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These properties are really due €0 the fuct bt
o,b] i Comnected and  compact,  respeckuwely.



Seclion 25 Connectel spaces
X

et X a fopa/o\g;ca\ space. A separation of X 15 @ pair
[/(\/ of wowemp%y 602)01/1{’ open Seff w\nose union 15 )( Q
V

X is Conneckel it )’\M ho §eparm£,0m ii
Rk Topological property, L K=Y ten X comectel & Y comectal.

Emlg anui\(a\emuyl X 15 canmal:eﬂ ‘J' '1Jcs onlj clopew SuloSd:S are ¢/ X,

E_X E‘:@“(O,lj has @ Separation |

avn/l 15 V\o‘k Connected

Ex éa,Ja?; with the wdiscrete topology g
15 Convec kel

Ex Q s not cometed i Lor v \tabiond, r '\N:i:;aml
(&r) " ®, (r,n)0 @ gives o Sepacotion,

O/‘\
S UA

N

Y



Thw I_F SZX_%Y [ CDVI‘(’,'H\MOVS and. X 19
comecded, then S(X) s connected.

PS TL WV s a sepamtion of £(x),
then ’gJ(u),‘g“(V) 15 @ Sq};{mhw\ o X
G)pew, Yorcwgty, dsioint, umim i X),
Cor\fraﬂld:'m_q the -ch{' X 15 conrectel,

],emma\ I‘@ 3( kas Sepﬁrakfaw lk,\/ W\A
YCX Vs Connebée&/ Ehey YCM or Y ¢V,

E TE both Yol and YAV were Vlonew.p%j,

then  these ofey sets in Y would form o sapara%irm of Y,

T‘V\m I‘F ACX 5 conn&o{éﬂ_ ond ACBCZ/

’EL\@V! % 9 Comm e,c{eil.
R

K AcUnj n o subted of fimdt points  preserves  commeckelness
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Thm Unions of connecked Subspaces vith  a

PO](\JC in  Common QArl Connecteld.
?_-@ et V- Uor\/l\/ with fje\/'x CM X o,

Aﬁww\& y l’\MS [N SZPWml,u’)V\ M \/ Sb\ PoS'e (je(/{
Then Yoo W VY. S YCM ond
empty, A Contradickion,

Thw A Lnle praiud’ ofF  connectell Spaces i Connectel
P shebh  n=2 XX\/ Let (m,b)EXXX
For xeX bt Te = b<x?b’>)v(2¢ix¥)

/Vojca 60\(/[/. /\;;c 19 comnected \Oj PNW le_ww.

Hence XxY = )% _\} is comecked by priov lemma
with  (a, lo) oS Compmon powjr

The general case of an n-fl product then follows by induction

% %

.(fx,,\o) o (0‘1 )




@ I/Rn 15 connected (assmmj HZ‘!S>,
Ex R wdh box 150()71037/ s not  convected.

Pf Leb U= 2bomddd S%vemeS% ad V=S wnbawdd seqenes?.

Thej‘va Nonempty, &‘us\')O'm}c, ond (Av\/=ﬂaw, Q)@VI in box -1;0[};,757/?

GQuea a € R”, noke (a.-\,a.+\)*[a1—\,a1+\)x (a5-1, 24+1) % ..
5 on ofen heighbodhodk of & Ehd s contwiadd i
W (V’eSP. V) W oo i bounded (NSP' Unbamwl&l}.

Heme_ W and V are open ia box ‘Ldpo’aﬂy/
ard (R? box Loplogy) 15wt conneked,

Ec R [ubh bhe poduct dopology) s oneckd.
X Lt F=fxer”

%= 0 for L>Vl}. Comnecked since =R,

Let R¥= U 10, Comeckell sine wnion of conneded sels con&aining (_

We  cluim !R"“ani%?’, giving Hood ]Rw is  Cowneckdd,
L ndeed, for 2eR” aad x€TLUi a basic ogen sef,
N wth U, =R VN, meaning (), %z, ... %w, 0,0,---)6TR°°“TEML.
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M: COVWJ@(/LQQ Sutspuas of fR

]R is  comecked, and so are interval and roys i IR,

M A Simply ordered <ot L With wore then one clemeat s a linoar tonkouwm i
0) L s e least npper bound. @Yopér\‘ﬂ
o If x<y, thea A= with v<zeay,

E_X TR, [0,\]*[0,!] w:'l:L\ cl'-d:'lovla\ry order.

