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Section | Basic constructions

A {)&&15 & may &1 -X

A S o L\meéapy §f=I"\’>( rel {(0,)7}.
We. sa9 Lo and S oaye \40mn40pic, denoted $o=5%

or E?J=[»§'— J Since ‘Hlis 15 an ezbuivale,ma re/lp\{-iov\, f
)/ ==\

The oroduck of pa‘H'ls ')C,Q’I‘*X <o <1
wibh 4(\)=g(0) is  defined by f'g(S)={£$::)il)’ 1(;2_;5;/12‘

The product respects homotopy classes. P 7

s

WA 9,



Path $I1-X s« @P_ i 9(O)=%=§(I).

Tlﬂe 5&1‘: of a” homméa@ classes of /aops bmseoq a.{: %o ..
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is denoled T, (Y,%).

Progosibion 13 (X .) is a growp with respect

Lo the PV‘ODQMC'[: B—jl:g] = Bc'gj.
_P‘£ Se,a lf\ow Hal-cl)er use s repammu‘:riaaémws 'éa prove %Sociméivrz@j, iaQemLiéy.
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We frove TY.(S‘)%Z Wsing Covering Spaces.

‘l:ojquer with & map \o=$'(——a)( such £hat
® Lhere s an open cover fUued of X st Yo Ex p-',?\—lg‘ l?g &
?'\(lkof) is o dispiat wion of open Seds in X p[Jc)= (cos It s 21v£> d

Mﬂgﬁﬂz A Covering space of X s a Space ,>\</ &
each vvmppeﬂ \/\om&omvrp}\;m”j onto Uu by p- __)

DenL (page 60) A \_\& (7(- & Wap §Y~>X lP

S map CY-X wih p§=§. />~</ OM"
'%.:‘_,71
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Prap 120 Given a covering Space P X*X YXSLD} ﬁ,,x
178 homm’:opj TQ{;"Y““’X, awﬂ o ]\—H: '§‘o’\/—’y EH {gtl/// ]/P

of 4o, there exisk a wnigue l‘lornu‘l‘vpy gc‘)”%,)v( =
Lhk ks Se. Yxp] — s X

& y= P‘I:= gD} (palﬁh ]i‘ﬂ'ing) | Q \/=I (l\owm“:opg |h%ing>

P£ dea Um%ue ‘i‘H:S over an open sek exisi' Ly H/)e homeomorphism proparéy (')
Piac\ng these Jcoge,Hne,r Lokes o fage i Hméclqer.



M X Z*TT.(S‘) view E(w=[wo] where

w,\(S)= (coslws, S‘mZmns>, s an isomrph\'sm.

E Note . TR via 5.(5)=ns
lifks wa: TS (since pBi=1wn).

Nol:e E(h)=[wv]=[[)wn]=[9?'] ‘For oy pm‘:i\ ? in [R
From O to n (sice §=05 by a linear homol;apy),

b s a_hovowmorghism

let TwR=R Lranslate Tm(®)=mtx,

Noke D * (Twmidn) 15 o paHa in R from O £o wn
So 1(\m+n)= [p (e (‘Emfon))] =[ (W wJ = E(V")E(V\)

E is Sur‘je,c{-‘we,
Let $I-5" be a loop based ot (1,9).

B\J Prop 120 (()aH\ )rﬂmﬂ) 3/ Wt T IR with $0-0,
Necessaﬂ, S(D=n Lor some ne/z, givwng B (n)-= [Pﬂ L],
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Bﬂ Prop |20 (homéo?y IHurg) 3 it ﬁ"I—ﬂR.
Necessacily £.(0)=0 VYt

wd £ ()= ptel ~Vé,
By wnigueness of path lfling, A%Fﬁm ond 5=

Hete = Bon()=Ra(1)=n.
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A(‘)p]i(,aéiam of m(s)=2
M Evuj YlowConSI:an'[' polynonia’ has @& r‘ool: in d:
Thm L4 n=2 case of Browver fixed pont theorem (Cor 2.5
”E\/e/rg map l'FD"*-’D" has a Q)«i Po‘m‘k’ \n(x)=7c,”
Thm LI0 n=2 cose of Borsak-Ulam Eheorem (Co(‘ ZB?)
"Every map §:S"R" denbifies some anbipodal paic: §(2)= ac(—z)."
Cor l” n=2 cale g‘Fi
”I"C S" s the union of 4l cloceld Se,v‘:s/
bhen Some set contains an a\né‘upo&ﬂ pair { %,-?4%
C—O\f L6 n=2 case of Tnariance of Dimenson (Tlnm Z.Zé)=
"R ER for ntm.

