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Prop 1
.

30 Given a covering space p : X-X,
a homotopy ft : X-X

,
and a lift Fox-Y

offo
,
there exists a unique homotopy FtY+*

that lifts foo

Prop 1
.

31 Let p : NoX be a covering space.
Then PK :, (* ) -> #

,
/X) is injective · areAlso

, Image (PE) is all homotopy classes of loops in X
that lift to loops (not paths) in F

.

PEkerP,then pisnuhomtipin
-

P

Clearly loops lifting to loops represent elements in Image (P *) · an ab

Conversely , [g]tImage(P*) implies g =

g
1 with g' lifting to a loop,

which by Prop 1
.
30 means g lifts to a loop.



Prop 1
.

32 Let p : Fox be a covering space
with X andE path-connected.

The number of
sheets Ip"(20)) is equal to the index [N

,
(x) : H] , are

where H = P*, (*) ·

Pf Define # : Ecosets of H3- + p"(20) by P
HIg] g(1) -

where i is a lift ofa starting at E
.

& is well-defined since elements of H lift to loops.

an ab

I is surjective since * is path-connected.
# is injective sinceECHIg ,

])= ECHIgz]) implies

g. lifts to a loop in X based at Fo
,

so [gi][gz]"eH and HIg 1] = HIg2] .



We care about lifts of general maps, not just of homotopies.

Prop 1
.

33 (Lifting criterion) Let p : (*,)-> (X
, 20) be a covering space.

Let f : (Y
, yo) -> (X,

vo) be a map with Y connected and locally path-connected.
Then a lift F : (

, yo) + (X, *d of f exists if Ext(Yiyo)) < P* (t(*) ·

= Rmk (E) is obvious since 5= P***.

Y + X Ex 1
.

3
.

7: Necessity of Y locally path-connected
↓ & S

I na

b B-
&

↓ P f
Quotient mapf - an ab

collapsing 503xE1, 13

#
,
(Y

, yo) is trivial group,

but no lift exists
.



We care about lifts of general maps, not just of homotopies.

Prop 1
.

33 (Lifting criterion) Let p : (*,)-> (X
, 20) be a covering space.

Let f : (Y
, yo) -> (X,

vo) be a map with Y connected and locally path-connected.
Then a lift F : (

, 20) -> (,
Ed of - exists if fal(Yiyol) < P* (n) .)

↑

Pf() is obvious since 5 =

P*F .

So our definition of So our definition of

= will be well-defined
.
I will be continuous

.

(E) Y is path-connected since it is connected and locally path-connected .

For yet, let t be a path in Y from yo to yo
Path fr in X based at to lifts uniquely to path Fr in I based at 50.

Define 5 : Y+ * by F(y) = Full) .

th[fr' · fr] E f
* (i, /Y,

Xo)) = PE(i , (, Fo)) ·
By Prop.

1 .
31

,
frr lifts to a loop in X.

and the second half isFr traversed backwards,
so Fr(l) = Fu(l).



continuousetySinis acoveringspahomeomorphism.
Since f"(h) is open in y choose a path-connected open set yeVcft(u)·
We will show Flu = (in)ofIr ,

hence F is continuous at yo

Indeed
,
fix a path y in y from yo to yo

For eachye a pathMinfoyto With Fa= (ph)"fu mapping to U.
Thus FCV)cG and Flr = (plu)ofIv ·

I
F

b

na

-↓Pu
vengo -o antob



We also have a unique lifting property.

Prop 1 .
34 Given a cover space p :*-X and a map f : Y+ X,

if two lifts F
,

52 :-
agree at a point and Y is connected, Ethen F,= F .

Pf The main idea is to show EyeY/F : ly)= Fly)3 is open and closed.



Classification of covering spaces

Thm 1
.

38 X path-connected, locally path-connected, semilocally simply-connected.
Then

&basepoint -

preserving iso classes of path-connectedS is
, S Subgroupoacovering spaces p : (X,)-> (X, zo)

[p : (F,)+ (X,)]1 < PE(n, (FF)
is a bijection .

