Secjciow Z‘Z Cup Producé

Lebk X be a space.

Lot R be a ring (o-Hen IR, @, or ZAZ),
Well defire a cup  product struckure

HE(X; R) x HA(x; B ~> H™(X.B),

YVIaLing H*(X; R & (3ruo¢eﬂ) ring.

First, defoe  C*(XR)x C*(X:R) = C*(X:R) with
(@, ¥) —— vy
pvy acjcing on Sinyulm gimplex Q‘-‘AM—%Y b_y
(le“y) (v = cg(o"lrv,,...,vﬂ)le(o*f[vk, Vn+z]).
Praonl' n R

°Tl'le, Pfo&ucl’ on Cod/lainf ’Feels unnmémml,
\OV\'[: we!ll it wduces a map  on Col'»omo/ajj.

° Ce;réam}j puy #** yuip € C*(%R),
BIAJC for R commubatie and Mer(X}R), BeH(x,R)

well  see > vp= (—])Mpwx.
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Lemma 3.6 8(puy)=(Spuy)+ () (gvsy)
for @eC*(X:R and we CXiR).

E£ I_el: q: AMH — X Note
g((evq/)(ﬁ‘) (WVW)(QT)
‘Z:f (D Covlelbo,.. - oeed)
_z =0 ( \> l{)(W Ve,.., V%, Vp_ﬂ-l)w O-IEVIM kaa)
z: i.:ll( D (?(Q—l[V Vﬂ) (Wl[vn e Vul])

No‘lie (glg v W)( ) = S‘P (G_'hfw, ...,\/m]) ly(q_l[de,...,Vh-ehl])
z =0 ) (¢ ,I__Vv,---, Vi, .--,Vm]) l}/(W I[de, ...,Vma]).

Nofe (") ([e"g‘}’) =( (WIE’ VE])gW(ql[Vk Vet ds ])
= (vlrv )

E;:_ ( |) IQ(VIE/ Vn]) ((Tl[Vn,...,V ,...,Vn+1]

HQHCC we're Geona aH:er obSerij ‘HIQ,

L=)2+\ Lterm &?V\Y Concels  with the
=k  term i (-l)h(wuggy),

( )rh (U|EVh V v Vot 24 ])

Aside: D(XxY)= (DXxY) v (Xx3Y)
&1 4 4 4

COH%”MQY\C&S
o [f (p and y are COijleS

‘H]eﬂ S0 15 lpvy Since
§(guy)= (Sntevwﬁ(-l)h(teﬁw) =0,

® The cup product of a cocycle ond
Qa Cobom&ary s A Coboum{ary.
Cawl v Sy =x5(gvy) ¥ Sp=0.

Cocyde Coboum;(urj

Qm_ gl(V = g(‘?”‘}’) if gq)=0

Coboundlar 1y Cocyo\e

® Hence we gejc on m&uceﬂ wap on coLomo/ojy:
H(XR) = H(X:R) He<(X; R),
ASS‘oualflve ond distrbutive (a(So on cacLans).




EXam le 3.7 M orienéalole mr*ﬁa,ce genus 8.
By UCT or Theore,m 35 (on Ce,”M’ar (ahoma]agy),

. 7 =0
H(M;2)= Hom(Hmy2)= 3 7% -1
Z =2,

Whal 15 £ Cup proﬁuc{- H'(M.2)xH(m:z2) L Wm;z) 7

H|(M) ge,neraf:d bj c5c|0,s a, L., _..,as,lsg.
H(M2)  generated bj dual  coydes @, @, ., 10g, Vg

gmpliaa’ Hl(M) gejnemx{eﬂ bj Cy(,/e c,
1916 Sum O‘F a Z'Simp).za; w;Hq +/— Sgns inoQiCméeﬁ,
Simplicia)  H(MZ) generaked by dual cocycle
Ma{)pinﬁ one Suulq Z’Sihp)ex to its fign.

[0y ) =1 generndng Z = La)Vl0)=Lx]
(g, v @)0)=-1 = [y,]v[y)= -4,

™ smlical ¢

a\l

Siﬂgmlar @,



More 3@nem”y,
Le)oly) = G [ L=5%=-£%1vm.

O #)
[pJvly) = O Vi,
lylely) = O V.

By A‘nﬁ':ribméiviég, this er,lLarmiweS
H'(1:2)< H'(m; 2) 5 WM, 2) Complal,e,j.

Rmk Nonzero cup pro&ucés occur \r\ere, {)reu‘sel_y
when Ehe comesponding singulac " loops' nkersect.
Thii worlas even ’F;)r‘ E?L] V[‘{.‘.]:O a-ﬁ,er &eformin‘g
One  Copy to be &isjoimé from the other.

