and Sh—1 2 Gh—1\/ §h=1 5 4 SF—1 We give
orientations to the two spheres of Y*~1 ~ §*k=1\/ Gk=1 by Jetting them inherit the orientation from
Skl ~ Xkt 5 YRl 5 Gkl Gk=1 where we use the fact shown above that the homotopy

equivalence of Equation 5.2 was injective on a neighborhood around the points y and 7 defined in
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the previous step. We find the degrees determining ¥, by summing local degrees, and it is thus
sufficient to find local degrees of ®y|gx-1 at points in the preimages of y and 7.

Writing y and y with the new £ (one greater than before) and shifting indices for convenience,

k—2

y=4q ( 6[7F+€+ z])
1=0
k—2

T = L(g

) q k—1"[m— 5+ i)
1=0

Again, we will later make a choice of a sufficiently small ¢ > 0. A point z = ((ag, ..., ax—1),t) in

they are given by

??‘
—_

q),;l(y) must have one coordinate a; equal to 0 and the remaining a; equal to k—il Applying &, to

such a point and rewriting the measure, we get

y=u@)=a| D sz (5.3)

for some . Applying the definition of ¢ to find a regular polygonal representative and using the

definition of y, we must find € satisfying

IMES
I
—

k
(Z kL [m+e+ 22 z]) =y=®(z) =¢ %5[% ]
=0

i=1—

[NIE

We thus get one solution for [¢] for each vertex of the regular (k — 1)-g0n representing ¥, each
yielding a point in <I>,;1( ). We choose representatives 0; = 7 + ¢ + g with0 < j <k —2and

let z;; be the corresponding point in @' (y). Explicitly, letting = z; in Equation 5.3, we have

q)k(xj) =dq Z ! 57r+€+k2"1]+2”z]

Finally, we find their coordinates: suppose z; = ((ao ;, - - -, ax—1,), t;). The measure in the expres-

sion above has support contained in a regular k-gon, and has zero mass at the vertex at [¢ + j]
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Using the definition of ®;, this means a;; = 0 for the 7 such that w

=€+ % J with
t; € [0,1], that is, for i = j + ﬁj + %5 —t;. Since 0 < j < k — 2, this is solved by ¢ = j and
t; = %6 + ﬁ j, as long as ¢ is chosen to be sufficiently small (specifically € < (kz—’;)k). Thus, z;
has a;; = 0 foreach 0 < 7 < £ — 2. We can compute local degrees by noting that the attaching
map @ |gx—1 restricts to an embedding of a neighborhood around each z;, so that the local degree
at each is 1. Determining the sign requires that we understand the orientation at each point and
at its image. Fortunately, since our maps ®; and @ preserve the ordering of vertices, taking the
indexed vertices of AF to points in order counterclockwise on the circle, we can determine orienta-
tions of faces as usual based on the parity of vertices — we will use this approach below as well. In
this case, the sign of the local degree at «; is determined by the parity of 7, since a; = 0 specifies
a face of A*~! x I with orientation (—1)’. Thus, after fixing an orientation of (A*~! x I), we
conclude that the local degree at z; is (—1)7.

Summing these local degrees shows the map S5~ 5 Sk=1 v/ §k=1 5 Sk=1\/ 4 has degree
+1 (where we have let y be mapped into the first sphere of the wedge sum). Repeating the above
analysis for 7, we find that there is one point in CID,ZI@) in each face for 1 < j < k — 1, so that
the map S¥—1 2% Sk=1\/ §k=1 _y 4 \/ S*=1 has degree —1 (alternately, this follows since o)
is obtained from (ID,;l(y) by reflecting points on the circle around the first coordinate axis, so each
point in ®; ' (y) with a; = 0 corresponds to a point in ®; ' () with a;_;_; = 0). These degrees
determine the corresponding element of 7;,_;(S*~1 v S¥~1) = Z @ Z and thus determine the map
U, up to homotopy. It is homotopic to the map that glues a k-cell into the region between the
two spheres of S¥~1 v S*~1 when one smaller sphere is pictured inside the other, as this produces

degrees of +1 (see Figure 5.5); collapsing onto one of the spheres gives X* ~ S*~!. In more

detail, choosing a point z € S*~!, we have

Xb o (St I/ ({x) x I) ~ S x T~ S (5.4)
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Figure 5.5: The orientations and the degree two map can be pictured using normal vectors on the boundary
spheres in Equation 5.4. One normal vector points inward and the other outward, since the two degrees
determining W are +1 and —1, so after collapsing to S¥~!, the two normal vectors agree.

