CLWLP{;C’X q: The me&amen%a\ é)(‘ouP
Seckim B Homobopy of paths

Ld: X,\/ ba %;opo’oj.'cml Spaces,
Let T =[ol) b the wnit inderval.

Defz Maps ‘S‘,§I : X%Y are homm’:o‘z{c (‘§'1’§|)
if Jclaere_ 5 a Conlzinuous map F:XxLT —>Y
wth  Flo)=4%x) ad Flae)=4$x YzeX

I_a no 15 @ Loﬂf_v@_
If -f: 15 hom-l— opic to & constant map,
H\&n —? 15 m”ﬁmﬁaﬂ_




For Nnow, e wost relevant cose 15
when T T—oX 5 @« Paéb/ and  we
6dd o codikion on  endpoints.

DeS Too pobhs 55 ToX s pubh bntipe (52,5

i $0)=2x,= 50, S(N=2=,=S'(v,

and  there 15 o continuows  FTxIT—X  wih

F(s, 0)= 5(5) F(,N=5'6) YseT wd

F (0, £)= % FL,e)= =, YteL, g
m

| X

3 .




Lemma. T he reations =  and = dre e%wva\ewca reations,
Nototion Let [51 denote the ezﬁwvmlénc@ class of «a f)oqu <

g/
PE $=5 via  Fl(s.4)-56) P —
| X
If 535" via the hwokpy £ bhen bhe F %
hochow C‘)(S,{')= F(S,j"[:) Shows —S"‘—;{:_ i )
If $28 v B oad $'55" v F ol ( %
thea g’i’?g’" vi G I<T—=X defued 137 5 %j

F(s, 20) F  telo 7]
6(5’%)_;%}:'(5,2{:—]) i+ telh 0]




E& f C C]Rn 15 Convey Hhen Uny Lo ‘om%j
£ fow % box in O are foth hortpic,
i Flst)= (1-8) £6)+ £ £, S

Ex The pots $h-T— R\ 093 dokined b,
$(s)= (cos W5 Sin®s) and  h(s)= (s w5, —sins)
are ot Pa{vl,—\now!:oprc. Bt how 4o prove s 7

(Av\gwer: Well inbrduce 0Ll3e,lam,> / \




M I\C g’ 1 a ‘)a'H'l n X ‘F .7 140 z),
and g9 1% & ‘)m{’h in X ’me %) o X2,
Hen be profud %9 s gven by

40 F Ss€Lo Vi)
Gf*ﬂ)(s)z gg(zw) ik selh, 1,

We gk o vel-defined proluck on  path-howotopy
C\osses/ d.etined by L] klq=[5$ *9].

Iw&e@ﬂ/ i 5‘1",‘(—' Yiar 'l:/ and. 31-"Pg| Via 67/
Ehen
H(s b)= %T—(zs/c) £ se[0))
G (2s-1,8) 1§ se[h]
Shows  fxg £'xg',

x|

e




For veX let ex be the tonstant pwﬂ; at %, X

Let £ Le a_pu% f'wm Yo to . s .2;/
Define pa\‘:h 5 bj L£(5)= £(1-5). 5
Theorewa  The produt K sdichies

() Associobivty : T they are debed, then [5)%(C1xn) = (CI*Ig)* ], %o

@ RiﬂH and eHt deabilies: [ £] kfe_w,] =[5 and [_e,,,p:] % [$)=1£]
(3 Toverse: L[5 * [3]= lew] and L[FIx[£]- [exr].
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Se/J—iOIn 5’2 : Tl’le, «pmn&aman'éﬁ} jrowp

LeJ: X 174 173 {:ofvlaj,'cal Sf)a[e amQ ¢oe><.

A loop bused of @e s a path bt begins .
OMI_ &/JZS al— Zo.

M The -(C(Awlamen{'al 3mu'p Tﬂ[)(,%a) I’las as
'lff &,&Vnemés ‘ELI& hﬂmm’:op}/ clugses  of Ioop,r
i X based ot %, with Growp operaé;on *,

Recll [57%[g]:=[5%47. The dentity 15 [exdl.

The nverse of [5] « L[5

Tl’]e ‘AMJ-O(IMQM'[Z&J \97‘0»46) 15 GllSO Ca”éﬂ 'EL)L ‘(C':{‘S‘)_L h&)yvm'l'nn’)j \qmp,
Rm\jhlj fpeak}/ﬂ/ 1%& - th }‘OV"W‘!'DPV \grwlp T O(; %a)
measures  the  n-dimensionnl  hdes v X via the

l’lomo-éop}/ c/aSSes of- (bmeﬂ) maops SH_’) >(




Ex Let S'=3xeR™| |Jal-13.
We will ue Covering  Sfeeces Lo show m(S)=2Z.