Def Yel i comex o abeY whth a<h = [wb) Y,
E_X L: '\n%ervhis In L, rays n L.

Thm 1TF L s a fnear conbmwm with the order toplogy
ank  Ycbo s tonvex  theu Y oS comected.



Tha{' \H:ervoxs 0 R are Conneo(f,eoQ g\ves A SM#LM{— ob
COY\&’:IOVI 'For Slﬂow.ﬂg A pace, [ Connecéei

Def A space X s path comnecked f every ’)o,lgéx (an
be yoined by a pabh, ie. & conkumous map §[abJ-X

with £@W=2 ad £()=y.

I

Lewmma A ()M'EL\ comnecbed S@ac& >< 1% conmeckel. on

EQC: gm pose Uk\/ §epmmjoe X,

Let % [ab] X b conbimons with o) e, FleV,

Bt the Conbinuons wiage of the comeded set Tabl i Conwed:e&

Meaning  £(Capl) must be Conbaned w W or n V. \/

Ex Bdl B"= %%éRM] “’Vl‘l% connecked
Phg/r(, "= ??(/C]Rm' N"””*i% 5 connecked Lo n2 4

O Ee



Ex TVopologist's sine  curve s S= g(%,san(‘/r)) | 0« 'K‘—@ v 3(0,9)] ’14_741%,
Here S= g(’”, s(/4)) l 04%41§ 15 Pm“n- comected = S conmected.,

A
VR

Noke S comecked = S comeckdd,
Bk S i ot pm{’h connected,




Seckion 25: Components and local comectelness

\E >( ’EUQO\OQKLM\ Space,
Decloring %~y When 3 comected sabspace CO\/\'(;aMng wy  gives

equvdince relabion s equivilene  dasses  clled  componeats ,

D&c(minﬂ a vy when 3 a Paﬂ\ m X from J:OJ 3\\/25
eaow'va\bwf& rda{;iow; 6({)MIVM\ML('_ dasys cu”eoq P“H" coM'ponem',s,

G |71 5 A
U T o coms

Each PaH\ tomponent 15 connectel hence  tordaindd in a smﬁla (omponent .




Def A éapaloym\ space X s la(m”q ({)a%) comecked. 4 %
YxeX pl  wbhds U2z, 3 & (paHa) connecked nbhd el cU,

L0cm|l perth comecked = locaolly connect o,
Smce Qa‘ﬂ\ conneckel = connecked.,

Ex Conneted Not  connected

Locally conneckel | Tnbensls 1n R oy (ol] | V] ﬂ /\ /\

opologists Sine Curve UU U V

N ok \060\“7 tonnect e o 2

[oi)x§4}
& < [




(puth) comectel

]:B_m A Spou:e, X S loca1|7
each (pakh) Lompanent P of U s open.

& Y 0pen [/(CX/

5 Lels Prove the path comeded version.

(=) Open WX prdh compveat V.
For weP leb hd xeVell be path omected s honee V<P,
So P 15 open.

[£) Givea bt Ux, leb P be He (ope) pdy
COmpoMn% of I\ l‘_on{mmmg v, /\/o{a x E P ¢ lA.
So X 15 locally path  comected,

H]m 14 X s \om“y (JaJCL\ cavméu!;tﬁ, Hen the

Componen{:é and Pal’h COVM()OW&A'I:S wincide.

Ex ZxToj]

-
i

X

Q

E LeE P \b& 7 pmﬂn Covnpom{— conbomadl n o Covaonenk C.

1£ P &el, then let Q bhe He wim of al other ath componedtr ia C.
X locolly conneckel, so priov theowm (omed vession wik U=X) says  C open.
Pr.‘ oy Q/\ZOW,M (()o\i’h comecked verson Wikh U= C) then Says P ad Q ar open,

Thn (=PvQ gives separakion of C

S0 it must be Hat P=C.



S(LLJC(OV\ 26 - Covnpaml: Spaces

(Sebs, Lomcki (Topologice| spuces, conbimuons fomcki
o 1% OV\S) M p0'091Cel  Spot g NG invov amg)

Avm|ogy=

Finte sets Compact spaces

A coer L of a topological space X s a colleckion
of wbsets whose wnion 15 X. T Hhese sets are

open, then W s mn ofen cowr .,

Dig_ A ‘Lapolo\giw\\ SPO(C& X ) COVHQC(L,,: '|‘,C eV@Yy

O{J@V\ Cover ‘I \nas A nike  Subcover, e,
A Subcolleckion %M,,._.,Mw}gc—m with X’u‘v._\vuw,

& R ot compact g[”‘\,”‘*\)%nez 5 an ¢
Dfen  Cover with wo fte subcover.

