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TL\& cose VI=1 -Fo”ows ‘pram Hae, 'm}cermeoqiaé'& Valu& 'é&eorw.
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We  will prove Lthe case n=2. / /Rz

& T%are, E/X‘mL two ay\'l:ipada\ po'm{s on Ear)(h (52>

\n)iH/\ H/w, Same 'éampumémr& and Pr‘&%ur@.
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Def TF 2eS" thon ks anbipede 15 -2 €S -
DeS A wmap h:S"=S" is anbipale-preservig 1§ hCa)=-hlx) YzeS'

(Te, W respecks the  7/2 ackions on S and S") SZ
EX Tl’\& Map L} S >§ 9!!/2/1 le L\( e ‘L’>: &ZTFL i '

+for geZ, is  ankpale- presecving <> q, s 4.
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M If xé—S", then ks a,nﬁjpaola s -z €S, Q s!
Del A map h-S"—=S" is arbipalo-proservig i h(-2)=-h() YreS' |

(T.e, h respecks the 7/2 ackions on S" and S")

h
:D).m_ __\’_‘F h=S'—> ) 1S Com{:inuous andl anl:ipale-presuvwg, Sz
then h*Z%Z 15 given bj h*(i)=aoi, VieZ b %DMI '

and hene  hois wok nulhowmotopic .

DS (e follow Halchers book, page 33.)
Think of WS'=S equunlently, as k[01)=>S" wbh hlo=h().
Awérpaaﬂe—preservmj means s+ Vo)=-h(s) VYselo % (K . T

CDV\S'\LQQ(‘ He Lft ’;\"-E0,0 — R uih p°E= h, <+ hio) ; h({z)} IR}
(*A?) gives T\(y« Vo) = Ts)+ 77/2, for some  odd 9,€ Z/ VSEEO, )/z] /\; ’,"’77 j/‘p(k)=(cos2ﬂ,si.,2vf)
Sitte b is Corbimeos, aq Cannot  depend on s, s
Tn par‘%icmjar, _ - % \{L :]7 h—% //-\) h(®)

h()= W)+ % = WiD+q, \
H&VIL& h,r,'-z—'VZ 1S given bj h*(L)=oOL VLé?_/ with q, odd, S



T
Jl’l_m_ Tl'\ere, is ho COnéinmus a,néipoch.-presery:/_»g map 3’ qusl. _3% Q
S"l 5‘

B}%}S There i o Caml;iﬂmous awézpﬂbpresuv:@ Wap) o 39
§* =S5 Aor ony k>, Lhagh we wopt prove His.

& Suppose S:SI—”SI were  continnons  and ancipw?&-preser\l‘-n .

Restricking Lo the equotor oF ST wodld give hiS'—> S Hut s am‘:ipaﬂa—f)(eservmg.
The extension of W 4o the mrﬁoem hemwplwe of S% (v fl)

shows  h s allhowotogic, Controdicting the prioc £heorem.

h: S ¢! ’




T him (Borsmk—l/’awl) Given a  continuous §’524 ”31,

Lhere i some xeS" wibh £lz)= $S(-»).

ps Suwoge g(%)#gc(—'z) \/xégz. 1 hen
9(%)= ()= §(-2)
5= - $(- =)
1S Q Coml:inuovs me 9‘51_79 \/.)hl:l’l 3(—%)=~9(%) Vxégz/
Lon{'mﬂ;cémﬂ the prior Lheorem.
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Seuémvx —'9’8= De{orn«azﬁow r@(:fa(fs o, l’IDW\&‘{TO{y Aype >< (;_/ y

]._e,Jc X,Y be ‘lliopolajiw\l SPuces  aud £ X=Y 3‘-Y~7>( be  continuous maps.