00O 00



F;Jr X ()or{’bl CDYIV\LL'[:&Q, Ai%ltn‘{' \bm,()o'm'lf 3'\&’1 iSomorp}n'L 'ﬁmndm\mn{a\ growps,

M For o a Pm-Hq n X ‘F row %, to *, We define
x Tf.(x,%) — T (X, 'x,) Lg
Cs] — [®x[s]*[a]

ﬂm X 1S an "150\morpl\isvv:

_&g’ T; sie bk & 15 a homor».orphisw, note
& ([)#[q)) = [3)* [sI* o) ]
= [R)* [£1* o J [5]) #[9) % []
= ([s)) *&(L3)).

To see that & 5 ow |50morp11\<m
hote er{' s nverse 1 0’(, since
(80 2)()= [«3*(53@@)+<m 3 YE]en &)
and S]m.'lo\rly %0k (Dﬂ]) D'] Y[ e (X, 76) O




Db A sppe X s Simply connecte]  f
it i path comecked  and T, (X, %)=0
‘6)(‘ Some. [owl hence a") o € X

(Here O dopotes the Erivial grovp fe%.)

Ex T£ CcR s convex  then C g Simpjg conneched.,

s C

%o



D&‘E I‘F 1’)=X"’y 5 Qa CDwJ:fnva map l?dwéen 'Lopalagim\
spaces, ﬂ«em i:he homow\orp‘ncsm imfmczﬂ by h 1§

b 1 (K m) — W () vie hi(B)= Dhesd,

X
W@H*&é@;ne&% I?C g’a’pgl Vi F'j S
H%w »\O{':P h”gl Vid I’D”F-. \/\ b
"60 — M?Ca)
HOWovngrpl\isvn: Follows Since. h°(§*j>=(h4)%(hv_g>, ; 4
Thm TL\& ‘AI\MLQ“M@VI‘J:&‘ 3Y0vf) 5 't[r:\mztor ‘éum '[iL)é
Cal;egory of Pnim’:eﬂ spmces 15 H/:é, C.a-l—eyag of 5mup§ h
meoming bhet  (koby = beohe  and (o = o, ™00 == m (¥)
1§
) [
XY 2 X s R
Y

. by
T (X o) g (Y, hed) =1, (2, W) (X %) v (x)
@\xsx - *&ﬂ.c»sm)

(ko) = B ~he



Ajg&bm_{&[mmo_@% Let &, 6" be Groups.
A bowomecphism — §:G—>6'  sabisties £ (2y)= $(=)- Hy) V’K,j e G,
Tts kemel 5 $7(e),  where &' 15 the ideatiy w G

A homomorphism 15 an isomorghisn  iF ik s bijective.

A subgroaug H of G is pomal  F xhx” € H Veel ad Yhel
or Z%M\'va)en!:}j, i %H=Hx YVze 6

1L 5o, bhe guokiont group S/ has elemeds  the wsels xH  Vze§
\A)hl.’lﬂ 3YDMP OF@(‘m’;icn (?CH) (jH)= (’xj) H.

Noke & G- G/ H s a surjeckie %omamwph‘sm with lernel H.

2 +— =}

Convum)j, if hommorphum ‘f:= é;——vél 1S Surjea-/.-;ve, H/;&w its Jzarnd /]/ IS Notvmal
i é}/ awl  the  indued map G/N —> G’ 15 an iSomorpL‘Sm,
xN — $(x)

n



Seckion 93 Corering _spates

Lek RE=2B be a conbimors surection bebeea Eopolagica|  spaces.
Suppose esch  beB has o neighborhosd U sk, ' (W) is a wiow

of &is\]ainjr Sets Vb cE  wih Plvy Vw‘%l/{ 7 }'lavneomomhfm \7L°(.

They p s A _Loefing map and IE i§ o _Lovering Sfuce of E.

\We s Wi evenly covered.
¢ > E=K
P J p(_‘)c)= (cosZwml Sin 21rx>

Sl

The The wap p:R=S" given by

P(%)r- (Cas 'an/ S Zn"J/) 15 & wve,rmj vap.

