
Section 3
.
3 Poincare duality

We'll start with an easier version .

Formal version is Thm 3
.

30
.

Recall a closed manifold is compact without boundary .

Poincare DualityCeasier version
Let M be a closedn-dimensional manifold

.

Let M be differentiable (or more generally,
let M have a pair of "dual cell structures"
Then HR(M : [2) = Hn-n(M ; [2)

·

Furthermore
,
if M is orientable,

then Hh(M:) = Hun (M :) ·

Rmk Thm 3
.
30 does not require

differentiability or dual cell structures.

Rmk The isomorphism in Thm 3
.
30 takes

cap products with the fundamental class .



Orientable examples H
*

(M:) = Hum (M : 1)

Sphere HR (S" ; 1) = (0Rn = HumS"

Torus (n-dimensional) HR((s)" : 2) = T(m)= (nEr)
= Hn-m((S)" ; I)

Orientable surface Hh(Mg ; <) = >* h=23Hnm(Mgof genus g

Diant
Projective space RPP is orientable for n odd

.

3
& i= 0 or i=n odd

HIRP"7) =S For EndesHillP";) = E2 Occen odd

O O.
W.

So for n odd
,

H*(IRP" ; <)= Hn-r(RPV ; 1) ·



Non-orientable examples H*(M ; [2) = Hn-n(M ; <2)

RP" is not orientable for n even
. *

H& (RP" ; [2) = GOREn = HnmCIPL

Non-orientable surface

of genus 9 H(Ngi) = SERGHnmNg
↳

Uz

Rmk The local property of closed manifolds
· ·

(locally homeomorphic to IR") imposes strong control 44

on global properties Chomology and cohomology). a



Introduction to manifolds

Def An n-manifold is a second-countable Hausdorff

space locally homeomorphic to R .

↑

Means each zeM has a neighborhood Uzz homeomorphic to R, or equivalently,
" some open set in I"·

A

n = 0 n = 1 n = 2
O

-

~

-

V

S

Meet=
Dim n ↑

Rn - R-
- & Elisn

↓

(sin ↓

Rpn Dim In - =
=

.
many others. CDn ~ ... ----

=



Second countable (topology has a countable basis) rules out the long line
.

·Hausdorff rules out the line with two origins

The only closed connected n-dimensional manifolds (up to homeomorphism) are

n = 0 The point

n =1 The circle

n = 2 S2
,
torns T =SixS'#T

,
all genus 9 toriMy

Meet=
RP2

,
Klein bottle IRP#RP2

,
all genus g nonorientable surfaces

- Ng:R
-----------
-



Every closed connected 2-manifold can be given a metric
n =3 Hard! with constant curvature (positive,

zero
,

or negative)·

Proven by Perelman in 2006, declined Fields medal

Thurston's geometrization conjecture (now theorem) says each closed
3-manifold can be canonically decomposed into pieces with one

of eight types of geometric structure
.
It implies the

...

Poincare conjecture (now theorem) Every closed connected 3-manifold
with trivial fundamental group is homeomorphic to S3

.

n = 4 Hard !

n25 Hard
,

but some things get easier.

In 1961
,
Smale proved a generalized Poincare conjecture

la homotopy n-sphere is homeomorphic to S2) for 125
.

In 1982
,
Freedman proved it for n = 4

.

The trivial it
, assumption does not suffice for n2 4

·



Invariance of dimension For nem
,

a space cannot

be both an n-manifold and an m-manifold
.

Def An n-manifold with boundary (need not be a manifold !
)

is a second-countable Hausdorff space locally homeomorphic
to R or to R : E(, ....

en)ER"1 kn =03 .

&

Eit &
M

-



From Wikipedia:

A differentiable (C" or (") manifold is a

second-countable Hansdorff space M equipped
with a maximal differentiable atlas

.

Whitney embedding theorem A Con-manifold can be smoothly embedded in R
(For n a power of I

,
RP" cannot be embedded in IR2)
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if M is orientable,
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30 takes
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A dual cell decomposition of an n-manifold M is

a pair of finite cell structures C
,
C*

such that ·
each (nk-cell of C has a corresponding -cell of C* i
the boundary of an (n-k)-cell & in C contains an (n-k-1)- cell ↳

# the boundary of the dual (kill-cell in C* contains the dual k-cell
.

Picture n =2
,

k=0
.

Ex M =S C : 8 vertices C* 6 vertices
rm 12 edges 12 edges

62-cells 82-cells

i Cube Octahedron

The icosahedron and dodecahedron
are also dual

.