Furthermore, since U;, glues the k-cell to the two spheres of S¥~! v S*~1 with opposite degrees,
and since the two spheres have been assigned orientations by the map S*~! ~ X*=1 — Ykl ~

Sk=1 v S#=1 the following composite map S*~! — S*~! is a degree two map.

Xk—l e y Yk—l e y Xk

S

Sk—l Sk—l V; Sk—l Sk—l

Since elements of 7,_;(S*~1) 2 7Z are determined by degree, we have thus found the map S*~1 ~

Xkl — X* ~ S*¥1 up to homotopy.

5.2.6 Second Step for Even £

For the final step, shown in the right diagram of Figure 5.3, we will show that the composite

¢;(;‘Sk—1

Sk—l Xk - Sk—l

is a degree 1 map, where X* — S*~1 is the homotopy equivalence from the previous step. This
will imply Y* is homotopy equivalent to D* glued to S*~! by a degree 1 map, which is homotopy
equivalent to D* and thus contractible. The main difficulty arises from the lack of an explicit
homotopy in the previous step, where we relied on the homotopy group mj,_; (S*~1 v S¥~1). We

will circumvent this difficulty by using a different, homotopic attaching map that lets us focus our
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attention on X*~!. As this subspace is easier to understand (recall we have X*~1 ~ Xk=1/yh=2 o~
S*=1), this will allow us to compute the degree.

The case of £ = 2 can be done directly by noting that the path around the boundary of triangle
C} intersects each regular 2-gon exactly once, so after collapsing the Mobius strip X2 to its central
circle, the attaching map has degree 1. We will thus assume k& > 4 (this will only make a difference
in one particular part of the proof).

We begin by replacing ®/ |yax: OA* — X* by a homotopic map. Recall ®} is defined by

k
(I);g(CLOa s ,CLk) =dq (Z a25[313]> )

=0

and the image of the boundary is contained in X*. On the face o}, = {(ay, . ..,a) € AF | a, = 0},

the definition of the quotient map ¢ lets us represent the output with a regular polygonal measure:

@2‘016(&0,...,(1;@,1, =(q (Zal 2m; 7 0@3(2_7:{_%]')]) .

Omitting the final coordinate 0, can write any point in o as (1 — s)(3,..., 1) + s(bo, - . ., be—1),
where s € [0,1] and (by, ..., bx_1) € oy, (so at least one b; is 0). This expression is unique unless
s = 0, in which case the point is the center (%, Ceey %), topologically, this expresses oy, as the cone
on its boundary. Writing points of o}, in this way and letting e; be the standard basis vectors, the

equation above becomes

k-1 k-1
Pyl (Z ((1—s)5 + sby) ) <Z (I —s) +3bz')5[2m+2] “L(1-s) L 4sb; )(k(kﬂ)j)]) :

i=0 =0

Define G,: 0, x I — X* by

(Z 1—3 —l—sb)ez, )ZQ(Z_:CZ‘(;[?,:HWL])

=0
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where

e = c(bs, 5, ) = (1— t)((l — 3)% + sbl-) + t((l — 23)% + 2sbi> if s € [0, %]

(1—t)((1—s)%+sbi> + tb; if s € [3,1]

and

=m(bo,...,bk_1,8,t)
Ef;é ((1 —t)((l —5)1 +sb> %) ( (Hl)j) if s € [0, 1]
> ((1 —t)((l — %) +sb> ( (2 28)L + (25 — 1)bj>> (M;—Tl)]) ifs e [L,1].