Reco.“ L&vc g are lqoyneomg,phrsm; i ‘ /jc\>
6°'§_=l X anﬂ §"3= L&\/.
We Say X oad Y are homeomrplu‘c " X &3/

&6\40{:6& X i y

DZ_% ﬂe Vwaps ‘g,j nye ]')omo£2%4 g%;d;,@lgmg;

i gv}l’i&x and 572119\)/.

We Say X o Y are homof—,_og_;, qud‘u@)ggfl
Aeﬂ0£€& Xz \/.

Y

Lo Bis excmple, we have gok= (A
awnd, ‘S‘ojl’i,&y via  a hovno‘l'opy Hﬁ’*I-’y
with - H(,0=dy ad H( )= Feog,

RL)( Shwing Z 05 o eqmmle,ma mlwl%ﬂn is ‘an.




Tl‘)& prior e,xamp,e 5 'IKW‘H/IUWWQ- a Ae-&xmml:iow rejcrao[«.

D&i‘ L&L AeX with \,A-”X 1‘:14& inclusion,
Then A s a  deformakion veduadt of X 3§

3 o rebmckion XA (meaw‘mj Foi= L&A> and

& howolgy HOXI=X  whh HE0)=ux
H,D=tor, and  Hlat)=a VaeAd ad Yiel.

Nole M defomibion vebrads ave Spec;mf Cases of
%omo%vpy e%meleﬂceS amQ S\OQCM\ cases owC re-Emc{'E.

CO-@8 -~ (D-4D

Fvc‘/ls showed. ng & 9 a thid Space Z
‘Had deLormpbion retacdks  onto both X and Y,




Now we Show ot hovnm‘vpy e,&bwt/m)ey,i— Spaces have s owar phic. Londomental growps.
This &5 easiest for deformudion vedrcts, where Ehe  homotopy H  fixes  baseoints.

ﬂﬁ_l]:‘p A 19 o oQ&Cvrma‘l:iow rel—rac{— o X, 'H\ew 'l)AHX

induces o '|somorphisyn g ™ (A/%> — 1T|(x/%> on e k.

_E'S:_ Since roL‘—‘L&A/ Ve hove A‘—L”X_L—’
Py 2 La = (”'L)* = (HQA)* = UQTR[A), \L‘M—/

So Ly 15 nmective,

Awﬂ g'waw 73 ‘oop %IHX bosed ’XoéA/
the  Composition

TxT s YT —H X
gives o Qoth  hamotopy  from H(‘}(s),O)= £(s)
to o loop H(S’(S),i) n A,
§Llou'mj H/w{' L* ) Sw\)af:ive.




Lemma Leb hk: Y=Y be conbinions with 1 (X ) s o (y4)
\"(%)=ja, k(¢o)=-3|. I‘p 1‘\—"-’10—, ’Hﬂaw 3 o PNH) N ) N
X in \/ ‘F'n)m Yo Eo Y, WiH’i k*‘—‘ 6\("1'144 m \/CX
as maps 11, (%) = 1 (Y, y0), v (Yy)

(In&ee&/ ig‘ HX"I—)Y 1S a l’)oyv,oq,Loej; \Ui'}fll )
H(=,0)=h and  HE D=k, then « = Hlw, -,

EF L?/é B]C T, ()(,%). \/\/@/ yus+ Shaw
he ([5)) = & (e (£57))

ve.  [kes) = Cxdor Chef] Lo,

buhiclq CAn ba Seen H;e
-,ija on Hne, V‘ig“:,




Thm 1£ g'—X—)Y s o L)owméopj %M:Va)eﬂée %o S
with  H(0)=go Ehen Sy (X )= w (Vo) /\>
19 0N '\Somorphism. S~—~

X : Y

P_g’ L&{T 3\/"7>( k& a howplfvpy inveyvse
(S“JﬁSF‘j'mg 3"&’ = Lﬂ)( and ‘Fﬂﬂ x~ L&y),
\/\/é’, \’]ﬂv&