Ex A fiuke seb X is  compact (requdless of e bopplogy)

(Given an ofen cover For eadn xeX, choxe an ofen  Set Conbading %)

N4



Ex (0] wot (ompack * the ofen  cover =

gC/n Ugnam has no Lnibe Subcover, 0

& giﬂ_zsnez+ 1§ not Compac‘l‘:-’ ‘Hﬂ& o?en Cover
by Singletons has 1o Lnbe sbeover,

Evdc ZOEVgLn%neZ 15 compadg: Given an ofen  Cover, note

an ofen Sk Containing O conbans all b £nibely many clewments of g‘Hnez),.

& \I\JE,‘H See 't XCIR“ (_OVVIPaL(: & X closed  and bouwie&.

o



\N?/ Saj a COl\QLLi’M of seks guo(%wej in X
Covers” YeX if Y Uyl

Lemma Ye X i Compact & every tover of ) by ofen sets
in X hes o Lake Ssubcover

sy Compuct & every  cover 2@1"}/} hos o finle  siborer
ofen n X

= every  Cover {L/leg hes o Loibe sobeover
ofen n X

ﬂm_ A 0105419\ Su\de: \/ 01C 173 Compac[’ Space_ >< 1S (ompaﬁé.

PS Let U be a cover of Y by opn sets W X,
Then U v {X—\/% is an oflen Cover of X,

K compack =5 T Lke sbearver I, ., Un, XYy oF X,
So N\,...,Mnkcu s a Lnte subcover of Y,




H’\m EV@rj (.ovaacé S\Abspuca \/ of a Havsﬂm[‘—f Spoce >< 1S CJDS&Q.
P_S‘ Well show X'\/ 15 open.

Let ’)CEX—Y, For eadh \(jey 3 N
disoint  opens V33y, U, 2%, (‘“\
y Compo«_{ = Y L\M ﬁn‘Le Subcoer ny.,,../VgR}, %

Noke \/C\fg.v...."\/y,, 1 cﬂis\')oin{' Frowm ‘

the open seb Uy n..ally, >,
Hema X’\/ 15 open.

Ik_m 1f §:Xﬂ>Y is  contimaus  and X i Cova«c{-, 1':[4@” §(>0 is Compmé.

PEolet U be a coer of §(X) by open sebs in V.
Then 35N W | WUy 5 an open coer of X,

K tompuck = 3 Fate sbover §'(U), ... 5 (Ua) oF X,
50 \A\/---, Ua 15 « 1(:./\:4;@ subcover of 4()0.




ﬂm 1‘5‘ ’S':X%y 15 o ConfinUous bi\)ed:fm d
with X Cowpac{’ oand Y Haus&omf\c, Y
Hen & 15 a homeomorphl‘sm. > 4 NS
compac
E TO Yo H’IIA% ’S":V'QX 1§ CO\/\‘Linuov-S, V\OJgg, >I=—§'0<) Housorff

A dosed n X = A ompack = §(R) omack > SA)= BTA) cogd,
Since x (gyv\pad: Sine. Y HalﬁScﬂﬂff{‘



Thw  Finke products of compaut spoces are  Compact.

(ngnonmﬁ@ Hheorem: Arlo:Jcrmry praluct s of  Compac Spaces axe (ompact, >
One proof- in Munkres wses Zora's lewma, anobher the well-ordeciag Eheorem.

Tube lemma X Space, Y compack. Let ’%oxyCA/oiﬂ XxY. i
Then 3o cW e X with  WxY N, Not:
Pf Cover %ox Y with basic opens ?Mx\/’;, each WVe ) Y
=0 Compat
3 Lnke sebeover UV, . UaxVe  with 2, eUWi Ve,
Leb W= WU, a0 Up .

