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1 (a) Prove that the set of all functions f : Z+ → {0, 1} is uncountable.

(b) We say that a function f : Z+ → {0, 1} is eventually zero if there is a positive
integer N such that f(n) = 0 for all n ≥ N . Prove that the set of all functions
f : Z+ → {0, 1} that are eventually zero is countable.
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2 Show that the countable collection B = {(a, b) | a, b ∈ Q with a < b} is a basis that
generates the standard topology on R.
(Remark: Since Q × Q is countable, this problem shows that R has a countable basis
for its topology, i.e. R is second-countable.)
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3 Let X be a topological space and let A ⊂ X. The closure of A is defined by

A = ∩{C | C is closed in X and A ⊂ C}.
(a) Show that A is a closed set in X.

(b) Show that A = A.
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4 (a) Define what it means for a topological space to be connected.

(b) Give a precise definition of a topological space that is connected but not path-
connected (you do not need to prove your example is correct).

(c) Give a precise definition of a topological space that is connected but not locally
connected (you do not need to prove your example is correct).
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5 (a) Define the product topology on Rω.

(b) Define the box topology on Rω.

(c) Prove that Rω is not connected when equipped with the box topology.
(Hint: Consider the sets of bounded and unbounded sequences.)
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6 (a) Define what it means for a topological space X to be Hausdorff.

(b) Show that if X is Hausdorff and Y ⊂ X is compact, then Y is closed.
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7 Show there is no continuous surjective function f : [0, 1] → [0, 1).
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8 (a) Define what it means for a topological space X to be normal.

(b) Let Rℓ be the real numbers with the lower limit topology, which has as a basis all
half-open intervals of the form [a, b) = {x | a ≤ x < b} with a < b. Show that Rℓ is a
normal space.
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9 Let (X, d) be a metric space.

(a) Define what it means for X to be complete.

(b) Suppose there exists some ε > 0 such that for all x ∈ X, the closure Bε(x) of the
ε-ball about x is compact. Prove that X is complete.
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10 (a) State the Baire category theorem.

(b) Let X be a Baire space. Prove that if {Un} is a countable collection of dense open
sets in X, then ∩nUn is also dense in X.
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