Rmk If you ignore basepoints
,
then you map

Universal coverto conjugacy classes of subgroups. 1 simply-connecta Trivial group Ees

Def Covering spaces p:X-X and a
L

· saY <b) <ab) .

P2 : X+ X are isomorphic if there i
is a homeomorphism f:- * L

V Apply :

vwith p= paf . av
·

-a ~ b va na ab

a
(a,

b? bab") <a? bab) (a? bab
,
ba)

* b as
b bra

-

C ↓ Lpilup ba ~ ~ a *a
,
by



Prop 1
.
37 (B is well-defined and injective

Let X be path-connected and locally path-connected .
(,) (2,)

Two connected covering spaces are basepoint- preserving isomorphic
iff Pi* (iti (e))= Pe* (i , (,E)) ·

PI
s a

P

(X
,
zo

Pf (z) P,
= paf and Pz = pif" induce (or imply) E and 7

.

(E) By the lifting Criterion
-
(Prop 1

.
33) ~= gives a lift p : X

,
- (so Pap = p .

)
,

and

- gives a lift-> * (so P,z = P2) · X , 50X
Since these lifts compose to fix basepoints

,

unique lifting (Prop 1 . 34) gives TP = 1
,

and Pip =A AD
X(E) Note p . (Papil = (P . Ez)p1 = Pap,

= P1.

PI
s a

P

(X
,
zo



Classification of covering spaces

Thm 1
.

38 X path-connected, locally path-connected, semilocally simply-connected.
Then

basepoint -

preserving iso classes of path-connectedS
covering spaces p : (X,)-> (X, zo) S B

, S SubgroupoiS
[p : (F,)+ (X,)] 1 < PE(n, (FF)

is a bijection .

Def X is semilocally simply-connected (Sls2) if AxeX
,

Ex The Hawaiian earrings are

7 open set zeU with (v)->,
(X) trivial

.
not slsc

.

To see this condition is necessary, consider the universal cover
,

Ex The cone over the Hawaiian
and V small enough to be evenly-covered. earrings is slss but not Isc

.

-

Recall X is locally simply-connected (1sc) if
it has a basis with simply-connected sets.

Note Is = SISc
.



Prop 1
.

36 (B is surjective
X path-connected, locally path-connected, semilocally simply-connected.

ThenF subgroups HC , IX,
20)

,
7 covering space p : /n,0) + (,

20) with PE,
(H)= H

.

Pf (1) Define the universal cover p:*-X with i
,
(*) trivial.

(2) Define YH as a quotient of X.

(1) X : = EEr]ly is a path in X starting at 203
·

p:- X via p([w])= w(l)·
The slsc hypothesis is used to define the topology on E via a basis

.

Can check this is a covering space.

To see thatI is path-connected, form a path I-* with

OI [to] and 1H[r] via tH[rt]
,

where Ut(s) =

Gr(s) OEsEt

((t) t = SE)
.

To see that* is simply-connected, recall P* injective · Let [W]eImage(P#)·
Image(P*) is represented by loops lifting to loops.

Note tr[rt] lifts - ,
and for this to be a loop means [v] = [v] = [r]



I l
↓ p

-



(2) For [v]
.
[c] < *, define [c]-[vi] if (Il = r'(D) and [r .FeH .

This is an equivalence relation sinceH is a subgroup
· reflexive : identity
· symmetric : inverses
· transitive : It closed under multiplication

DefineHobe thequotientspace gives a coveringsearch

We claim It, (EH ·
*) -> i,

(X
,
20) has image I

(where Fo is the equivalence class of [20])
Indeed

,
a loop y in X lifts to a loop in XH # [W]-[v] E) [WJEH

·

AI

↑
&

~ Th
or

X

H = (a) H(X)= (a ,by



Deck transformations and group actions

Let p :*-X be a covering space. The group
of deck transformations is

G(*) = covering space S& isomorphisms .
equipped with composition .

