S(’,C;L’SOV\ |% COV&TMﬁ SP&CCS

Ex X-S'v¢ MM Uniteradl coer
1“ (simplg—connecl—al) Tyl Groep fo}

-
Q/ gé:\z?()é <a>/<lb>\<ax>

g ¢
s

Apply P
! / l ch”mP

)
a<><><>& @ O\@A <&/b1,\b0\>'l> @Bab) (L abba)

(X ab)




Prgp .20 Givw A Covering Space P Y%X

A b\owm@o?j 3CJ6=Y—>>(, and a ];.,C-L %;\/—935“
of £o, Here exists o uwnigue homrtopy £, Y=X
Ht Vb S,

Prop 131 |et p: X=X be a covering  Space.
Then P * ﬂ,(?()-—? TTl(X) is in\jed:iva.

A\So, Image(_Px) s all ))omvio@ classes No# ]oops n X
‘H'm{- \l'ﬂ: -{70 ]aafs (VIUJC Pa”ﬁ) n X

Pi I«f B]e ker(@,k), H)em Pv(' 15 I/tu”homé;pic in X —
Bg Prop .20 we  Can \f-f:-[- to See -F 1S nu”homo{—opic in X.

C)earlj |oogf \i#inj ‘[:a ]aap/ reprefené eievnen'}f n IW@&U’%).
Covxve(sdj, ):g]elma5e(pg) implies 325’ wikh 3' l'nf{mj Eo a loop,
which L)y Prop .30 means 9 lifts to a loop.



Prop 132 |et p: X=X be a cowering space
with X and X pubh—connected. The number of
she,e,ks Ip‘(%,)’ s %ua} to bhe index [TI’,(X): H ],
where  H= py 1 ().

E De,‘[i\n& I:icxels of HE—% p-,(%) Ly
HLlg) —— (1)
Whéxé_ g is a l.-”: of 9 S‘éarl’ffj ot 2.
D i wel-defined since elements of H it o loops,
ERY Sur\')ec-éive sice. X is ()m%—com/ecl:eﬂ.
EARY 'In\jer_éive Since I(H[93)=§(H[3J) implies
0.9, lifts £o a loop 10 X basld at %,
so [9)[g]" €H and HIs)=Hlsl.



\f\/@ core O\bowk "\1&&5 of ge/n&m\ Waps, Vlmé jusé of homo/;opies.
Prop 133 (Lnﬁémﬁ crzjce,r.'m) Lek p:()/(,szg)«—) (X %) be a coveriy sfae.,

Lajcl g-‘(Y,ya)—%(X,%a) be A mop vith Y connected and lowally  path- connected.
Then a i T (Y,ga)qﬁx,za) of £ exists —5—*@.(7‘,9» = \O.K(m(%%)).

T % Eﬁ (ﬁ) X1 obvious Since &K”‘Pg%’g
Pl
Y —=X

EX ]g; NG/CQSS\"],’(J/] UF \/ \OCoL”j ‘OmHl—canwecLezD\

< P
N o J/ p
< 2
‘}/ -
- Lp X
~ Q\m ient W
Q § 7 A %b Co\\aptlii; ;:}f[-l,l]

ﬂ"(\/,g,) i riviol 9voup, bt o ift exisis,




\f\/@ cove O\bowk "\1&&5 of ge/ném\ Waps, Vlmé jusé of- homo/;opies.

Prop 133 (Lifémﬁ crderion) Lok p:(s/(,szg)-f—v (X %) be a covenny space.
Let §-‘(Y,ya)—%(?<,xa) be A wap With Y comedkad  and lOLa“j path- connected,
Then a it T (V) o (X&) of £ exsts o Selo(¥) € py ( (% 2)).

y T
PEE s ohious sice Sum i, Qvlivgoiii
(<:> y is pa%h—conneoéei since L is comeded and )ow”j pa%—connaéeﬂ..
For Ué\f, leL X be o poJ:h n Y 1£f0m Yo o Y- — —
Path Sy n X based ot % ks unguely to path Sy in X basel ot 7,
Define ?’ YA’* Lj I[‘j)': g'\b:(l). ' ~ <