%owX

P’.()’ H/iéoféwl For XY Covnpad:/ led \A be oen  (ovel of X"y (Gemml Case 15 ]ﬂj 'm,Qw,\éin.>
For each 2eX compucdk 2*Y covered by A, .. A EA.
A{)ply lemng with N=Av..vAa

Qet xeWy ¢ X s WexY s covered 107 —ﬁml—e,] Wy sebs 1 A

open

X Cawpm{f = Oflen  cover ;Wxg of >< }w\s Lnte Subcover W\,..., Wh.
So \/J,XY/.,_, thy Cover XY\/ ond oyl o h (,o\,ev‘éﬁ ky aﬁ‘.n(#,ly W\nj Sds n cA
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Def A colleckion C of subseds of X has bhe Linbe indesseckion praperty ($:.p)
i V3¢,...C3cC, CanC+ g,

Ex Nesled cequeme C, > C, 2Cq > .,
Cn= LV, ] ¢ [P compoct Co=[n) € R ol compoct

lbm X l:opa’osical Space. Then X Compuck &
every colleckion of closed sets ith §.ip, hos vonempty interseckion,

& X campacé &

For every colleckion of open sets, no finte Subcover implies vot a coer,
complomnt ] j\/ J

closed sets £ P Nno M/mpﬁj inbersection

Pickure ><= [ ,l]

OPQV\ Sets U= %E\:"/ﬂ\)"(l/”f)]gnéw —oasessessse——————
Closed seks C =5 [, ‘/V'Enem \



ged:\'ovl 27 CompaoJr 50\1750’){7«625 of R
Evuy close nkerva) [ab) wm R s compact, More 6@n€,\m”,

T\hm LewL, X be o -‘:al:anj ordeced set  with e }ecw{— upper bOunJL prap_m‘;y,

Then w the order Eopology, each closed interval Lab] is Compact.

(& See book,)

Recall AcR™ 15 bownded 1§ AcB, (8)=izel”| ”x”<M25 for some M.
(Eobu\:wlw{'l/ Aaa) <N for some A/éfK,)

Heine - Bore) Thm A ¢R™ i Compack E9 1k 15 closed and  bounded,
E‘ (';'—)) A Cov«pml' Meomns A c,lose& (S‘\nc& R" [ Haus&or@?),
AlSO, Hne oflen Cover gBr(D\))}no o-g A ]nas o ﬁ.m‘)o& Subcover, So A \lOOV‘VNhQa Er(ﬁD

(@) A bo\Ahbl&Q meuns A’C BM (5) c EM,M‘]M/ wL\'(,L\ 1S Co\mpuc[- AT A -ANL& Praf_uo{'
of the (,ompad SPace E—M,Mj, So A ¥ a Closf Subsel of o Compa(;[' Space, hence Compuct,

Gﬂl (5)>



Extreme volus theorewm
145 5 X—>R i ontinuous and X 15 Compack,
Hoen J o deX with  f)£5H)e D) YweX,

Ps X Compact, £ onbimass = 'S:CX) Ompoct
= ‘S:(X) C_|OS@JZ and  bownded (Heme BO(&))

The lesst wpper bound  of oCCX) must be LX)

W nok, ik vold Hhen be a fimi pont of & (%),
bt closed sebs comkain Eheir \wvch points.

S‘malav].j Lor the 3rwkcslf lower  bownd,

@) 1

S}CQ Np



Sed:iow 28 Limil: Po'm% Covnpacéhess

Dﬁ T;po\ogico.) Space. Xy Jimit 'Oo'er Compuct el % 15 a limb pont of AcX £
W oevery nbate stk hos a fimd point, evey nbhd of % obersects A ab Some
(Alﬁo colled %al%&-wo"\/\./ci&rs{trms Prope,rl;j,) Po‘m{ oHler than ¥,

Thw X comuek = X limik point compact. -~

PS T£ AX hus wo limik pom{'s, wel chow A fite. ~

At closed (contauns all s hiot pointy) aud hence compuct,

YaeA 3 nbhd Ug00 sk Uan A=3a3 D 9
(othervie & 15 a lmd poiat of A),

The open cover él/u}a“ of A s o Lnte shewer D A Luite °

Ex Converse not brue, @
X= Z_\,(co\iche‘[—e %Dpolajy). \7/: EO/% wiH/\ 'm&.scmke ‘l‘;Dpdoyy

XY s ek piat compact Sine every vonempty gabset hos & limit pont., @O

XxY 35 ot Cow\pac(— sine He Open (over 2nx Y%"ez* hos no  Lnite  Subcover.



M X 19 LQ_%MMM W e\/Uy fZ(ﬁlA@wc& % «,:2'%..

0@ Pa\w’(S n X M a Cov\vuyem{’ vasecbwawﬁe.

Thw T X 15 meknzoble, then T FAE:
0) X C.o\mpm.é

@) K lmit poiM— Ci)mpacé

@) x %@mem%:u\)y (ompo(ul:

E (\)———7(@ aboe,

@)= 3. Let ('X/n)nez* he o Sequence in X,

let  A-Sx,202s,...5.