This is a well-defined function into X* since > ,¢; = 1 and the measures are supported on at
most k£ points. By Lemma 3.5.5, we see that GG, is continuous since all ¢; and m are continuous.
Furthermore G (—,0) = ®|,, and Gj remains stationary on doy, (this follows from setting s = 1
in the definition). This shows that ®}|,, is homotopic to G(—, 1) relative to do,. We record that

Gr(—,1) is given explicitly by

k1
( (1= s)3 + sbi)e, )
=0

q <Zf:01((1 — 23)% + 2sbi)(5[2ﬁi_<km]) if s € |0, %]

M

_ kT RRTD

k—1 ‘
q (Z bi 5[2#’54‘2? Dl((2 28) +(25—1)b; )( —27 )]) if s c [%’ 1]

Y

The points in o, with s € [0, 1) form an open (k — 1)-disk and are mapped by Gj(—, 1) onto

the collection of equivalence classes of regular polygonal measures supported on the regular k-gon

gf(;r)lﬂ We will let 7, be the points of o with s € [0, 3] and refer to it as

with a vertex at [—

the “central simplex” of o}: it is geometrically a simplex but is not a face of ¢*, as its vertices

are contained in the interior of 0. The points with s € [%, 1] are sent to equivalence classes of

measures supported on at most k& — 1 vertices, which thus lie in X*~1.
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around the circle to define a homotopy on the other faces of

We will rotate in steps of 2% ot

Ak For 0 <1 < k,let oy = {(ag,...,ar) € A% | a; = 0} be the I face of A*. We define
Gy: 07 x I — X* by cyclically permuting the input and rotating the output of Gj,: from here on,

we write the indices of the basis vectors e; modulo k + 1, so this map is given by

k-1 k-1
1 _
(32 (0= 4o 1) = (D o
with ¢; and m as above. Equivalently, we have defined G;(l + 1 - z,t) = | + 1 - Gi(z,t), where

[+ 1 indicates the class of [ + 1 in which acts on the points of simplices by permuting

(k—i—l)Z’
basis vectors and on equivalence classes of measures by rotating delta measures on the circle.
Since ¥}, has this same rotational symmetry, i.e. [+ 1- ®)(z) = ®|.(I+1- ), and Gx(—,0) =
' |5, we find that G;(—,0) = ®|,, and G, remains stationary on Jo;. Furthermore, since the
various 9, |,, glue along the boundaries of the faces o; to define @7, the various G glue along the

do; x I to define a homotopy G': OA* x I — X* where G(—,0) = @, |yar. Just as Gi(—, 1)

(k—1)m
k(k+1)

covered the regular k-gon with a vertex at [— } each G;(—, 1) covers the regular k-gon

(k=1)m
le(k+1)

with a vertex at [ + (k +1 I+ )} , which is equivalently the regular k-gon with a vertex at

[— gz;i)f)r — 17{](5111))} . Taking the union of these regular polygonal measures for 0 < [ < k, we see

that G covers k + 1 evenly spaced k-gons on the circle, each at an angle of "+ k +1 from the next.

As above, we let 7; be the “central simplex” of o, the set of points of o; written with s € [0, 5],
which are mapped onto these k-gons. Finally, G sends the points of o; \ 7; into X*~1.

Since Y* is obtained by gluing A* to X* by ®/|5ax, it is homotopy equivalent to the space
obtained by gluing A* to X* by G(—, 1). To show that Y'* is contractible, it suffices to show that
G(—,1): 0AF — X* ~ S*=1is a map of degree 1. To determine the degree, we will introduce a
rotated copy of this attaching map, which will allow us “cancel” the £-gonal measures in the image
and focus our attention on the part of the image in X*~!. Let G be defined by rotating the output

of G by 2X. The two maps G(—, 1) and G(—, 1) then map the central simplices of the faces of A

onto the same set of regular k-gons described above, but with opposite orientations: rotating by %’T
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corresponds to a k-cycle of the vertices of a regular k-gon, which is an odd permutation since £ is
even.