EE We”-ofe_vci_;ei ’5162\/4,? éw; such me,’L/S X b’l, Note X, =
‘S;X|'§K € Ix (M YI%U = p‘k(rrl (X/%))'N f/v l
p

Bg Prop. 1721, S5 5 ks 4o a loop in X, i
Wigueness of Dok lifbng, the Firsk hlf of this bop s 5" ¥ f fy FGD

By p R
and. Yoo secod halE is Sy traversed. backwards J’OQ > @
X fy

So 3 ()= Fy(0). Y




? Continuous * L&é jeY ~§mae,~p:/>?j\>( s o Covering Space,
Jd: 5[7)6M %nx vquq —f(g)él/l < X and Plu:u—al/l o omeamorphism,

Since $7'(W) 15 open n Y, Choose o path-conmectel open  set yeVesi(u),
\/\/& Wi” SLOV\) §I\/ ""(Plu)"g"v, hence 5 is continwous at Y.

Indlee&, 'JGI)( o Po\‘M ¥ n Y ‘l/‘lmm Yo to Y.
For e,oq,ln j'e\/, -@:x 'y pa\Hn ’YL n V Lrom V,V’é" j/ N 0 —
Each path  fxedy o X has o Lt S5 5y With S"V)/z (le) &v,/ mapping to W,

Thes | S0)<T ant S —plJHS],.
(KL
s 7
~ lP

9 -7
\/f’?\/
RN . :
Yo




\/\/0/ a|30 haw, A unilbvle, \“L’L'"j pmpe,réj,

Pop_ 124 G coveri X=X and o wmap 5 Y-X ¢ F ’>Z
Trop 1.2 Ven oL covering space £ p y .5

i+ JWDN s $, % V=X gree at a po'm-[— and Y i Connected, / le
bhen £,=5%. Y S > X

E The main ide is o Show §5eﬂ :-.{‘j)=$z(y)i 15 0fen and close.Q.



CIMSiQﬁg\l:iﬂn o£ gzming spaces

Thw 1238 X poth-comecke, Jowlly poth-comectdl, semilocaly simply-comected. Then

basegrint presorvag iso clagses of poth- wmaée&{ B é Scbgrovps of
{Cove/rmg Spaces (X 7 — (X %) T (X, %)

% (X "‘0)—)0( 7‘”)]‘—) Dx (w (%)

iS a loi\jecﬁron.

Rk T€ you ymre baepoints, then yor map S

o (onjugacy clases of SMLgmups W (s%?acﬁ) Treun JM{%

De‘S' CO\/&Y\nj Spaces P X’%X an& Q/ : \ <&> <b) & -

pL L_-»X are \SOMOEQ)N(. l‘)C 1‘:‘!&[‘@ X s%% y Aw’ Pi‘

15 @ %oweomwr)h\ﬂn £ ’X | y

With P= p-LDC X ¢ SZ’ QCKDQOL @ m@ (abtbab) BB (@b
| 2
N ;24 o~ ! ANIV4

et s



Pﬁnp HZ (B i$ We”—JeFm&Q amQ injeaéive)

Let X be pu‘éh-wnnal;e& and  locall ?a%-tonneaée&. (X %) (SZI/'?L

Tm comectefl covering spaces ore asepo\n{— prese,rVMj ismorp}n‘c \

\# p\* (“|(’>\(’ui))= Pz*(T'. (YL/%))C ‘>| /?Z

(X,’/\Ca)

Ps (= P=pf and Pz= p,§" induce (or '\mPIy) s ol 2,

((’_") Bﬂ Hﬂ& \hac'mg CTiJ;&riMN(Pron].B—Q fb/ - Yz
< g‘uves Qa \l#‘k ’@/"‘ XJ-’)X\’L (50 p-zﬁf’ Pl), a’/l& ~ /"/ J’pl
2 gives a It T =X (o pi=p). K> X

Since Jc?»eso, ifks compose o €ix bagepouts, N

Whigyue \i«cl:'mﬂ (?rap ) gives 'p:p\,'=ﬂ§| omd ’p,'p’z: ﬂ‘xz. Lz-%p 7 if.

