
Chapter 2 : Homology

Associates to each space X a group Hn(X) measuring the n-dimensional holes .

Unlike the homotopy group in (X)
,
the homology group Hn(X) is

difficult to define
,
and easy to compute.

There are many homology theories
,

which all agree on nice spaces.

Homology Singular Homology Cellular Homology Singular Homology
Theory Hi(X) = Hn(X) Hn(X) Hn(X)

Appropriate Simplicial complexes -

> A-complexes CW complexes Topological spaces
Spaces... 5...... 3 b
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A simplicial complex torus has at

least 7 vertices
,

21 edges
,

14 triangles



Let X
,
Y be simplicial complexes with X=Y

. Hn(x)= Hn(x)
Homotopy invariance will be proven using singular homology! Il) homotope

Hh(y) = Hn(Y)

Simplicial complexes
Def An abstract simplicial complex on a vertex set V
is a collection K of finite subsets of V

, including all singletons,
such that reK and tC implies TEK .

Vz · V3
Ex V = Evo

,
V

,
Va

,
Va

,

v 3
#= Evo3

,

Ev,
3
,
5v23

,
Eva3

,

E V, · V4

E Era
,
vis

,

Evo
,

vab
,
Ev

,
vb

, Evva, Ev ,
B

,
Eva

,
v33

EK
,

Ve
,

V33 Vo Vi

· Vo

Ex V= Evo, Vi
,
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, va3 Simplicial complexes are CW complexes,
k = the set of all V... v and are given the same topology

subsets of V (the weak topology) ·
V3



Simplicial homology for simplicial complexes
Let X be a simplicial complex.

The chain group An(X) is the free abelian group on the set of oriented n-simplices in X.
(I

. e
.,
An(X) is the set of formal sums of -simplices . Its elements are n-chains .

Define the boundary operator On : An(X) -An-(X) by
On([ko,, .

.

., kn]) = Zeo (-1)"[to, ...,
Ei

, ...,
en] and extending linearly.

↑
means ti is removed

We will show Onodnt = 0. An+ (x) =c An(x)=- An (X)
Hence Im Onti < Ker On

In+(X) In(X) In+(X)
Def The n-dimensional simplicial homology Ker On+ i

Ker On Ker On-
group of X is

Hi(X) =Kero ImOn+2
ImOn+

ImOn

Ker On is the group of n-cycles .

Im Ont is the group of n-boundaries
.



Ex X=

0.3 Jo(x)= Ea[o] + b[i]+ c[2]+ dE] : a
,
b
,
cdeL} = 14

.

Group operation : (a[o]+ blij + c[2] + d[3])
1.2 + (a'[o] + b'[1 + c'[z] + d'[3])

= (a+a)[o]+ (b+b)[] + (c+c)[z]+ (d+d)[3]

03

1, (x)= [a[o , D + b[0,3]+ c[ ,2] +d[
,3] + e[z] : ab

, c d,et[3=
5

.

>

We write a simplex as [0,
3] instead of 30

, 33 to denote that it is oriented : [0
. 3) = - [3.

0].

Group operation : (4[0 ,
33 + [1

, 23) + 1- 6 [0
,3) + [2

,3]) = -2[0
,
3]+ [1 , 23 + [2

,
3].

Az(x) = Ea[ ,
23] :a[} = 7

.

[1
,
2

, 33 = [2
,
3

,
13 = 13

,
1
, 2] (differ from [1,

2
,3 by an even permutation)

- [1
,
2

, 33 = [1
,
3

, 23 = [2
,

1
,

33 = E3
,
2

,
1] (differ from [1,

2
,3 by an odd permutation)

&, ([0 ,
3]) = (- 110 [33 + (- 1)' [0] = [3] - [0]. What is 0

,
(10

, 33+ [3
, 23) ?

3
.. 3

&2([1 ,

2
,33) = ( 1)

%

[2, 33 + (1)' [1
,3)+ ()- [33 = [2 , 33 + [3

, D +4
.
2

. 02). o.)= : L &

: > ..2

2

0, 02 ([1 ,
2

,
33) = 0

, (52,3] + [3
, 13 + [

,
2]) = 0

,
[2, 33 + 0

. [3. B + 0
,
4

, 2] = (E-E]) + (E-*3) + (53-[B) = 0.

