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Thm (Borsuk-Ulam) Given a continuous f:S"-IR"
,

there is some zeS" with flut= f(-) .

↓ f

The case n = 1 follows from the intermediate value theorem.
We will prove the case n = 2. D R2

Ex There exist two antipodal points on Earth (S2)
with the same temperature and pressure.

=-----.g2

T ↓ f

pressure D R2
Z

temperature



St

Def If west
,
then its antipode is -zeS"

·

↓ h

Def A map hiS-SM is antipode-preserving if ht = -h(b) VeeS"
(I . e

.,
h respects the /2 actions on S" and SM) s

Ex The map hiS-> S' given by h(edit) = edigt
for geI, is antipode-preserving#8 is odd

·

g
= 2

g
= 3

C f(-c)
- b f(b) - (d)& f

/ - - ↑

h &
-

h ⑳-a · a= · h(a) =h(a) -a. afta) · f(a)

-b -
-d f(-d) ↑

f( b)
- L f(c)
AnNot antipode-preserving tipale-preserving

(lh(0) C
21 · I 1)

- ↓ p

h
· · (h(0)= h()

&



Def If west
,
then its antipode is -zeS"

·

St

Def A map hiS-SM is antipode-preserving if ht = -h(b) VeeS"
(I . e

.,
h respects the /2 actions on S" and SM) ↓ h

Thm If hiS'tS' is continuous and antipode-preserving,

then ho:X - 1 is given by hx(i)= gi Viet with g odd, s
and hence his not nullhomotopic.

Pf (We follow Hatcher's book
, page 33.

)
Think of his-S' equivalently as h : [0

, 1+ S' with h(0) = h(l)
.

Antipode-preserving means h(s + (2) = - h(s) Fse[o
,
<] (A)

.

Consider the lift h : [0
,
1 -> 1R with poi = h. h(0) , ,E I I I S

() gives [(s+)= h(s)+ 11 for some odd ge[ , VsE[O, k]. n
Since h is continuous

, of cannot depend on so ......... ↓ p(t)= (cos2πt
, sin2nt)

O 1 hIn particular,
h(l) = h() + 12 = h(0) + 9 .

- · 40

Hence ho - & is given by hx(i)= gi Viet, with godd .

Si



9
·

Thm There is no continuous antipode-preserving map g
: S2-S

.

9
------

-

X

( Rmk There is no continuous antipode- preserving map)
⑧ S2 s

gh-> S" for any Ron
, though we won't prove this .

Pf Suppose g
: S2-S' were continuous and antipode- preserving .

Restricting to the equator of S2 would give hists that is antipode-preserving O

The extension of h to the northern hemisphere of S2 (via g)
shows h is nullhomotopiccontradicting the prior theorem .

·

----

----------

----

---- --

------- ------- g : S2-> si---

-----
-

-----
=

h:S- Si

S2 si
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2

Thm (Borsuk-Ulam) Given a continuous f. S2-IR2
,

there is some -ES
2

with f(z)= f(-1) .

↓ f

Pf Suppose f(z)+ f(z) VzeS2. Then D R2

g(x)= f(x) - f(- x)

11 f(z) - f)- z)))

is a continuous map g
:St-> S' with g(z) = -g(z) VeeS ?

contradicting the prior theorem.

*
f(- z)

--------- f
& 2

·

- g(t)
>

g2

~ R2
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Section 58 : Deformation retracts and homotopy type X
u

Y

9
Let X

,
Y be topological spaces and fix+Y

, g
: /eX be continuous maps .

Recall fig are homeomorphisms if
-

.....

-E⑤got-idx and fog-idy .

-

We say X and Y are homeomorphic
,

&

denoted X = Y X 9 &

&

Def The maps f.g are homotopy equivalences f

if got-idx and fog = idy .

& .
-

We say X and Y are homotopy equivalent, ~ - Y
denoted X= Y

.

9

In this example, we have got-idx #
Y

and fogzidy via a homotopy H :/I-X

with H(
, 0)= idy and H(

, 1) = fog ·
YxI

Rmk Showing= is an equivalence relation is fun
.X



The prior example is furthermore a deformation retract.

i

Def Let AcX with i:A-X the inclusion
· .

-

Then A is a deformation retract of X if A - X
r

7 a retraction r : X- A (meaning roc = ida) and
a homotopy H:XXI- X with H1, 0= idx

,

H( , 1)= cor
,

and Ha
, t)= a VazA and VtEI

.

