
Section 2
.
2 : Computations and Applications

Degree

Def The degree deg(f) of a map f : S"-S" (n = )
is the integer & s

.

t
.

5: Hn(SY) -+ Hn/st
Hi

is of the form fx(d) = dr
.

Ex f : s-> S' with deght=2 &
Ex f : S -S' with deg (f)=3 Ex f : 5-S with deg(f)=3
-

f f
& met---- ---

1
↑

identity on

quotient encidentity onemmune quotient each wedge summand



nX

Basic properties
(a) deg(1st) = 1 since 1 = IHr/s ·

(b) deg(f)= 0 if f is not surjective.

↳Dick
-

(c) If fzg ,

then deg(f)= dey(g) (since -* =

g*) ·
This is in fact an if-and-only-if (Corollary 4

.25).

(d) deg(fg) = deg(f)deg(g) since (fg)= f**
As a consequence , deg(f)= #1 if f is a homotopy equivalence,
Since fg = 1 => deg (f) deg(g)= deg(fg) = deg (1) = 1

.

(e) dey(f) = -1 if f is a reflection s SGenerator 1" - 1* maps to 12-1 ·



(f) The antipodal map-A :SS via 2xx-2 has degree
deg(1) = (1)" since it is a composition of not reflections.

(g) If f : s"-S"has no fixed points then deg(s) = (1)**

Pf f(x)+ 2 implies (l-t)f(z) ++(2) misses the origin, so

(1 - t)f(z) + +(- x)
H(x

,
t) = 14-t++ +x1) is a homotopy from f to-1.

Thm 2
.
28 S"has a continuous nonzero tangent vector field iff n odd

·

If (E) For n=2k-1 odd
,
consider the rector field v(22

, 000
,

*2m+,24) = (- *2
,
21

,
000

,

- X2r
,
X2-1)

·

(7) Given this rector field v
,

H : S"x[0,]-S" by H(w, t)= cos(t)2 + sinCE)

is a homotopy fromI to -1
, meaning =(11t ,

so n is odd·

Prop 2 .
29 For n even

,
I2 is the only nontrivial group acting freely on S"

.

If Homemorphisms have degree #1, giving Gdeg , 2-1
,

13
, a homomorphism by (d) .

G acts freely => GlEid3-3-1+ 3 = 5-13 , so the Kernel is trivial and G & TT2 ·



Local degree
-

Let f :S"-S"
· Suppose &" (y) = Ex

, . .

.,
em3-

is finite for some yes" .
Choose disjoint

neighborhoods U :F: and Vey with f(ui)CVi
.

For all i we have : Hn(Ci
, Hi-zi)

-
> Hn(V

,

V-g)

~ by excision
= excision

IHenceallsix group Hn(S"
, S- :) Hn(S"

,
Su-y)

= by LES of pair
= Les

painThe top map is multiplication with Sh-r: **

by an integer deg(f)(vi, Hn(S4) E
> Hn(SY)

the local degree at X.

Ex
Prop 2

.
30 deg(f) = Z : deg (f) (x: · deg(f) +ot

deg(f)
= Zi deg (f) (x:

= Z : deg(f)(x!
Rmk If f maps U : homeomorphically = 1 +-1+ = 1 + 0 + 1

onto V
,
then deg(f)(v = 11

.

= 2 = 2



Rmb deg(f) can be defined for any map
f : M+N between orientable manifolds

of the same dimension.

Rmk deg(sf) = deg(f), where Sf: -> get

is the suspension of map f
: st + S"

·



b15 . 1 . 3 ...
Cellular homology

3. 7 . 3

7
an na an na

For X a S-complex we
2.

6
. · 2

defined HG(X) and proved i5 55
Hh(X) = Hn(X) .

Simplicial complexes & A-complexes & CW complexes
For X a CW-complex we

now define Hr*(X) and prove
an - a

Hi
Y

(x) = Hn(X) · 7

a

H(X)= Kerd/Imdut is the homology of a chain complex

...

< Hum (X+, (4) dracHu(X"
,
XM)

dr
< Hn(X+, X 2) ...

IIS

[(# n - cells) "homology squared"

We postpone a definition of dn,
and a verification that And no O .



