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Degree

Def The zﬁg@r‘ge &egﬁ') of a map

§= 5“—95” (wé))

1S -H'le inéejar & st gax‘ Hnugsw)——%l'ln”(sS“)

z

s of the Lorm —9* (0<)=0\o(,
E_X 5”:5\—_7 S‘ Wiélq &eg(—_ﬁ):Z

Ex 558" with deg(£)=3

identity
aﬁmk M’;\/ / Wejet'fge Summund.

Z

O

Ex §:5°>¢" wibh &e7(4)=3




e O
(o) (ﬁej(isn)——-l Since ﬂ_*= ﬂHn(Sn .

(b) &éja') 0 if '§: 15 Ylo% SW‘ aé(ve, (E”Q;S

PS Dick «, e S(5", S 35 §¢?>;>5”
\//
_5.
App)y Hn 1':0 ge,% Z > O > Z o
\_f&_”/’
S
() T Sog, bhen deg(s)= &eﬂ(g) (siace. $=g).
Tlms '|5 n ‘Fac \-F and - on}y nr (Cora”ary L}Z\g)/

&) &eg ('Fg) = &_7(9 deg (9) Since (‘fg)* = £y 9%

As o Cowfe%uanaé, deg(H)==x1 +f £ s a homm‘:apy eq)wm]&/)ce
Since -§3 1 = dgj (S/) cpeg(g) dgj(-ﬁﬁ) (ﬂgﬂ (1) = 1.

(e,) &eﬂ( D=-1 F £ s a reflection a 7 ,
G\@ne,v‘oxi-or A A W\mps ’[:o AQ—A?. A S

[7



(9 The antipodd map -1:S"=S" vie zi>- has degree
&ej[-ﬂ)=(—l)"*' Since iJr 5 o Composré?On of VH-I r‘ewqeaEmM.

(‘3) Tf $:5"55" has mo fixed poim@s then Aeﬂ(&)=(—)>w+\‘
P S+ implies (- H) vt (-2) wisses the origin, SO

) (-5 + £ %)

H(%,Jc=)\(|—£—)4—(1)+¢+z)l) 1S (0N L\OMo{:apy ‘FYOM {‘ 190 “ﬂ..

Thin 228 " has o conkimuows  nonzer 'kan\gamé veckor  Field W n odd,

P_‘S‘ (© For n=2k-l odd, consider the veckor el V('X.,’h,..., %zk-l,'xzn)=(—%1,%.,...,—251&,%_;.—;).
(2) Given bhis veckor G v, HeS"x[o,7]—=S" by  H(xb)= cos(§x+ sulyTetdm
15 a L\Dmo-liapy ‘PYUM ﬂ_ to ‘ﬂ_, Meaning l=('\)w+|, So wn iS OM.

Mﬂ For n even, 27_ i$ 4:144, onlj Nontrivial group au‘:ing -Freely on Sn.
P& Home morphisims have degree £1, giving 644 59-113, " o LIOVV]UW\ofPhUM l?y (4).
G acks Freelj = G\%u&}—»%—l““%%—f), so Hhe kerne is Ltrivid ok G Z,.



Loca a[agrgé

Leb £:5"55" Suppse $7(p)= S, 20>

1S ‘pivn-['e ‘For Some UES". Clnaase dl'\s)oim‘:
Vleig)\bor}uoacfs Ui2x. ond \/9g With tF(L(L)CV Ye.

For a” L we lfmva'- u uo ')5)
Henee all six Groups / \07 et
are lSomorpluc to Z. H (SW S 16
"\0 ]fsgoppmr
The ‘EO? map S VMquupLCai,on with §"-2 =k
bj an m%eja‘ oﬂeg()\% p Hv\(sn)
the Joc 2 ,
B Ex
Pfap 2.20 &eg(‘f’) = ZL Aeg@) l'x; . &ej(iﬁ)
—-Z &é (9[%\.

RW\}Z 1£ £ maps U; \homeomorpklén” = [+|- \+|
onko V| then &63(91%(, =t1, =2

S e
=/

nono

&eg(mﬁ)
2 &45(9195
| + O+ |
2



Ruk (Q@j(g—) can e dofind for any mag
$:M>N between orientable  manfolds
of H'\e Same. chmenSian .

Rk &ej(%)’&ej@), where  S£: S5 SM
15 the SuspenSion of  map £5" 56",



Ce“ulw »\Omologj

FDY X a A"COV‘IpL@X we

b b
defindd.  Ha(X) and Provell
b b

HA(X) = Ha(¥).
Simplicial compleres & A\~ complexes & O complexes

FDY X A C.\l\/'_ COV"]p ,@( we
how define Ha'(X) and Prove Oﬁa
Ho' (%) 2 Ha ().

