CL\OLPQL/@X 2’ HOMOJogj

Assocjaées ‘Eo e_ac/Lu Space, >< A 3r0up H,\OO V‘f\e,oLSlAr‘m_q Hq& V\'(Qim&miﬂ?m) L)D/@S.

Unlike he lnomof:opy group TTV\(X), Lhe ]nomlogy group Hn(X) 18

o Jifbicult to define, ank ® tasy to compube.
There are many homology bheories, whidh all agree on nice spaces
HY%YZ:);W SHi é\g(v;\sr: \jﬂo?xo)laqy (,E,”(AIAY'HW‘E};;VW'ﬂj}/ Singm]aHr" (l;}smo)ow
Apropriate | Simpliial compleres € A complexes|  CW - complexes Topdlogical spaces
Spaces P ; b b
o a a o) a
b b !

A swplicel complex tous has o
least 7 verkices 2| edges, M trangles.




Let XY be s]mp,.‘(_ml Cemp]exes with X2V, Hﬁ(X)—-"—i Hn(X)

Homéopy ivarian ce w;” be vaem USing Smgular L)omo}ajj,, “5 homotopy

invariance

Ha (Y) = Haly)
S'gmgliqal CQmplgxeg

Def An abstruck simplicial complex on a verbex set V
is & collebion K of finite subsels of \/, mc,uﬂmj all s‘mgldang,

such tht celk ad T oo mles —<ek,

\/z VB
Ex V=8, v, va, Vs, Vu$
K= $u0?, iVR?,ql‘/z%, § ng, p Vq%/ Vq
% ?Va,Vl)}/ Ci\/o, \/1)5, ?_\/\,VL)}/ fv,/\lfs/ 3 “ ,Vq)}, ? V2, V1,7?/
SV, Ve, Vs Vo Vi

Vo

h \/:'ZVO/V\,VzrV'5‘Z> §1Mp]fc;a) COMP)&X@S aye. C\/\/ Conopl@(é.g

K= the et of al . Vo and  are given Lthe  same ‘Z:apo}ajy
Subsebs of V (the weak Jcapa)ogy).

Vs



S'm J omo for } }\" I

Let X be a smphaal complex

The ctin gronp An(X) is the free abelian Growp O the seb of oriented n-simplices wn X,

(I-e,., La(X) vs He ot of formal sums of n—Simp)ices. Tis elemenks  ave Y\-C—W>

Define He bowdacy oteador D A0 (%)= A0(X) )
Dn([%,x,,...,%]>=z-;o (-0 Lo, ., %, .., 2] and eéewﬂzwy linearly,

TWIE;M; i S rtww_x

We will show  daoDnn=0.
Hewce Tm Doy < Ker On

MT)‘M M—&imemsmml S\mplicim\ hom?/ogy

you o‘p X i) a — Ker On
I Ha (% T Do .

Ker Du 15 4he group ot n-cycles .
L Dna 15 ‘H)é 6Y0wp of N-bowdaries .




B X= A A0)=Lalo: bIo+ [ dBD: abcdeZl= 2
Growp opetdsion galjo}*“ LI+ 23+ AT5))
\ v (o' [0)« b+ [+ 4'[x3)

= (aea)[Je o)+ (ce) 3+ (A:)E]

2

— — 0]
D) =3 aloJe bLo2)+ (01,2440, Deel23: abedecZi= 77, "
We wrle o Slmp}ex oS LO,%Z wsteed  of %03} to devole Eat d i orientell [O?] B o],
Gvowp ofer wlion * (\'ﬂ,w:ﬁ 0,2) + (-6l03+23) = -2003)« 0,23+ [2,%].