™~ simplicial @,

OL\l

Siﬂgmlar @,



EXampla, 39 N nonorienéal;}e mr—ﬁace genus 9-

RQC&” Hl, (/\/)

R
W

Z L=
Yo% -1
O O

Cellular l'\OYYlo!ogy wikh %z coelhicents gives

Zha i=0
Z/zz) Z/21 =1 gen, By Qyyer, A
Z/?l =2 9en. bj Co

By the UCT, we have cL sp it SES
O —Ed(Hni) 6)— (W, G)—e Hom(Ha(8),G) — O

Recall ExHZ:6)=0 e 7 is £ree.
Recall Ext(Z2,6)= %6,

ChOOSVIB G) 2/ZZ 81V€S

H (n; Za)= %

Zh2
@42Y

Z42

i=0

=1 gen. 193 @,.
=2 Qen, b_tj ¥

., Pg



EXampla, 39 N nonorienéal;}e mr—ﬁace genus 9-

\/\/L\a{' 15 ‘Hf)é Cup praﬂu(_{‘
H'(V;%52) x H' (N %) ——— H*(W:%42) 7

(lQL v (&)(e)= 1 = [e]vle]=0.

For LTy, (&V!?j=0 on al Z2-chaus
e [L&]”[‘Q]"‘a

M Nonzaro cup pra&ucér oceur %ere Pred5e|y
when the wrrespon&mj singu)ar ' ’oops“ ntersect.
This works even for [@]vled=1 since any
deformation has ot least one intersection poim.t.

2z

Aimension

or J«.smb

N
Rk When g=|, we get H(RP; Z)= ZE/6® where Ixl=1 («cen(Rp:2).
More generally, H*(RP";Z.)& Z,[«1/[*) and H(RP*ZI=Z:[x]  where x| =1 (Thm 2.9).



Prop 3]0 ]:or o maﬁ § X—*y
‘H’le chuLe(Q ij g

H'(Y; R>—9H (X;R)
SaJcm[y ((XVQ) £*(«) v £*(0).
X=S‘XS‘K$|
/= Y=5'x§
> 9
= (6.6:.9:)——>(6.6.)

X

& Tl«is ‘Fo“ows ‘From 'H'w_ Coclmin—level 'For‘vvm,a
(§*—L? v§* \V)( ) =5 LP( If Vh]) £+ (V] W\EVR Vv.a])

= (.Q(&W\[W; Vn])W(‘E'Q‘ Me, . Vnﬂ)
(Lq U() )

$*(gvy) (o),

I



Thw 31l For R o commdaie ring, (o X) =2 C(X) = (L (X
o(vg = (—\)u QV X ‘r[or‘ a“ O(F.Hh(X;R)I Ee HE(X)R), / lS’ / lg

by
Cvmcx) B Cn( X) _’Cw-l (X)
PS Well buld a chain meg g-Col)— Cal) a ’
Chain l’\omaéopjc to the icpenkiéy (1 pg prook ia Hatcher)

(hence ¢*:C"()=C" 15 chuin homotopic Lo bhe ‘l&@néi&g), (" (x) 2 Cn( ) C"(X)
Sacishyng g v gty = CDMgely o) N A
) S (e 0 ()

POLSSinj -’:o colnomolojy gives [Le]V[W]=('DME\I/]VD(’].

How to define ¢:Cu(X)—Ca(X)? Note

The linear map ’_’vo,...,v..]—%E/n,...,vJ (f*l{' Vg*y)(“’)

1S a pro&u(_‘[' of nlntd ‘&ramposi-['iaws/ reflections. = fﬂp(i\‘l{w,...,vﬂ) f*\p (Q‘)[vh,...,vuﬂ)

For r a s;ngu)ar n—SimpIex, let & be =(-Dﬂ%jn (G‘ ll_‘w,...,vﬂ) (’Dﬂ%ﬂ)\;}(q’lfvm,...,vh])

T precomposed with this  linear  map. = ()™ - W(TI[VME,...,V\J) l{)(G |5 ...,v.,]) R commdatic)

Let g(G‘ )= € )Tni’-ﬁn T . (—\)‘uZ (-l)lﬂl(w ) (crl[vm,...,vh]) Y (G‘ |ce vJ_}) K’DM (-\)hl = l]

i j 3 reflections i il a >< = (—nu f* (W‘“P) (q-) .

(o} 2 (o]

T



—H\m 3.” For R (48 commu‘éméive ring,

xvf = Sk Bux for all xeH*(X:R), pe H'(%:R.

& For k odd and x=@¢€ Hk(Y;R),
2(xve) = 2= 0 w H*(XR).
So if Hu(X;R) has no elements of
O(‘ch(‘ ‘[:wo, ‘H)en orz = O

Ex o'=0 for any o H(MD) for
M on orientable surface of gewus g,

[LQL] V):l{’j =0 \/b,\j.