00([2]) = 0
.



Ex X=

0.3 Kerd ,
= Ea([o,

B+ [1 ,3]+ [3,0])+ b([1 ,
23+ [2 ,3]+ [3,) : a

,beT = I?
What about [0

, 1+ [1,2)+ [2
,
3]+E, 0] ?

1.2

Im 02 = Ebbn([1 ,
2

,33) :be3 = [b([1 ,23+ [2
,
3]+[, 1) : bEFB =E.

So Hi(X) = KerO/Imo = (a([O,
B+ [1 ,3]+ [3.0]) : ack3=X .

X has one 1-dimensional hole.

Ker &z = 0 since 02([1
,
2

,
33) +0

Im 03 = 0 since 1s(X) = 0

So Hi(X) = Kera/Im& = 0
.

X has no 2-dimensional holes.



Ex X=

0.3 Ker do = Do = [a[o] + b[i]+ c[z]+ d5] : a
,
b
,
cdeLY = 14

.

12 Im = [ad [0 , D+ ba, [0,3]+ ch
,
[1 , 2]+ do

, [1, 3] + ed, [2,3) : a
,
b

,
c

,
d

,
eE2]

= Gal[i] - [03)+ b([3]- [0]) + c([2]- [13) : a , b, cEL}=
3

Since 0 ,
[1

,33 = -0
,
[0

, B + &, 50,33

and 0
.
[2

,33 = - 0
, [1, 23-0

, [0,]+0
,
50

,3]
·

(Using three edges,
we can walk from any vertex

to any vertex.

So Hi(x) = Kerdo/Ima = [a[o]+ b(-[ob) + cl[3]-[0])+d([z] - [13) : a
,
b

,
c

,deL}/Ima ,
= Ea[o] : aELS = D

.
X has a single connected component.
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Define the boundary operator On : An(X) -An-(X) by
On([ko,, .

.

., kn]) = Zeo (-1)"[to, ...,
Ei

, ...,
en] and extending linearly.

↑
means ti is removed

ad))= a(-) = 0
.

7

0
,
02 ([0, 1

, 23) = 0
, /[1 , 23 - [0, 2] + [0, 13) = (E) -[/) - (E]-[0]) + (IB-503)= 0

.

00z)i) = a) ) =
&&3 /[0,

1
,
2

,33) = &
. ([1 ,

2
, 33- [0

,
2

,3)+ [0,
1
, 33 - E0

,
1
, 23)

= ([23-33 + [x23)- (5233- [03] + [023) + (E-533+EB) - (EX3-EN2]+[T)
= O

.



Proof that OnoOn = 0 An+ (x) =c An(x)=- An (X)

Since the boundary operators are In+(X) In(X) In+(X)
linear

,
it suffices to show that Ker On+ i

Ker On Ker On-
applying OnOnt to a single ImOn+2

ImOn+
ImOn

(n+ 1) - simplex gives zero.

Note
On (On+i ([zo

,
e

, ...])
= On (Z (-1): [to

, ...,
Ei

, ..., En+])

=
= O by symmetry (canceling (n-1)-simplices in pairs)·



101

~Simplicialhomology for A-complexes

The n-simplex &" has not ordered vertices
. 12

13

Let = 5 181" be the open n-simplex.

Def A S-complex structure on space X
is a collection of maps5o : 1"- > X such that

Jolin is injective and their images partition X .

The edge orders determine the

Restricting Jo :-X to a face gives some vertex order in any simplex :

5 : A
*-X

,
where 125" is order preserving .

Vertex i has i entering edges
AcX is open # To"(A) is open in 1" Fr. in that simplex .

I 2

/

00 2



-a
&

2

Ex The dunce hat is am - a Da S-complex .

8
7

I
a

Ex
an - a

is not a S-complex Ex is a

since the restricted - A - complex.
7 an na
a face maps are not
↓

-a order - preserving . 17

&
a

Ex Every simplicial complex X is a S-complex,
with one 5 : A-X for each -simplex.

