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Well shack with an easier version.
I:orwm] version s hm 230

Rua” 7 Clgﬂ manifold is Co\mpau‘: without )Douno(ary.

Pomcare’, DM):@ (easiu Version)

Let M be a closed n-dimensional manifold,

Let M be diflerentichle (or more gewe,ru”y,
let M have a pair of “dual el s{mclcures“_)
Then Hh(/Vl; 21)9'-‘ Hn—h(/Vl; Z,).

FutanU‘Mare, hﬁ M s Oriw%a“e,

‘H‘\&n Hh(/V\ ; Z) & Hn-h (/Vl : Z).

Ruk Thw 330 does not requice
&i{(eran%iabi]i{y or &ua\ cell Stenctures.
Rub  The iSOMOT\OLIiSM in Thm 330 tabes
Cap pro:ﬂqc{-s with  the fundamental  class.
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Or'\evli:a}z!ﬂ &Xavnp’a Hk(M : Z) ~ Hn_k (m: /7.)

Sphere H“(S";z)z%g kan}&an-h(s";z)
4 D,

Torus (n-diversional) He (s, 2) = 7 = 20 1, () 2) A
Orientable surface Hk(/mﬂ WAE %Z b= OZ} Ho-e (M ; Z)

D’f/: 3e,nus 3 *
Oy
@

N

Projeméive, space RP" is orientable for 0 odd.

. Z/ i=0 or i=n ol _ / i=0 or i=n ol
HLURP }Z)"E L, Ozien odf HLURPW,Z) = 3], D<iecn even
0 O ow

0.W.
So Lo n odd, Hh(RPn,’Z)g Hn-h“RPHJZ).



Non-orientable examples H(M; 2,) = Hpw(m; Z,)
[an \S Yloé Orienéalyle ‘For n even.

H(RP"; Z,) = % Z, Oflzéng > Hps (RP"; Z,)
0  ou

Non-orientable s urface R Zz
of genus g H (/Vg S T.) = 3 (Z,)
0)

Ruk The local property of closed manifolds

(Iocany l’lomeomorphic to ”3") Jmposes S{-ronj control
on glolaa) properties (%om‘;}ogy and co%omloy_y).




In{,ro&ud:ion 1‘;0 Wmifo/zﬂs
D€ An npmanifold s a sewmél—cwm{:alo/e Hausdor££
Space locally  homeomorphic to R.

1

borhoal. U>x homeomorphfc to TR”; or eaOMi\/m}eml:/y,
. ! ”  Some ofen se+ i K.

Meays each xeM has a neigh

[ n I

h=0 n=1 // n=2
[ J
.- O (=)
! 4 .
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>3

Din_s )
& /R (=
(5) |
IRPH D'\m Zn - -
many others.] cp” - —_ — — .
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geCOVIoQ Coun‘éaUe ({Opolo‘% Llas /8 Couv\’éaua ]DoLsiS) TU\]eS Ou{' H]e ]0n3 Iiha,

o0 e

Housdorf€ vules out the lne with 4wo origins
The Only closed  connected n-dimensional  manifolds (U\p to L\omeomorphism) are
n=0 The point ®

n=1 The circle Q

n=2 S* dows T'=S'xS, T#T°, 4 gems g Eori My M’

S (=
\<Iam bm% RPQ#RP 3@%53 nonomenfab)e Suﬁ[aces

Ny=RI” & .+ RE”

g times




Everg closed  connected 2-wmanibold  can be given a. medric
ﬁ HaY‘LU with Constant  curvature

[PDSi{We, Zeyo, ol y)egaéive_).

Proven by Perelman n 2006, declned  Fiells medal
T}HM‘ ' iZation tectu o ow If)eor m Says QHLL\ ClDSéoQ

Z—wmanifold ~ can  be canonically  decomposed _into  pieces with one

of aiﬂH %ypes of 920)’}’161.[7')'(. struckure. 1t imp}ies the ...

