Cl’lapi&r I’}‘ Homoéop:, Theorj

* The higher homotopy growps T(X) generakee the Aundamental growp T (X)
o There are formd swmilarities with homology
— MWa(X) abehan for n22.
— Long exack sequente oo — TlA)— T (X) = W, (XA — 1 (H—...
— The Huvewicz Theorem  says it X 15 simply  comected,

‘HWM H‘ld ‘Firﬂ' Nonzero L\omo-l-opy group T (X) is ifomorphi(_
‘&0 H')e 'F}rs% honzero hvmolqyy gmup Hn (X).

¢ HO\MOJEOW group5 are WHAJ\ harc@er 11;0 (ompwée Hmn homa/aﬁi

no excisSion or May&r—\/ie{-or\'s.



® HOWméopy groups are s-/:i\l 01[ greaé "[:heoref_-f(a, Significan&’

— \/'/l’!i{'al’)ea&\S ‘Hleor&m Savs it a me 3C'~ X——’y be‘éween C\/l/ Camp/exes
induces 'lsomorphiSms fx (KX =m(Y) ¥, Hhen £ is a homm(opy ezéuim}ence.

Ca(encmh’”‘)ere vmmL be a me 7C 'mﬂmcmﬂ H\e_ ‘|50morp/’u'$m£.
SzXﬂ?P; ava SZX[RPZ have, '1SOMor\0hic lﬂom{:opg groups
]DVL‘E are Y)mé L]DMO‘/:op_(j eq)uivafené,

— F‘\loer BmchJes F_ﬂf gwe }onj exact §e£{)wemces
B
P | A {F)'ﬁ ’lTn{E)'%"Tw(B)q T (F)—’...

 The freabment in these nokes s relatively informa)
and i really, care needs 4o be faken with baseponds.



Ex The HOP‘[ Lbration s a  Liber bundle §—S 557
giving e = () = () (§) — m(s)—...

o) Z o)
by Hurewicz

We see m($Y=Z,




Section U }4OMoéopg groups

/Vlore gewem]]y, 1%6 )’thef l’)ﬂmo‘{‘opy ngP\S T (S") 'ILOF L>’n  QAre Comp,ica‘,:e&,
whe;reas HL(S“)=O for L>n,

T, (S™)
1 —
1 2 3 4 5 6 7 8 9 10 11 12
n 1 Z 00 0 O O 0 0 0 0 0 0
| 2 0 2 7 7, Z, Zy, Z» Z, 7+ Zys Iy IrX 1,
3 0 0 Z 2, Z, Zip, Z» 2 2 VAT Iy IrX 2,
4 0 00 Z2 Z, Z, ZXZyy ZyXZy LopXLy LoyX L3 Ly5 s
5 0000 2 2%, 2, Loy Z- Z, Zr, Is
6 O 000 0 7 Zo Z, Loy 0 Vi Z,
7 O 00O O O Z Z, Z- 2oy 0 0
8 O 00O O O 0 Z Z- 2, Zr, O




M Lenl: >( be, A Space and %éX For nz1
Jclq@ H-J:L\ homo{-oog group Ta (X) is 'Uve_ homo{opj classes UF

maps (IT" 1) = (X ), with group o?e,rabow given by

(9‘*@)(5“52, --~,Sw>: % ‘9(25. ,S2, ..., 5n> 'por S,EEO, VJ
6(2-5,4, Se, ..., Sn) for S, é[\/z, D

|\

70 Equivalently, 1,00 s the homotopy
C v \f) classes of maps (5", so)—> (X, 760),
X b addition the composibion
v ‘ g G" <y GNGN Sva, Y
\_

where ¢ coHaP%S el b o« pa'm’é.




M Leﬂl: >( be, A Space and %, € >( For n2 1,
‘Hq& n- J:L\ homo{-oog group Ty (X) 1S 'U)e_ homo{opj classes of
maps (IT" 1) = (X ), with group o?e,rai;ow given by

(9‘*@)(5“52, --~,Sw>: % ‘9(25. ,S2, ..., 5n> 'por S,EEO, VJ
6(2-5,4, S2, ..., Sn) for S, é[\/z, D

\f\/e, use  additive  otation  since ﬂ}b() 1S

abelian  for n=2:

12




Propos'néiow L” A Covering Space P(o\)'eméion P= X— X
induces isomrphisms ppfrn(f)——?m()() for all n,