Simplicial complexes -

> A-complexes ECW complexes
Aside Thm 2C

.
5

Aside Ex 23 on Hatcher page 133 shows

is homotopy equivalenttheebaycentrisudden



~Simplicialhomology for A-complexes
Let X be a A-complex.
The chain group An(X) is the free abelian group on the set of J : 1"-X

. "
An(X)= Ezenetol to :g"X

, not], finitely many no nonzeros .

Define the boundary operator On : An(X) -An-(X) by

·

Ir
.
"

On(t)= Zeo (-1)" Tole...... and extending linearly.

G..

Lemma 2
.

1 OnoOn+ = 0.

Pf Let to : A "*
- X. Note

Ondn+ i(ro)=
= On(I (1: To le..., ...,) An+ (x) =c An(x)=- An (X)
= [ii (1) (D" Walto

,...j ,
...,i, ...,+B

In+(X) In(X) In+(X)
+ [uxi (5 (1)"Golto,...,a , ..., Ei,..., enti]

= Do Ker On+ i
Ker On Ker On-

ImOn+2
ImOn+

ImOn
Def The n-dimensional simplicial homology
group of X is

Hi(X) =Kero



Ex 2
.

3 X = torns Go (v) = 0

0 , (a) =

v -v = 0
0

, (b) = v- v = 0

As(x)= A
,
(x)= 1

,
(x)=1

.
(X)700

, ( = v -v = 0

IIS

I 2 i [ G(v) = b- c +a = a +b - c

V
,
L a

,
b, ~ &z(L) = a = c +b = a + b - c

Kerdo has basis Evb and Ind=0 = H(X) = Kerb/Ima
,
Fl

.

Kerd
,
has basis Ga,

b
,
ch or Ea ,

b
,

a +b-chHi?Im 82 has basis sa+ b-ch

③
Ker Oz has basis U-L

=> H(X)=rIm 03 = 0

# (2(pV + g() = p(a+b -c) + g(a + b- c) =0 E g = -p .



E = Klein bottle Go (v) = 0

0 , (a) =

v -v = 0
0

, (b) = v- v = 0

As(x)= A
,
(x)= 1

,
(x)=1

.
(X)700

, ( = v -v = 0

IIS IIS

I 2 & [ G(v) = b- c +a = a +b - c

V
,
L a

,
b, ~ 02(L) = a - b + c = a - b + c

Kerdo has basis [v] and Ind=0 = H(X) = Kerb/Ima
,
Fl

.

Kerd
,
has basis Ea,

b
,
ch or a

,
b

,
a +b-c

=Hi(X)ImO2 has basis Sa+ b-c
,
a-b+c) or Ea+b-c

,
Za

Ker G = 0 it
Im 0z = 0

=> HE(X)= ↳

it



Ex 2
.
4 X = RP2 Go (v) = 0

Go(w)= 0

&, (a) = w - v

As(x)= 1,
(x)= 1

,
(x)= 1.(X)- 0 0

, (b) = w - v

IIS 0
, (c) = v - v = 0

I 2 & 2
V

,
L a

,
b

, < V
,

w G(v) = b - a + c =a + b+ c

02(L) = a - b + c

Kerdo has basis Ev
,

W3 or Evw-r3 => Ho(X)= VerInd
, has basis Ew-v3

Kerd
,
has basis Ea-b

,
3 or Ea-b+c

,
3 =Hi

Im O2 has basis 5-a+ b+ c
,
a-b +c 3 or Eabc

,
23

Ker G = 0
=> HE(X)=Im 0z = 0



b
Ex 2

.
4 n-sphere Sh &

j
One A-complex structure consists of two

C
j E

n-simplices,
W and L

, glued together along =m
- -

-
- - -

- --
an ab

their common boundary.
a b L
L

Ker On has basis EU-L3
=> Hi(5) = L .

3

a
Im Ont = 0

i= 0More generally

Hils4 = L3 li= n+ = Cellular homology will give easily
i= n

O i = n + 1

Question Is Hi(X) independent of the A-complex structure on X ?

Question Does X= Y imply Hh(X)= Hi(X) ?