Image from cosmic-core . org .



Ex M = S'xs' C : 1 vertex &

2 edges
12-cell

& verte

↑ · *

2 edges - -

12-cell
&

We can get finer dual cell decompositions via ↑ *

-

A similar construction works for S'xS'xS
with all squares replaced by cubes.



Proof of Poincare DualityCeasier version

Use CW structure C to build a chain complex,
and CW structure C* to build a cochain complex.

e
For all k we have Cn-r(Mit)= #(mm)- cells in c)

= #m-cells in C*)

= (
* (M ; (2)

Furthermore
,

we'll see that under this correspondence, On corresponds to G .

Hence HM (M;) = Hn-m(M ; <u) ·

When M is orientable
,

a similar proof works withI coefficients.



To see On corresponds to G .

·Let a be an (n-k)- cell in C
.

Let b be an (n-k-1)- cell in C
.

Let A be the corresponding k-cell in C *.
AB

Let B be the corresponding (k+ 1) - cell in C *. i
By the second bullet defining dual cell decompositions, Picture n =2

,

k=0
.

b has coefficient 1 in da
=> A has coefficient 1 in OB
=> B* has coefficient 1 in GA* (since JA* (B) := AF( &B) ·

I Recall B* is the cochain assigning 1 to the (k +1)-cell B, Sand A* is the cochain assigning 1 to the R-cell A .

Since this is true for all a
,
b

,
A

,
B,

On corresponds to GP
.



Let R be a commutative ring with identity (think R = L or 22) ·

Thm 3
.
30 (Poincare Duality) If M is a closed R-orientable n-manifold

with fundamental class [MJE Hn(Mi R)
,
then the map

D : HR(MiR)-> Hn-m(MiR) defined by D(d= [MJur is an isomorphism UK.

Rmk We need to define R- orientable
,
fundamental class,

and the cap product v
.

Def (local) An R-orientation of M at zeM is a choice
of generator/unit(element uER with Ru = R) of
Hn(M

,
M - 323 ; R) = Hn(I"

,
IR"-323 ; R) by excision and the deff of n-manifold

= Hn- (R"-523 ; R) by the LES of the pair (R", R2-523) with R=*

= Hn- (S" ; R) sinceR- 523 = Sh+

= R
.

= · ②
so

C
X



Def (global)Anorientation of M is a function xMr

assigning to each zeM a local Orientation MeHn(M
,
M-E3 ; R),

satisfying the consistency criterion that each zeM has an

open neighborhood zeBEM with MEHn(M,
M-BTR)

, ⑳where VycB we have Hn(M
,
M-BiR) -Hn(M

, M-5y3 ; R)

Mp1 < My ·

If an R orientation exists then M is R orientable
.

Ex Any manifold is Zz-orientable as there
is only one choice of generator.

Ex Spheres and tori areorientable
whereas the Klein bottle and RP are not .

Meet------------·-



Def A fundamental class for M is an element

[M]cHn(MiR) satisfying Hn(MiR) --Hn(M
,
M-Eu3 ; R)

[M]1 < Me (local orientation)
for all xeM

.

Fact M is Rorientable a fundamental class exists
.

Ex When M is a A-complex and R = I
,

a fundamental class [MJEHn(M,Z) is an n-cycle
with coefficient #1 on each n-simplex of M.

⑳



Cap product
For X a space, we'll have a cap product Hr(XR)xHe(X: R)= Hm-e(X : R)

·

This has close connections to the cup product HR(X : R) + HEX: R) = HR+e(X : R) ·

For k2l
,

define the R-bilinear map Cm(XiR) x(P(X : R) vs Cre(X : R)

by =(s... ve Gre ...as for T : SRX a singular simplex .

ke Picture ofuny
3

V So i "eats" the firstI
3 I V ------ -- dimensions to turn a

R-simplex into a (k-l)- simplex.

32 vo
Vz

42
-434

- 4Vi

Vo
V4



Note &(ony) = (1) (on-undg) .
The cap product of ...

a cycle and a cocycle is a cycle
since d(rny) = 0 if Gr = 0 and Sn = 0.

a cycle and a coboundary is a boundary
Since Judy = Gong) if Gr = 0

.

a boundary and a cocycle is a boundary
Since Grun == &(run) if Gy = 0

. Ker dr Ker de Ker & r-e

Im Ort Im Gl-1 Im Dr-l+
It It Il

Hence we get an induced R-bilinear cap product Hr(XR) XH(XR) Hre(XR) .

Verification Let w : 1"-X and let yeC(X : R) with =1.