A?,(X) = g &)_\;743] CRE Zi = Z .
]:\,7_,'5]= EZ,BI)] = [3,),2] (&:@er Feom [1,23] by an even pe,rmv\éaé;«aw)
b[\/21ﬂ= D,g, 2]_‘:[2, L, 3] =B, 2,'] (&'-R‘-ET From D/Z/j b_l; an odf per‘wwéméiw)

2.(I03))= (-N° 1+ () o] = I33- [0). What 15 2, (T03]+[,27) 7
91([\,1,%])=(—\)“[25]+( ) D3)e ) 23 = [2,30+ 13,0+ 0.2, ( A) / z

2,9.(0,23) = 2 (2 B.10.a)= 2, 2F- 2B.0+0.0, = (B-E)+ (E-5)« (Z-10) = 0,
2 (1) =0.



b0, L3RG« a,be Z3= Z°

\/\/11a+ obout [QU*D,Z}[Z??]* G.o] 7

B X= O]ZT Ker 9= 5 alo 0[5 Bdl) +

T 5= 9b2.[023):beZi=1),

Go HA(x)=Xerd/ro, = allo0+D3+B0)): ac 5= 2,

Ker D=0 amee 2.(0,23)+#0
Tm 23 =0 since A (X)=0
So HA(X)= Kerd /1,5, =D, X has o

b (0,3 RaE1)  be 23 =Z.
>( l’mS ong i’&imenﬂowal lnole.

Z’&(M&V\ $iD u/lpt] l’lo)é.@.



B X= OIZT Ker 9,= A, = Lalals b0+ ([23+dBT: ab e deZi= ZY,
\

2 Im7,- 3 00,100+ b2 [05)+ A T1,73+ 40 [ie D25 adyc.decZ}
= 5al(0)-To0)«b (B30 + e(B3-T3) - a,b c € Z) =2°
Sinte 'D,E\,7;:Z= -2,00 0 +2.00,3]

178 V\& D\ [—Zﬁj = _D\ [\,Zj _D\[O: U +9|E01ﬂ_

S Hi(x)= "4 5 = §alo)e H03-I3)+ ()00 A1) b, . d € Z 3 /T,
= Jalol: aéz); =~ 7, X has « Single, connected cmpanem{—.



‘Im H/]@ fw()r\io\r W/ \/\ow \M/'{»lf)\' we. Q[g_e[]%m//m@
fzm‘nmlre Kerdy = 7= pod MmN = /73/. while  also
' L 7
Liading __aeneralors 7
DOl Moo copreseaing 2,2 AM=8004) | =2
[o)) [0 [2) Tia) 23] Lo) Todl Daf [03] [23)
[l -\ -\ o 0 0 Ll » o 2 2 D
[0 )V O -l -V 0 30 O 1 0o ) |
23 0 0 1 0 =1 xfl 0 0 \ 0 -
o0 1 o 1 Lol -l v o 0 O
go‘j ZQSI 2\1! (12} 22%{ o[ Jo2l DV [13] Iz
0] 1 0o O -\ - DIl 1 © O 4 -
g |BL O | O | 1\ ~2 BB O o )
phe BT O © | O e BV O O | O -
[0l -\ -1 O 0o QO A o]l O 0 000
Do -Ted)  Tz3+la]-To3]+
[o] [oi) Dl Goil+[alsfd Do s BBl
A S Lol 1 0o o 0 D
Add w\ﬁ_:&ol:;\?ﬁ :D Qﬂé E:I‘B);l o \ O Q O
| R1-0l o o 0 U
[o] 0 D 0O D D
i webrix e ragk 2 vl v i v |
The frgd Yhreo. vuws 3iwe A memean/u st tfor IW‘(Ql)' .
e Mdaﬂn%ﬂu_gm%\nj Sed for k"f@l)- .




De-pm& ‘Hf;& loQuwQaﬂ} Q|2€_/{¢l|&[ Dn A (X) 7An I(X) L
an([%o,%,,...,’)@): (D E’X/o ., L/--- "4] aVILQ QX'Leninj }inear)j,

Tvnea; i IS ramvei

) az< A) 2 (/ f) -0.

D, (Dlﬂ) (0,7-0+o,7)= Eﬂﬂ) (1) + (IJDif) 0.

o) oo

0,0 ([01257) ([\233L02z3+f0|3j Emz])

(gg“mm) (Ce-Gom )+ (03 To+8) — (LA 3- [0+ [o)



Procf Lt OnoDne =0

Since the bondary operatos are
linear, it suffices to show Lt
aPprinﬂ anam+l -éa T 5’!/)\9’@
(n4])-simplex  gives  zero.