Lo

Pt



E_X —”\@ —pa”au;ng Ore  Covering Spaces of Lhe S"\gv\wb—e,(gu-,'.
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_Ei The Wap pxp=R«ﬂ<'> $'%S" defined by

(0*p) (%,9) = (p(rx)/ P(ﬂ)) = (r,osZmz, su2nx, Cos 2wy, Sin Zny)
IS a Covering  map.

More  generally ...

Thn Tf p:E%B and. p'-‘E'—eB’ are

Covering  mags, then pxp):E*E'——a pxg!

[ Covering  wap.

P Guen (bb)eBxB, It Uzh am U'2b’
be neighbor hoods evenly Covered by p ank f'/ resp.
Let 2Ved and  $Vo} be bhe parkibions of  p7(W) and
(p')—]ClAQ inte  shces. T hen  the Paré,'#,v,? of
(Pxp’)"(l/{xh)=P'\(M>x(p')"(u') mto  Lhe  slices EV,,,*VZ;%
shows  thel Uxu' 15 a neighborhood  of (b,b)

evenly covered by pxp', as  reguired.

e o @
e e e (PXP')I"(U"“')
|
@@ ¥l [ ()
® e
2l
UxlU'



The Lleb pE—=B be a coveriny Space. PS Given bo€B,, led I\ be an open
I %, ¢cB ad E,= p7 (%), then el m B Con{-mnmj bo thet s &v&n}
0= plee tEo @B 5 a Covering  ma. Covered bj p. Let 7 V«)) pertition p”(M)
ko shces, Then  UaB, s 4 neighborheod
of b, m B, and the sts

0B show bt UoB,
¥ e,ve.nlj Covered bj Po -




Ex The nsphere S" 15 S"=3xeR™: [-13,
Kesl pro')e(,!:ive spoce. Re" 5 P = 5”/~ , Where x~-% V’%esn.

_H\a W\ap p=5”/> an Vi

K %75,—1425 5 o Covering  map.,
e () &
5° S| % 5°
Lo P I b7
RP° RP! p2 RP*

%1.,—15 Q

Later, we will see
1:\40\‘{" ’\’T" (]RPL)E Z/ZZ



SecLiow gtf The ‘GAV\ACLMMJ:A, 5youp O‘F -Hle C|fclé’,

To prove ()= 7, we will Ll need
aba;‘: \i\qs'mj paHns 'Eo CDVqu; Spaces.

Def Lot pE=B be a wmap. Given o map §
lifbing of § is a wap S X—E swh Lt pa’§=

A Wain e,mmpla will be:

(o]

%o 30
“—t—o—o+—— [
- -1 0 1 2

L A
7. | v

Some Profu(;ie(

=B a
4

_ AR
-S,,,"
’ \)J/ '?5) (CaSZTT’?& SmZﬂ’x)
— ¢!
30 o
Yt —
-7.~ —(1;, 0 1 2
S
e (
0] @ ) > S



Pa%\/\ ’i‘H:\qu lemma }_eé p:EﬁB be o (.ovcrin_g map, ~ 7E &

Let (J(e_a)=go. Av\7 pth §:00i] =D wh Ho)=b, ]/SQ lp 11
l"“S o< V\V\%UZ \‘L{Z ‘9:[010’_‘).‘:— W;\lr’l'l §(0)=eo; r” s ,/'/
[o))] —— B O'——b,
2 , ?(.o) .;3) RN ﬂz
R S
LY.

. .('—S’ \ <!

The proo(: w:U Use l:l/.e, Lebequue number le,mma."
Let WU be an ofen cover of a Compart wmekric Space (X,&).
Then 3550 sk for eah AeX wibh Aia_\{w(A)< 3,

JUe W wth A=A, 1
Supgol(a,a‘)’ a, o éA%

AW




Broof of Qalch |'m“cing lewmma  Let W be an

open cover of B by sets evenly covered by p,

Aoply the Lebesgue  yumber lemma o {%-'(u):ueﬂl)@
JCo 5&4 o SEAM‘:ViSiow O’ $506<5,€ ... <€ 5 < sn="1

of Lo st each 5(13;,5”.]) 1S Conkained in Some
Ue ‘I,

Leb S(0)=¢o. Asume § i defind on [05)
To de—f;ine § on [_—SL,SH\], Suppose §(s-u)éV« with
PIV.,('-Vw‘qu 0- homeomorphism, 0Lyw( fe,{-

:SS({')= (plv,()—' (S—({;)) VEe ES;,S‘m],

T%&V\ §: ):OI l] - E 15 Coﬂ'l;inuol.s
be Hve ?asi-}mj ’emym>
wd  peF=£ by definlion of %,

-'§V (SL)

— plw

e

‘S"(Sa) gCSH\)

1’3 ’g’ W\.’%u&?