Cellular boundary formula Hum (Xn+ 1

,
Xn) dracHu(X"

,
XM)

dr
< Hn- (X+, X-2)

For edan n-cell in X
,

we have 7 ( n - cells)

dn(e) = Isdages ,
where d is&B

Croughly) the # of times the attaching
map for ed "wraps around" epht
(less roughly) the degree of the map

Sattaching map

< Xn
- 1

< St (1).
of e quotient collapsingepoint

S

Ex an = a= disk attached
, wrapping

X =

T
↓ 3 times around
· aV v

3 - cells

dehells deFedaChain complex g
↳ 30

a l

How(X) = Kerdo/Ind , = I

HiW(X)= Kerd/Imdz=*/34
HE(X)= Kerda/Imds = O



Cellular boundary formula Hum (Xn+ 1

,
Xn) dracHu(X"

,
XM)

dr
< Hn- (X+, X-2)

IIS

For edan n-cell in X
,

we have [(# n - cells)

dn(e) = Isdages ,
where d is&B

Croughly) the # of times the attaching
map for ed "wraps around" epht b St X Sa

7)

(less roughly) the degree of the map

Sattaching map

< Xn
- 1

quotient collapsing
S (1) .

T da ,f
7)

of e Xn--e to a point b

b

Ex 13 To see dz(T) = 0
,
note dz(T) = diaa + drbb ,

X = torusa where T is attached along abobt
,

and so

dia = 1-1 = 0 and d+b
= 11 = 0

.b

3-cells 2-cells 1-cells O-cells
doChain complex 0db7],d > 42d,0

O VI > O

a
How(X) = Kerdo/Ind , = I

< 8

Hiw(X)= Kerd/Imdz=
HE(X)= Kerda/Imds = I



Cellular boundary formula Hum (Xn+ 1

,
Xn) dracHu(X"

,
XM)

dr
< Hn- (X+, X-2)

For edan n-cell in X
,

we have 7 ( n - cells)

dn(e) = Isdages ,
where d is&B

Croughly) the # of times the attaching
map for ed "wraps around" epht
(less roughly) the degree of the composition

Sattaching map

< Xn
- 1

< St (1). ...

of e quotient collapsingepoint age ab ,
-

Ex bei T va
,

-

X-genugtom Ent ag. .-
1- cells O-cells

Chain complex
beyells&cells de, d

, I do
,o

O VI

< 8

How(X) = Kerdo/Ind , = I
a

i

< 8

< 8

HiW(X)= Kerd/Imda=29 a < 8

HE(X)= Kerda/Imds = I



Cellular homology For X a CW complex, cellular homology H(X) = Kerd/Induct

is the homology of the following chain complex, where dn = jn-On is the

cellular boundary map.
O O

7 T

O
in+
·

Hn(X *+)= Hn(X) O
In-1 T

Hn-z(X"+

)

On E

in(X)
in On-1

-z(X*)
juz

&

...

< Hum (X+, X) dry
> HuX"

,
XM)

dr
< Hn-(X* X-2) < Hn-2(X*2,x

*3) ...

jn+ 1
T

H+ (Xn
+)

Or

Hi(Xm
in On Hn

-z(X*-3)
-

O O
in

Fn- (X)
In-2

Each diagonal line is the LES for a pair (X*X
*)

.

-

j

Note dndn= Jn+ &njndna = O since Onjn = 0
.



Lemma 2
.
34(c) implies Hn(X**) = Hn(X*+2) = ...Hn(X)

·

Pf for X finite follows from LES Hm(X
,
X

**) < Hr(X**) = CHn(X
*

Y cHn(X) and induction
↳

Thm 2
.
35 For X a CW complex, Ha*(X)= Hn(X)

·

Pf Note Hn(X) = Hn(X+) = Hn(X)/Ker in Hn(XY/Im Ont ·
↑2

First iso thm Exactness

We'll now show jn induces an isomorphism ju : Hn(XImd = Kerdn/Imdn = Hr(X)
.

Indeed
,

sincejn is injective it maps Im One isomorphically onto IminOn = Im dnt
,

and Hn(X") isomorphically onto Imjn = Kern = Kerjadn = Kerdn .

↑
Since jn- , injective

Immediate applications If a CW complex X
(i) has no n-cells

,
then Hn(X) = 0 (since Hn(X"

,
x
*)= (#n-cells)

= 0)
.

(ii) has k n-cells
,

then Hn(X) is generated by R elements
.

(iii) has no two cells in adjacent dimensions
,

then H(X)=
-cells Un (since dn = O Fn)

.



Ex of (iii) KP" has a CW structure with one Picture n= 1

cell of each even dimension 2REIn
·
Hence (n+ 1

(n

g2n-
Hi((P4 =

G7) for i= 0
,
2

,
4

,
6
.....

In Die
O otherwise

.

↳

prilep
Ex of (iii) SixS"has a CW structure with
one O-cell

,
two n-cells

,
and one In-cell

.

Hence for n21 we have
i= 0 or In

Hils =Sin &
O otherwise. I

( This is also true for n = 1 but we (had to consider boundary maps.