Note
On (n (Do, 2,,J)

On (200 (-0 Ty o, 2, oo nal]
Zoci (40 (N Lo, o, 25,0, 22, o, 2w d)
t 2ig )" () Loy, 2, .0 2, ...,7¢w1—|_1>

=0 )oy Symmefry (cawcdmﬁ (m—l)-S'umpJ;cés n ()airs).




Simplfcml l’lomofogy for A—Complexes 1'}0 n > v, v,
The H-Simp'ex Aﬂ }ms nd  ordered ve,r‘/:ites, % b2 Q3
% n UO V.
LL{: A= N\ be Hhe oflen w—simp/ex 2
UO > Ul A

M A A- COM?’&K structure on space >(
15 & colleckion of maps  Toc' A= X such ot

® lir is njective and Fhair images parkikion X Th &Qje ocders  Jetermine the
Re,sjcrd;mg o N>X to a face gives  Some verkex order i any Simplex
Jg : A“ldx where AMCA is order preserving, verdex L has 1 e,néermg eoges
® AcX s open & o (A) 15 0fen ia A Y, in that Simplex.
T:ov Y v me: ow % v koy P o
|
U U U
a C Aa a C Yya ap C a
' L o L
> 5 [¢] - 2




< D

7
2
& T\ne, &u\v\ce IAH: 18 oﬁ& a
o A-complex, . l .

E_X oc PR, not & A—cowplex E_X 15 «a
since the restricted A . A-complex,
$ face  maps are not

~ a order - pV‘?—Se,Y‘Villg .

E_X Evug 5mp]icia| Cowp]ex >< 15 a A’cawplex,
with one o A'>X  Lor each M—Simp’ex.

Si )(L'a) (@) leKéS < A’ (o )@(&5 cCw Cowpl&(e§
e N /ﬁ Aside Thm 20.5

Asi(ﬁe, Ex 2—5 on HméoLer {)age l%} Sl«ows % 6L0w5 (.Vb/y C\4/ cowpléx

He 204 baryce,wi:ria subdivisiomm  of * is \Aowohpy eabw'Vm[cm@

a A- co\mple)( 15 a 5imp|i(_inl (,omp’Q(.% Lo A S'.m()]idal Comp/ex.
e\




Simplfcml l’li)mo{ogy Lor A‘COV”!?I@XZS 0 \
Lt X be a  A-complex

T}MM@HM{Z Aﬂb() 1S 'l:he -Frea aloe,)iav; Growp 0N H,e, 5@,{ of dx A"——vX \

Av\ (X)= %Zx N« Ve 1 WN"AVI—QX/ N € Z, -ﬁl\i{tly M ony Neg lew.uuz. / \

Define Hoe loauw&aﬂ! QQ@@}&[ Dn : An (X) — An_,[X) ]?y J«“;
DV\(@)’: ZL:O (_DL T \E'xa,_..,ia‘t,.u,mj aWQ eX'LeV)JMj }inear)j,

l—e""”""—ﬂz', an 2 9n~+\= O

PS Lot oo A" X, Note
9n9n+\((ﬂx)=

= aﬂ (ZT“D ) \ffxo,...,f)?,;/...,%n3>

= 2ya () C ) culere,. B, . By - a3
T S

= O‘

MT}M M-&imemSionM S\mplicim\ harha/agy

roug of X s 5 _ _Ker on
i HA(X) Tm o1




U
Ex23 X- torws @ ¢ 4 2, (V)= 0
L
v b v 9| Ca)=v-\/: 0
0 2 ) 2 al (b}" v-v=0
LX) =5 A, (%)= A (x) 2= 4,002 0 D, (O=v-v=0
1§) 15 1)) (1)
0 7t VA Vi Dy (W=h-c+a =a<b-c
U, L o, b, Vv D, (L) =a-c+tb=n+b-;

KeeDy has basis 35 and Twd=0 = Hp(X)= K"%M,%Z.

Ké,\/g \/Imﬁ bmS'\G gm,b/c% or ga/b/a+b_c7> — U9 [x) \r O, 5
L 9—: hes  basis Sasb-c} K H‘(> 7

(’K@( sz \’loe bms‘\s U’L = HzA(X);’ Ker 2z =~ Z.