Answers "Yes" and "yes"
,

as we will show using singular homology.



~
Singular homology
Let X be a topological space.

A singular n-simplex is a map c:-X. "
The chain group (n(X) is the free abelian group on the set of singular n-simplices.

((X)= Ezenetol 50 :g"X
, not], finitely many no nonzeros .

Y
·Define the boundary operator On : Cn(X)+ (n-(X) b

On(t)= Zeo (-1)" Tole...... and extending linearly.

Lemma 2
.

1 OnoOn+ = 0.

Pf Let to : A "*
- X. Note

Ondnti(ro) = On (E (1: Tol... ...,) (n+ (x) =c (n(x)= (n , (X)
= [ii (1) (D" Walto

,...j ,
...,i, ...,+B (n+(X) Cn(X) (n+(X)

+ [uxi (5 (1)"Golto,...,a , ..., Ei,..., enti]
= Do

Ker On+ i
Ker On Ker On-

ImOn+2
ImOn+

ImOn
Def The n-dimensional singular homology
group of X is

Hn(X) =
Ker On

Im On+ 1 ·



homeomorphic

Advantage : Clearly XEX= Hn(x)= Hn(X)
·

Also
,

we will show X= Y => Hn(x)= Hn(X).
homotopy equivalent

Disadvantage : Typically Cn(X) is infinite dimensional for all n.

Let X be a S-complex.

Thm 2 . 27 will show Hn(X) = H R (X) ·
Hence Hn(X) is finitely generated if X is a finite A-complex,
which a priori is not clear

.

...

- (m(x)= ((x)=(n+ (x)-...

· Prop 2 .
6 Hn(HaXd) = # Hn(X)·

· Prop 2 .

7 Ho(X)= FeaL
,

where A is the set of path-components of X
.

Pf Sketch Ho(X) = Co(X)/[mo
..
For X* 0

,
homomorphism Im &, c Ker E clear

.

E : Co(X)+ via Inor Ind is surjective ·
For X path-connected,

Hatcher Shows Ker EF Imd
,

giving Ho(X) = co(/Imo
,

= Co/Kers = I
.

Ker 3 Ind

,



Prop 2 .

8 Hn(pt) = 0 for n21
·

Pf...

For X**, the reduced homology Fn(X)
satisfies Ho(X)= Fo(X)@I
and Hn(X) = Fn(X) Fn = 1

·

It is defined as the homology of the chain complex

... ((x)= (
,
(x)+ ((x)= -0

Int Ind



Homotopy Invariance of Singular Homology

Corollary 2 .
11 X= V => Hn(X) = Hn(X)

·

The proof will use algebraic formalisms of chain complexes,
chain maps,

and chain homotopies .

Dechaincomple isa sequenceofabelian groups and homomorphisms

A chain map is a
...

- C+ Cn(n+

...

Co

collection of homomorphisms Entit A fat a fail With Findi =Difi Vi
.

↓

...ChCh ...
Co

Prop2 .9 A chain map induces homomorphisms Hn(Co) -> Hn(C !) En
.

Pf En maps Kerdn to Kerdn since And = 0 implies On (fndEn(nd= fr+ (0) = 0
.

En maps ImOnt to Ima since En(OntiB) = On (fn+ B) .

So we get an induced homomorphism Hn(C.)=ro=
defined by & + Imbutfuld) + India for de Ker On

.

-

L]> [Eno]



Two chain maps f, g
: C

.
-C

. are chain homotopic if there
I

are homomorphisms P : C
. -Co+ with 0 P+ P0= f -

g .

...

- C+ Cn(n+

...

EntLightEnflgn Pr Fonthga

...

-ChCh ...

Prop 2
.
12 Chain homotopic chain maps

induce the same homomorphism on homology·

Pf If rekerdn
,
then

End-gnd = OhPnd-Prand = OnPre
,

so For [o]E Hn(C
.
),

End + Im@n = gnd + Im Bn+. [fnd] = Egnd] .