B X > X

(%,2) — (%, %) Nobe p(F-F)= (057 = puTo=p:

N,/

(X,’Ka)



Clmsa£ig41l:.‘an Q£ @migg spaces

Tbm I?)g X Qa‘kh-wwwecéeﬂ, ‘oca”j paH/l-LonneoéeQ, Se,mi)om”j Simp)j-CanecéeoQ. Then
%bagawin'l:-()reserm_’ iso clagses of ?M—cwma@&{ B é Subjy\wq; O\Ci

Cove,rmj Spaces ‘~6(;,%0)—’(X,%) ™ (X,%a)
I%‘-(X,%)*(X;%ﬂ D= (w (%)
iS a loi\jechon.
De}_ X 15 s_egmi’ow“; simply—;mnggéd (SlSL) 'nﬁ VxéX/ & Thé Haumiim earmnngs are
d open set  xeV wibh 7 (V)o 1Y) Lrivd, e
To see Bhis condibion s necessary, Consider the wniversal cover, Ex The cone over the Hawsiian
and \/ SVna” e,nm,«g}\ to be aven)j—cave,re&, eorvings s Slsc bt vok Isc.

R&m“ X is og@”g £1mp}§4—wnﬂe,_02£ USc) if

ik has o busis with Simp)j—conﬂecéeﬁ Sets.

Nobe Jsc = slsc.



Prog ‘Bé (B 15 Surjecé;ve,)
X pajcla-wwwecl:eﬂ, locanj pa‘kh-éonneoé&, Se,mijom"j Simp)j-COnwecéeﬂ,
Then Y subgroups Hem(Xzo), 3 covermg space 0 (Xu, 2)— (Xm)  wibh Pf(ﬂl(yﬂl%»: ]

Ps (1) Define ‘lfh" universal  cover p=>?—%>( whh 7 (5 Lrvial,
(2) Defive Xy as a q)uol-ienl— of X

0\) Y:: g[ﬂl ¥ s a ?aH'\ N X S‘Laféiﬂj at %oi
P=$‘(-’>X via. p(l—__ﬂ)= ¥(). .
The slsc hypothesis 15 used to define the Lopology on X via  a  basis.
COW\ Cl'!ﬂck -H\ES 1S 4 Covaf:/)ﬁ Spac@.

To Ssee thet ’5( is pn%-wnweuéeﬂ, chm A Pm[»h Ias/( w;}{,

O ad L0] via 0], whee Y& (s)= gx(s) 0)
. Y& t

To see H’la—(’ X s Qimp'y —wﬂnea@e&, r@m” Dy injective. Let [,—X]éIhajé(p*).

ivwgc(P#) 15 represon%«& \Oy Ioaps ]:ﬁ-é}nj to \oops.

Note +0lv] Lfbs x, and Lor Hhis tv be « Ioop means DCJ=[‘(J=):K],



Before we define a topology on X we make a few preliminary observations. Let
U be the collection of path-connected open sets U ¢ X such that m, (U)—m,(X) is
trivial. Note that if the map 1, (U) — 11, (X) is trivial for one choice of basepoint in U,
it is trivial for all choices of basepoint since U is path-connected. A path-connected
open subset V c U € U is also in U since the composition 1, (V) — 11, (U) — 11, (X)
will also be trivial. It follows that U is a basis for the topology on X if X is locally
path-connected and semilocally simply-connected.

Given a set U € U and a path y in X from x, to a point in U, let

Uy = {[y-nl | nisapathin U with n(0) = y(1) }

As the notation indicates, Uj,; depends only on the homotopy class [y]. Observe
that p:Up,,;—U is surjective since U is path-connected and injective since differ-
ent choices of n joining y(1) to a fixed x € U are all homotopic in X, the map
1M, (U) — 11, (X) being trivial. Another property is