IVW ’()—5 ‘O twgq

%j Dl[pUJrﬂoL):p(mb—c)—k[{)(mb-c)‘—’a = %:~p,



U
Ex X= Klein botde @ c . 2 2,(v)=0
v b v 9. Ca)=v-\/: 0
7 3 2 7) ()= v-v=0
A’;[X) T Al(X) =5 A,O() "—7Ap (X)—i) 0 0, (O:\/—\/—“O
1§) 15 1)) (1)
0 /" z° Ya Dy (W=h-c+a =a<b-c
U, L o, b, Vv 9, (L) =«a =a-b¢

Keeds has boss I and Twdi=0 = HA()= %527,

K&/Q l/lmﬁ bﬁ\S'\G gm,b,czg s a X): l@ -
L 9; hes  basis latb-c > H, ( /2
Kef 0q = P ~ Koy o2 ~

IV"I 9'57:0 g H?(X>" Iw?q— O.




U
w24 X=RpP* a ¢ fa 2, (V)=0
L OLW =O
v b w
()= w-v
M0) 25 4,00 25 A0 25000250 9.(5)= w-v
I§ s s IS 2. (O=v-v=0
0 /" 7" 7
U, L o,b,c V, W 97,((/): L)-(HC,: ~ath+c
Dz (.1—)'—"— a"]()‘*'c

Kerdy has  bosis %v,w7> o Si\f,\/\)—v-s s ~ Kerd .
Iw"t)‘ has basis Sw-v? ? Ho( X)== Twm 9 =Z.

Kevd, has bosis 3a-b, c% or Sacbe, 3 = H[¥)= Kerd, __ z
IW\ D—L hes bmg\s 5’ -0 19+C o- b‘f‘[_} or {a—b+c/ Zc% \( Twdz /Z ‘
K&f Drl = O = Hj(x),\, Ker?z ~ O :

IW‘ 9—5 = O I—w?'}



Ex 2.4 v\—s,ohere, g"

0ne A’wwplex Sémoéwa consists  of Ltwo &
V]—Simph’ces, U and L, 3|meﬂ 'éoga\goer }ory o1
H\eir Common bouch&ry v

Ker D has basis §U-13 — M Cg =7

T_W\ anf\ =0
More 3@nerm\lj, A 7 v=0
H L(Sm) = O |< i€ n-l & Ce,nu\ar homo'aﬂy w;“ give &lSi}j
Z =n
O vzne

Glaeehion. Ts HA(X) indepondedt of +he A~ complex Sbandure on X7
M Does X=Y umply Ha (X H(Y) 7

h { '
M YLS\ aw£ 'yLS“, as we Wi” Show usmj Smgular l‘mmology,



Sihgvx‘ ar l’lvmo{oay

Let X be, OL“ JCopo‘ogica.\ Spoce.

i = s a map A =X, '
Th&émm Cﬂb() is the free abelan Growp On H;e, sel 01[ Singu)ar n—;imp)icaS. i }
C,\ (X>= %Z,( N Ve \ G AN-X N € Z, —ﬁA:Jceb Moy Nee nwnum%, ° :

Define Hee )oouwﬂary Op@rml,or On Co (X)"" Cn_.(X) @
DV\(@)’: Zz;o (_DL Qx \E'xo,_..,io‘,_,m,mj aVILQ E,X’L&/)(Lnﬂ }inear) .

M aﬂ o 9»’\-{-1: O
ﬁ Let G‘w'-AMIA)(, Note
9n9n+\(0—0() = a" (ZT“o —l)L T lg,c,,,..,&‘zl ,,,/74,,.3>
= 25¢ () ) Cultwe,., @), oy Biy ooy 2a
+ ey (VOO 0l ey, By oy By o)
1 00

MT}M M—&imemSionM angmlar homa/agy
group of X s Ha () = Ker on

IV"\ 9VI+\ .



hommarpkc

¢ A&mn-&qg& : C)&arlj ng = H,(x)=H, ()/)
A‘SOI we will  show Xx)/=) Hﬂ(x)g Hn()/)

homobopy equivalent

o Disaﬂvavrlmge'- ’@p;ml[j Co(X) is e dimensional  Lor all 1.