Do'\nmre’, Conuiec%we (vmw quorem) Evar\_,; Close& conwec{—e& Z—VMVH#DIDQ
wiH‘ {:rivial me&amew/:a} ﬁrouP 15 l‘)omeomorphic lLo 53.

n=4 Hard/
n>5 HM&, bu{' Some Hﬂﬂgs 3&% easier.

IYI Iqé’, Sma le proveoQ Qa gen&m]f zedl Po‘mcaré Conjecéwe,
(0. l’lomojcopy n-sphe,re 15 %omeomorphic to Q") for nzb,
In 1982, Freedman proved it for n=H.

The trivia) m asSmnp%ion does not  suffice for nzY.



Lovarignce of dimension For n#m, a space  cannot-
be  both an n-manifold avd an  m-manifold.

Dﬁ_F AV\ n-vmm{o{& with boundary (ned& not be a Wmi—(o/ﬂ-/)
s a second-comtable Hausdorf€ space locally homeomorphic
to R or to Ri= (x,.2)eR | 2203,

m
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Given a topological space M...
’“—rom \/\/il&ipe&m : i i

a Ct atlas {p,: U, — R} 4
a smooth or
& n
C* atlas 0 Us = RiYges
isa
an analytic

collection { ‘U R”
Po-Yg— }aeA

w

or C% atlas of charts

a

holomorphic lo s U= Ca T
atlas

R" R"

such that

{U,} o COVErs
M, and such that
forall a and S in

A, the transition
-1
map @, - pp is

a C" map

a smooth
map

areal-
analytic
map

a
holomorphic
map

The transition map of two charts. & k o

1 A diferenti C*) manidold is a
i d)a_lo d)ﬂ e second - comntable  Hausdort€ space M é%wpp%
denotes ¢ © dq - With o moximal  difberentiable  atlas.

Whitney embeddiog theorew A C7 n-manifold can be Smoothly embedded i R

(For n & power of Z, RP" camot be embedded in ,szn-)'>
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A dul cell decomposition of an  n-manifold M s

o pair of fiike cel structures C,C* suh Lhat

® coch (-B-cell of € has a corresponding k-cell of C*

hd H\e boundwg of an (n-\v)-Ce" g in C COn{aMS an (n-!z-l)—ce”

€ the boundary of the dual (kel-cell i C* contains the dual k-cell. Pickure n=2, k=0,
E_Y M"’SZ ) C’ 8 VerJ:iLeS C_*= é veﬂ:ices
12 edges 12 edgec
o'"" b 2-cells 8 2- Ce_HS
‘ Cube Octahed.ron

The )Losahe&ron and &o&ecahe&ron
ave also  dual,

Image ‘(rom cosmic - core.org.




\/\/6 can ge_% 'Qner cQual Ce“ &@COM{)OS'I%?OI/K via,

A
with

S'umi)aur Cons%ruu’:ion Wor]QS por S‘xg\xg

all

Sagua res

C" 1 Veréex
7 edges
1 2-cell

rep/ace& bj Cubes.

r




Proof of  Poincarz Dml:%g (easier version)

USe C\I\/ Slzrucéure C to Ewli a c_lm'm cOmp}ex,
and QW structure C £o buld a cochan complex.

00— CM;Z) 2> Co i z) 2 | 2o, ( (I, 2) =2 C (M 2,) —25 0

| | | |

0— C(M; 2) 250 (M 2,) B> . 5 W, 2) B (s 2,) > 0
por Ak we l/mve C“_k (/Vl-,Zl)” Zea(at(n-n-uns in C)

2
ZX(# k-cells in C*)
2

= (**(m; 2,)

~

Furbhermore, well see thet under Ehis correspondence, Onw corresponds o 8®.

Heace H(M;Z) = Huu(M; Z2).
\/\”%n M i5 Orie,chaUe, a Simi}ar proo@ works WiH\ Z Coef@[icien%s.



