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Chapter 0 : Geometric notions

DeCell complexes



Chapter 1 : Fundamental group

Associates to each space X a group i. (x)
measuring the 1-dimensional holes

.

Covering spaces



Chapter 2 : Homology

Associatestoeachspacetheabeliangroups (or vector seases

Hard to define
, easy to compute .

Singular vs simplicial homology.

Homology with different coefficients.



Chapter 3 : Cohomology

Associates to each space X a graded ring
H* (X) measuring holes of all dimensions.

Hard to define
, easy to compute .

① S



Chapter 4 : Homotopy groups

Associates. to each space X the groups
#r(X) measuring the k-dimensional holes.

Easy to define
,
hard to compute .

A positive result is Whitehead's Theorem :

If a kontinuous) map f
: x+Y between CW complexes

induces isomorphisms in(X)-> r(X] FR
,
then X= Y

.



Chapter 0 : Geometric notions

# X- X is the identity function on a set
.

A map f : X-Y between topological spaces is a continuous function
.

Homotopy and homotopy type

Maps fix -Y and g
: /+X are

homeomorphisms if gf = 1x , fg = 1y . -
Denoted XEY

,
=Y

,
or X =Y. X

Def The maps f.g are homotopy equivalences -Oif gf = 1x and fg = 1x ·
We say X and Y are homotopy equivalent, denoted X= Y

.

X Y

We still need to define #
Y

homotopies between maps ...

YxI



LetI= to,] be the unit interval
.

0, 1

X

&Def Maps ff : X-Y are homotopic (t = f)
if there is a map F

: XXI -> Y With

F(x, 0) = fo(z) and F(w, 1) = f, (x) FxeX
.

· Let feiX+ Y via fe(z)= F(x, t)

f is nullhomotopic if it is

homotopic to a constant map. -
· Let AcX

.
If felA is independent of to

meaning ft(a) = fela) FaeA and t
,

t'EI
,

then F is a homotopy rel A.



Let AcX
. A retraction is a I

map r : X
+ X with r(X) = A -

⑧

~
->

and ra = 1A -
↓ ↳ Y ·

So r = r
. (Analogous to projections)

In algebraic topology, surjections bl spaces need not induce

surjections by groups, but retractions do.

A deformation retraction of X onto A is a

homotopy rel A from 1x to a retraction r: X-A.

I
.
E
.,
a deformation retraction is F : XXI- X

with fo = 1x
,
fi(x) = A

,
and felA = 1A Ft o



Def For fix+ Y
,
the mapping cylinder

is the quotient space

My = (X + 1) HX(x
,1) f(z) VzeX

Clearly My deformation retracts ontoYo
Corollary 0

. 21 shows if f is a homotopy equivalence,
then My deformation retracts onto XX 503 = X.

Hence if X= Y
,
then 5 a third space Z that deformation

retracts onto X andY (choose z =Mf) ·



Question Can the Mobins band
be written as a mapping cylinder?

Answer : Yes
,
with f a 2-to-1 map from the circle to itself.

Question Let AcX.
If there is a retraction from X Onto A

,
then

is there a deformation retraction from X onto A ?

Answer : Not in general. A deformation retraction is a homotopy
equivalence but a retruction need not be.

Question Does Bing's house with two rooms

deformation retract onto a point ?
Answer : Yes

,

but
it is not easy.



Cell complexes
Closed n-disk D" = EveR") (21213 &

. .

DBoundary(n-sphereSOD
= Exc..

& &

(Note eo = Do = pt since OD
:

= 0.

Def A CW complex X is built by
·

yo Xi xy
(1) Starting with a discrete set X%

(2) Inductively forming the n-skeleton X" from X
by attaching n-cells ed via No

:S-X%

n

As a set
,

X" = X*Ho ed
⑧

As a space, X= (X*HeDe read ·

(3) Let X= UnX"
.
Give X the Weak topology :

AcX is open Cresp, closed) inX AnX" is open Cresp, closed) in X"En.

A consequence is Closure-finiteness : the closure
of each cell intersects only finitely many cells.