E_X g\nce (Sl)n Lmas a univuml Cover [Rn
‘Hm{‘ 1S nm‘: on/j Simply—connec{:ezﬂ bulL afSo
confrackible, we have TT’L(@')“)=O ¥ n=2,

(gpa(_es X with m.(X)=0 ¥n22 are caled Q_Spkm_ca_[)

By Con‘!:fasé, HL((S‘)V‘)Q’ Z('l) is  nontrivial  Yizn,
Toﬁ are gen&rml,ors 01C higher homD’ogy, no{’ of l'lijher l’\omU’éopy groups,

Pg—i §ur)eciivijc9 of Pe 15 197 the
Ii‘ﬂ'inﬁ Criterion (Prop 13 )’ Sn S'nmp)j%onweaéeﬁ
for 122 ques  Ex(m (") € pe(m ().

Injuéivily of p,g IS bj Hle L\OMOJ:opj
|i£ting progecky  (Prop 130).

® 0 &
e 6 &
o @
e 6
L
X
L P
X




Propos'néiow L” A Covering Space P(o\)'eméion P= X— X
induces isomrphisms ppfrn(f)——?m()() for all n,

E_X g\nce (Sl)n Lmas a univuml Cover [Rn
‘Hm{‘ 1S nm‘: on/j Simply—connec{:ezﬂ bulL afSo
confrackible, we have TT’L(@')“)=O ¥ n=2,

(gpa(_es X with m.(X)=0 ¥n22 are caled Q_Spkm_ca_[)

By Con‘!:fasé, HL((S‘)V‘)Q’ Z('l) is  nontrivial  Yizn,

Toci are generators of higher homology, not of highec homot opy groups.
— X

P2 A Covering Space i a  fibration " g

where F has the discrete Lopology,

giving & ,0@ exact Seguence oo ™M (F)— ma(X)

with Mu(F) frivil for 0124 and hence

Pe an '\SOWlorphiSw: for n272,

l, "”

-

*

e
@
a
—~
J

T (X)= e (F) =



ECO_Q_ ]:or a pra&ucé Tf Yor of a'Hn connected

Spaces X« there  are isomorphisms s ('IT Y= T m(Xe) Y.

PS: A Map :EY—"TTX« 15 -H«e Same AS A& CoHec:émn
of maps $5Y—X:3. Taking Y=S" and Y=5I
gives the resuld,

AV\&
Yn22.

lI? IR

Ex ((s0) = (m, (s
7, ((5)) = (M (s




Thm 43 For (X,A) a  pPair of Spaces with loasepo'm% x, €A £><,

we have a lorg exact  Seguence
o= o (A ) = Ta(X ) — M XA 2)— M () —...
Thé Y‘dm‘:iv@ komo{-opy groups T (X,A,?c,, an be

Qefined as homotopy classes of  maps Elemert of set
(D", $™, 5.) = (X, 4, %) T, (XA, ).

An element of
A aba\mm gmup E]QWIQY\% (JF 3roup
/- - % Ho (X A Hud M (X, 4, 2).
is ot an element
of (XA,



Thm 43 For (XA a par of spaces with basepoirt x4 X

we have a lory exact  Seguence

e Trn (A, 'Xo) — Wn(X,?Co . TYm(X,A, ’%a>_g Wn-\<A>'ﬁ"0

Thé Y‘&‘aj;lve ;\omo'éopy groups T (XA%,, on be
(Qe#.neﬂ as_ homotop, c]asses of  maps
D", S, 5.) — (X, A, %),
\m%h a&&bon defined via the map D'—
(,o”apslng D"'eD" Lo a Pomé

O-8+

(D" 5% —= (DD 5™'v ™) 5245 (X A)

Eleméﬁ of S&f
T, (X A, 2).

E]QM@V\% 01[ 3roup
A (X, A, x.).



Thm L|’5 For (XA) a Pam 04 Spaces wnl:lq loasepom% ’)66/4 ><

we have a lory exact  Seguence

e ﬂ’n (A/ 'Xo) — Wn(X,?Co . TYw(X,A, ’%a>_g Wn-\<A>'ﬁ"0

Thé Y‘&‘H;lve ;\omo'éopy groups T (XA%,, on be
(Qe#.neﬂ as_ homotop, c]asses of  maps

D", S, 5.) — (X, A, %),
\m%h a&&bon defined via the map D'—
(,o”apslng D"'eD" Lo a Pomé

(D" 57 —>(D D" 5™ 5"')°C—~‘L> (X A)

Elem@ﬁ of SE;f
T, (X A, 2).