o bk X be o A‘Compjex, Thn 2,22 will show  Ha(X)=Hn (X),
Hence Ha¥) s Linitely generated i X is o fisibe A-complex,

which & priori s ot clear, - o

vee ™ Coa () — C(X)

7 Cw—\ (X)_’%...
© Pop 26 M, (U, %)= @ Ha (X,

¢ P a7 H(=6..2,
where A is b set of path-components of X,

PE Sketch HO(X)= C"CX)/iw, 2, . For X+ homomorpl\'lsvvl Tm 9 < Ker s clear
£ ((X=Z  via T ngGx— Za, 5 suijeckie.
For X pa%—connecéeﬁ, Hatcher  Shows Ker ¢ = Tm 9, , K@f 2 < Iwmo, §

giving Ho(x)‘—’ COCX)LMD. = CD(X)/Keri = Z—.



¢ M Hv. (p‘{:)z O ‘For YIE:L.

E.:%uagm%cm (02 ()20
v 7 v VA VA

For X+@, +the r@&uce& homelogy  H,(X)
satisfies  Ho(X)Z W, (X0 Z
ound. Ha (%) = H() Y21,
1t i defined as the homology of the (hnin Complex

5005 (02N E 7 — 0

EYI Oy — En,x



\’\omeo‘Dg vaowiou\ce 016 §ngu]ar HOMO)agy

Corollary QN X=Y =2 W.(%) = H, (V).

T%e QTOO‘F Wi” wse (llﬂd)ra'\l— '\CDF‘VM‘]SMS 01£ C\naﬂn (‘_omplexas, C\Min mes, awk C,l'la'ln ‘/wvmnéopizs.

Def A cha

W2 e (25 (2

N+l

W'IHII 'Dc,"'a;,ﬂ';O \/L.
Do On

—— CYH‘__N'; C—V'_’_) Cw—l—j.-.

51*\\‘, ~ ’§n1« 6% S""‘\l/

/ /
o Cn-u"a'_n“; Ch_g:’ C\ln—\__’...

A chain map s QU
Couecn’;iom OF ]’\ovvmvnorpl'ﬁsv'vf

me 29 A thwia map induces l'u?vwowor()hism Ha (C.) = Hn (¢
PS5 maps KerDn 4o KerDn  sice 0ax=0 imglies
So wops T Own ¥o TmnOan st Sa(Dnn )= v (S0 B).
So we get an nduced  homomorphisw

Co 5 a Seq\ence of abelian groups and. homomorphisms
With $.9.-9.5 Vi,

af: (&\ °()= ’gn—l(an °()= ‘S:n-\(o)'—'O-

Ao S )

deLined bj X+ Lm et + & () + Ty One Loc o€ Kor Db,
Lot [+ 5ne]



Two Ll'\ain Vmps __)C/ﬂ: C.—7 C, ave C,lﬂm(\ vavnQ};aQ]g, 'l‘F H’!U‘&
Are homomorph.‘wws P:Co=Cop with OP+PO= §—3 .
R

P — C—vm V-1
Sver (Jame 2% Q /5 S Yom

o G G G,

PCO[Z 212 Chain l’low\a{-opic Chain maps
uce  the same  howomorphism on howslogy,

P_g' I—F Xe Ke,an, ‘H\en
Gt = Gad = DenPoct — B Do = BoaRot, 50 For Lde Ha(C.)
S’n X + Imglm—\ = 9n«X +I\M 9§n+\ . ['S:v\ D(] = [._@n"a .

As‘\&e le)ain Camp)exeg me map; ‘Porm a tha&) Ca-\LGyO/j\)
Mecning you (o do haMopj \%eoy on ‘qum./
Other male)  calegories indude Aopological spaces, Simplicial sets and Speckra,



Back o A map §: XY of spaces  inluces I ;
§Pacé$./ S’#'-Cw()()’a[w(?/) Vn  defined bj OZAL A
§#(Z«Wq0})= 2 N5 (here g A" X,

lWL
Note Se0= D5 Snce ><
ls

_§+k oF = g&(z_i. E)k T]Evo,..., %, - Vﬂ)
= 2.0 § oy oy @, - vid)