Orna = (Zo (di Nivo, ...,, ..., un])u
= ZEo(-Du (slavo

,
...,, ...

veri)& live+,. 00
, vm]

+I (-D(Altro, ...,
ves) Give,...,i , 0 . 0, VR

Hence we're done upon observing
rudn =Zo(1)" y Calvo... ..., vers) riven,

..., un] the i=l+ ) term in inde aligns
with the i= 1 term in Olony)

a(un) =[: (1)en(attro,...,
vej) Give

, ...,i , ..., VR] after incorporating all signs.



The cap product has relative forms

Hr(X
,

A : R) xHe(X : R) - Hme(X
,

A ; R)

Hr(X
,

A : R) xHe (X,
A : R)

-
< Hme(X ; R).

For the first case
,
the cap productCr(XiR)x(e(XiR)

v
= Cre(X ; R)

restricts to Cn(AiR) x(e(X : R)
1

< Cre(A : R) = Cr-e(X : R)

So there is an induced cap product Cr(X ,
A : R)xCe(X : R)

v
, Cr-e (X

,
A : R)

Cu(X : Rij/n(A
; R)

with the formula for d(ruy) maintained
,

and we can pass to (cohomology·



The cap product has relative forms

Hr(X
,

A : R) xHe(X : R) - Hme(X
,

A ; R)

Hr(X
,

A : R) xHe (X,
A : R)

-
< Hme(X ; R).

Ce(X)/Ce(A)

For the second case
,
recall CP(X

,
A ; R) := Hom(CeIX,

A)
,
R) can be viewed as

the functions Ce(X) - R that vanish on singular e-simplices in A .

As such
,
the cap product Cr(XoR)x(e(XiR)

v
< Cre(X ; R)

restricts to Cn(X ; R) x(e(X.
A : R)

v
< Cre(X : R)

which is zero on CnCA ; R)x(eX,
A: R)

·

So there is an induced cap product Cr(X ,
A : R)xCe(X ,

A:R) v
, Cre (X : R)

Cu(X : Rij/n(A
; R)

with the formula for d(r-y) maintained
,
and we can pass to (cohomology·



I

Naturality of cap product O

↑

>

~

2

JR
For fix-Y

,
the diagram ↓

& u X
-

Hr(X : R) +He (Xi R) - Hare(XiR)
-

↓ ↑f* ↓ ↓ f

Hm(YiR) xHe(XiR)
v

> Hre(XiR)

**↑
satisfies f* (d) -r = -* (0 -f* (H) ·

I This is the spirit of commutativity when both) Ce(X) Ce(X)
covariant and contravariant functors are involved. ............. R
Pf For r : A

*
-X and HECP(YiR), we have

f+(t) 4 = fr 4

Evenrml
= f (r + f4)

.

Extend linearly to Cm(XiR)
,
and then pass to (cohomology



Recall :

Thm 3
.
30 (Poincare Duality) If M is a closed R-orientable n-manifold

with fundamental class [MJE Hn(Mi R)
,
then the map

D : HR(MiR)-> Hn-m(MiR) defined by D(d= [MJur is an isomorphism UK.

For k2l
,

define the R-bilinear map Cm(XiR) x(P(X : R) vs Cre(X : R)

by =(s... ve Gre ...as for T : SRX a singular simplex .

Pictureofony

3V ---------- m 3

The formulad(rey) = (1) Cray- ung) then

gives a cap product Hr(XiR)xHeXiR)= Hm-e(Xi R).



= Simplicial 4
Ex 3

.

31 Surfaces
.
Let MEMg be an ⑭

orientable surface of genus g21. Ty
=singular Ur

Tj T3

H
, (M:)= 129 gen. a

,
b

, , . . . ag, by H(M :7)= "
gen. Hi , M, . .

., 4g . Yg To Tz

= simplicial 4,

Fundamental class [M]CHz(Mg ; 1) is ⑭
T7

To
Ti singular e

generated by IFTj (signs shown)
. A

[M] + 4, =[ = (Tjun)
=[ C, (Tilvavis)Tjl , was

= b
,

= 4. (Tilvavis)Tilrik] (other terms zero

DiantSoi is Poincare dual to b
,

and le to bi
.

[M] + 4 ,
=[ (Tju4)
= [ #P , (Tiltavis) Tjln , was

=
-

4 , (Tzlvovis)Tzl[rk]
= - a , Geometrically ,

note singular "loop" li
SoI, is Poincare dual toa, and Yo to Ai .

is homotopic to bi, and 4: to-ai .