Ex (7) G(x)= /4 (8) G(x) = 21 x */

A covering space is normal if VeX
and E

,
E' = p"(z) , J heG(*) with h(E) = hEl

.

(Maximal symmetry)

Ex (1)
,
(2)

,
(5)-18)

,
(11) normal

.



Deck transformations and group actions

Prop 1
.39 Let p : (F)+ (X

,2) be a p.

c. covering

space of the p.c
.,

1
. p. c. space Xo Let H=p *)

·

(a) p:*+X normal # H normal in M. /X,
20)

.

(b) G(x) = N(H)/I
,

where the normalizer of H

is N(H) = &gett, (X, vo) lg " Hg = H3 ·

· G(x) = +
,
(X

,2)/H if p:*-X normal
.

· G(X)=, (X,
20) for the universal cover.

Ex (5) a normal covering space.
H= (a3, b3

,
ab"

,
bay.

Note bab b Hb = H.
Il

(ba)a(a b)



If(a) Let J be a path from Eo to EEP"(x0)
Deck transformations and group actions Note P*

(n
,
(,) = [r]"H[r]

for [VJE iT,
(X

, zo) withU = pos ·
[Prop 1

.39 Let p : (F)+ (X
,2) be a p.

c. covering # a · To an
space of the p.c

.,
1

. p. c. space Xo Let H=p *)
·

ab

a
-b ba

19 /pa j

(a) p:*+X normal # H normal in M. /X,
20)

.

↑
anD

(b) G(x) = N(H)/I
,

where the normalizer of H an H =La2,
b2

,
aba

,
baby

is N(H) = EgzTt, (X, vo) lg Hg = H3 · H =La
,

b3
,
ab

,
baY [w] #N(H).

b" (babb= a@H

[W]eN(H) P* (π
,
(,))#H .

· G(x) = +
,
(X

,2)/H if p:*-X normal
.

No deck transformation ElYo
·

· G(X)=, (X,
20) for the universal cover.

So [r]eN(H) iff Pa(n,
(F,Ell = pA (n,

(*
,
Fo))

,

which by the lifting criterion is equivalent
to deck transformations taking E

,
to Go

and vice-versa .

Hence p:-X is normal
=> such deck transformations exist Ep"(n)
=> N(H) = #, (X,

no
=>H is normal in It

, (X, 20)·



Deck transformations and group actions Ex The group G(E) of deck transformations
acts on the covering space * by

A group action on a set Y is a function G(X) + T - Y *
GXY + Y

,
denoted (g.g)-goy , satisfying (h

,
z) ++ h(z) 4XP

id
. y = y FyeY
g . (g . y) = (gg) . y Vg ,geG,

VyeY
.

Ex & acts on IR
That is

,
it is a homomorphism from G to the & ·

group of permutations of Y.

Ex I" acts on R
A group action on a space Y is a Ex<a

, by acts on

homomorphism from G to the 11 =
group of homeomorphisms of Y .

So does 2/4 ,

via rotations
,

1-1

The orbit space Y/G is the but not freely.
quotient space Y/2

,

where

yeg . y FyzY and gEG .
For a normal covering space *-X,
the orbit space /G(E) is

homeomorphic to X
.



Deck transformations and group actions



Section 1
.

A Graphs and free groups

Theorem 11
.
4 Every subgroup of a free group is free.

Pf Let F= X goreA be a free group.

Let G be a subgroup .

Let X= VeaS' .
Note N, (x) = F

.

By Prop 1
. 36

,
7 covering space p : X-X with px(())= G;

hence (X) =G since P* is injective.
Lemma 1A

.
3 says any covering space of a graph is a graph .

And the fundamental group of a graph is a free group.

So G = #
, (X) is free

F = 19 , 92.9.
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