
Exact sequences and excision

Recall a chain complex C. is a sequence of abelian groups and homomorphisms
... Ch+C

...
With Goda = O Vi

.

Def A chain complex...-> Cn+C Cn-t
...

is exact if Im &=Ker On En
.

So homology measures how far a chainI complex is from being exact. (
Ex(i)0+AfB is exact # Kerr = O

AfB + 0 is exact # Ima = B
O-AGB + O is exact & is an isomorphism
0+AfB8)+ 0 is a short exact sequence (SES)
=>& is injective,

B is surjective,
and Ker B = Ima

.

In this case
,

C = B/KerB = BlImd B/A .



Def (X
,
A) is a good pair if AcX is Rmk The idea behind & : Fn(X/A)-> Fn(A)

a nonempty closed subset that is a deformation is that an element zeFn(X/A) is represented
retract of some neighborhood in X

. by deCn(X) with do a cycle in A whose
-

homology class is [00]=: xEHn(A)
.

* Ex X a CW complex ;

A a subcomplex X
X= D2

Thm 2
.
13 For (X

,
A) a good pair, Ca de ( ,

(x)

there is a long exact sequences (LES) OdeHo(A)

#(A)i*
"

< Fn(x)* FIn(X/A) G
X= D3<Fm(X)<Fut tan--

:

Aj *
> Fo(X) ** Fo(X/A) , O

Gre H
,
(A)

where i :A-X is the inclusion

and j :X X/A is the quotient map .



Corollary 2
.

14 FulS4= and Fm(s")= 0 for Ken
.

Pf Base case n = 0 : So=

Inductive Step : Assume true for St
·

C =------

A= S""EX=DYA = Sh

O, False
=> En(s") = Hu- (S"")

Corollary 2
.
15 &D" = S""is not a retract of D"

.

=
-----

K O
Pf S"rD"- S"would induce Hm(s) -> Hr(Dr -> Hur(sy
I #



The proof of Thm 2
.
13 is a long & important story.

For AcX
,
define relative homology groups Hn(X

,
1).

For AcX arbitrary, prove there is a LES

che(Xche
1-

For (X
,
A) a good pair ,

we have
Hu(X

,
Al = Fn(X/A) En by Prop 2

. 22 .



Relative homology groups
Let AcX be spaces . By ignoring structure

(chains in 1) we can sometimes go further.

Let Cn(X
,
A) = Cn(x)/(n(A) · Ex

Xj A deC(x)
Note 0 :Cn(X)-> (n+ (X) takes Cn(A) to (n+ (A), BEC (A) cC ,

(x)
hence inducing 0 : Cn(X

,
A) -> Cn+ (X

,
1) . B= 0 in C

, (X ,
A)

We get a chain complex (82 = 0) ↓ 1 . B d +B= in C(X
,
A)

...
- (n+ (X,

A) -> (n(X
, A) -+ (n+ (X,

A)+
..

Ex Relative homology is "modulo A"
Def The relative homology Hn(X

,

A) is the
noth homology of the above chaincomplex
Elements of Hn(X

,
A) are represented by

relative n-cycles : deCn(X) with ONECn(A)
·

Lo]CH
,
(X

,
A) [o]ErDEH

, (XA) Lo]= OeHi(X
,
A)

A relative cycle & is trivial in Hn(X
,
A)

iff it is a relative boundary :

d = &B+ y for BECn+ (X) and rECn(A).



Theorem (Nnumber) For AcX any pair of spaces, there is a LES

F1) i Hn(X)* <Hn(X
,
A)
gSH(X)** HakitoHn- (A)

ToAj*
> Ho(X) ** Ho(XA) , O

Pf The commutative diagram
+ + +

0- (n(A) - ((X)- ((X
,
A)-> 0

↓ ↓ ↓
0 - (n+ (A)- (n+ (x)- (n+ (X,

A)-> 0

↓ ↓ ↓

is called a short exact sequence (SES) of chain complexes
Since each row is exact and each column is a chain complex.

The theorem now follows from a more general fact :



Thm 2
.
16 (snake lemma) Let Defining 8 : Hn(c)-> Hn (A) takes work !

See diagram ,

where O[c] : = a .

O · An isButOn Ox I · Da = 0 since i(da) = dia = dbb = 0
A

O > AnBri Cri O and i is injective ·
of of of Also 0 : Hn(c)-> Hn(A) is well-defined up to

⑧ > An-z is Buuz" Cnzs O - the choice of b

j(b) = j(b)) = b -b'Ekerj = Im i

be any SES of chain complexes· => b- b'Ei(an) for anE An
Say 'ECn+

with j (b)= c ·
- the choice ofC . Then c + Oc' = c + &jb'= c + job'=j(b+db)

.