A

H:W(X)"‘Kep&nim&nﬂ iS H’Ie onvnolojy O‘\C o clnmn (omp}zx

e Huw (00, ) 2 H, () s B (0 ) —
7 & n-cell) ! l/lovnolo_% S({)uarerj."

\l\]e, pos%@one a Ae:ﬁ\'m{iow of &n,
&.Y\& a V&Y‘i‘tciCaéiOVI ’l’;ha‘:‘:‘ &v\ &VHI = O,



| &
For ef an ncell in X we have

& (e.o( Zp &"‘P Ep , Wh&re, Awp is
o (Y‘Ouglnl) H\e 1# O‘F ‘Etmes ‘H)e aé‘éad\mﬂ

Map  for e wmg; aromnd ' eg?

® (less roughly) the degree of the map

S X 5 55 (F)
kH—aohmj ‘maP q,wzlnon{' Co“aps‘m_q ’
O'F ef.‘( X"I el +o a Pam{'

Hn’r\ (XMI, X )

E_X o C dlisk atkached, Wragpig

X= —

3 El\ma arown A

3-cells 2-cells A-cells O-cells

Chan  com plex O —=>

Hw (X Ku'ﬂ/lwaf
HC::((X) KU&/’LM& ~ Z/Z
. X) Rer 1/I'Mc‘lz. =0

Tr—7a

7 % 7°

Vi—0
AN—->0

H (X Xn-l)

7 (* n c_ells)

dd\z J-D,O

Hn| an va_)



Cellular boundary Forwula Huw (X %) 1 H, (x" %) <2 W, (X x™)

For e% an n-cell in X we have 2 (e eeld

& (e,o( Zp &"‘P Ep , Wh&re, Awp is
o (Y‘Ouglnl) H\e 1# o‘F {:wnes ‘H)e m%aol\mﬁ

Map  For e wmg; aromnd " eg?

-

® (less roughly) the degree of +he ma &

P T PR e N
b

'lT'L—aOLIW’ a| MD‘T\M col la {71}
t‘F e’.}j W’P ?%m tl ‘l:lc':‘qpam{' E
b
E_X TO See. &L(T-) = D/ V\O’):é, 9\1 (T>: ATR a + &Tb L/
><= {ZONS ar T 1a where T 35 ajc%azc}\eﬁ alowg ak o« Ja—ll oand  So
\"4 v A’ro\"T ]—|=O and &Tb:\"‘= 0.
3-cells 2-cells 1- cells O-cells
Chawn complex 087 4 70 4,7 b,g
Tr——s0 0 V———0
o———
HeY (%)= Kerdo/g, g i ’

CW((X) e T dy z
., X) Ker 1/I'Mc% =L



larbo . Hue (X7, x7) 220 H, (0 X7 2 W (007, )

7 (* n c_ells)

For ef an ncell in X we have
& (e,o( zp &"‘P Ep , where Awp is
o (Y‘Ouglnl ) H\e 11: o‘F {:lmes ‘H)e m%aol\mﬂ

Map  for e wmg; aromnd ' eg?

® (less roughly) the degree of +the COmpos‘»,me

Y | )
a:H—uc,hmj ‘maP q)wzlnon{' Co“aps‘m_q
O'F ef.‘( X"I el +o a Pam{'
Ex b
><= Q&WUS 9 ‘L‘DrvS
3-cells 2-cells 1- cel_l.s 4 O-cells 1
Chawn complex O—=>7 =5 7% 257 250
Tlﬁo Vi——0
o—0
b‘é
Hw (X Ker &/Iwaf : :

Ker d, =~ 13 Og——
(w% ) Ko 1/1‘1‘1 CQZ Z b,léo
X) /I'M &b =1



Cellular \'\Omo'oaj For >< o O Complax, Lﬂj_&w_l”wa@ HSW(X)=KU'£/IMQM

1S ‘H’)a l/lomology‘joﬁ [:L]e —nzo/}owiﬂj &l'lm'n Cowaple,x, whem Jm=\')y\_, 9.,, iS {"1&

(2] .
- ® 0
e
o0 O Haw)

0 i
o N

o Hon (0% ) 2o 1 (" xm) s H (X ™) — B (X X)) ——
I 7 Doy /);—I O
§ ) Hn-}(_xn—a

PN N

Each diagonal line s He LES for a paic (Xn,)(""), O
No‘(:(’. &n&nﬂ = :)n—\ }V\;)V\DI\'H =0 since an\')n'“' 0,



Lemma 2.34(c) implies Ho (X" = Ha(x™)= . =H,(x),
Pg ‘Fo(‘ X ﬁinil:a follows Lrom L ES HnH(XM;,XM)% H“(Xm')%%Hn(Xm)—»H“(X’\'\*Z’X"") &V\Q inAU\CA'OYL

O o)

Thn 2.5 For X a CW complex,  Ha'(¥)= Ha(¥).
PE Mote Ha(d) = Halx™) = HalW Ker tag = HlX)/ T,

/1\
Fiest is0 thm EXad'V\aSS

. W
Welll vow  show n induces an isomorphism ' X/Im&m Kerd”/lm&m =: HC (X).