E]QM@V\% 01[ 3rouP
A (X, A, x.).



Thm ng For (X,A) a Pair of Spaces with bafepoin'f ’)605/4 9><,

we have a lory exact  Seguence

= o (A ) — Ta(X 2) — (XA 2) -2 M (A — ...

Thé Y‘&‘aj;ive ;\omo'éopy groups T (X,A,%a Can be
Defined as  homotopy classes of  maps
(D" ™, s.)— (XA, ).

The Connecwl:ing )lomomorplﬂism or \OolMCQary Map 9
is defindd by restricting  maps
(D", S s.) = (X Aw) 4o S

Remach TI’,,(X,A,%) s a

o Se‘é -(or h=l,

* group for n=2,

® abelian group for 023,

This can besk be Seenn in Haa Ale-ﬁmifion using CuLeS.

Eleméﬁ of set
T, (X A, 2).

E]QM@V\% 01[ 3roup
A (X, A, x.).



Al‘l:ernaénlalg 'I:Ll& Y\&\o.il:\ve L‘omo{-opy groups  Tw (X A %,,)
caw be &e#.ne& as homaéopy classes of  maps
(I" oT", T")— (X A =)

where “ =T \ face with last coordinate %era

Qﬁm&d& This 0.5&'\/1 mahes H’\L &e(amé;on o1£ 2 Convanien'é.

Remach. m(XAx) 5 a e °

hd Se‘é '(or H=l,

® group for n=2,

d aloe,)wm growp for n>3

Ths can 10654: be Seegy) in Haa &ewﬁmlf«on using CML&S



\Whitehead's  theorew, Thm U5 T# & map £ X=Y between (W Complexes
inﬂuaes '|50morp}ri5m$ g*‘ ’m.(X)Hﬂ’.«.(Y) Vn, H»an £ is a homo%opy e%uim}eme.

Smce, (,\/\/ comp/exes are Eml% vusmj aHﬂJ/\mj maps
whose  domains " are sp}xereg F&)’hﬁpf it i not
Swpmsmg L)OMOJI:opg groups Say muc}\ abou{' H)e,m.

C&(@FMI‘T})U@ YV)MS‘LL !)e & ma() 7C 'lnﬂutcmg H\e. '|Samorp1'n'5ms.
SZXHRPa am,Q SBX)RPz hava '1somOr|0hic lﬂD\mm’:O{)y groups
but are not  homotopy equivalent,



P

How do we see TY-L(S")=O Loc i<n P

AV\ app&aling \Oran uauu _ho_miuzoi §=SL—> s"

Lo miss some peS", sine S"\fp}= k. [ )
e

(Dne can Find  suciective  such Ywaps>

J \ /
§:5' > 8" usug space-fillag  Curves. / /Ed /

~ >

This €ollows €rom cellular approximai-jon.
mation Thm Y Every map £ X=Y

between CW complexes is homotopic £o a  cellular
map,  meaning ?(X”)QY“ Yn.

Aside Thw 2C.1  (Simplicial Approximadion)
For comparison, recd ... L KL are simplicial complexes with K fanide,
H/lel/\ rny - Map £ KoL s %omml:opi(, to a
Simpliciol\ map G S&;(K)—%L for some m,
iterabed Vanycentrie subdivision




Section U2 Elementary methods of calculation

Def A Space X is n-conected if WL(X)=O Vign,
b O’ CO(\Y)eche& means Pm’:lfl - connec\[:e&.
° 1— connected  means Simplj— comected ,

Freu&e/nlfhal Sus fension H;eoram, Coro“arj H.24
T X 55 an (n-1)-conmected C\W complex, thea  the Suspension map

i (X)ﬁ' L (SX) IS an iSornorphism VL <2n-| .
(§:5=X) ——> (55 : 5" 5X) or bl
§ - Shetc B
O[T — M%) 2 M (X0 = 0 (S%,6%) = i (SX)

A version D‘F eXciSion l’ious
for X §m£€ic‘\enHy (onmected

Coro”ary 425 . (S")

=/ VYnz1
_B£ Consi&er Z =

1, (5 — 7,(5*) — 7,(5Y) — ...
- N4 @

I?omorpl\islms J)j Con L’Z(’f

n



Hurewicz  theorem Thm Y4.32
If & Space X is (n-l)- connected for néz,
H)en HL(X)=O for i<n  and ﬂ’n(X)g Hn(X)

Tha \C'lrs% honzero L)omoT’:o@ an:ﬁ l’lomology groupf
owc o Simply—connecée& Spaca ore ')storp};fc.