A’SSMWZ Mnigue o E—O,SJ.
SM‘)POSE S weve o diFfeced
et en s, Seedd.

Noke i«([&,s;«t}) ¥ Convected , cund
hemce Conbained wn  one Vo,

Bw\' NVWGU 3./ ()o‘ml— in ()—‘(44)” V°(,
5o § = g_/ on Bz, 511—:] too,



Path _homdopy i#Ling lemma Lot pE=B bk a Cowering map

wikh P(e) ),L‘P F: Ix-_]:ﬁB be. Continuows  Wwith F-(OD)
Thea 3/ Ii\C{: F:TxI—=E with T:(OD) €o »

1if F o Qa f)or{'h hom. 4op>/, So 5 "}:.

2k b F
‘ (\, lp k

T-T

PE Use pobtr ifbng lemma o eded F o 303xT sl Txfol,
Uémg L@L)CSgu& Inwnlaer lemma,  Subdivide LxT ks Small  Stuares S0 thud

each  F(smill S(bhw(_) i confmind in Some  ofen Uel evenly Coveced. by p,

Exjcem! F léxco Mpl/\ wn" ‘(:a each new Syl Syuart.
T6 B Ve B defae FGsh- (o) (FGt) V(seBisfin
Co nnevl:rcl l/&sq'e-ée ":apol ogy
I\C F 15 Qa pajrh havwl'opy Hne.q ?Oz)k]:)=b,, ondl }'—' ?aax’[) CP (Jo)
So €05><I>’ €o. Sim: ,arl for the right eﬂga '125>< T.



H]m L&é p'~E‘*B be A Covering  map with p[€o)=[og. -

LC'L 5,5: T._,_)B LQ pwkks ‘ﬁrom ’Oo ‘ét? b; . 3,
Leb % gLk be [fds starking ol e, . |
1f —§,§ are Pa# homm‘,op;c, then so are ?,é', g, @ €
ad hence 50 = g[l). s =
~E
IE
. —
g
b, b, ———L 12 ]
— N7

5

3
_ b, @ b,
& L&Jc F: Ix _I_ 4B be, A Pm% }‘lowméapy —.[yoyv. —§ éo J

B\j the ")04:{4 homofa@ }i‘lL-HVIj }&Vnm«/ we l/lmve, a )15-‘{.‘

P I tub s oo @ path  homobopy, N
Note Elb,ﬂm ge 5 o hft of £ whh bj Wiigeness o path ’hqv'qg s £,
NoLe PJJC,,(, edge v " g i ! ( “ n 7 ( 9/"

~

H&ncé F s a Pa*Hq l’lOVhr['V?y ’Fr‘om 'S' t 3'.



M | et p=E—%B be a Covering Map wikh p(eo)=lpo.
T hen ¢'- % (B,bo) = p"(bo) delined by
P (C5D) = 5() whre T i e [ of £ ubh £l0)=e,

15 a wel-defned Set wap, called the ]iﬂmg Lorespondlence ,

(/\/oée ¢ dopends on Ehe choice of eo )

Thm TF E s path comectel, then ¢ is Surieckive.
I‘F E s S':mp}y Conneckéd, then ¢ i b‘geaéive.

b La% e, € p"(Ba). Swmee E poth  Conmected,
l@‘P S ]9@ O\V(\)alilﬂ m E ’(EWWI o 'A’) 2.

Then = 05 s a lop w B wth  p(05)-$()=e,

Let I e (8 bo) with ¢(13)=¢([9)).

o the Itk $9 sladtny at e sabishy, " S(0=7().

E S\Mp'y Connectel = gwpa% }lomhfj f L&'lf\«/éam '§ il :qd
The  path  homstopy poF  shous ~ [£]-[g].



Thw (=7

0 OO O

E Le,{— pzfﬂ—?g‘ b& »Hae @V&nﬁ rwr) P(%)—’—'(LOSZIT"P, Sin er—,f).

Let 2,20 wd

bo‘

P[e0>= (.llo)/ Y2

P—I(ba)’—' Z:

Since E 15 Swply comnecked, the ifing  Corvespondence

(p: T, (Sl/ bo) = 7
It

réwning 'L{J

15

Show

g s

Qa b;)uém .