Th&@é& Since. JVI i$ m ecélve h(: maps Ilm 9n1—| ISOMOKP}HC&I On'l'a I\m \)nDnH I\m dnﬂ)
ond H, (X) |Sovnorp|mca“y orbo LT m = = Ker ?n T Ker \)ma Kardln

Sinte Jar injective

Immaﬂm&z aoohm«éuons I‘F a C\n/ (omp ]ex X

() has vo n-cells, then H.(X)=0 (s.m Ha(x" x) 7 el ),

() has & necells, then HalX) is gemerated by <l clements,

(ux) ‘nas o two cells i M%acen'l' cl\Me,MSonS ‘H‘lem H (X) Z(H’“") VV\ (S'\n(:e &,.=O Vn).




EX O\C (LLL) (,Ph )nas a C\/\/ S{—rucéum_ W?H\ one
Ce.“ o-F each even Aimwsion 2k £7n, He/wce

H (") = %7/. for =024 6, .., 20
O oél'\exwise.

Ex of ('LLL) SV\KS“ \nas aQ C\/\/ Sémcﬁw& wi{;h

one O-cell, two n-cells, and one 2n-cell.
Henta \Cor Y\>f|_ we l/lave

] Z =0 or 2n
Hi(S"«S") =3 7* =
O  otherwise,

(_”\I'S 1S QISO ‘I:YM& ‘(‘OY‘ n=1 lowl; uue,)
L\M\ 4:0 consider boundzary mes.

Pikure n=1

21
D2




E)( 237‘ T%e honpﬁem@ab)e Sw\[ace_ Nﬂ 01L genus 9
has one  O-cell g L-cells, and one 2-cell attached
by the wod ala;..d5.

2-cells  2-celle  A-celle 0-cells

Cham complex  O—7 b, 79 457 40

T 0, —0 Vi——>0
Qo —0

Ag ———0

\l\/e compmt,e &1(T)=20L,+2a2+...+2a5,
Ho(ﬂ/g) _ Ker d%m e 7

ker &l ]MS bﬂSiS ga“ -, ﬂ‘,-], 435 or ?a\,..., Ag-1, a,+...+0\3g

Im d. has basis {Za.+...+laﬁ
H|(/V3): Ker&/Iw&z = Zg_léaz%z

Hz(Mg)'_‘ Kes &7/]:% 4,=0 since Kerd,=0.




- \lierori hence
TLWV} (\‘054 Hq) For X a Space and A,BCX
with X=mtAv it B, there s a LES

Ha(AeB) —— W, (a)® H,(B)—> w

CHVH (A“B) E— Hn-l (A’).@ HVH(B) — HVH (X_))
C Ho (A“B> — HD(AS@ Ho(@)é Ho(X) — 0 (Q\SD holds  with ’\:‘; 1nsiem9~>

£ £\
Ex 246 X=5"  A-D" 5-0° AB=S === e
‘ o ° =
H,(AvB) —>\M3Hjﬁ)—>®

CH (AB) — HO o H, Mova enerally choosing X = 5"
/‘m W A‘D“, gB=Dn% A”B“ 59”" gives:
So Hu(s9)= H.(asB)= Y, (5)= Z., Ha(s™) =22 = H(5)=2,




DL of /Vlmer Viedons LES
We have a SES of chain Comp]exes

0— Ch(fn{s) £ CM(A)TCW (5) ~— Cn(f@) -0
0_7(:“-1(/4" ) Chl A')e (>_7 CMUHB)

Deque (g (% :Z) and l}"xg)"’)ﬂy

Rl CalAsd) s bhe subgrap of Ca(X) wibh

al sums of chains in A and chains in B,

So yois Sur)ecfcive, by  deFinition,

And @ s 'm}ecl-ive.

Ker w ¢ Tmtp since tpy()= (x,-%)= 2-2=0.
T ¢ Keew since Y(x,y)=0= %=-y

ﬁ%'j are  chains i AnB ('L=-yéCh(A"5)>

= (%)= (x,-2)= (=),

So we've verified exackness.