%

Ex 2
.
37 The nonorientable suface Ng of genus g naz

has one O-cell
, g 1-cells

,

and one 2-cell attached

by the word aa2 ... ag .

:
T van

ag -

3-cells 2-cells 1-cells O-cells ag a i
-a

,

Chain complex O ]d2 > 79 di
< I do , 0
10V10

> 8a
> 8

We compute dz(T) = 2a
,
+2az +
· o

+ Zag ·

Ho(Ng) =

Ker doImd,
= X

Kerd
,
has basis Sa, ..., age,

ag3 or Sa , ..., ag,
Alt. ..+ ag

Im dz has basis E2a , +... + Zag3

Hi(Ng)= Kerd/Imdz = 19+ 04/22

Hz(Ng)= Kerdy/Imdy = 0 since Kerdz = 0
.



Mayer-Victoris sequence
Thm (pg149) For X a space and A

,
BCX

with X= intAvint B
,
there is a LES

HnCAnB) cHnCAS@Hn(B) < Hn(X)

B)
< HnCASEHe(B) c Hary

:

[Ho(AB) < HolA)Ho(B) Ho(X) > O (also holds with No instead

E 2
.
46 X = " Ad bed Abs:

⑧

iis More generally, choosing X= SY
A = DY

,
B = D"

,
AnB= s"gives :

So He(SY = H
, (AnB)= H

,
(s)= I

.
Hn-1 (Sn-)= => Hn(s)= L .



Pf of Mayer-Victoris LES This SES of chain complexes now gives
We have a SES of chain complexes a LES of homology groups :

↓ ↓ ↓ -
..

0 < Cn(AnB)" > (n(A)(n(B)
Y

< Cn(A+B) , O
#

↓ ↓ ↓
0< Cm(An B) @cCn(A)( (B) 4 c

(n-A+B) , O MBAO
↓ 04

Define 4(z) = (x
,

- z) and P(x, y)= x+y ·

Recall from Prop 2
.
21 (special case) that since

Recall Cn(A+ B) is the subgroup of Cn(X) with X= intAv int B
,

the inclusionCn(A+ B)+ Cn(X)
all sums of chains in A and chains in B. is a chain homotopy equivalence, inducing
So4 is surjective by definition

. Hn(A + B) = Hn(x) En
.

AndC is injective. &
Not standard notation

Ker 4 c Imc since 44(1)= y(x,
-x)= x - x = 0

.

Im c < Ker 4 Since Y(x
, y) = 0 = x=

y
This gives the LES

=>
Ey are chains in AnB (v=-yeCn(An) -

..

#
=> (x, y) = (x

,
= x) = G(x) .

So we've verified exactness. i hO



Rmk The connecting homomorphism G: Hn(X)- HnAn)
can be made explicit. I

differentin
Let [JeHn(X)

,
where z is a cycle in X (0z = 0)·

By Prop 2
. 21 (special case) we can write z = a +y for

2 a chain in A and y a chain in Be

Note Oz = 0 => d(x+y)= 0 => Ox= -by.
We have DIS= [On]= Eog] EHn-(AnB) ·

⑰zeker Ker



Ex 2
.
47 The Klein bottle K is the union

of two Mobius bands glued together along
their boundary circle

·

11/11/1/1
,

B

illIIIIIII A Note AnB "wraps twice"J AuB
B

around A and around B.
'IIIIII

Mayer-Victoris gives a LES
0

# injective= 0 = 0 => Hulk) = 0
.

i H ,
(k)= Im THiB)LbsiE

↑ basis &(2,-2)3
Y



Homology with coefficients
So far we have been doing homology with < coefficients : Hn(x) = Hn(X ; 1) ·
This can be generalized to homology Hn(XiG) with G coefficients,
for G any abelian group . ↳

an
-

xaEx Cellular homology of the Klein bottle K I
v-

G= 1 coefficients

2-cells 1-cells O-cells i= 0

j [

E O Hilk:) = Get i=Th (2b
otherwise

G = 4/22 coefficients

2-cells 1-cells O-cells

j > 4/22 < (*/2x)2 ! O HilkiTh O
al i= 2
bl > 0

↳
8 otherwise

Note Hilk ;
*(2) = Hiltorus;(x)

·



In singular homology with coefficients
,
the chain groups

(n(X) = Cu(Xik) = EZonetl50 : 1"+X
, noz], finitely many no nonzero

are replaced by
Cn(XiG) = Ezenetl50 : 1"+ X

,
notG , finitely many no nonzero

...

- (n+
(XiG)o[n(XiG)Cm(XiG)-

...