Prop LIZ 1, (Xxy) = 1, (X) %, (W)
Ex 13 % (s'xs)=Zx7
()= 7" &
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Def A map {Q:O(,x)—’()/,yo) induces o group %omomorplqisw
Bre - 7, (X) > 1 (Voyo) by g (053) = L8], )
0 (013))= L (5-9)-Te5 - vg)= (1) . 05)

well-defined since 5,2 & via £ = pf = o5 via (pf

EAA.CJ‘;_D_L m 5 a Lunckor (See §2.3) Since
d (L?\Y)ae = (Px Vx ‘For‘ C Cam()oSiJ:iOh (X,%,)—lv'—? (Y,‘ja>__t£__7 (2/20),

e 1. -

« = 1, e, X=X wdues 1 m(Xm)— (X %)

EmM-\_g T (,Q:X"’Y [EIN L\Dma‘/,’o(y e%uimle,nce,
Hf\en P * T, (X,m)——? TT\(Y, Lp(x,)) 15 an isomarphisvm.
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RECALL  The Seifert-vem ](ampen Breorem  (Two sek version, Lrom ankres/)

—H’)m (gehﬁeﬁl:—\/an l(avnpén) )_6{’ X’uv\/ Wflle U,\/ open  n X/
with U, V, UV pa{‘h—cannecéeﬁ/ and eV, They the lqomamrphism
B (U % 7, (V) — 1 (X %)
i5  surjective, and iks  hermel N 5 the least  normsl Su\lonDVP Com‘:m‘niﬂj
al woeds of Hhe TCDr‘w; L.L(w)—| tvlw) for Wéﬂ’\(\/t"\/, ’ﬁo).
Hence  (X)= (m,(w) * (V) /N. L/m(u)&
Rl
‘ n /JV

i

(V)
w (W=l o, o650 w(V)=<By oo By (UeV)=Cw)

,n/n (X)E <°<\, O<L, °<3, El, 91, E} J Lu(w>—| LV(W)> le:e Lu (W) = 0(3 Cm& L\/(W)= P;
= <(X\, o, K3, b, o, Ps | oy E;\7
= <O( \, O('L, QI, (}z, w>
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As
M \/om Ko\mpew's ‘Hwe_orem (wloi%mrg lAYIiOVIS> Aw o

Thi 120 Let X=U, Ac sl. each Ac i ofen, (_Fgw 8, Brem k), Qo (Ay), 3&?.%;),)
path-comected,  ond.  Contains . | 8x 80 3 85 ) = o900 33[39)33,(( 5o (95

o £ onlh Acnhp 35 poth-comected, then , (A
KM (A)— 10  (dekined vsing Hhe i) s suriechie. I’l‘(y | {)
.I‘F ‘Fw%hevvnare (’,aclq A’u(nAp"A( 1S Pm‘l’h-cownécéeﬂ, W(A(‘A\ T (X)
£hﬂw ‘&er‘ (7'1__) i5 the Notmal Sulogmup gewe,mieﬂ \)g | a\ /'
all e lements L,(E(w) bg,.x(w)_l Lor we w(Ahs). [ T (Ag,) Je
Ex Wrie X s wiom of B open Non-Ex To ser bhe 4ripk intersechion
S@;{;S QN,L| COvr\?A'\wMﬁ ‘H’lé bolﬂ assum{)»\':;on s necessary, COV\S'l&&“
tree and ome extm &Qge. A0(=X\ial, Ag=X\1b) A =X\,
DoV\He, %r;p)e intersections paJrh—wwnaM. “@C
DOV\Ue M-L-usu,érm CDn‘l:/mL-l-:lole, = 1ze,r (1) %ri/-‘a},

(To gejc the r\gH oswer Z*Z,)

So 3 gives o ‘lso\morplﬁsm , (X)——': %-,,Z. WL(A'L)'—‘ *LE.Z, Wse. On\y Ae and Ap.
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\/ olnéa'mei ‘Fmvn pml;h—canne,(,éecﬂ X bj ac%ac)n/y
2-cels ex via @ S'SX.