Note that deformation retracts are special cases of #
X

homotopy equivalences and special cases of retracts XxI

Ex

E and ↳

Fuchs showed X= Y # J a third space
that deformation retracts onto both X and Yo



Now we show that homotopy equivalent spaces have isomorphic fundamental groups.
This is easiest for deformation retracts

,
where the homotopy H fixes basepoints.

Thm If A is a deformation retract of X
,
then i:Arox

induces an isomorphism i:, /A,
20)-> ,

/X
, 2) VA .

Pf Since voi-ida
,

we have Aroin = (roi) * = Cida) = id
, (a) ,

so i is injective .

#
,
(A) 0 T

,
(X) M

,
(A)

And given a loop f: I+ X based at NoEA
, -idn, (A)

the composition
IxI > XxIHwX

gives a path homotopy from H(f(s)
, 0) = f(s) f(s)

to a loop H(f(s)
,
1) in A

, H(((s)
, 7)

-

.o xshowing that i is surjective. No · Ko8
r

BA ·



Lemma Let h
,

R : X- ↑ be continuous with #
,
(X

,
vo)An

,
(Y

,
yo

h(k) =yo, k(d= y1 .
If h= R

,
then 7 a path

& in Y from yo to y ,
with R

*
= oh

* Mv La
as maps it , (X, 20) -> T

, /Y, yo) . m
,
(Y

, y , )

Indeed
,
if H : XXI+Y is a homotopy with( # -

,
0 = h and H(

, 1) = k
,
then a = H(ro

,
I (-

Pf Let [f]e #, (X
,
20)

.
We must show

k* ([f]) = &(h + ([f]))
i

. e
.
[Rof] = []* [hof] * [0]

,

which can be seen in the not-Ifigure on the went 20
.

You &

..
Rof



Thm If f : X- Y is a homotopy equivalence

⑨with f(uo) = yo,

then 5: ,
(X

, 20)-> #
,
(Y

, yo · Yo
is an isomorphism.

X Y
Pf Let g

: /-X be a homotopy inverse

satisfying gotidx and fog=i. .

# (X,) ,
(Y

, yo)* #,
(X

, .
) , (Y, y 1)

where yo : f(x)
,

X= g(yo)
, y

= f(x) ·

Since got-idx, the prior lemma implies Since fog-idy
,

the prior lemma implies
1

9* %(f)* = (gof)* = olidx)*= (fx)* 09*
= (fog)* = B o(idy)* = B

for some path & in X
.

for some path B in X .
1

Since& is an isomorphism,
(fro* is injective· Since B is an isomorphism, g * is injective·

Since (o) * and g* are injective with g*o(fo)* an isomorphism,

this implies (Exo* is also surjective·

:c s



Section 59 : The fundamental group of 52

Thm S" is simply connected for n22 .

In particular, #
,
(S") = 0 for 122

.

H
This will allow us

,
in the next section

,
to show that the

sphere,

torns
,
and double torus are not homotopy equivalent.

We will use the following special case of the Seifert-ran Kampen theorem :



Thm Let X= UrV with U
,
V open,

UNV path connected
,

to EUIV,
and i : UcX

, j : VcX the inclusion maps. Then the images of
i: , (U , 20)-> #,

(X
, 20) and j:, /V, 20) -> #

, (X,
20) generate it , (X

,
20)
·

· No

U*
v

Here
, "generates #

,
(X

,
vo)" means any loop f in X based at to

is path homotopic to one of the form gi * ge*... *g, with

each go a loop based at to lying entirely in U or in Vo



Thm Let X= UrV with U
,
V open,

UNV path connected
,

to EUIV,
and i : UcX

, j : VcX the inclusion maps. Then the images of
i: , (U , 20)-> #,

(X
, 20) and j:, /V, 20) -> #

, (X,
20) generate it , (X

,
20)
·

f2x & No

-

(aio
Cal

7

- f
,-S -&z

U fyd ? - 53

Pf Pick O =

apa< ... an = 1 with flailelov and with
f([ai

, ai]) contained in U or in V Fi
o

(Use Lebesgue Number Lemma in [0,
D

.)
-

Letfi be the path attained by restricting f to Lai+, ai] .