We now distinguish between the domains of G(—, 1) and G(—, 1), writing them as A and
OAL, with fixed orientations. Let 71, ... 7 € OAY and 7o, . .., T2 C DAL be the central sim-
plices of their faces, as above, and let N be defined by gluing 9AY and DA% together by identifying
71, and 75, via a k-cycle of their vertices, mirroring the behavior of G(—, 1) and G(—, 1) above.
Since the identifications reverse orientation, removing the interiors of these central simplices from
N leaves an orientable (k — 1)-manifold M (this is analogous to the connected sum of manifolds).
From here on, we will identify 9A¥ and 9A% with spheres S¥ ' and S5, and will simply write the
collections of central simplices as disjoint unions of disks D*~!. For instance, with this notation,

N and M are described by the following pushout squares.

k k—1 k—1
[Iioo D" —— 5

| |

S5t ——— N

1, 5 i T it DM
St T, int D! > M

Since we have defined /V by identifying the central simplices via appropriate cycles of vertices,
G(—,1) and G(—, 1) glue to define a map y: N — X*, which restricts to a map ¢: M — X+~

(recall we observed that points with s € [%, 1] in the definition of G were sent into X*1):
M —— N
of b

Xkl e Xk

This map v accomplishes our goal of focusing attention on X*~1.
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We now use maps on homology to show that the degree of G(—, 1) can be found by finding the
degree of 1; we use homology with integer coefficients throughout. The space N is the union of
the two spheres S f ~!and Sé“’l with intersection Hf:o D*~1. Each of these spaces can be expanded
slightly to an open set without changing the homotopy type, so we get a Mayer—Vietoris sequence,

a portion of which is shown below®.

0= Hy (1[5 D¥') —— H(SFY) ® Hya (S5 —— Hy_i(N)

—— Hy (I, D) =0

This gives the isomorphism Hy_1(N) = Z & Z. We also have H*"1(M) = Z since M is an
orientable manifold. By the previous steps of the proof, the homology groups of X*~! and X* and
the map induced by inclusion are implied by the fact that both are homotopy equivalent to S*~!
and the map is the degree two map between them. The diagram below shows these homology

groups up to isomorphism.

Hk_l(M) —_ Hk_l(N) 7 —=S 77
kal(w)l lkal(X) degwl l
Hk_l(Xk_l) _ Hk_l(Xk) 7 — 7

The map Hy_1(M) — Hjy_1(N) induced by inclusion is given by z — (z, z) since Hy_1(M)
is generated by the fundamental class of M and Hjy_,(N) is generated by classes representing
S+t and S5, The map H;_,(v)) is multiplication by deg ). The map H;_;(x) can be described

by composing with the isomorphism from the Mayer—Vietoris sequence above:

Hy_1(x)

Hy (S5 Y @ Hy (S5 —=— Hy((N) =28 Hy (X5,

k

“The final isomorphism Hy_o(][;_, D*~1) = 0 in the sequence is the only part of the proof that uses the assumption

that k > 4.
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The composite map is induced by the two maps G(—, 1) and G (—, 1). But these maps are homo-
topic, since G is defined by rotating the output of (5, so they have the same degree. Commutativity
of the diagram above then implies that Hj_;(x) must be given by (z1, 22) — (21 + 22) deg ¥, so
G(—, 1) has the same degree as 1. So to show that G(—, 1) has degree 1 and Y'* is thus contractible,
we just need to show that v has degree 1.

Let Q C X*~! be the set of centers of regular (k — 1)-gons, that is,

Q= {q (Z ﬁ‘s[aﬁ%z]) ‘ re [O’%)}'