Ex 0
.
3 The sphere S" (n=1) has a CW structure with a ---------

-

O cell 20 and an n-cell e"attached via S"-> e
.

· s I S2

An alternate CW structure is two O-cells
, - 2 - C -

L S
I

S2-

wo 1-cells
,

two 2-cells
, ..

two n-cells. So
~ =

--

This allows us to define S= UnS" which is contractible
.S↑ IRmb : HW1

·
Could use Whitehead's theorem, but don't

Has a 7/2 group action
,
whose orbit (quotient) space is :

Ex 0
.

4 Real projective n-space RP := e RP = ere' RRP2= eve're?

IRP" = S all lines through origin in IRP
+13 M--------

= (R** (583) /v-Av for OFXER - RPI

= S"/(v- -v It follows by induction that RP" has a CW
structureeor

...
ve" with one i-cell VIEN .

Ex 0
.

5 IRPO = UnRP"



Ex 0
.
6 Complex projective n-space CP° = SY/s KP' = 53/points in certain circles identified

KP" = Gall complex lines through origin in (4t3 = pt = G2
me----

= (K+ 1503) / ver for OFEK I

= sint/vet for HE1 ·

S

Recall the
S-93

Hopf fibration. ⑮
Note See Examples 4 .44 and 4

.45
·

· Each vector in S2n+ is equivalent under
vetv with I1=1 to a rector (w

,
VER)C*XRCKH

with last coordinate real and nonnegative, and Iw1 ·
Indeed

,
if v= (r , eit, ..., MeConte Santa

+

,
choose Picture n= 1S S↓

Ent to get VrIv = (r , econ),..., MH) < &"xIR .
(n+ 1

in

· These rectors form a disk DI bounded by the g2n- -In
---

sphere S2"= E(w, 0)) Iwl= 13 · &

Untr -
> IRCE

When the last coordinate is zero
,
we have the remaining

identifications v-tr for veSin+ (i.e . (ph)
·

↳

· IpSo KP"= DI/vtr for veODE=Stand Hl= 1
Cpn-

is obtained fromKP" by attaching a cell en (4 : S>-> CP"").
By induction we have a CW structure e've've" v

...

rez for KP"
·



Operations on spaces
Let X

,
Y be CW complexes and AcX be a subcomplex.

Product X*Y has CW structure with a (n +m)-cell
exem for each n-cell of X and m-cell of Y.

Quotient X/A has CW structure with one cell for each
cell of XVA

, plus a O-cell (for A) .
For example, the quotient of a surface by its 1-skeleton is S?

Wedge sum X-Y

BFor example, X*KX" = VoSE , with
one n-sphere for each n-cell of X.

Cone (X = (Xx1)/ (X + (13)
CX is contractible. CX

X



Suspension SX = (+X-2X= (X + E7
,
1)/Ex

For example, S(S4)=St
·

SX

Homology Hi+ (SX) = Hi (X)
Homotopy groups Ti+ (SX)+ M: (x) X

Map X E X gives map SXESY.
The homotopy classes SES" that remain
after arbitrarily many suspensions githsay gate

&
are the "stable" homotopy groups of spheres.

Join X* Y = (XxXxI)/ (, % . 0
- Eg: 0) FNEX Vygey(2, y , 1) ~ (x,y , 1)

Ex X+ pt = CX
ExX + So = SX
Ex S' * Si = S3
Ex S" * Sh = Sh+ m +



Two criteria for homotopy equivalence

Collapsing subspaces : If (X, A) is a CW pair consisting of a CW complex X and

a contractible subcomplex A, then the quotient map X-YA is a homotopy equivalence.



Attaching spaces
Let X

,
Y be spaces and AcX .

Let 5 : A + Y be a map.

The attaching space (or adjunction space) is the quotient
Y VsX = (X (Y) /a -f(a) FaeA.

Fact If (X
,A) is a CW pair and fig :A+Y

are homotopic, then YX = Y UgX .

u d
We are skipping the section on the

homotopy extension property, though this
important property is how many facts
in Chapter O are proven.