Upy = Upyy if [y'] € Upyy. Forif y' = y-n then elements of Uy, have the
(*) form [y-n-u] and hence lie in Up,y, while elements of U, have the form
[y-ul=I[y-n-n-pl= [y -n-u] and hence lie in Uj,.
This can be used to show that the sets Up,; form a basis for a topology on X. For if
we are given two such sets Uy, V[, and an element [y"”] € Up,; NV}, we have
Upy) = Uy and Viyq = Ve by (%). Soif W € U is contained in UnV and contains
y” (1) then Wi ..y C Uy N Vg and [y"] € Wy,

The bijection p:Uj,;—U is a homeomorphism since it gives a bijection between
the subsets V[),,] C U[yl and the sets V € U contained in U. Namely, in one direction
we have p(V[),,]) = V and in the other direction we have p‘l(V) N U[y] = V[),,] for
any [y'] € Uy with endpoint in V, since Viy1 €Uy = Uy and Vi) maps onto V
by the bijection p.

The preceding paragraph implies that p:)? — X is continuous. We can also de-
duce that this is a covering space since for fixed U € U, the sets Uy, for varying [y]
partition p~'(U) because if [y'] € Uy; N Uy then Upyg = Upyog = Upyy by ().

v



(D For [?Y],)-_X']é X, cQa(:iwe [b’]’“)f\r‘] '\F J(qu'(l) anol fb"o—’gé)’}
_H\FS S an e%m\/m)enc& re’mé'mw Since H s o Smbgroup

® reflexive : 'ldaméi@

d Sijci’r(‘L-‘ nverses

¢ {’r‘awﬁ%iv& : H CIOSeQ \An&&r Mm}{-:p})cm\éiﬂw

Dewﬁ'me YH to b@ J;jy; fbwéiem{' Space YH:Y/".
Con chack  +he map Xu =X indaced  Lrom T —xlh) gives A Covering Spuce.

\/\}e L‘ aim TV, [SZH/ ’E) — T (X, "60) l’l“S mage H
(where 2 35 e equivalence  class  of Etz]).
Ivndao.Q/ a loop ¥ v X lifts to a lop in Xy & [x]~[%] & [x)e H.

_ o
Tt X Xi X
H=<(a) Tﬁ(}(}: {a,by

_l_ ‘N
a4
_|_I

V4

T
-+




D ck ornati a wp_dckion ki

b a ) b a
Let p:X"’X be a covenny space.  The grovp “<>§:>a<:>©b “<>§:><>Ob

O‘F ran -pvr 0 15 (a® b? aba™',bab™") (a, b ba’b™" baba 'b™")

E R T e S € .
equippedl with CoY’\PCsi'L;ow, o e ““ o
Ex (9 a®)=z2y  (8) G(=24x2 (
Mg e v oo 6 VecX, Oy oS

(Moimal  symmetry) BN eRoRo ba’ S
Ex (0,0, (s)-(8), () norwal.

(a,bab™)



b
» b (a,b*, ab)
, b% bab™
D Lk Or [ “ b

a n méfon
@) b a ) b a
M | et p=()?.%)-%(><,ae) be a f-C. Covefing “m” “Wk
Space of e pC, lpc. space. X, let H=P&(T|(Z’?5)). (@% b* aba™ bab™) (@, b, ba*h™, baba™'b™)

(0\5 ‘);)?‘7)( norwal &= H normal in 'W(X,%)- \
(W G(X)

IR

(6) a
N
u (a’ b’ ab™,b™'a) a (@’ b’ ab, ba)
/\/(H)/H, where the viormalzer of H @ ] ®)
19 N(H)= 25&“’.[?(,%7) IS"HB =H3' /\ (a*, b* ab, ba, a’b*) b (a’ b’ (ab) (ba)’ ab’a)
N\ NV

G\(TX) = 1 (X,')C.;)/H '\'L pX"')X |/|0NM). (9) (10)  a a a
. Gb(); T, (X, %) Lor X bhe universal cover. (06) % - e b
(a% b* ab,ba’h™ bab™2) (b2ab ,bl'ilab on | :e z)

Ex (5) A Vormal Covering space.