To See Bn-k carraspon&s 11:0 gb‘i / , /

let o be an (n-h-cll n C. _&,__,:_.-..,----
let b be an (n-k)-cdl n C. L1 ..? ./‘

Let A be the comespording b-cell 1 C¥, -
Leb B be He comespondig (b)-cell m C* / o ./'

Bj the second  bullet defining dual cell decompositions, Picture n=2, k=0,
b has coefficent 1 n Oa

&= A has coefbcient 1w OB
& B¥ Las coelbicient 1w SA* (§ince SA¥(B)= A"(?E)).

(R@CMH E¥ 1S ’Hﬂ& cochain assighing 1 ’,:0 e UE*D'(&H B,>
ond A* s He codin assignig 1 to He k-cel A.

S'mca H’HS 1S %rue for an a,E,A,B,
Onx correspondls to 8",



Let R be a commutative ring with dentity (Lhink. R=2 or Z,).

T)’!m 330 (Pomcare DM|1£M> I‘F /Vl 15 a C'DSe& E‘DY)CVI'[.WJ?)ez H-Vﬂﬂni{om
with Fudomental class (M€ HaM;R)  then +£he mayp
DeHM:R) = Hue (MsR)  defined by D)=[Ml~x s an '\SOmorphism Y.

M \l\/& need +o &Q\C(ne R"DH@W\IZLL)&/ ’(M&amen{’al c’ass,
and  the cop Pro&chr o,

Def ('oml) An —0ri é' € 15 A cho‘wce
of ge.weraéor /\Amé (element s €R with Rm=R) of
H (/V\ M- 5%% R) Hn([R [R 57‘3 R) L) excision and the &efﬂ of n- MGHI‘FO,&

2 Ho (R-23 ; R) b bhe LES o the paic (RLR-(d) with R'=x
=Y. (S ‘ R) since R-§2] = S™ ) .
&= R. / \\ S
oo
\ /’




Deac (O&loioa)) An —oriental; is a‘(umcé‘ion L My

assigning to eah 2eM a loca) orientation My e Ha(M, M-1a3; R)

satisfying the consistency criterion tht each 2eM has an

open neighborhoodl e BeM with mg€ Ha (M, m-B;R),

where Vgég we lmve, Hn(M,M'B}Q—’ Hn(M,M—ng;R)
My ——— My

I‘(C on R—orien{wlrion eX'\SJcS ‘H)en M is R—Dr{eh{'aHe,

Ex Any manifold 15 Z,-orientable as there
1S OY),j one Clﬂol'CQ. of geneméor.

EJ Sp%eres ond tori are Z-orientable
whereas the Klen bottle and RP* are not.

=N
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Def A Lundamental clacs for M 15 an element
[M e Ha(M;R)  satisfying Hon (M5 8) — Ha (M, M- $23; B

M —— Me  (local orieatation)
for all 2em,

Fa_c{— M s R-orientable & o Lundamental class  exists.

Ex When Mis a A-complex and R-Z,
o fundamental class M) eHn(M;2) s an n—cycfe
with coefficient 1 on each n-simplex of M.




Cap product
For X a space, we'll have a  cap product He(XR)<H'(X;R)"> Hun(X:R),

This has close connections to the cup pm&uc% HR(;R) < HA(X:R) -2 H* (X:R).

For jQ>,Q Ae«f‘na Hue R )m)mear map Ch(X R) Cﬂ( R)L’ Ch-z(X;R)
by gog= L?(ﬂfw vﬂ) (Y‘l[vﬂ ) For T APSX a singmlar simplex.

k ﬂ Pnc{ure of cnw
3 So Y "eaks' the fiest 1
3 1 Vo‘ R D dimensions to tum a
- k-simplex wnto a (h—ﬁ)—smplex.
\7
212 Vo 4> o~ ?/
By " .
4|2 @ ~ _LW
Vo Yy




No{l& D(Q‘ f‘\f)= (‘\)2 (ao'“l(’ - Q’“Sl(). The cap product of ...
® a C3cfe. awd a Cogele 1S a cycle
since Ae)=0 f =0 and Sp=0.
® a wyde and a bowndary 15 4 bowm(arj
Sinte  @osy == Avap) if dr=0
® 2 bowdary avd o cocyce is a  bowndary

Since  OF ny = ¥ a(O’"\P) is Sq)=0, Ker Jw Ker 5% Ker dpg
Im Dpy Twm 8 TIm Dp-pul

Hence we 36{' an 'm&uceﬂ R'bi’inear cap pro&ucé Hh("l)(;R)XHR(I;(;@L’Hk-,e(g(;m.

