
Chapter 4 : Homotopy Theory

The higher homotopy groups #n(K) generalize the fundamental group.
(X).

There are formal similarities with homology :

- Tn(X) abelian for n22.

- Long exact sequence ...

-> Hn(A)- in(X)- in(X
,
A)- mm +

(A)
...

- The Hurewicz Theorem says if X is simply connected,

then the first nonzero homotopy groupIn (X) is isomorphic
to the first nonzero homology group Hn(X) ·

Homotopy groups are much harder to compute than homology :

no excision or Mayer-Victoris .



Homotopy groups are still of great theoretical significance :

- Whitehead's theorem says if a map f
: x-X between CW complexes

induces isomorphisms f:n(X)-in (X) En
,
then f is a homotopy equivalence.

Careful : There must be a map f inducing the isomorphisms .

S2xRP3 and S3xIRP have isomorphic homotopy groups
but are not homotopy equivalent.

- Fiber bundles F give long exact sequences

...

- Mn(F)+ πu(E)+ mn(B)- in- (F) + ...

The treatment in these notes is relatively informal
and in reality,

care needs to be taken with basepoints.



Ex The Hopf fibration is a fiber bundle S'+ 33+ S2,
giving...

- Na(S) -+r(S3)= (S2) + N (s)+ .. .

↳ ⑮ ↳
by Hurewicz

We see its (S2) =I ·
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.

1 Homotopy groups

More generally ,

the higher homotopy groups I: (S") for isn are complicated,
whereas HilS"= 0 for is no



Def Let X be a space and EX.
For not

,

the n-th homotopy group iTn(X) is the homotopy classes of

maps (I" GI") -+ (X
,

20)
,
with group operation given by

(f +g) (S, 32, . . .,
Sn) = f(2s

, Sz
, ...,

Sn) for st[0 , 1)]3 g(25 ,
-1

,
S2

, ...,
Sn) for S

,
E[

,
1

.

f 9 o

Equivalently ,
in(X) is the homotopy

classes of maps (S"
,

so) -> (X
,

zo),
with addition the composition
S grigh Sug

, X
where a collapses SES" to a point.



Def Let X be a space and EX.
For not

,

the n-th homotopy group iTn(X) is the homotopy classes of

maps (I" GI") -+ (X
,

20)
,
with group operation given by

(f +g) (S, 32, . . .,
Sn) = f(2s

, Sz
, ...,

Sn) for st[0 , 1)]3 g(25 ,
-1

,
S2

, ...,
Sn) for S

,
E[

,
1

.

We use additive notation since in (X) is

abelian for n22 :



Proposition 401 A covering space projection p :*-X

induces isomorphisms P:n(E) -> in(X) for all no

Ex Since (SY" has a universal cover R

contractible
,

we have(SI) = 0 F n22
. #that is not only simply-connected but also

(Spaces X with IX = O 22 are called aspherical .

By contrast, Hi((S( = (2) is nontrivial VIEn
. &Tori are generators of higher homology, not of higher homotopy groups.

Pf 1 Surjectivity of P* is by the

lifting criterion (Prop 1
. 33) : Sh simply-connected F

for n22 gives fx (t , (s) = P*(,
(E))

· In---
Injectivity of P* is by the homotopy
lifting property (Prop 1

.30) .



Proposition 401 A covering space projection p :*-X

induces isomorphisms P:n(E) -> in(X) for all no

Ex Since (SY" has a universal cover R

contractible
,

we have(SI) = 0 F n22
. #that is not only simply-connected but also

(Spaces X with IX = O 22 are called aspherical .

By contrast, Hi((S( = (2) is nontrivial VIEn
. &Tori are generators of higher homology, not of higher homotopy groups.

F+
Pf 2 A covering space is a fibration *
where F has the discrete topology,
giving a long exact sequence ...

- Mn(F)+ πn(x)(X)-> in- (F) + ...

with in(F) trivial for21 and hence

P * an isomorphism for22
.
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2 For a productNo Xo of path-connected
spacesXo there are isomorphisms in (ToXd = To in(X) En.

If A map f : Y+ ToX is the same as a collection#of maps [fo : Y+X. 3 · Taking Y= S" and Y= S"XI

gives the result
.

Ex i((s)") = (it, (s))"I" and

Hi((S)n) = (ii(s)) " = O Fn22
·
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.
3 For (X

,
A) a pair of spaces with basepoint xAEX,

we have a long exact sequence

...

- in (A
,
xo) - Mn(X

,
xo) - Mn(X

,
A

,
xo) Mn ,

(A) ... &
The relative homotopy groups in (X,

A
,
20) can be

defined as homotopy classes of maps Element of set
(D"

,
S

,
so) -> (X

,

A
,
d) #

,
(X

,
A,o) ·

F
An element of A

abelian group Element of groupt Hz(X
,
A) that #z(X

,
A

,
vo) ·

is not an element
of (X,

A) .



Thm 4
.
3 For (X

,
A) a pair of spaces with basepoint xAEX,

we have a long exact sequence

...