Since UrV is path connected
, pick paths &: in UeV from to to di,

-

lettin do and on be constant paths at *o .
Define gi = di+ * f: * &i .9

Note each gi is a loop based at t lying entirely in U or in V
,
with

-[g .] * ... * [gn] = [f]* ...
*[fu) - [f]

·



Corollary If X = UrV where U and V are open and simply connected
and ULV is nonempty and path connected

,
then X is simply connected

.

Thm S" is simply connected for n22 .

Pf Let OE = 1
. HLet U = E(r , . .

., kn+ ) = S/2n+13 - 23
and V= E(r , ..., kn+ ) e S/2n+ 1

< 23 .

Note S" = U-V
.

Note U and V are open and simply connected (they're contractible)·
Note UnV = Sh +

is path connected for n =2
.

Hence by the corollary ,
S" is simply connected.

M ------- -

gi = U ~ V U-V = gn
+



Section 60 : Fundamental groups of some surfaces

-
For T= S'xS' the torns

,

R
.
P2 the projective plane, L

and T#T the double torns
,

we will see Torus T= S'xS/

#
,
(T)= 2 + 2

I
,
(IP2) = 2/2 Projective#

,
(T#T) is not abelian

.

Since H. (S = O
,
this shows that none of

S2
,
T

,
IRP2

,
T#T are homotopy equivalent .

⑮
------------- Double torns T#T
-

S2



Thm #T, ( X*Y
, (2000) is isomorphic to ,

(X
, 20) + #

, (Y, yo) ·

Pf If p
:XXY-X and g

: XxX+ Y are projections, =then :

,
(X=Y

,
(0

,y0) -> N
, (X,

20) Xi
, (Y,yo) via

E([f]) = (p+ ([f]) , g* ([f])
O

is a group homomorphism.
-
>P po

& is surjective since if [g]en, (X)
,
InJen.

IX)
,

X

then for f:l+ X*Y via f(s)= (g(s), h(s))
,

we have

& ([f)) = (P= ([f])
,
gx([f])= ([pot]

,
[gof])= ([g]

,
[n]) · Xxy

& is injective since if T
·

f([e]
·

[eyo)) = Ellf]) = (PEIf]
, gx(tf])= [[po5], [gof]),

f(x)=(g(s),h()& ->

then exo-pot via G and eye = got via H,
so ecoyol = f via IFIwXXY Ph

·

(S, t) +o (G(s,
+)

,
H (s

,
+))

.

·
X

Rmk See also the explanation in Hatcher Prop 1 . 12 - universal property of X-Y
Rmk Similarly

,
in(X +Y) = #n(x) + in(Y) Un = 1

.



Corollary #T
,
(T) = +

, (S xs)= +
,
(S) x +

, (s)) = 4 + 1
.

(3
, 1)
N

p--
L

Torns T= S'xSI

----------

Recall
Real projective space RRP2 is RDES2/ ,

where -2 VeeS"
· S2

The map p
: S -> RRP2 via

x Ex,
- 23 is a covering map. ↓

B
RP2

-.



Recall
Let p:EtB be a covering map with plea)= bo

.

Then 0 M, (B , bo) + p" (bo) defined by
9 ([F]) = 5(1) where F is the lift of f with 510)= 20 ·is a well-defined set map,

called the lifting correspondence.

Thm If E is path connected
,
theno is surjective.

# E is simply connected
,
then p is bijective.

↓ P
- Ob.

=
---

- p
+ (b)

Corollary it, (RP2) = 1/2 · -

Pf Since p : S &
-> Rp2 is a covering map S2

21 50,
- 23

with S2 simply connected
,

we have that
↓
B

#
, (RP? bo) is in bijective correspondence with p" (bo) , RP2

a set of size 2 . Hence #
,
(RP2)= /2 ·

·



To see that it,
(T#T) is not abelian

,
consider the retraction T#T- figure eight .

⑭ DO->
- P ~

->At ·~
Double torns T#T figure eight

Retractions are surjective on it
..

And it
. (figure eight) is not abelian since [f] * [g]+ [g] * [f] ·

Hence it
, (T#T) is not abelian .

To formally see that [f] * [g]= [g] * [f] in it
. (figure eight)

,

C
- 1 er

consider the covering space in Munkres' Figure 60 .
3.

Note -* lifts to a path from to to e
, 9 E

whereas g *f lifts to a path from to to e- ;

hence [f]*[g] Ig]*[f] by Theorem 54
.
3
·