M&m:émﬁpi l_ejc Q‘?Ah—>>< and  let \féﬁz(XJR) with kzﬂ.
25 19 = (Zo (0 v 6y vid)

= zi,ﬂ--o (“\)b LP ( 0_\ [y oy Vi) oo, Vg+ﬂ> q )[Vzﬂ,.u, V]

+ZLE1-\—I (’DLL? (Q‘\ Cvo,--s sz) G‘][w, .../C/,;,,,,, Vi)

H(L\nce we're cQone Upon observi@

an Sl(; =Zf:a ('l)tt{)(Q‘\Eva,...,V;,...,VyJ)0'|EV2+|,...,\/;J the =04 term W Tn &(7 a'ignS
with the 1= term in (vap)

B(G‘A\P> =2;2 (‘\)H L])((rl[\/o,...,vﬂ) U'IM,..., Vi ove, Vic) aH:er 'm(_orpora/:inﬂ al Signs.



Tha Cap pro&ucﬁ l’)as Telaéive -Forms

He (6 A R) x HE(X:R) —2— Hur (X A5 R)
He (X, A: R) x HE(X A3 R) —2— Hu.. (X R).

For the ficst case, the cap product Ce(XsR) x C*(%:R) —2— (e (X2 R)
restrids to  ColA:R)x (A(X;R) 2 Cpg(AsR) = Croz (X R)

Sa Hn&f& S On 'mﬁucé@ (ap Pf‘ocQucLL Ch(X'{A;?)XCE(X,’R>;’ Ck—ﬂ (X,AR)

C\z b(? R%h(A . R)
With the formla for D(soy) maintuined, ad we can  pass to  (co) homology.



Tha Cap pro&ucﬁ l’)as Telaéive -Forms
He (X, A: R) x HE(X:R) —2— Har (X A3 R)
He (X, 4: R) x HAH(X A R) —— Hus(X;R).
Col9) /Col4)
For H/l& Secoqu case, reca\\ CZ(X,/\;R):: HOWCCQ(Y,A>,R> Com ba viewe(,Q as
the Sunctions (O =R Ehat  vanish on S gu ar Q—smp)fces n A.

As Suc,h, Hne cap pro&ud: Ch(X;R> X Cl(xiw —— Ch-z (X; R>
restricts 4o Co X R) x CA(X A; R —— Cps(X: R)
which is zero on  CulA:R) x CA(X 4;R),

So Huere s an induced (ap ppocQucLL Ch(X.{A;!Z)xCZ(X,A;R)% (-2 (X;K)

C—h b(; R%h(.A . R)
With the Farwu\a for D(G"@ maqumdl, and  we can pass to (w) homlo%,



N 1ty of ¢ uct OZ)X& Ah

For 9-)(’97/, the &iagram I
X X
He (>< R) « H'(x;®) > He.o(X:R)
T‘F*‘ 3 5% §

Hk(Y 'R) x YR)%HM(YK) m Y
satisfies Sx (o()f‘ i = %[ $*(y), &

(T}HS s the Spi(‘ijc of commutativity when bo%\n) CR(X)\OC*E ’CI(Y)

covariant oud  contravariant functors  are  involved.