= D’&:G‘. m Y
SO ’g:t!;" CoO()_)C.(\/) 5 a ¢ hain map. &

o Cha () 2 G0 —E €, ()
Sk | 5e | %
cee _HKV\-('I (Y) T CV\(Y)T Cn-l (\/>’—'% cee

Prop 2.9 g'\vas an induced Map %,(7 Hn(X)ﬁHnW) \/VI, OQ&@MA @

g* ( X + IIM 9,:”) = g—_ﬂ-:o( + I BV]Z\ ‘Qf X E K@r‘ 9:6 p
S (Tod) =[5 o]

? X X



HOMology S Qa -Fumc%ar\ -@rom Spaces 'Lo &Jo&hﬂm grDMPS.

X ——Y 252 X
$
Ha() 25 W, (Y) 255 Ho(2) H, (¥)
(95)% = 955y

Tded, for o€ HW(XZ e, & KeeDn, we have
O Sx Tocd = Gy LS o]
:[9&4&04

= [(69& 0(]
= (g £y [l

1




\’\OWIO{’O‘Dlj IV\V&LN&.Y\CQ O‘F gngular HOmg}ogy

Thw 210 TF fin0 mags gg)(”Y of spaces  are homotopic,
‘H‘m Jchzy e the  same l’\OMDMorphisrw -§*=9*= Hn(ﬁ% Hn (\/>.

Corollary 9.1 X=Y = W, (X = H. (V).
S
D5 o 2.1 >(:’;;>\ () == H.(v)

I
gac'«” Iy = 9efe-= (14)s = 1 ho
Co= 1y = Ff9e = Ly,

Pfof Thw 210 We will build a chain homotopy
P: (V)= Cou () wibh P+PO= gu- £y,




Pf of Thm 2.10
/,\” DE
x §0} = [va

Vﬂmw

Sm\o&m&e Aw x T

Vo

ko

(n+) = dimensional simplices

[\/o, Vw,

):Vo, . Via,

):Vo, V(,, ,
Lv.

J

oy
]
J

L@"Z FX I—>>/ bQ o L}Omo‘l’iopy WH/|

F(‘,O)=‘G ond ( fL) 9.

Gm/ew o Singular Simg x & A"= X note
o[oxf): A xI—exxTa—ﬁ

A‘\

2, \7

\‘k
JIV

Define the prism operatocs Pn Cﬂ(X — G (Y) by

an .

P(ﬁ') Z (\) F G‘xﬂ IL’v

\I\/e, w|” Sow ‘HHS 9|v&s a d'mun )‘)owm{-v

an  hence ‘S:ar:"g;k Ha (%)= Hal (v) \oj Prop 2.12,




Recall a chain homolopy sakisfies
anilpn + Ph—laz\( = Ou - Tu

P Ca (X)

%%

) = Gy 57 G (Y)-...

Y
’am—l

- §.- P2
botlom Sides

/
.
.
i v
.
.
.
’

s Ca) s C s ()= ...

\!\/2, Ca\f_m|a1l:e i
P (D)= 2 ey (V' Folowd) |5 v, . wi]
= iSéL (‘\)L('D') F"(T*ﬂ) \:v,v, Vi, Wi, .., Wnl
"'ZL’—{; (’\)1 (’DW Fo (0‘ x 1) 'Ev.,, ey Vi, Wi o, W5, .o W)

T\ne {:erms Wi\lrl’l L=) (_a_nce,) ,
Do, ooy Vi Yo o ., ]t s g SO
):_Vo, s Vi, I, Wy -, Wal = Sewnd Sum h—simplius
except for
Fol(ox 1)\[\’/\.,,%,..., wal = 9°T = 4T
AV\&

~Felotlo, v @am-Fo = -Sus (1o

The Lerms wibh i*) are exactly ~PAlo) since

P2 (W)= % (i]:o (’ DJ q lC'xa,..., x5, ..., %«])
=20 (- D (- )} Fo (W]].)ltw,..-,v-u, Wiy o) D5, W) [
+Z3<L ("l)w ('l)j FO(W" ﬂ.) \cv,,,...,?;,.,.,v-u,w;, ey W] (ques)