N nonorientable surface genus g .

i = 0

HiS
i = 1 gen. by a

, ..., Ag 43
⑨

i = 2 gen . by [N]
To

Th T
Uz

i= 0

i= 1 gen. by Di, .... 49 ⑧ To To
i = 2

en
T

To
Th

[N] 1 4 .=T vi)Tiles
a

= 4 , (Tilivoris) T. livi, v2]
= a ,

So I is Poincare dual to a
,

and lo to Ac . Pi

Geometrically
, note singular "loop" He is homotopic to ac . &RP-----------
-

*

a
,



Thm 3
.
30 (Poincare Duality) If M is a closed R-orientable n-manifold

with fundamental class [MJE Hn(Mi R)
,
then the map

D : HR(MiR)-> Hn-m(MiR) defined by D(d= [MJur is an isomorphism UK.

Corollary 3 .
37 The Euler characteristic of a closed odd-dimensional manifold is XCM) = O

.

Ex x(s) = 1 - 1 = 0 x(S) = 1 - 1 =0x(52n+ ) = 1 - 1 = 0

X((S)3) = 1 - 3 + 3 - 1= 0 x(RP3) = 1 - 1 + 1 - 1 = 0

X(S'xN) = 0 for N a closed 2-manifold ~

This is a striking result! Orientability and Euler characteristic suffice to

classify closed connected Z-manifolds. Not so with 3-manifolds.

Pf Sketch Let M be a closed n-manifold
.
M has finitely Hn(M) = [ ([mi)

generated homology by Corollaries A
.
8

,
A

.
9

.
For M orientable,

rank HMS = rank HCM)
,

by Poincare duality
= rank Hni (M by Universal Coefficient Theorem

, Corollary 3 .
3 : H= (Hr/Tr)Th+

So for n odd
,
the terms of X(M)= [Eo()"rankHi(M) cancel in pairs ·



For M nonorientable
,
Poincare duality gives

dim Hi(M : (2) = dim H*"(Mi <2)
= dim Hn-i (M : (2)

by the R-module UCT on page 196 of Hatcher
,

which for R =T2 gives

O-EX(Hm+ (Mitz), <2) <H
Y
(M ; (2)

= >Homz(Hm(Miz), 2) · 8

O since 42 is free

over 12 hence H
* (M : [2) = Hm(M ; (2)

So
,

the terms of ZEo()"dimHi(M ; (2) = 0 cancel in pairs.

We show &(M) = [Eo(1" rank Hi(M) = ZEo(-1)"dim Hi(M ; [2)
·

Use the standard VCT in Thm 3
.
2 :

0- Ext (H = -,
(M),) -> Hi(M:)- Hom(H : (M),2)- 8

Each 1 summand of Hi(M) gives a2 summand of Hi (Mitz) = HilM ; Thn)
EachLm summand of Hi(M) with m even gives E2 summands

of Hi(MiEz) and Hit(M2) (recall ExtlEm
,
[u)

whose contributions to ZEo (1) dim Hi(M ; [2) cancel .

Each Em summand of Hilm) with m odd contributes nothing to H* (M ; (2)·



Connection with cup product
The cap and cup products are related: (evp)(d = p(ann) (*)
for de Cr+e(X : R)

, ye(h(X : R) , yeCe(X: R)·
Indeed

,
for r: She - R we have p(r-4) =

4 (4(divo....
vn]) &Erm

, ...,
Va+e)

= 4 (rEvo, ...,
Vn])4(r/zvm,

....
Va+es)

= (4 -4)(5) .

We have maps ((Xi R)
40

, Ch+e(X; R)
Ce(XiR) =

n4
Cr+e(XiR) . 41 > yu4

C(X ; R) yu (k+e(X; R)
Formula (#) gives that map Il Il

no is dual to 14 : Homp(Ce(Xi R)
,
R)
(or*

> Homm((r+e(X ; R)
,
R)

↑ < (01) Plaup)
Pass to (cohomology· If the h maps are

isomorphisms (say R is a field
,

or R=1 and H(X
,
2) is free Vl), Extr(Hen(XiR), R) ExtrCHme(XiR), R)

then yu is dual to my. i i
If furthermore (cohomolgy is finitely generated, He(X : R) yu

< Hk+e(X; R)
so that homology and cohomology determine each other, ↓ h A ↓ h

then the cup and cap product determine each other
. Homp(He(Xi R)

,
R)
(or*

> Homm(Hr+e(X ; R)
,
R)



Let M be a closed R-orientable n manifold
.