- in (A
,
xo) - Mn(X

,
xo) - Mn(X

,
A

,
xo) Mn ,

(A) ... &
The relative homotopy groups in (X,

A
,
20) can be

defined as homotopy classes of maps Element of set
(D"

,
S

,
so)> (X

,

A
,

vo), #
,
(X

,
A,o) ·

with addition defined via the map D"- D"- Da

collapsing DP"CD" to a point .

f F
C

Y X A

9 Element of group
#z(X

,
A

,
vo) ·

(D"
,
5) = (D"-D"S"-gh) frg

, (X
,
A)
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3 For (X

,
A) a pair of spaces with basepoint xAEX,
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A
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,
5) = (D"-D"S"-gh) frg
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3 For (X

,
A) a pair of spaces with basepoint xAEX,

we have a long exact sequence

... In (A
,
vo)n(X

,
vo) - Mr(X

,
A

,

xo) Mn (A) ... &
The relative homotopy groups in (X,

A
,
20) can be

defined as homotopy classes of maps Element of set
(D"

,
S

,
so) -> (X

,

A,o)
·

#
,
(X

,
A,o) ·

The connecting homomorphism or boundary map &

Fis defined by restricting maps
(D"

,
S"

,
so) + (X

,

A
,
20) to Sht

·

Remark In (X
,
A

,
20) is a

A

set for n = 1, Element of group
group for n = 2, #z(X

,
A

,
vo) ·

abelian group for n 23
.

This can best be seen in the definition using cubes
.



Alternatively, the relative homotopy groups in (X,
A,d)

can be defined as homotopy classes of maps
(I"

,
GI"

,
jnt) -> (X

,
A

,

wo)

- f 9

where J*
= GIVE face with last coordinate zerob

Remark This again makes the definition of a convenient
.

Remark In (X
,
A

,
20) is a ..

set for n = 1,

group for n = 2,
abelian group for n 23

.

This can best be seen in the definition using cubes
.
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.

5 If a map f
: X+X between CW complexes/

induces isomorphisms f:n(X)-in (X) En
,
then f is a homotopy equivalence.

Since CW complexes are built using attaching maps
whose domains are spheres, perhaps it is not

surprising homotopy groups say much about them.

Careful : There must be a map f inducing the isomorphisms .

S2xRP3 and S3xIRP have isomorphic homotopy groups
but are not homotopy equivalent.



How do we see ii (S") = 0 for ven ?
P
.

An appealing proof would homotope f: Six sh

to miss some peS" ,
since S"15p3=*.

-------------

( One can find surjective such maps(f : Si-S" using space-filling curves.
·

This follows from cellular approximation.

Cellular Approximation, Thm 4
.
8 Every map fix+ Y

between CW complexes is homotopic to a cellular

map, meaning f(X") <Y"Vn.

Aside Thm 2C
.

1 (Simplicial Approximation
For comparison, recall ... If K,

L are simplicial complexes with K finite,
then any map f: +L is homotopic to a

simplicial map g : sd
*

(k) - L for some m
.

↑
iterated barycentric subdivision
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2 Elementary methods of calculation

Def A space X is a connected if MX) = O VIEn
.

O connected means path connected .

I-connected means simply-connected .

Freudenthal suspension theorem
, Corollary 4

.
24

If X is an (n-1)-connected CW complex, then the suspension map

Hi (X) < πi+ (SX) is an isomorphism Vi < 2n-1
.

(5: 5:X)1 (Sf : Si+ + SX)
f Sf

Pf sketch
-

g Hi(X)=it (C+X
,X) (SX,

(X)=i+ (SX)
A version of excision holds
for X sufficiently connected

Corollary 4
.
25 in(s") =[ Vn21

·

Pf Consider

=24
↓

Isomorphism by Hopf fiber bundle
...
- πz(S3)- mz(S2)= π

,
(S)- m

,
(S3)+

...

"I "



Hurewicz theorem
,
Thm 4

.
32

If a space X is (n-1)-connected for n22,
-

then Hi(X) =0 for i<n and in(X)= Hn(X)
·

The first nonzero homotopy and homology groups
of a simply-connected space are isomorphic .

Recall H
,
(X) is isomorphic to the abelianization of I

,
CX)

.

X
The Hurewicz map h : mn(X) -> Hn(X)

weis defined by : [5 :S+ X] 1 < fx(d)
fora a fixed generator of Hn)S"= 1·

S

Since homology groups are typically more computable,
the following version of Whitehead's is often easier to apply.

Cor
.
4

.
33 A map f : X-Y between simply-connected CW complex

is a homotopy equivalence if Ex : Hn(X)-Hn(Y) is an iso VM
.



Stable homotopy groups

Freudenthal suspension theorem
, Corollary 4

.
24

If X is an (n-1)-connected CW complex, then the suspension map

Hi (X) < πi+ (SX) is an isomorphism Vi < 2n-1
.

(5: 5:X)1 (Sf : Si+ + SX)
f Sf
-

g
In particular, for no 1 we have in i2n-1

,
so

X (n-1)-connected =SX n-connected .

For Y a CW complex, SY is (n-1) - connected
,

so in the sequence of iterated suspensions
Hi (Y) -> Hi t (SY)-> Ni+z(5y) +... -> Hin(s"y)= Hitt (S

**Y)=
...

all maps are eventually isomorphisms leventually i + n = 2n-1)
·

This group is the stable homotopy group ,
denoted HE(X)

.



For Y a CW complex, SY is (n-1) - connected
,

so in the sequence of iterated suspensions
Hi (Y) -> Hi t (SY)-> Ni+z(5y) +... -> Hin(s"y)= Hitt (S

**Y)=
...

all maps are eventually isomorphisms leventually i + n = 2n-1)
·

This group is the stable homotopy group ,
denoted HE(X)

.



The stable homotopy groups of spheres, S:(5% = Hirn(s") for ni+
are fundamental objects ,

and known up to in 60 or so :

17 18 19

22 Lo