($2x

T, (X/%O) % T, (\//\jo) LW’ (X/”‘:) — (y/%)
WMera \jo = 5}@260)/ %= g(kjo), Y,= 5—(16,),
§mu_ 505—'—“‘&\;/ the prior lemma ‘\mp)ies Sam -§o5 =iy the prior lemma ‘\mp)ies

Y JCAN =(?,4,0,§ )* = &o(dx)y = & (4'16»)%33* =<‘§°ﬂ)=k =B (8 ) =1
or  Some path o in X, for some path p o V¥,
Since & 35 an  isomorphism, (Sl i injeckive., Since & 35 an  isomorphism, 3% is injecie,

S'mca (gwa* ondl 3* are mjeaéi\/e wibh qxﬂ(_fmo)y an isomorp}n'sm,
this implies  (Sw)x 15 also  Sucechive.
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Se(.l:ion 5—61 ﬂ& 'ﬁ/\m&aml‘a‘ graup 01[ Sn
[ b S s 3'lmp}j comeckel for nz22,
In pacticdlar, (s"=0 £ w22,

¥

ThiS W(‘H a”ow WS, in %L& VI@(*P SZC"LL’M, ’La SL\aw ‘éLm-’— 'H)&
s‘o})erel ‘Earmil amQ &OMua l:arus are Vlol' l’\omo%v'oy €6M;Valen£.

\/\/e WQH use H\& '\Couow:nj Spec(al Cuse of H.:; g&iﬁu{——vam Kampan J:Leare,m‘



Thu Let X=UoV with WY open, WUaV fath comected 7,¢ 1Qs
ond L‘u“X, ¥ V"?X the inclusion maps. Then Ifl’)e iww:ge;c, of
L 0 (W)= m(Xm)  and  jx= (Y, 20) = 1 (X, %) Genevate 1 (X ),
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H@fel "g&mml—es i\ ,(X,?ca)" Mmeans anj ]oo{) § in >( meﬂ 0\{' Yy
15 poth howstoprc to one of He fom g Xg,¥ . kg, wikh
Cccn 9. QA )oap bosed ok % ]yinj enticely n W oc in V.



Th Lot X=UV wikh WUV open, WV poth  compected] z,e UV

and L‘-u"’X, 'y\/HX the inclusion maps, Then fche ivmaﬁes of

L 0 (Wa) = m(Xw)  and jx: 1Y, 20) = 1 (X,2)  genecate v (X 2),
5(“!)

JQJ% ?id’& 0= Ao < 04< . < an=1  with ’HJLL) eV and with
5—([&-\, aﬂ) Conbaindd in W oor in V Wi, (Use Lebesgue Nawber Lemma in [0/’].)
Let §, be be path  atdnined by restricting £ to [aum, ad,

S'\V\Ce lk"\/ 9 pa%\ cowy)e,(J:aQ/ Pick pa-H«S CEAT) NaV frw« Yo 1‘:0 Ay,
J@H:i/l_q Xo ond &, be condant PaHﬂs ot %o, Defwe 9= Xi-) ¥ &k o,

Note each g is & ]oop bose® ot %, }7'@ G/wl:irdj in U or iy \// with
g% %[9.] = LsJ* x[5] ="T4].



Cocdliy T X=UN where W anll V' are open and simply  comected
ond WAV s nomemply and path  comecked, then X is Simply  comecked,

[ lm S s 5'lmp/_7 comected for n22, Ag !

PE Let 0<%<l,
Let U=3 (%), %) S" [ %o > - 25 W
and V=5 ())& 5" | Han < 23, |

Note S"=UvV,
Noke W and V are open and  Simply commecbed (jcl'neg‘re cmlcmd::ue).

Nokte UnaV = g™ s puth connecked  for nz2,
Hewce by Hne (,oro”avy, Sm is Simp/y connecéeéz.