Aside Chain complexes and maps form a "model category",
meaning you can do homotopy theory on them.
Other model categories include topological spaces, simplicial sets

,
and spectra ·



I

Back to A map fix-X of spaces induces
-v

spaces. fr : Cn(x)- (n(t) An defined by ·if (zont) = Zonotro (where roid" -X)
.

u
Note 50 = Of# since

= x

for = fr(zi (De Tev,...,
, ... ,

Vn]) ↓ f
= [: (1)"folivo, ...,i , ...,

un])
=#5

·

So f+: C.
(X) -> C

. (X) is a chain map .

**
...

- Cn+(X), (n(X) (n - , (x)- ...

↓ ↓ ↓
...

- (n+ (Y) (n(t) (n+ (Y)+...

Prop 2.9 gives an induced map f: Hn(X) -Hn(X) En ,
defined by

fa(d + Imdr) = f + ImOnY for de Ker On .

fx([d]) = [f+ ·]



Homology is a functor from spaces to abelian groups .

X
f

-X9 ,Z X > X
Ix

-of

Hn(X)Hn(Y)* Hulz) Hn(X) < Hn(X)

- #x= 1
Hu(x)

(gf)* = 9*5*

Indeed
,
for [OJEHn(X)

,

i

. e. NeKerOn
,

we have

9* f* [0] = 9* [f+]
= [g+ f+]
= [(gf)+ -]
= (gf)* [a]



Homotopy Invariance of Singular Homology

Thm 2
.
10 If two maps fig : X-Y of spaces are homotopic,

then they induce the same homomorphism 5** 9*: Hn(x)-> HulY·

Corollary 2 .
11 X= V => Hn(X) = Hn(X)

·

Pf of Zoll
. X Hn(X) *)Hn(Y)

9

gf = 1x = gxf* = (4x)* = 1Hn(x)
fg = 1y = f x9* = 1Hult) ·

Pf of Thm 2
.
10 We will build a chain homotopy

P : C
.
(X)+ C

+
(Y) with &P + PO = 9-f# ·



Pf of Thm 2
.
10 Let F: x xI-Y be a homotopy with

Flo ,
0) = f and Fl ·, 1) = g .

A x [13 = [Wo
, ... Wn] Given a singular simplex + : -X

,
note

An + 503 = [Vo
, . 00 ,

Un] Fo(tx1) : 1"x1+ XXI- Y

....:
Wa

wo. W, 9
J

Wo

... W
yearprene.me
-

-> :1 f

V.V
V- In X --

F Y

Subdivide 1"xI into =-

(n + 1) - dimensional simplices
AxI XxI

[ro, ... Un
,
Wn] Define the prism operators Pn : Cu(X)-> Cn+ (Y) by

Evo,
...

U
,

Why
,
wn] Pn(t)= [Eo (-1) "Fo(x1) /Ivo

, ...,
Va

,
wi, ..., wn] .

[Vo
, ... Vi

, W, ... wn] We will show this gives a chain homotopy,
and hence f* = g*: Hn(x)+ Hn(X) by Prop 2012 .

[Vo
, Wo , 000 Wn]

·



Recall a chain homotopy satisfies We calculate

OnPn + Pn-in = g - f &P(r) = & [Eo (1) " Fo(x1) /Ivo
, ...,

va
,
wi, ..., wa]

= [ii (-D
:
(1) Fo(tX1) /vo, ..., ,

. . .,
Vi , Wi, ..., wn]

...Ca(X)((X)(m(X)+
...

+Ziej (-1): (1):
+

Fo(o +1) /IV, ...,
vo

,
w......, ...

Wn]

Pr /9 Pn
The terms with i=j cancel

canceling
...Cm(Ct(m(Y)+... [Vo, ...,

Vie
,
Vi , Wis ..., Wh] first sum

, j interior

[Vo, ...,
Vie

,W,
Wi , ..., Wn] second sum n-simplices

except for
i

.
e. &P= g#-f1-PG Fo(tX1)Ev

, wo ..... wnS
=

got = get (top)

top bottom sides and

....:
Wa

- Fo(x1)/tvo
, .... vn, w]

= -for = -f+ w (bottom)

Wo

... W

The terms with its are exactly - PO(O) since
1

PO(t) = P([o(-1): & /Exo
, ..., Ei

, ...,n])

V- =Eww Set


