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Abstract

Suppose that ball-shaped sensors wander in a bounded domain. A sensor doesn’t
know its location but does know when it overlaps a nearby sensor. We say that an
evasion path exists in this sensor network if a moving evader can avoid detection. In
Coordinate-free coverage in sensor networks with controlled boundaries via homology,
Vin de Silva and Robert Ghrist give a necessary condition, depending only on the
time-varying connectivity graph of the sensors, for an evasion path to exist. Can
we sharpen this result? We show that the existence of an evasion path depends not
only on the fibrewise homotopy type of the region covered by sensors but also on the
ambient isotopy class of its embedding in spacetime. For planar sensors that also
measure weak rotation and distance information, we provide necessary and sufficient
conditions for the existence of an evasion path. Furthermore, we study the entire
space of evasion paths using a homotopy spectral sequence for diagrams of spaces due

to Emmanuel Dror Farjoun and Alexander Zabrodsky.
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Chapter 1

Introduction

Topology is finding applications in diverse areas of science and engineering [EH10].
One example is topological data analysis [Car09], in which tools such as persistent ho-
mology [ELZ02, ZC05] and Mapper [SMCO7] have been used to study data sets arising
from image processing [CIdZ0§|, configuration spaces of molecules [MTCW10], and
medical studies [NLC11]. Other applications include the study of nonlinear analysis
and dynamical systems [KMMO04], robotics [Far06], and sensor networks. In mini-
mal sensor network problems one is given weak local data measured by many sensors
and hopes to answer a global question. Tools from topology can be useful for this
passage from local to global. For example, [BG09] combines redundant local counts
of targets to obtain an accurate global count using integration with respect to Euler
characteristic. Coverage problems are another class of problems in minimal sensing
[dG06, [ dGOT7]: when we scatter sensors throughout a domain, can we determine if the
entire domain is covered?

We are interested in the following mobile sensor network coverage problem. Sup-
pose that ball-shaped sensors wander in a bounded domain. A sensor can’t measure
its location but does know when it overlaps a nearby sensor. We say that an eva-

sion path exists if a moving evader can avoid being detected by the sensors. Can we
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determine if an evasion path exists? This is the evasion problem and is the topic of
Chapter . In [dGO6] de Silva and Ghrist give a necessary homological condition for
an evasion path to exist. Using zigzag persistence, we provide an equivalent homo-
logical condition that moreover can be computed in a streaming fashion. However,
it turns out that homology alone is not sufficient. Indeed, neither the fibrewise ho-
motopy type of the sensor network nor any invariants thereof determine if an evasion
path exists; we show that the ambient isotopy class of the fibrewise embedding of the
sensor network into spacetime also matters. Knowing this, we provide necessary and
sufficient conditions for the existence of an evasion path for planar sensors that can
also measure weak rotation and distance data.

The evasion problem motivates a natural extension: can we describe the entire
space of evasion paths? Knowledge about the space of evasion paths may be helpful in
determining how to best patch a sensor network that contains an evasion path. Alter-
natively, we may want to find the evasion path that maintains the largest separation
between the evader and the sensors, that requires an evader to move the shortest
distance, or that requires an evader to move at the lowest top speed. In Chapter
we develop tools from homotopy theory necessary for studying the space of evasion
paths. In Chapter [5| we consider a generalization of the homotopy spectral sequence
of a space to diagrams of spaces [DZ87]. For such a diagram modeling the uncovered
region of a sensor network, this spectral sequence has input depending on unstable
invariants of the uncovered region and under favorable circumstances converges to
information about the space of evasion paths.

In Chapter [2| we provide background material on quivers and fibrewise spaces. We
discuss the evasion problem in Chapter 3] We study diagrams of spaces in Chapter [4]
in preparation for a homotopy spectral sequence for diagrams of spaces in Chapter [5

We conclude in Chapter [6] and describe directions for possible future work.



Chapter 2

Quivers and Fibrewise Spaces

The material in this chapter will be used to study the evasion problem in Chapter [3|
In Section we introduce quivers of type A, and functor categories over quivers.
The particular case when the functors map to vector spaces, called quiver theory or
zigzag persistence, is described in Section 2.2} In Section we show how to model a
fibrewise space by a zigzag diagram of spaces, and we relate the existence of a section

in a fibrewise space to the homology of its corresponding zigzag diagram.

2.1 Quivers of type A, and functor categories

A quiver of type A, is a directed graph with n vertices and n — 1 arrows
0 <> 0y <> 03 < .. >0, | <O,

where each arrow points either to the left or to the right [DW05]. A path is a sequence
of arrows agag_1 ...asa; where the head of arrow a; is the tail of arrow a;,,. Fix a
quiver of type A,, and let D be the free category it generates [Mac98]. The objects
of D are the vertices of the quiver and the morphisms of D are the paths. Though
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most of the results hold more generally, in this thesis we restrict attention to indexing
categories generated by quivers of type A,,.

Let C be a category. Since D is a small category we can form the functor category
CP whose objects are functors D — C and whose mophisms are natural transforma-

tions. We depict C' € CP by the diagram
Ci+ Oy ... 0,

If there is a morphism in D from object j to ¢, then we let pgj be the morphism from

C; to C;. A morphism f: C'— C” in C” is a diagram

Ch Cs Cn
flh fQB fnh
! t c

where all of the squares commute.