E\\/L]"[\Vj] =0 VL,\j .

[y)vly;] = {[x] L=3§ = -[y]vle],
O L#)

]:;JY‘ ezxotmpzje, ~
(De;]{w;]) =[w.] + [@)Jlw) + [wlvled +[w) = O.

% zez



_H]e, cot\omology ring

Define  H¥(XiR)= @10 H'(X:R) |
Hemwlcs Zioti  are fiite  Sums, o € H (X.R),

AdbiLion: ZLLX’L + ia b = 2: X, +[;
Mul%iplacméian? (?_;,(Xc\) (Z; @) =2 o p; = Slz%a E'HH oy,

This makes H¥X.R) ring, With an identity f R has an ideatidy,
I% s 0 gr‘azie& rinj’ AgﬂakzoAk WiH\ Ah"An“'_’Am.

An aleman{- o€l }ms _A.LMMSLQZL or dg#[ea \lo\l= \L, O(VQJ}L= (")u gl\’ X for
/Vlawy elements of A do not live in some A /(XGH (X)R), BEH (X':K),
R Cownvnu{:aéi\/e.

I-F ab=(—\)wbl ka 'r[or‘ aé/jm\, be Albl, as m —D’W\ 3]‘,

{':hen Hw, gmderﬂ ring /4 is  referred 4:0 as
Commibodive,  graded commdative, onticommatative, or Computative.,



What are some exampje, graded commutative rings 7
Ex 312 POlelOMiA] rings Rled and  RED/(6™) with |« even or D=0 i R.
Recal from Ex 3.8 [uith gons g=)) e W(RP?;Z,)= EZZ =012
O O.w. a S

WL!erL 'nL x general:es HIURPZ;ZD, Hwn Oﬁz genemées HZU—RP’Z;Z'L)

H*( ]szj Zz)";’ %620(2+ CX+ Co 1 C. € Zzg (Cld2+C,W+ Co>(&1o(7+ Al,o{-f— n€o>
&= ZZB]/(O(B) where \Nl =1. = (Cdot Lt Cody) o+ (G, Aot Cod )t + Codls
Economic  vepresentation!

H*(RP"; Z.)= Z,[x1/x™ ad H¥RP*ZI=Z[x]  where | =2 (Thm 2.19).
H¥(€P";Z2)= Z0«)/x™ and  HS(CP*;D)=Z[x]  where l<|=2  (Thm 3.9).

H*(ﬂ:l IRPNJ Zz) = ZJ_—‘X\, °<\r¢] wl\ere_ |0ﬂl =1 (E)(mwp}e 3.20).



E)( 33 Exterior a\gd)ms AK[W,,...,%.] with |0<a' odd..

Let R be o commdative ring with identiby 1,

The, exterior ol dom /\Rl__O(, ,_.,O(n] is the ‘ﬁree R-module
with bass ‘Hﬂe 'Fwn(:e Prao@ud‘f Ky Kipg vae A, u<... < vy
WH,"/\ aSSOC(anWe &\err Lu‘}:N& MM” pllcaélm &C‘FW&Q by

0G0 = - o, for uF) andl  «2=0,

The empty produck of oi's s the dertity, dencted 1.

AR[O(‘ __.,O(n] is 3ra&e& Commu{'m‘:nve I-F I(Xl 15 o&& VL,
Hq{(SIXS';Z)——“-’AZ[M, B with xl=1g)-1 (B 39

X
The cohaMoIogy of 15 YlO‘é Ol£ H’IIS ‘Form — WI'Ij?

HE (S 32) = Nl o) with lol=1 Voo (Bx 20g).

Produck mth odd spheres
H¥(WL. Sz a Z) /\_Z[oﬁ Nn] With

Y.

)




Re,ca” 'm&ute«Q L‘lomamorpkisws are rng "\omomorphism (Prop 3]0) Fof‘ exmp)a

M The \nc]MSionS Lot Xy U.,,(Xo(
'm&uce (8 rinj '(SOmor‘DhiSM H*( U_“ Kot R)ﬁ Trp( H*(Xo( ) R>

Coorfinate-wise malfiplication

S'\W\i\arly W(VdX«;@i T (XsR)  as  rings.

Reduced CO[/IOMalagy 1$ COhomolagy re\ajciw; /8 })asepam{:.
To geb = we assume  basepoints  x ave  deformution
retmcks of  neighborhoals, e, the (X« %) are 30032 paifs.

