
Chapter 4 : Countability and separation axioms
↑ ↑

e .g, first countable
e.g. Hausdorff

When can a given space be embedded in a metric space or a compact Hausdorff space ?

Muntres' goal : Urysohn metrization theorem
,

which says
a second countable regular space is metrizable·

Ay /countable basis

·
X

B

A second goal : A compact manifold can be embedded & Rin some finite-dimensional Euclidean space . ...
---

Klein bottle







Thm For X second countable
,

(a) Every open cover has a countable subcover (Lindelof property)
(b) 7 countable dense subset of X (separable property) ·

Rmk The three are equivalent if X metrizable

Pf Let EBn3 be a countable basis for X.

EBn3 X

(a)opencovero with Buck
,
choose one such Un.

Bu
This gives a countable subcollection [Un3 of U .
To see this subcollection covers X

,
note if neX then Un

zEU for some UEM .
So -But

(b) In choose UneBn
.

Let D = En Inzt+3 ·

U

For any reX, note any basic open Bn intersects Di
hence NED and X=J

.









Thm Subspaces and products of Hansdorff spaces are Hausdorff
A

Subspaces and products of regular spaces are regular.
(The same is not true for normal spaces.

Ex Re Clower limit topology) has basis : E(ab) , [a,b)3 .

Re is normal
.
Indeed

,
Let A

, Base Re be disjoint.
FatA

,
since a B= 5

,

7 open [a , a + Ea) disjoint from Bo

VbzB 7 open [b, b + Ep) disjoint from to ·
·

Then [a
,+Ea)>A and [bib+5p)>B are disjoint opens

Hence Re is regular.
By the above theorem

,
the Sorgenfrey plane (Re)2 is regular.

But (Re) is not normal .



Indeed
, (=[(v ,-1) : VER3 is closed in R2

,
hence closed in Re) ·

Note [(a , -a)3 is open in L
[a,c) x[a

,
c) so I has the discrete subspace topology.
I.e

.,
all subsets ofL are closed in Land hence in (Re)?T One can show A = E(X , - @)/ **Q3 and B=L- A are

closed sets in (Re) not contained in disjoint opens .
So (Re) is not normal .