E£ For «: A >X and LgeC‘(\/ R) we  heve

5:1: W) P = ‘EQ‘ a
= (§ HEV Vz]) ’fﬁ" ]5/1 Vi
= G L?)(Q_)L_v ...... V:]) ‘gﬁ ¢|[—VR Vh])

= gﬁ:(q— n ‘E*L?).
Extend ]ineurlj to C;L(X;R), ond  then poss to (co)ho:vmfo%,



Reca” d

T)’H’YJ 3.30 (P(J'IﬂCAfé DMII#:M) I‘F M 15 a CIDSE& R‘Oﬁ&’l'[fﬂ-l?)e/ H-Mﬂni{olﬁ—
with fudomental class M€ HaM;R), then +he map
DeHAM:R) — Hoe MsR)  defined by D)=IMlox s an iSOynorphfsm Y.

For k20 defue the R-bilinear Map G 06GR) x CA (R == Cog(X3R)
by Q‘“LP=((J(¢JEvo,...,vﬂ) Tloe.ws  for T MFoX a singular  simplex.

Picture _of cny

~ >

Tl‘]e 1COY‘M<A)6L D(G n t{7)= (’\)2(96“{’ - <rn$1{') then
gives @ cap pro&uc{T He (X:R) <H (X;R) > Hy-s (X:R).




Ex 33l Sucfaces. Let M=ty be au

orientable surface of genns g2 1.
> siglicial @,

a,
\ Singu\,ar %,

H,(M;Z)Z'Zzﬂgen. a.,b.,...,ag,bj H‘(M;Z)gzzj gen- 4.4, G a

Fondamental  class Df\jéHz(Ma;Z) 1S
3enerajce& Lj ZE,“—“E (Sijns Shouw>.

[M] Y, = zsi\i (T30 0)
= Z;,E' * @ (TJ \L‘w,v.]) Tgftw,vzj
@, <T\ lEVa,VJ)‘“\EV\,VL] (oH’)er ‘l’,erms ?:efo)

b,
go @ s Poincaré dual to b, , and . to L.;- ZFZ
¢

Moy, =2a% (T 0y)
= Z;,E' i% (Tx \Ev.,v.]) ’E’Ev\,vﬂ
=7V, (T?-lEVa.VJ)‘E\Ev\,VJ
= -q,
§° W ois Po'mcaref dual o -a, and We L, -a;.

[

Geowa{r;cajly, note 5\‘n5u|ar ”,oop\\ Y
Js LIOW)D‘,:D‘)i(. to })i,, and W, to -ai,



N nonorieméala/e mrﬁwe genus 9.

Z, i=0
HL(NJZ—L)Q (2 i gen, Ly Qiyaes O

Z, =2 gen, by L)

_ Z, i=0
HIGZ)= 5 (Y -t gen by @, s
Z, =2

(Wngp, =Zn 0
= ZJZ“ @ (Tj\EVo,VJYE J[v\,VJ
= & (T pwova) T, | ev., v
= a,
go @ is Bincare dual o a , and (p; to ai.

L RP?
éleovnejorzca”g, Vla'Le 5\'ngular ”'oap\\ @i 1S L\omd’opic to a; . _




T)’!m 330 (Pomcare_ DMI:LM) I‘F M 15 a C'OSE& R‘Oﬁ&w%ala)e, n-mam{alﬁ

with fundomental class V1€ HaM;R), then £he map
DrH (MR — Hae (M3R)  defined by D() M~ s an '\SOmorphisw; Y,

Corollary 332 The Euler charncheristic of a closed odd-dimensional manifold 15 X(M)=

Ex 7%(s)=1-1-0 X(s*)=1-1-0  X(E™=1-1-0 =D
X((sV)=1-3+3-1-0  X(RPY=1-1+1-1-0
X(§*N)=O for N a closed 2-manifold Q ~

This is a Snl:nlzm cesult] Orientobility and Euler chaacheristic  Suffice to
class\Fj Closed wnneuéed 2-monifolds.  Not so  with  S-manifolds.

Pf sketch Let M be o closed n-manifold, M has -ﬁméej
3awera£e& "\omofaﬂ By Coro\lomes A€ A4, For M orienta ble,

rank H. (M) = vank H™ " (M) ]9 Poincars &ua]@
= vank Ho: (M) 19 Umvwal Coefficient Theorem, Com”ury 3% W ( H/T,)8 I,-

S0 for n odd, the terms of ’X(M Lizo 0 vank Holl)  cancel 0 pairs.