Fix xan. Choose paihs NG EO '\mage((@d).
l_ef: /V-C-TT,(X%,,) be Y)orma, Su}yraup ﬂe,n&t’aéeﬂ bj a“ ZS%LPD(E,

Prop 126
(0) XY nduces o surjection W\(X,%a —%W.(Y,ya)
with kernel N o m(¥)= 1 (X)W

UD) Tf \n;%ea& Y weve obéaineoq ]Dj ajc'kcwhm_q Vl—ce”_( ﬁﬁor‘ Some n>2,
Yhen XV wdues  an 150mor phisin (%)= m (Y.

O For X pa-lfh—wnnecéedl CW complex  the tnclusion
XX indues an isomorphism T\“,(Xz)%ﬂ.(?().

Rk  Choie of poth Yoo doesnt waHer, sine  a
[&i‘%@ww& pmH’l N gives & Corl\)‘uya%e, element
Mo Ty = (M) Yo T (300 .
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L&‘}Z % = y v g\réoéangu,a( géﬁpgﬁz Y

Choose Yex = Czcx,

/\/o-l:e A=Z— nggo(?,ﬁx ondl B=Z’Xa%
Aare open pa{”/)—canned—eﬂ sets  with wion Z,
Noke AaB=VkS' with m(AaB) gwemi—e{ﬂ
(loose,'y S(eakmp ky [ U0 ¥

\/om Kmmpem Says m (Y> = T (2\) 1S '\Samorro}n‘c ‘éo %La %ua‘l'iewl— 0‘(
T (A);W,(X) ‘93 the normal slnlojrwp 3o,v1e.rajceﬂ loj the image of T, (AaB)— Tﬂ(/jr),
Wlﬂi(/lﬂ CDrYecponﬂS to N,

(b) The only Abfernce with the above prof s AnB = ST, wikh n>2.
So 1, (AB) 35 Arval and  van \(ay»,pen's gives TT.(Y)'=V W,(%}%ﬂ,(A)a‘ m (X).
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(d TE X s finite-dimensional (X;XY\ {or Some h),
then () follovs From  (b)  and  induction.
(AL on -cells, then Y-cells, efc.)

O%Lerwisa, et g’I—eX be laﬂp bosed ot %aéxz.
Im(s) 15 compuct and hene lives in a Limte Sub complex

of X by Propostl—iow A—\\/ ad hene in X" for  Some W,
Since T\’,(XZ)——? N (Xm) is swjer_é‘we by (b)

£ 5 Jorohyic o a JODP in Xz.

So TN, CXZ — (%) i SlArJ'ec-éis/e.

—ro See. 'u{- 15 aJSo 'm\)er,%ive, §mppase ‘F 1S o )oop in >(L
which i Y\M”howr{m?](. i X via a yullhomotspy  F IxT->X,
IW\(F) 1§ Cﬂrv\()ac+, %em& Jies n XV‘ —Far Some. N2,
Swmee (XY — T (X") s injective by (b)

it Pllows thet £ 5 nulhomodypic in X=



M&@_ FC‘W exery  group C’. there s a
Z’&iM&V\Sionu\ C\ﬂ/ c0wplex X@ with TE(XG)% &;

PL Chose a {)resenjcaﬁo“ G- <90< ) WB>,

Whicla e,)(iséf Since &V(,':? 3mwp S a

q)uojcinc of a AHree group,

COHS‘II'VW/‘{' X@ é’ﬂm \/o(got loj afl"['ac,l\i(y Z’C(;HS 6%
Vi loops  specified by the words Y.

E_X G=Z/MZ
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