ThiS SES of Chain Cmp/exes Now  gives
a LE§ of h0m0|ogy groups=

NN
(HM(A@ —Z 5 i We Hulp L Hn-.(_w))

CHn(AaB) = W (we U.(B)

R&ca” Lrowm Pro\a 2.2l (Specia\ case) that since
X='|nJcA vink B the inclusion Cn(A’fg)"’Cn(X)
s & Chain homotopy ~equivalence, induciag
Ho(A+B) = Ha(X) Vn.

T’Mﬂ: standard notudion

This gives H'lé, LES
Cﬁn(Ans) £ U we W, (8)

VN H,.
H
CHM(AAB) —Z Sl We Hu® L— H,.l(x))




M The Connaémj hamamrph.m 2:-H, (X)—a (An B)
Can  be  wade explicit. L&ﬂ%ml_,

Leé &]QH\A(X), W%er& 215 Qa Cyc,,L In >< (9%=D).
By Pmp 2.2) (Special caje) Ve can write Z=Z+Y for
% a choin in A and Yy a chain n B,

Note D2=0 = d(xw)=0 = Dx=-2.
We have 2[=1=[2)=[-241€ Hpi(ArB

oceC (4)
26 Ker 7""9 & Kﬂr(DA B)
geC %



M The klem boH:)e, K 15 Hw, union

of two Msbius laaw!ls \qlmeo@ %qje,éher a)anj/
their bomnlary circle

777 B

M" Aﬁ}\@ ] ,Z\A:\B 6/L\/Vo1’:e,£ A;B ”Zumps ﬁzce)\g\
/////(//// youn .
/V\agar—\/iajcoris gives a LES

0

<

kB — ()2 T ieckive= 20 = HlK)=0,

%a%ﬁl]—]\(/}); H‘(Bs/lla H,@l ‘/basﬁ 50,0, 0,03
e H (= T ¥ = MG 202 .7/ o 7
Gl 407)
Yo

N basis $(22



Omo Wi {fici
So ‘Far we hav& Leen &omg l‘)omo!ajy W(H\ Z COC‘(‘AUQH&S Hn() X ZZ)

TLNS Can }oe genemluzeél to hDMoJogy H (X G) with G Coe-F-ﬁlu&vrB

‘For‘ 6 any aloellan 9raup b
Ex Celular hvmo,ogy of the Klein bottle K ’*’l

gisz ‘o EE . ‘ b
2-cells 1-cells O-cells Z =0
O >/ Y >/ >0 HL(K;Z)g 10% =\
Th—% Vi——0
o ———-—-0 O OHﬂrwiSC
h ————0
=2/ coelficients
2-cells 1-cells O-cells 2/22 . L=O
O 23 >(%4a)" > %2 20, H. ( K: %ﬂ)g (7/22) =1
T+—90 VE—0 /4 .
a+———0 2z L=2
b 0 O OJ:]nerwiS'e

Note Hi(K;Z42)= H:(ons; %),



IV\ Singulox homJagy wiJclq coe-@ficien‘l:sl qu, (‘_me 3"0!4‘)5
Cn(X)= Cn(X;Z) = %ix N« Ve \ G;("An—‘}(, N € Z, -ﬁm‘-’:eb Mmy Ne¢ Y\{M%(.m%
are replaced by

Cn(XJG) = %io( N Ve \ WN:A"—‘X, N € 6/ -ﬁm‘%eb Wlomy Nee VI(M%(.m%

aﬂfl

o Gl 6) 25 G (X6 6) 2 (o (X, 6) =
The bomn&ary operator Formala 0+ Cal¥X;6) = (o (%, 6) —
remains uwnc)namje& Az ma)=2noe  with 9“:2-):0(—\)’@1zv,,...,@,_..,v,3
except with n G  instead of weZ,
The most  common coefLicients aye GFZ/ %7, &, or R.

H“(X;ﬂ/ml) s Somelimes easier to compute than  H (X z)
Lor QXalmp}é with the Klen  bothle,



Rwk Homolagy with coefficients can Sometimes Lell ws more.

IS 1’:146 %Mo[ziew{’ ma p ab'-[RPl—’W/(rRP‘)“) '=“52 Ylu“hom{'apic?
(hf?l’hﬂ{’amc ‘EO A Constant ma.p)

2 cockfcients ﬂn(rzw)z%%z n-] 'H](SZ)s%Z )
O [DAYA D o.W.