Note &(b +ab') = Ob + &db = &b
.

Exactness follows by checking :ro E Im i Ker ja ji = 0 = ji* = 0
.

When defining O[c] in this case,Im ja c Ker we have b a cycle, hence Ob =0
.

(iii) Im 0 c Ker i ix0[c] = ix[a] = [Ob] = 0
.

(iv) Ker jac Im i

Pf i and j are well-defined since (v) Ker & c Im j 3 HW
: and ; are chain maps . (vi) Ker i Im G



Thm 2
.

20 (Excision Theorem X
IfZcACX with clZCintA

,
then the

inclusion (X-E
,
A-z)- (X ,A) induces Z A

isomorphisms Hn(X-z,
A-z)= Hn(X

,
A) En.

Equivalently,
for A

,
BCX with X= intAvintB,

the inclusion (B
,
AnB)< (X

, A) induces
X

isomorphisms Hn(B ,
ArB)-> Hu(X

,
A)n

. A

ITranslation : B= X-Z
,

so X-intB = cZ
· ( E

So cZcintA #fX= intA vint B
.

X
The proof uses the following machinery.

A

Let Cn(A + B) be the subgroup of Cn(X) Consisting E
of chainsiniti such that each 5 : -X

has image contained in A or in B
.

rEC , (A+B) d'EC , (A+B)



Prop 2 .

21 (Special case) Let A
,
BcX with X= intAvintB

.

The inclusion : Cn(A + B) + Cn(X) is a chain homotopy equivalence .

(59 : (n(X)-> Cn(A + B) with 19 chain homotopic to AcaxS
C

. (A +B)and gi chain homotopic to1Cn(A + B) ·

Hence- induces isomorphisms Hn(A + B) = Hn(X)n .

...
(n+ (X) s (n(X) (n + (X) ...

Dn
18 I. Cn(x)

Day ODn + Dnd= 1cn(x) - ve
L

...
(n+ (X) (E) " (n+ (x) ..

Here gr
= 1Cn(A+ B) ·

Rmks
The proof is 4/ pages in Hatcher

.

Hn(A + B) is non-standard notation
.

Note I must split chains in X into smaller pieces.

Barycentric
Subdivision USDn is constructed via stacked iterations sa(11)

of barycentric subdivision
An #(n(X)



Pf of Thm 2
.
20 (Excision) Let X = intA vint B

.

By Prop 2
.

21 we haveCn(A + B)+ Cn(X) and g : (n(X)-> Cn(A + B)

with gr
= 1Cn(A+B) and OD + DO= 1cnIx) - ug .

These maps all take chains in A to chains in A
, giving

(n+ (X)/(n
+, (A)

0
< Cn(X)/(n(A) 0

< (n- (X)/(n
- (A)

chain homotopy
A

L

N

L

M

L
equivalence

0
, (n+ (A +B)/(n- (1)Cn+ (A + B)/Cn+ (A)

O
< CnCA

+B/CuIA)
aM

isomorphism IIS IS11S

(n+1 (B)/(n+ (AnB)
0

< (n(B)/Cu(AnB) 0((n-(B)/(n- (A-B)

- is still a chain homotopy equivalence (D still induces a chain homotopy).
· Cu(B)cCu(A+B) induces a chain isomorphism Cu(B)/CelAuBEsCulAtB]/Cu(A) : are

isOthm of growboth quotient groups are free with basis n-chains in B not contained in A
.

Hence Hn(X
,
1) = Hn(A + B

,
A) = Hn (B

,
ArB)

.



From the LES in Theorem (number) -

G
·Hn(A)

i*
> Hn(X) ** <Hn(X

,
A)%..

G ↳*

we prove the LES in Thm 2 .
13 -Fn(A) < Fn(x) < FIn(X/A) Gr

...

when (X ,
A) is a good pair (nonempty A is a"deformation retract of some neighborhood in XI.

This follows from Prop 2 .
22 land noting that 0 - 1 + 1 - 0 is exact)

Fi) FOTA) -FEX-FoE)
Hi(X,

A) c Ho"LA) -> Hox)-> HolA)

Prop 2
.
22 For (X

,
A) a good pair, the quotient map (X

,
A) -> (X/A

,
A/A)

induces isomorphisms G: Hn(X
,
A) HnXAAA) EFn(XA) VN

.