Ring S’IIHAC‘}:MNS can disjcivgmlslv Spaces -ﬁmm Wecqje Sum§,
Consider  €P*= S*uc D' with 5 5°—=S5* the Hopf map

and  S*vSH, . . .
H(s*sY) = (Z L=0,2,H)}%H°(<LP;Z)

Rea\'\za{iam pro’o}em

Which graded commutdive
R-algebras occur as Cup
prodwid  rings H¥(X; R)
for Some Space X 7
*R=Q, e;savn@i:t"y all
(Qullen 1969
.R=Zp, p prime 7
*R-2 77

O ow
/\/O‘{:e, Hﬂé((fPZ,Z)gZEO(]/(O(’S) with }o()=2 hes  nortrial Cup Prchuc{-s (0<2=FO)/

whereas  S™vSY  does nok (Fl“‘(SZVS“J'Z)g 'H*(sz;l)eaﬂ*[g‘*;z)).




More, 3@Wara(’y (See gl’iB on H/:a Ho(n[ invaw‘m%), F\M“H’IUMON, Hle’zn-|(S")~’Z

et 022, Tor £ 578" et (g S"ugD™. s a homomorphisw (Prop. 1B.)
and. Wu-\(sn) Contains 7 as
]:or 3C,9=52“—l—75w, e '9’—‘@, H)en C&”Cg. Qa &iru{' Swmmand. for M even
Convexu\y, Ce *Cg implies F*g9. (Cor 42.2).
| ot MGHW((;;Z)Q-‘Z and BGH"[C;’,Z)%'Z Thwm (TF AoQams, ]%O) A mop
be 3e,neml-ors (dnoosa the Sign of B Carm[;!lg). DC:SZVH—>5” with Hornc \Nveri wnt
Tke Ho‘oa[ Wariant of £ s qu, ')mkejer H(9=1 CX'\S{'S on’7 whaw V\=2,L+,g,
H(S’) SaLIS-@}nﬂ 0<1=H(‘S')&
COV\SQ?}M@WCQS

o 5 Y\u“hama‘tvpic = Cfgsw"sz‘ﬂ 0./112 H(‘S’)*‘-O .[R“ S q ANESFOH afgel?m 0/\’7 ‘Fof V\=),2,‘i,3.
o £:855 the HopF map = (s =CP* and H(5)=1. " is an H-space orly for 201,27
® For n odd, o«°= -« hence =0 and H(H=0. ® 5" hos n ]‘mm|y inde pendent  Vector
® Tor n even, the Hop$  invariant distimuishes 'mwcmzlelj fields only for n=0,1,37%

nany homo{:apy Closses  oF maps gt g1, ® The onlj Liber bundles SP—$158"

So My (S is infiide Hor n even. occur  when (p,fﬁ,r)=(0,l,l), (132)

Z2Y, ad (%15,8).



L 0C
A KU«YIV\&LJ) ‘Formula

Lo IS the Cyvss pm&md' an iiomorpln‘sm?
Not even o rin %ommorp)\im, Since
R a Commufaj.:ive ring and. X,Y Spa.ces, r(a,b)=(m,rb)i—x> rp,*(a)\/rpz*(b)= fZ(ML).
Pr‘o\')ecfions P XY =Y 0 (o)==
pL'-X"yAY Y- ('Jc,y)=j ’Wam{nrm Ehis  R-bilinear Wap into an
R-linear one by replacing H(xR)xHlrR)
The Cross groduct s the  map with the tenfor profud H*(XPg H¥(xR).
H(XR) x HE(Y:R) 2 H¥(X:YR) guen by not yek defined

(ab)—— axb= g () vpk (s

b 215 The cross product

Since the cup product v s distributive, HH(X:R) 8, H¥(Y;R) 2 H¥(X+Y;R)

1’:1’1& Cross pn;oQuL(— X 15 bilinear : gen. (a,b)—— axb:= P.*(OQ"PT(L)
(raﬂJa')xL:r[o\xb)+r'(ox'kb) 1S a ring ]SoMorphiSM i

ax(rher'b) = 1 (axb) +r'(asb’) XY are CW complexes anf  HY(Y;R) s
YreR ae H(XR), beH¥(Y:R) I\ -Finite)y gencm-ie& free R-module Yk,

PE (raseh)xb = p¥ (rmar'a!) v p¥(b) = (cp¥(@s ' p¥(a) v t(o)
= 1 (p¥(Wvplo) + o' (pr e pE) = r{axb) + ' (a'xb),



UnjyeﬁrSQI ‘2[ (2'2&[ II:;{
For M and N R-modules,
the Lensor product  MGN s an  R-mdule

€%M:p{)el with a bilinear map M*/\/M@g/\/
Such  that
® /\/\@12/\/
/V\X/\//m la.'L
\‘ linear
‘For eacL\ )oi}iwear‘ /V\XM#’P.