A/O map qﬂé" ﬂ’n([‘RPQ)—‘) ﬂn(so Can be Nonzera. No{' sure .
%Z coefLicient's ﬂ“(ﬂzpzﬁ’zﬂ)% %Z/zz n=1,2 ﬁn(sz; z/zz>g %%Z n=Z

0 ow 0

\1\16 havc a LES of H’le (90&) pair (RPZ, ([RVZ)U))

o Hal(099°5%2) — W(RP %)~ g, (&5 Hhz)—..

myeck
0 /22 Jee

The nduced Mop Qe on H, with %22 coefficients is  nonzer,

hence g s not vullhomobopic,




Universal _coefficient theorem Lor homology

M I‘F C 1S QA Clmin Comp}ax 01(' fre& aba]ian groups,

then there  are natural SESi¢
O— Ha()® 6 — Ha(C36) — Tor(Hai(0), 6) = O

‘for a” n ava -por a” a‘oe)iam graups G

Corollary 346
(@) Ha(X;Q)= Ha(X;2)@ R,

So for Hn(X;2) finitely generated,

dimg Ha (XG0) = rank Ha(X;2).

(h) TF HiX2) and Hn(X2) are finitely generated
and ) 15 Qrime, then Ha(X:242) (onsists of
one  Z/pZ  Summand +or each
('L) Z summand  of Hn()(;z)

('(,'L) Z/pkz summand.  of Hn(X]Z)
('('LL) Z/sz summand. of Hn-\(XSZ).

E_X \A/é’, Saw

Ha (Klein bottles Z)=( Z
JTe%/y
0

Coro”aruj 2A.6 then iMp)ias
Hn(K\ein baH')a;%Z)% %2
Jre?/y
Zha
O

n
n
n

)

=1
22,

v ol

- S )
fl
NS



Rﬂ Smne)l:imes you  Can ”go kackwar&s“ ond 3@,1[:
Hv\(X,Z) ‘Frow« Hn(Y,@) a.wl Hw(Y}z/pl) V primeg p:

Cor 2A. 7
(o) H0G2)-0 © Ha(X;0)=0 and
Ho (%%2)=0 ¥ primes p.
(b) A map £:X=Y vaduces isomorphisms  on hwolagj with Z  coefbicients
S it does so For homology with @ and LT coetticients Y primes .



E-_u‘e,r c Larrxc‘éeris{:i C

JL For X Qa ‘Am!:e, C\/J Comp)ex ‘U‘lé Euler CLar‘ac‘é'e,mS'[:lC
is X(X)=2n(-N ca, whem Co is the ¥ of V\ce”s in X,

Ex X=¢* x =1-0+1-2 x =)-2+2<2
E_X JcoruS) O D Z
X({:orms - =1 - B+2

E_X F;JY‘ M3 ‘Une, ‘L‘orus 01‘ genns g,
X(Mg)= 1-23—1_‘;’2-23.




_H\Wl ZLIH For X a fuwite C\W Comp)ex,
X (X)=0 1) vank Ha(X),
H&hce 1‘:1'1& EV\J&\F Ckamcéeriréfc_ 1S '\ndependeni’ 015 C\A/ Swl:rmcﬂéure,

amQ alSO a }Iomo{'ow invariant,

ij& The JCMJ& 01[ a ‘Fini%e,y genem{-ei abe‘ian groap s the numloar of 7

summands  when +he group 1S expresseoﬂ. as a direct  sam  of cgdic groups,

Ex rank (%52 @ (%) © %2 ® Zg) =b,

Rmk If O—= AR5 C—0 is a short exact sequence (SEg) of wfiniée—_fy
90,nem{'e& abe.fian growps, then mn‘a B = rank 4 + rank C Since

C=im p= Bﬂerg = BAmo( with o 1n)ec1'_-}ve

£7 Y‘A\nkc = rank B - mnk A,



PS of Thm 2.44

(Algebm Step) Let

0 — (., — G e —— G ——C——0

be any chain complex of  Finidely generated abelian grous.
We have SES

0 ——herdn — Co — m dy — 0

andl
O ——im dpy—— Rerdy — H, — 0.
Hewce roank Cn = vank herdn + vank im d,
O\V\& ramk \ler ch, = yoank Im &nﬂ + mwk Hn.
Substibution gives  Tank Co= vonk mdpe + vank Ho + rank w4y,
Camcanml;io\n in H)e a“—erna{‘inj Sum \gives Zn ('l)" rank Cn = Zn {-Dn rank Hn.

(To olo 5146 )
LCJ \”Cm - Hf_(X“, Xn_l) ~ Z (3 n-cells) _ ch '
Hence %(X)= 2. (‘Dncn = Z,,, ()" runk C, = 2. (-D" rank H.(X).