RQCa” H,(X) IS 'IS'DMor‘Pllic. éo ‘H}e aloelianizaléion 01[ 'ﬂ’,(Y).
h X

The Hurewicz Map h: m(X) — Ha(X)
iS &e:@ina& by‘ B‘S“AX]H §m(°(> ‘ —§> @
for o a Lixed genera'l:or of Ha(s"=Z, ' ' e

S'mce LIOMO,ojj groups are Lgpica“y More COMPVL‘L‘aue,
the following version of Whitehead's is offen easier to agply.

Con Lf%% A nap 3(=>(—-’y l)e%ween Simply—cannec{eﬂ CwW Comp)ex
is o homobopy equivalence £ i Ha(X) = HalY) s an iso Vi




a Omo s

FFQM&U]JC]MI <u§{)ews.on H»eorem Coro“aru H.ZH‘

LE X 55 (n "connec_tl;e& @aw COmpIex quJw the Suspension map
e (X) — TTL'H (SX) 15 an \SOWIOY‘phiSWI vb < 2” " .
(§:51=X) ——(55:5"—X]

O5/[z7 @ﬁ,

Ln pom/:nm|ar 1[ar n>i we l’)ave L<nh = l,<2v1\ 5o
Y (n-)-connecked = SX  p-connecked.

For \/ o CW covw()}eg SARY (n )- connecée&

50 in the sequence of lerated  suspensions .
m (\/ — TTL+:(SY) 1—7.(S Y)'_9 . —9TTI,+VI S Y)’_? Wu+n+|(g +Y)
al maps  are eventually isomorphisms evwlcua”y i+n < 2Zn —~l>

T his group s the ﬁgﬁe_hmﬁg@_gm_p_ denoted s (Y>

p-"4



1 —™
1234 5 6 7 8 9 10 11 12
nl|Z000 0 0 O 0 0 0 0 0
| 2|1 0zz22z 2, 7, 7, Z, Z, Z,s 7, Z,Xx17,
31 0072z2z 7, 7,, 7, Z, . Z,s 7, Z,x17,
41000 Z 2, 7, ZxZyy, I,XZy, IyxXILy ToyxIz Zys I,
510000 z 7, 7, Z,, Z, Z, Z, 7
6| 0000 0 z 1z Z, Z,, O z 7,
710000 0 0 Z Z, Z Lo 0 0
8 0000 0 0 O Z Z, Z, Z,; O

For \/ 8 C\/\/ COVVl\Olé,)g

SO in the Sequence of iterated susfension$

my) — Mot (SY) +7_(S Y)‘_9 cee ——9'[TW,, S Y)’—7 WHHH(gMIY)
al waps ave eventually isomorphisms  (eventudly i+n <2n-)).
This  growp is the stable homotopy grovp dencked 2 (V).

S"Y s (w-l)~connecée&

-4



T, (S™)

1 —™
1234 5 6 7 8 9 10 11 12
nl|Z000 0 0 O 0 0 0 0 0
| 2|1 0zz22z 2, 7, 7, Z, Z, Z,s 7, Z,Xx17,
31 0072z2z 7, 7,, 7, Z, . Z,s 7, Z,x17,
41000 Z 2, 7, ZxZyy, I,XZy, IyxXILy ToyxIz Zys I,
510000 z 7, 7, Z,, Z, Z, Z, 7
6| 0000 0 z 1z Z, Z,, O z 7,
710000 0 0 Z Z, Z Lo 0 0
8 0000 0 0 O Z Z, Z, Z,; O

L

The stable homotopy groups of spheres, 17 1= 17 (5)= Mean(SY) for n> el
are  fundamental objects, and lnown uwp to L x 60 or so

(213 |4 |€|6|? Iq ||o|n 12| 13 |4 | ls ||é 12|18 | 14

S

0|
z| z|‘Zz|ZZ‘4| |O 71|Z7.‘19| 7-)1 |Zgo\+|o|23 z)l (-/Zz)q

Ze "ZZ | ZZ&H XZ-Z