T£ A Lote Hen 2 corsbont (hene Convefjewl') Subseguence.

I & b, Hen T fimd point ach.

Hence Yne Zy , Bvn [a) bersecks A i 'm-_(.'nzielg maeny poin{‘s. (SMLL X mekrizable; see Thwm I?.‘()
H@m@ we  Cown d/toose a  Comvergent subsecbueme @ witkh g, € BW,R(OQ Vl&

(%)= (1) howdesk part 5 See book.



Seckion 2% ¢ Local compactness (and one-pont  compuckificakion)

Par\’:;uﬁ\ar\j nice ‘170()0|091le spaces  include
—wmedric Spaces
- Compaol’ Hawsdor FF $pPaces,

A”j Subquce, of a wekric Space S o mebric Space.
When s a [:apaloaiml Space. o Subspuce  of Compack Howsdor £ fpaca?

M A -Lopologica\ Space X 5 )oca”zj COvnpac{: W
V%EX/ 3 bhd Usz and Compact G wih WUeleX,

Bmk 1f X Hausﬂor—ﬁé then s deLinbion looks wore fum)iar (Saa Thm 2‘12)’
X 6 locdlly compact & YaweX and wbhd Usz, 3 nbhl zeVel wibh V conpd,

Ex YRH % ‘om“j compack, xclk = (%’I/ ’,U+\> c E%,[/ q,+|] = C
E_X ]’R ) |ow|lj c_ovnpa,f,k X éar W= (’K,-l,?&,-rl)*...* (%n-), 2nel) ¢ L) ) X X [2ne) i ] = G

Non-Ex Uzw not low\|7 Compack — basic open seks are not  (onkained in  compack seks,




M L&é X be o J:D{)ologica) Space.

X s loa;.\[y tompack Hausdlor £

& 3 a Lopological space Y sk Y=5
() XeY

D) Y-X is a single ponk \ /

(3) Y 15 CompacP Hausdor ££., \ /
Fwa)e,rmore, For any two such spaces y, \/', P> \ /
1 }\onwmorp)lwvn by \/“7\/I with \')|X=L[l)(. X

Ex X=-R = (o))
y__— S\ Eg"%~|

Ex X-R' VY=¢
Specal case X=C, Y52 Riewmm Spllere

RIR




Recall A closed. suLs'paca of a compac{' space is Compacé
A ompuck subsprie of o Hausdorbf space is closel
Ths for o subspace of & compack Havsdortl space,  closed & compact.,

P of thm (D) Leb Y=Kv i,
Let bopdogy T for Y comsist of:
() U, open in X

() Y-, C ompk n X

s ¢ open X/ \/:\/,.¢ with ¢ ompect in X
® Uinll, ofen X

TO See ok v 15 & ‘l?opa’ogy, note /

(Y-C.)"(_Y—(_z):\/- (Cu‘/(n,) ’(l:'\ﬂ\'):& Wnion DfF COIMPﬂC_’lL, Sets 15 Compaaé

U\(\(Y C) We (i/(_) open n X clogd in X since X Havsdocfe

® Uy Ua=W open i X

Up (\/ Ca) Y ﬂ \\ arL‘.erj whersection of cOmpad: spaces of Navsdoc Space. 15 mmpwé
"

v Y-y = Wv(Y-0) = Y-(cWw Closed Subspace of mpact C s (ompact



To see Huk Y 5 tompack, Note S N & m open Coler
of Y Lhen W has an eloment Y—C‘_Q% C compact in X,
1 Lude Sbeover of C, and aM‘-ng w Y-C gives &

—@.n:Le Subcover  of Y,

To see Ehat \/ Al Haw&orﬁe
Noke. for %,w'éx, can wse HausdorkF Property of X,
Remaniag case 15 xeX, y=ox,

Since X s lou.l\7 Compack,

thosse Compack set C containing o nbhd U=,
T hex W, X-C  are disjoint opens.

02 Y=0Q




(&) XY= Yvin
Note Y Haumsdo € = X Hmusﬂor—({
Re,wmms ‘l:ﬂ Show X }o Cp\lly Compacé,
For x € X/ c|/toosa (,Qis\jo'm\— opems u9x/ V9 oQ,
Lf/{f C: \/’\/. C (/IOS&Q w Y = C Co vv\oano',' ,

with W CC><, /

Lt rewans to chow Hhd Y G5 ungue wp Lo =,

Dofve kY=Y loy h()=0', hiy=2 ¥zeX,

One con Show h is & homeomorphism (se& bwk),