& Growp hommrphism,

L&{ Bl[g]é '\T',(B,b,) l’la.va J.’Hg §,§ S-éw#,yj at O.

Let (8= F()=n
Defwe 3 TR

Note T*T s
H/m{' ]iqum &*5

]:)eg'mn.'nj o O and

by

17N

omd ¢(L_9]>= ?(I)=m.

70)=n+730.
wel|-defwed. path

[§'mza po¥=5’ ol

6%&;/'5 al ('§¥§)(I)=7(\)= Ntwm,
Hene ¢ (B9x5)= ¢ (Toxgd)- (5+5)0)=nem= ¢ () + 5 (5D),

&S 25 re& ’

B (Swe S()=n= ?(0»

Pe3=3/,

O
-~
=

€,

o




§edﬂon ‘55 R&émcﬁions cu/lﬂ ﬁxeﬁ po‘mtS

De$  For A<X  a rekmtion r:X—A s
O COYI'[:MroS Map with V‘(a.)-‘-'& \(/aé/4.

L(L{f UA -——>>( ba tHe incls on
AeLined Lj )=a Yaeh

L&Vnma I‘F r: X—% A 1§ o Y‘e{:mo[:;oﬂ, ‘H'\ew
x® T, (X,ﬂto) — T (A,aa) i5 Surjecl;ive and
e ™ (Aa)—> (¥, a) is njective.

W

—

S

Proof A— X" A (A =2 1 () =2 o (A)

\___Yoi=Wda /

g'mw r 19 o rebeackion, rei=ida.

Veo L = (roi)y

Gince ™, 15 a Afunckor (ﬂm ‘D_Z.‘/l), we get

Neoig = (r °'L>* = ('uQA>4< = 'l&m(k),

Heae e 35 SlAr’Je(;[:ive and  Lxe 15 Oneckive,



Recal B™=9aeR™ : [«]< \25 ond S"=92eR™ ¢ - \25

Ihﬂ Th&r‘e_ 15 ho r‘e—éru/:fon y: Bz——? S\. 7 s
: : r
PSS B IS fyg 7 0% 7
roi= Uy i—&l

Tl’liS WouJJZ wném&iolc Hoc -Fac,é Hhere is 1o 3uqeu‘:ion My O—Z
(ow Hot  thee 15 1o 'lﬂ)e.céiow Lt 290, >
Or EL\(A’ UQZ &005 VlO" 'pac{'or H\mug‘ﬂ the lzr‘iwa‘ 3VDVF 0.

ASI&@" I‘é 15 wore 3@‘/'6'(“”7 érv‘e H/w[' er,re s o re,éfml—;gy, BWHASV:

Imaeeﬂ/ to "= B §" aply ™, o get 7 %5 07
Yei= L&S"' Wz
&VNQ {:L.a Same Con'/;mdicéims . Heﬂi ; ™o s er //Vl—t% l’lDVMo-l—v(7 5|/'0u‘0 \\,




Thn  (Broswer el pont Eheorem for the oQisk)
T S$BE—B* is continweus, Ehen Elere is a

Fixed pont 2 € B satishying  £lv)=x. % N W“"‘) =
E guppese 5—(46)# x Vz & BZ,

T\neh we  (an chF:na r: Bz___?y )97 JQH'Mj Y‘(’M)

be He Unigue Po‘.n-l— of S' on the ay from $) Hpraujh %,

USinﬂ bhe fock Hud & s Cow+inu0us/

with work one can  Show Hat

r s continuous. = rlx)
for €S

To see Hut r is o retyaction,

Note Ehet if %ég\/ then r(vo)='x

g'mce H/;ere 15 ho refreckion r‘:rBzaS\, Here Wmust be Some ﬂcc—B'z with g—[%)=%

Agi(QQ" ’l’he Seume Prbmc SI/IUWS aw7 COV\L_U\MOUS ’.F’:BMI"QBM-H \M(S o L}X?:Q Po'h/)\é.




Lgmlm Let A be a 2%3 pakrx  with Postbive real enkries,
Then A s o positive  real ejgenvalue (d/\amc{,—erzsl-m Value).

Ex 3 25 2
A=lor 4 ©
14 22 6



S&L‘é‘{a\/\ gé Tlﬂe ’pumﬂam&néa’ éAeore,M of algebra
Covar&:& L)ﬂ Pro-ﬁ, Pl’n}u‘o Boj/awi