We see that () is homeomorphic to a circle, which we will assign a circumference of % based on
the values z in the definition. We aim to find the degree of 1) as the sum of local degrees at points
in the preimage of a point in (). As ¢ is defined by G and G, we begin by finding the image of G,
which by symmetry will imply that of G. We have im(G(—,1)) N Q = Uf:o im(G;(—,1)) NQ,
and since each im(G(—, 1)) N Q is found by rotating im(G(—,1)) N Q by 2% (I + 1), we can
focus our attention on G (—, 1). By our expression for G(—, 1), we note that im(G(—,1)) N Q

is exactly the image of the set of points of o}, of the form Zf;ol (1= s)f + sb;) e; with s € [,1]

and with one b; equal to 0 and the rest equal to ﬁ Let

k-1
Tn:{ (1= s)g +sb;) e; | by, =0,b; = 5 fori #n,s € [%,1]},
=0

)

so that im(Gr.(—, 1)) N Q = UFZ} Gr(Ty, 1).
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We compute G (T,, 1) as follows: letting b,, = 0 and b; = =5 for all i # n, we have

k—1
T ]. — b5 T — —27 S l ].
Gi(T, 1) q EO O[3+ 285 ((2—29) 3 +(25—1)by) (555579 )] € 3.1
1=
(
k—1
1 1
=434 — 0 2 ; —on k=1 . —on k—1 . s€e |z, 1
— k—1 [71+(2—2s)7k2(k+1) T¥20 2 1) D ZFO’#RJ] [za ]
\ i#n
(
k—1
_ 1 5 1
= T—=O072r:, —2m(2-28)(k—1) , —2n(2s—1)(k—1)k , 2m(2s—1) se |5, 1
71 4 0 e (e B (V=) sy (=) 51
1=
\ i#n
(
k—1
=<q ﬁé om | —m(k=2)(k—1)—27n | —2m(k—1)+4mn s € [%,1}
— - [TH' =Dk T h=DR(+D) s]
1=
\ i#n

In the final line above, the coefficient of s shows that as s ranges from % to 1, the measure rotates
by % in S?, with the sign indicating the direction of rotation. The regular (k — 1)-gon
representatives rotate by the same amount; thus, Gy (—, 1) embeds 7,,, which is homeomorphic

—7m(k—1)+27n

to an interval, into () as an interval with signed length TR -

Moreover, taking a small
enough open neighborhood in A* of any point in the interior of 7}, that allows the nonzero b;, our
expression for G,(—, 1) shows that G,(—, 1) embeds this neighborhood into X*~!. Therefore the
local degree at each point in the interior of 7;, is £1.

The preimage 1)1 (Q) consist of the points of T}, for all n and their rotations to the other faces
01, and the degree of 1 can be computed by summing the local degrees at the points in the preimage
of any point in () that is not the endpoint of some G(7,,, 1) or their rotations. The set of such points
has length szn the circumference of (), while the length of G(7,,, 1) found above measures the set

of points in () whose preimage includes a point of 7;,. Since all points must yield the same degree,

we can find the degree by taking a signed sum of the lengths of the G(7,,, 1) and their rotations

2

and dividing by 775,

with signs determined by orientations.
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The orientation with which G(_, 1) maps a neighborhood of a point in the interior of 7;, is given
by the sign of the length found above (accounting for the s coordinate) times (—1)"™! (accounting
for the b; coordinates, since b, = 0 in the definition of 7},). Therefore, the signed length in ()

covered by all 7}, and thus by all of oy is

S
e

-1 -1

n+1—m(k—1)4+2mn n+1 2mn
D" Ty = 20" e
n=0 n=0
k—1
o n+1
= (k—Dk(k+1) k(k—i—l Z
n=0

= (k71)7r(k+1)’

where we have used the fact that k is even. Finally, rotating the portion covered by o to account

for the other faces o; of AF, the k + 1 faces each cover a signed length of in @, so

(k:—l)ﬂ(k—i-l)

G(—, 1) covers a length of -*—, and symmetrically G (—,1) does as well®®. Therefore, the map

g
W: M — X* ! covers a signed length of % in (), since the choice of orientations used in the
definition means it covers the lengths covered by G(—,1) and G(—, 1) with the same sign. As

described above, this signed length must be equal to the degree of i) times ==, the circumference

kl’

of O, so we conclude that 1) has degree 1. This implies G(—, 1) has degree 1, which implies Y* is

contractible, completing the proof.

S0This point in the argument shows the reason for the introduction of the manifold M and the map 1. Alone, G(—, 1)
can be seen to cover half of @), so M serves to show that this half coverage implies the expected degree of G(—, 1).
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