H: <43, 103, OLL’l, Jo_|0t>. “”M (12) & .
Moke b'ab € kub =H. IR

(13) (14)

b
M <ab>
a

00
ne

(a,bab™)



De,c,k Stor 1 a an cnéfo ns

M Le)c p(x xa) (qu) ba, a 0.C. (Ovfing
Space ofF the P, lpc space X. Let HP&W(Y%))

(0\5 p;)?")( norms) & H normal in W(X,’Xo).

U)) GX g H)/ H where H\e Notmaliter of H

5 N (H ?ﬂéW(X%)lg'H\g l—l}.

G\() X%.;)/\’\ W p: “'>>( ol wal,
o GD()" \T()(vca) for X H«a universal cover.

_L(_&)_ Ld: be o nL’h -Fravn 2, 'ko Z, éP (Zo)
Noke el (X x) ) =1 'H [

for [x]eﬁ (Xw)  with - po g,

" \v Q@@Q
O%O‘ H= (a,bz odm bab™">

H={2,}? ab* b'ay Cx1 & NV(H.
CyJ € M(H) Px(m(X2) ¢ M.
No dek Eemfbormebon %457,
So [\(]CNU’D iff p*('m(i x3) p;ﬁ(’ﬂ](x %)
which by the 11[1':\09 criderion i ezbunva)en-é
%O d’.e,c,k r‘:ranﬁﬁorma{mws -‘:ak ing ’)6, ‘ll:u z,
and- vice-versa,

Hence 0: X=X 35 normal
S suh deck tonsformabions exst Y€ p (%)

S NU’D'—' 'W.CX,?CD)
S H oie vormal w T, (X, 20),



De,c,k Stor i a an cnéfom

A gmpad;um on a set \/ 15 a ’r/:mwcﬁon
GxY =Y, dented (39)9y, satishyiag
* Wy =g VyeY

° 4. (gy)= (9'9).y Vg,4'c VyEY.

That 35, oL is o homomorphism from G o the
group of  permubutions of Y.

A groug action on o Spaca y 15 QA
homomocphism ~ From G 4o the

9Y‘0MP of I/]Dmeomorpl'lifwls DF \/

The odif space Y/G s bhe
4)(/[0"‘;-[&‘{’ space V/v  where

y~g.y YyeY and 366.

E_X —H\& gmup C—,(?) of OQeLlL —f:yam-p[vrm{-iaws
acts on e covermj SPace 7( bj
G(R)xX — X

(n, 2) — hz)

E_ Z mxl:s on )R

pa
N

S
& Zn WJT on TR“
& <a, lo> acks  on .
S 1
So dloss Z/q, T ‘|'
Vi Fotakions, I+

bw‘\’ I/lo-[— -rCreon .

For o norwal  coverin Space S\(‘%K
the okt space TX/GIR) s
%omeawavp}\((, -(':0 X.



De,ck Stor 1 a an cnéfonf

Proposition 1.40. If an action of a group G on a space Y satisfies (x), then:

(@) The quotient map p:Y —Y /G, p(y) = Gy, is a normal covering space.

(b) G is the group of deck transformations of this covering space Y =Y /G if Y is
path-connected.

(c) G isisomorphicto 1, (Y/G)/p, (mt,(Y)) if Y is path-connected and locally path-
connected.

Each y € Y has a neighborhood U such that all the images g(U) for varying
g € G are disjoint. In other words, g,(U) n g,(U) # & implies g, = g-.



S&ClriOV\ 1/4 Gmehs awﬂ -ﬁree jmufv

Theorews LAH  Every subgroup of o +ree growp is #ree.

PE Lot F= <8u>°(£/r be a free grovp.

Leé él bé, A Stnbgmup.

Lejv: X= Vxe,q SI. Mo e ﬂ’,()()g F.

By ng 136, 3 Covering  Space p=y—'>>( with px(ﬂ',(?))’—' G;
L\ema Tfl()?)g G since Pre 35 'm\')e,c.(:'.ve.

Lemma 143 says any Covering  Space  OF a gmplu is j/‘afh,
Aw& the ‘undamental 9rovp of a 5&4(11'\ s a ‘Free group.

So ng ﬂ’,(?) is Lree.

=

K

F-<4,9-9592 Q%