*



Prop 2
.
22 For (X

,
A) a good pair, the quotient map (X

,
A) -> (X/A

,
A/A)

induces isomorphisms G: Hn(X
,
A) HnXAAA) EFn(XA) VN

.

X

Pf Let V be a neighborhood that deformation retracts onto A. i
Hn(X

,
1) = cHu(X

,
V) < excision HulX-A

,
V-A)

G A

G - g*
& &

Hn(X/A
,
/) = <HulYA

,
YA) < excision Hu(Y/A-F

,

YA-t/A)

The right horizontal maps are by excision.

The rightmost vertical map is E Since g.X-X/A
is a homeomorphism on the complement of A

.

It's plausible the left horizontal maps are= since

V deformation retracts to A
.
Proof uses LES of a triple
...

-> Hn (V
,
A) - Hn(X

,
A)=Hu(X, v) -> Hm (v, A)+

..

! "
Hence the leftmost vertical map is E by commutativity.



Ex 2
.

23 Hn(A"
,

&Ah) = Hn(D
,
Sky)= Fn(P/sm) = Fn(Sh) =S4n

erwise.

k=2
> > ----

k=3 =-

--.....



The equivalence of simplicial and singular homology

The Five Lemma Consider the following commutative

diagram of abelian groups and exact rows.

A :BaiCm-D e- to2) >di
-

& B j E E

Bi inDin-
C'I

If 0
,

B
,
5

,
5 are isomorphisms, then so is U.

For (i)
,
let c't)

·

Pf We'll show Construct ceC via "diagram chasing" .

(i) B
,
8 surjective and E injective => surjective k'(c- (c) = k(ckyc = kc - okc = kc - Gd = 0

(iv) B,
5 injective and a surjective C injective .

=> c'-yc = j'b' for some b'EB'
.

B surjective => bl = Bb for some beB
.

Note((c +jb) =

xc + rjb = x + jBb =

yc +jb = c
.

So
y is surjective·



The equivalence of simplicial and singular homology

The Five Lemma Consider the following commutative

diagram of abelian groups and exact rows.

"Bao
B j E E

, irg,Do e
If 0

,
B

,
5

,
5 are isomorphisms, then so is U.

For (ii)
,
let (E) with r(c) = 0

.

Pf We'll show Construct aeA via "diagram chasing" .

(i) B
,
8 surjective and E injective => surjective Blia-b) = Bia-Bb = i a- Bb = ia' - Bb = 0

(iv) B,
5 injective and a surjective C injective .

=> ia-b = 0 since B injective ·
Thus ia = b and so c =jb =jia = 0

since ju = 0
.

So
y is injective ·



Thm 2
.

27 The homomorphisms Hh(X
,
A) -> Hu(X

,
A) from

simplicial to singular homology are isomorphisms On
when (X

,
A) is a A-complex pair. - - -

Rmk Taking A= 0 gives HR(X)= Hn(X)
·

~ ~ -

Pf We first do the case when X is finite-dimensional -

·

- -

and A = %.
Let XR be the K-skeleton of X .

We have a commutative diagram with exact rows. Xo X ye
->Hm(X *, X*+)- Hi(X *-)- Hi(XR)- Hi(X*

,

X
*y- HE (Xry)->

- Un -E
-v

->Hm (X R
,
x

*+)- Hn(X*)- Hn(XR) -Hn(X *, X*Y- Hn-(XRy)->

We may assume B
,
E are isomorphisms by induction on k

.



...

-Sum
Note Ha(X"

,
x
*) = An(Xk

,
XR-) = G7h-simplices n= k

otherwise

For singular homology ,
recall (EX2

.
23) that

He (gr
,
094) = 35 nE (generated by 14+14)

The map #
: Hr(1

,
01)+ (X*, X+) via attaching maps

induces a homeomorphism

Vask =Velaa) = He adde time *m

and hence an isomorphism on Hn
.

So Hn(X , X *-1) = GL#2-simplices not

O n+ k

and also o
,
G are isomorphisms .

By the five lemma
, y is an isomorphism.



The case when X is infinite-dimensional requires more work.

Now assume A + 0
.
We have

- H2(A)- HE(X) - Hi(X
,

A)-> Hi(A)- HE(X)-

EEEE↓
- Hn(A)- Hn(X) - Hn(X

,

A)-> Ha(A)- Hn(X)-

Applying the five lemma again finishes the proof of Thm 2
.
27
·