For M nonorientable, Poacare  dual iy gives
dim H(M; 2D = Aim H™ (M4 Z,)

= AlW\ Hn (M Z)
by the R-wadule UCT om puge \16 of  Hakhes, which for R=Z, gues
O_AEX% {H LM L’L)Z)—>H(MZ —>Homz (H(MZ) ZJ%O

hence H* (M:L>;Hh(M;Z)
go, the Lterms of ZLCD (-D)" dim H;(M;Zz)=0 cance] in pairs.

We show XM =2 20 (D" rank Hi (M) = 2.2, (0" dim WM Z),
Use the Stadacd VCT 1n Thm 2.2:
— Ext (Mo, ), 2.) — W' (M Z) — Hom(H. W), Z,)— O
* Eah 7 summard of Hi(M 1 gves o Ly Summand of H'(M:Z,)=H (M,2.)
» Each L Summand  of  He(Mm) with m even g;ves Ly Sumpands
of H'MZ) ad  HHWM:2y)  (recll Ext(Zn,2) = wz: )
whose  contributions o Z-r:o (-D.L divm Hi (M5 Z2)  cancel.
® Fach Zw summand of Hilm) with wm odd conbributes nothing to H¥ (M. Z,).




COVI ection 11: 7
The cap and cup products are related : (lev t}/) ()= V% (‘X“ L?) (*)
for e C}uz (X:R), Ix= Ck(X;R), VA CZ(X/'R).
Tndeed, for T A* =R we have \y(¢f\ l()) =y (lP(G‘}[vo,...,vg) G‘][vn, ...,\/h+ﬂ>
= @ (o), w7) wlclow,..veea)

= (tp v y)(T),
We have Maps Eegx,/g)) L,gd %X;R)) (L? :’ | o
] X/R % +0 XﬂR, ’
Y b CQ(X; R) Py g CM(X; K)
Formula ) gives Lhat map [ I
wo 1S dual Lo nu HOMK(CI(XJK), R)WHOMR<CIQ+2(X3R>,R\)
y s (ot Yot y)

Pass £o (Co)homology. L the h maps  are

isomorphisns (say Ris o fiell, or BZ and H(X7) 5 frec Vi)

then v s dudl to ny, 2 »

I1C -F\Ar{'lnermore (co)hoMolﬁy iS 1[im‘£elj 3@nem£&ﬂ, H LX, R) P ‘/H (X;K)

So ‘Hm‘l’ l’lomo,ogy ondl Lohamo’cyy dzd;exmine 8&011 oH»er; h & Jr'"

then the wyp andd cap product debermive each other. HOWJK (Hzm@, R) WHGMR<Hk+2(X5R>, R)




Ld: M be o CJOSe& R Orue,m@abe V\—manm[ol&
We have a cup  product pairiag H(M R)x H" (M R— R
(10, y) ——— (puy)[M]
SWJ’\ Q B’meow pa\rmj AK —>R 15 H_an_uy@t if  the asrocim{e& Jinear maps

A—— HOMK(B R) B—— Homz(/’r R)

o ——— (b plab) b —— (ar—>pla,b) are  both isomorphisms.

Prop 338 The wp product  paicing 15 Wonsingular M —  Home(H™ (), R)

for closed R-orientable mam-ﬁolaﬂs whea K s p ——> | F—>(‘€V )))

o o fiedd or H"_W;R) — Homk MR) R>

® 7 ownd torson m HMD) s facdoed oud 7 — (L? > (gvy) B’\])
A [

P_ For map ‘Ffom H’le UCT and D H >an 'me Pommre &uaIvL, Confadler‘
H“(M 12) > Homg (Huu(M:R) R) ——— Homg [ H'(M; R0
(o6 — () (LPH (090 ) = (goy)))
For R as specified, h and D¥ are |$am0rph|5ms hence 5o s \y '%) p }-—>(‘f’ \V)[])
The anticommubativty of the wp product quy=*yve (and Swappiy k and n-b)
gives that L()'—>(k|1 H(WVW)B’\]) is also  an ;50morphism.