We have a cup product pairing HM(MR) xH
**

(MR)- R

(r
, 4). COUPIM]

Such a bilinear pairing AxB&R is nonsingular if the associated linear maps

A <Homr (B,
R) B Homr(A,

R)

al : (b) < p(a ,
b) b1 < (a) < plab) are both isomorphisms .

Prop 3.

38 The cup product pairing is nonsingular H" (M : R) -> Homm(Hm(MiR)
,
R)

for closed R-orientable manifolds when R is

a field
,

or
HERMR->GEM

X and torsion in H* /M ;1) is factored out. p
,

D*h
> ( + + (er)[M])

41c[M]u4
Pf For map h from the UCT and D : HB- Ham from Poincare duality ,

consider

HM-R(M,R) n
< Homp(Hn-m(MR)

,

R) ** <HomR(H(M : R), R)
Y (n 1- P(d) (41 < PLEMur) = (0[M]

For R as specified,
h and D*

are isomorphisms ,
hence so is pl

* h
> (n(er)[n]) ·

The anticommutativity of the cup product you= you (and swapping R and n -k)

gives that 41 <(p-Cer[M]) is also an isomorphism.



Corollary 3.
39

For M a closed connected orientable n-manifold,

yeH*(Mi2) generates an infinite cyclic summand FcH
** (M :1) with guy generating H * (M;)= Ho(M:)=·

For M a closed connected n-manifold,

yeH(Miz) is nonzero # FyeH
*(Mit) with gry generating H * (M;2) = Ho(M ; Th) =

2 ·

PS 4 generates a I summand of HP (M : 4) H" (M: <) = [([mi)
ye <(1

,
0, ..., 0

# 5 homomorphism [ : HR(M : 2) - 1 with T(y) = #1 [(41 , .00 , Ar+ e) = A,

# JycH
*R(Mik) with (404)[m]= 1

since ignoring torsion
,

H
- (M : 7) = Hom(H* (M :2)

,
2) by Prop.

3
.
38

p . surja (4) < (qui[M]) = I

# JycH
**(M:) with 404 generating H"(Mit) = Ho(M ; 1) = 1 ·

grpsc InJeSeric(evi[n]=# 1

4 + 0 in H(Mitz)
# 5 homomorphism t : H

*(Miz)-72 with T(r) = #1

# JycH
*R(Mitz) with (204)[M] = 1 Since HAR(M; <) = Hom(H* (Mi)

,
(1)

Ne < (4) < (gui[M]) = I

# 5pcH
**(Mitz) with up generating H"(M : <2) = Ho(M : [n) = E

·

grpsc InJeCeric(ev4[n]= 1



Example 3
.
40 Projective spaces

Let's deduce H
*

(KP";) =[O]/(*) with 101 = 2.

IDh is orientable Call complex manifolds are) .

CpI

Inclusion KP
**

CKP" induces an iso on H for i2n-2
, --......

so by induction on n
,
H2(CP" ; 1) is generated by d for isn

.

By Corollary 3
.
39

,
J met such that arma" = mo" generates H2(CP4)= I

.

This means m = #l Celse &"is not generated),
so H

*

(KP" ; T) = <[]/(d") ·

Let's deduce H
*

(RP" ; [2)=z[]/(d) with 101 =

1
.

Inclusion IRP
**

CORP" induces an iso on Hi[z) for int

since the n-cell is attached wrapping around twice
.

So by induction on n
,
H(RP" ; 12) is generated byd" for isn

. Et
By Corollary 3

.
39

,
00 implies dud" = &"generates HY(RP"i42)=X2 ·

*

So H
*

(RP" ; [2)=z[]/(ont) with Id = 1
.



Alexander dua

Corollary 3 .

45et k be a compact, locally
contractible, nonempty , proper subset of SP

.

Then Fi(S"-k = x) = Fr (k ; 1) ·

----------- ------ .........
- -

K

Flo(S-kiz)= 3
= H(k ; k) Flo(S-kiz) = (3 = H(k ; k)

F
,
(5 - k : 2) = 0 = Fi(k ; k) F

,
(5 - k : 2) = " = F °

(k ; k)



Alexander dua

Corollary 3 .

45et k be a compact, locally
contractible, nonempty , proper subset of SP

.

Then Fi(S"-k = x) = Fr (k ; 1) · 8Rmk The homology of S"-K does not depend
on how K is embedded in S" .

Interesting already for n =3
,

K =S Cknot theory) .

Rmk Local contractibility is needed
.

------------
Consider n =2 and K the quasi-circle . #Fo(S"-k : 2)=* # 0 = #(k;) ·