W
L
[

I

S*h-\



g&&kiﬂﬂ éo FlAVIiaIM&WJ:mI 3VOMPS of Some Sucfuces
<_>
For T=S|><S\ ‘Hn(_ ‘[:amS/ RPZ '[ZL'C Pro\j&é'ﬂ/& P’am&,

and THT the dadle tons, we will See Torws  T=5'xS!
v (T)= 22 .

v, (V)= Z/2 A

, (T&T) Vs not  nbelian, =

PrOjaoJciw, plane IRPZ
Sllf\(& '“"(81)50, ’L’Lll'! Shous ‘H\a—" None of
S% T, RP?2 T4T are Inomo-l;opv eqguvalent,

‘ Dom\;\& ":OV(M T*"’T



M m ()(KX (x,,g,)) is iSomor'o)h‘c 'téo W,(X,%p) X W’,(X 99).

E I-F p'—X*\//V)( and a0=>(¥y—-> 7 are pyojecéions/
Hen - W,(X*\// (%,-J.,))—> (X)X (Y,9e)  via
(os)) = (pe(0D), 9 (T5D)

S a Growp homommphcsm,

s sugetive sine 1§ Tglem(X), Dnlem(y)
hen for STXY via §{(s)= ((s) h(s), we have
2(150)- (p«(B59) que(r9)= (53 g s]) (T43, T)).

—_‘E 15 eJ;.ve since
(Tew) e, -5 B (1) = (pelrs), gulrs3) = (o5, ge5)),
Hen Cy, = Pof viek G and ey = gof vin H,
S0 Clop)= T Via LxL->XxY

(5.£) (s, HGsb),

@y
@

ELk See alSo H;é QX()Jana‘l'iJw n Ha‘kolyar Dvop LJZ — universa) Propeﬂ:y of  XxY

E_\Lk Similar,j/ Th (X’(Y) = 1, (X) X T (Y) Vn 2|,



Cordlary 1, (1)=1,(56)2 n.[5)x ml5) =

Recall

<>

(&>

Torus

T=¢'xS!

Reo\\ Pro\')ec(:iv& SP&LCL [va. }sz ]EP1= Sl/fv y \-J;I&r‘& wr~- V%GSZ,

The wap p: 5 — RP* via

v > § %,

1S

a

Cm/armj map,



Recall

Let p:E=B be a covering map wikh ples)=bo.
Thn ¢ 1 (Bb)= p'(0)  defnca’ by

o (CsD= 5() whre § i b 16 of £ £(0)=e,
15 a wall debined St wop, called the ]iﬁcmg Coyespondence ,

Thm TF E s pqu comecte], then ¢ is Suieckive,
I‘P E s S:mply (,onnecééﬂ H;en ¢ if b‘oeoé;ve,

g p"(b.)
Coro“a T, UP\Pl) = Z/Z . "
L Since ?:52—7 RP?

o Covering op 57
% > §%-

with 5% S(mpl comeckel, we hove Fhat \]/\0

W(TEPI ) 5 n looeqé(vc (_orvespoﬂpuga with p(b) RP2

o seb of sze R, Hence 1w (RP=Z/2,

£



T; See H’laé g\ (T‘**—T) i not ab@]mm Consider Hue V‘eémo{\on T‘”’T% ljure, e/j/n%

&2~ E&)-00

ov\\y‘a ovus T#T .‘[jwe e"ﬂh{;

R@émc.hwﬁ are surje,méwe on 'ﬂ"',

AV\J\ W (g-lgwe egh&) IS Vlo-(— o\be,mw Since E‘gj*Lﬁ]#[fj]*[&}
Hene W, (T#T) s ot doehian,

To 1£orma|l7 o Yk [S]#[q] Lal*[5] in 1, (Sigwe eiqh)
consider “Hhe Covering Space  in Mankres’ }:QW@ 60,3,
Note g*‘g Hs o a pecth fom eo b e,

wheres 9=k§ s fo o path fom €, to ey :

hence  [€)#[q) #LgIx5] by Theoram 54,2,

Figure 60.3