The boundary operator formula 0 : Cn(X : G)->Cm(Xi G)
remains unchanged O(Zint) = Zinida with Or =Zo Pilevo

, ... ..., un]

except with niEG instead of nitt
.

The most common coefficients are G = I,I,

Q
,

or R·

Hn(X ; F/m2) is sometimes easier to compute than Hn(Xi4),
for example with the Klein bottle.



Rmb Homology with coefficients can sometimes tell us more. IRP2= eve're
?

Is the quotient map g:RRP2->
RPXRp = S2 nullhomotopic ? Et RPI

Chomotopic to a constant map)
-

7 coefficients FnCIRPY= (4/27 not Fn(S2) = G & n=
w

↓ Gip
No map g: Fn(IRP2)-> Fin(s) can be nonzero. Not sure ·

-

i coefficients FnRP = (4/2 net2 FnS;Gn
We have a LES of the (good) pair (IRP2

,
(RP2)")

...

- Hz((RPY;2) -+ Hz(IRP2 ;*/2)* >Hel </2x)+..

I * injective

The induced map go on He with F/22 coefficients is nonzero,

hence g is not nullhomotopic .



Universal coefficient theorem for homology

Thm3A
.

3 If C is a chain complex of free abelian groups,
then there are natural SES's
0-> Hn(C) @ G - Hn(C ; G) - Tor(Hn+ (C), G) - 0

for all n and for all abelian groups G
.

Corollary 3A .
6

(a) Hn(XiQ)= Hn(X;)QQ ·
So for Hn(X :1) finitely generated, Ex We saw

dima Hn(XiQ) = rank Hn(X ;2)· Hn(klein bottle :4)= (2 n = 0

(b) If Hn(Xi2) and Hn(X:2) are finitely generated [04/24 n = 1

and P is prime, then Hn(Xi[/p2) consists of O n = 2
.

one I/pI summand for each Corollary 3A .
6 then implies

(i) I summand of Hn(X:1) Hn(Klein bottle : #(2)=
*/27 n = 0

(ii) E/p&& summand of Hn(X: 1) 4/2404/24 n = 1

(iii) E/p&& summand of Hn+ (X ;4)· S/24 n = 2

O n23
.



Rmk Sometimes you can "go backwards" and get
Hn(X ; 2) from Hn(XiQ) and Hn(X; /2) Y primes p :

Cor 3A
.
7

(a) Hn(Xi4)= 0 Es Hn(XiQ) = 0 and

Hn(X:*2) = 0 F primes po

(b) A
map f:X-Y induces isomorphisms on homology with I coefficients

=> it does so for homology with Q and #/p1 coefficients & primes po



Euler characteristic

Def For X a finite CW complex, the Euler characteristic
is X(X)= In)-1

"

cn
,

where In is the # of n cells in X
.

Ex x= 5 - x(z) = 1 - 0 + 1 = 2 x(z) = 2 - 2 +2 = 2

Ex X/torus) = 0
.

3 3 15 .

7
3. 7 . 3

an na an na

2.
6
. · 2

b b i 5

XCtorus) = 1 - 2 + 1 = 1 - 3 + 2 = 7 - 21 + 14
.

Ex For Mg the torns of genus g . age
...

ab ,
-X(Mg) = 1 - 2g - 1 = 2- 29 .

bei T va
,

-

-ag. .



Thm 2
.
44 For X a finite CW complex,

X(X) = In (-1)" rank Hn(X)
·

Hence the Euler characteristic is independent of CW structure,
and also a homotopy invariant.

Rmk The rank of a finitely generated abelian
group is the number of I

summands when the group is expressed as a direct sum of cyclic groups.

Ex rank ( *#142)***#25) = 5
.

Rmk If O-Af, BAC- O is a short exact sequence (SES) of finitely
generated abelian groups,

then rank B = rank A + rank C since

C = imB = Berg = Blime with a injective
=> rank C = rank B - rank A

.



Pf of Thm 2
.
44

(Algebra Step) Let

O (Cir Cir+
7

...
1618

be any chain complex of finitely generated abelian groups.
We have SES's

⑧ kerdn : (in imdn , f

and

O im dnt sherdn : Hn , O
.

Hence rank Cn = rank herdn t rank im dn
and rank kerdn = rank im dnt + rank Hn

.

Substitution gives rank (n = rank imdun + rankin + rank im dn .

Cancellation in the alternating sum gives In(-1)" rank Cn = In(-1" rank Hn
.

(Topology
,

Step
Let Gn = Hn(X"

,
x*) = #n-cells)=&

·

Hence X(X) = I
.
(1)" cn = In (1)" rank (in = In (-1)" rank Hr(X)

·