Coro”arg 3.3
hd For M a closed comected orienéa“e Yl—lmani*r[ow,

e Hh(M:Z) qererstes an infuite cyclic summand & 3\V€HM(M7Z) with @y generaﬁi@ H"(; 2)= H(M: 2)=2.
® [or M a closed comected n-manifold,

WeHh(MJZz> s vonzero < Jyel™(MZ) with vy generaking H'M:2,)=H,M;2,)= 27, ,

B£ ° 3e,nawa£es o Z summand of H*(M:2) H(M Z) [e ( Zm,)
e 3 holmomorphusm T:H (M ) — 7 with 'C(l(’)='-t| H(\D 2o
o Fye™M:2) with (pv ky)D/U +1

Since lgnormg 1':0(5]0”, (M Z) — HDW)(Hk M Z Z L)y Prop. 338
v =255 (g is(gu)i)
e 3\y€HM(M:Z) with pvy generating HM(M;Z)g HO(M;Z)%’Z_
vy —— [Me(eey)i— (gvell]=11
* =0 n KMz
= 3 homomarphism T: Hh(Mizl)‘4 Z?_ with —C(W)=i'|
o JyeH™Z) with (pvy)Ml=1 since WM, Z) = Hom(H*(Mz), )
y —— (p(guyl
e E}\VEH "WM:Z.) with vy 3enem£m3 H(M Z,)= H(/‘/l Z,)= Z, .
vy ——[Mlo(evy)— (gvy)=1



Examgle 240 Prgeckive  spaces

Lets deduce H(€P"2)= ZII/ (o) wibh |]-2,

&Pn is  orientable (all Comp,ex wanifolds am).

Inclusmn &Pn_IL%(CP” induces an iso on H° for L£Zn—2,

S0 17_9 induckion on n HZE(G:P“;Z) is 9ene,mée£ by «* for i<n,

Bj Cora”my 339, ImeZ Such Lhat % v mx" = mos" genuméas HZ"(,LP";Z)&'Z'
ThiS means Wl=l"-| (else «" is not 3&nem1§e&), So H*(G_Pﬂ,Z)g ZE(]/(O(MD,

let's deduce H*(IRP";Zz)gZzE’G/(m"*D with  |«l=1,

Inclmsion [RPML*RP" induces an iso  on HL(—;ZI) for i=n-)

Since the n-cell is attached wrapping around twice,

So 175 induckion on 1, H(RP*22) is generabel by x* for i<n,

Bg Coro”ary 339, o«#0 implies xvx"™'=x" 36,'&,“4&5 HRP"Z,)= 7, .
So H'(RP",Z,) = Z.Lod/ (™) wikh =1,

S



A

COm(:mu‘;ib'e, none,mpf_g, proper SML}S&{' of s",

Then

er lAa[f

H5 et K be « compack, |0ca\[j

Ho(s-x,2) = ™' (k; 2).

R

HOKSZ-K;@% J’
H(%-k;2)= 0O

W(‘(;Z)
ﬂo(\(;Z)

IR



Alegxgndé,[ &V\ahf_g
ng ,_eI: K be a wmpat} |Oco.\[
Con{:rau‘;ib'e none,mpig proper Su«\ose,{' 01[ s",

T hen Ho(s-x,2) = ™' (k; 2). (‘D
M Th& l’lDMologg of S"-k oﬂoesﬂ Vlo-L cﬂ@p@n& (/
o0 how K 1S embaoMeoQ n S .

In'éeresf:mj a'r‘ealy -Foo n=3 k=5‘ (‘zna'é -Uyeorg).

K
B_ Loca\ Con‘EmoHo/ { is  needed. “‘ l h
Consider n2  and K ‘H,@ Guasi- -circle. l‘l
H(s-k;2)2Z 2 0= H(k;2). v