2.2 Quiver representations and zigzag persistence

Let D be the free category generated by a quiver of type A,, and let Vect, be the
category of vector spaces over a field k. To study the category Vect; we use the
path algebra kD, which is the k-algebra with basis the morphisms in D and with
multiplication given by composition. More explicitly, let p and ¢ be two morphisms
in D. If the target of ¢ is the source of p then path pg is the composition of the
morphisms, and otherwise pq is defined to be zero. Let kD —Mod be the category of
left kD-modules.

Theorem 1. The categories Vectt and kD -Mod are equivalent.
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This theorem can be found in [CB92,[(GR92] and holds more generally for finite quivers
of arbitrary type. The categories Vectf and kD -Mod are abelian.

Let FVecty be the category of finite-dimensional vector spaces. Then FVectkD is
the category of quiver representations [Gab72, [DW05]. A quiver representation V' in
FVect} is a diagram

VieVoees . ..oV,

of finite-dimensional vector spaces and linear maps. The direct sum of two quiver

representations is given by (V & W), = V; & W; and pX]@W = p}; @ p,;. For birth and

death indices 1 < b < d < n, the interval representation I(b, d) is defined by

Eoifb<i<d
I(b,d); =
0 otherwise,
and for j — ¢ in D,
1 ifb<j,0<d

1(b,d)
]

0 otherwise.

Here 1 is the identinty map on field k.

The study of FVectkD for D the free category generated by a quiver of type A,
is also called zigzag persistence [Cd10]. Zigzag persistence is a generalization of
persistent homology [ELZ02), [ZC05] in which the maps can go in either direction. As
in persistent homology, a zigzag module is described up to isomorphism by its barcode

decomposition [Gab72, [(Cd10].

Theorem 2 (Gabriel). For D the free category generated by a quiver D of type A,,

a quiver representation V € FVectkD can be decomposed as

V=N 1(b,d)
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where the factors in the decomposition are unique up to reordering.

A barcode is a multiset of intervals of the form [b, d], and the barcode for a quiver

representation V = @ 1(b, d;) is {[b1, di], [ba, da,] ..., [bn, dn]}.

2.3 Fibrewise spaces and diagrams of spaces

Let I = [0,1] be the closed unit interval. A fibrewise space is a topological space
Y equipped with a map Y & I. A map f: Y — W between two fibrewise spaces
Y & T and W p—l> I is fibrewise if p/f = p. A section for a fibrewise space Y % I
is a fibrewise map s: I — Y. More explicitly, we need the composition ps to be the
identity map on interval I. The space of all sections of Y is topologized as a subset
of the space of all undirected paths in Y.

Two fibrewise maps fy, f1: Y — W are fibrewise homotopic if there is a homotopy
F:Y x 1 — I from fy to f; with each F( ,t) a fibrewise map. A fibrewise map
f:Y — W is a fibrewise homotopy equivalence if there is a fibrewise map f': W — Y
with compositions f’f and ff’ each fibrewise homotopic to the corresponding identity
map; in this case we say that spaces Y and W are fibrewise homotopy equivalent.
See [CJ9§] for more information on fibrewise homotopy theory.

Given a discretization

O=s0<...<5s,=1

of interval I we build a zigzag diagram ZY € Top” that models fibrewise space Y
[CAMO9]. Let Y; = p~1(s;) and let Y™ = p~1([s;, s;41]). Then ZY is the diagram

Vo= YoV Y, =Y Y,

of topological spaces and inclusion maps, and indexing category D is the free category
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generated by the quiver below.
O 7 @< 03 — ... 0y 1 7 @y < O

See Figure 2.1] for an example.

Figure 2.1: The zigzag diagram ZY for a fibrewise space Y with map Y — [ given
by projection onto the horizontal axis.

We now assume that each Y; and Y;™' have finite-dimensional homology and

cohomology, each taken with coefficients in a field k. Applying the j-dimensional
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homology functor H; gives the diagram
H;(Yo) = Hj(Yy) « H;(Y1) — ...« Hj(Yoor) = Hy(Y;') < Hy(Yo),

denoted H;(ZY') € FVect;). Applying the j-dimensional cohomology functor H’ gives
the diagram

HI(Yy) «+ HI(Y)) —» H' (YY) + ... = H (Y1) < H (Y ,) — H(Y,),

denoted H(ZY) € FVecty”. Note D has been replaced with D’ because cohomol-
ogy is contravariant.

The following lemmas will be useful in the proof of Theorem [3]

Lemma 1. If Y and W are fibrewise homotopy equivalent then H;(ZY') = H;(ZW)
and HI(ZY) = HI(ZW).

Proof. Let f: Y — W be a fibrewise homotopy equivalence. This induces the com-

mutative diagram

}/E)( }/'01 )}/1t )Yn—l(—>YnTL_1<—)Yn
foh f3 f1 fn1h 7?1% fn
WO c Wol > Wl c . > anl [N Wq?fl - > Wn

where each map f; or f/t! is defined via restriction and is a homotopy equivalence.

Since homology is a homotopy invariant, applying H; gives the commutative diagram

Hj(Yo) — H(Yy) —— H;(Y1) — ... H;j(Yn 1) — Hi(Y; ) « H;(Yy)

|

Hj(Wo) — Hj(Wy) «— H;(Wh) — ... e Hj(Wy,y) — H;(W) ) « H;j(W,)
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where each vertical map is an isomorphism. Hence H,(ZY) = H;(ZW) in FVecty .

The proof for cohomology is analogous. O
Lemma 2. The barcodes for H;(ZY') and H’(ZY') are equal as multisets of intervals.

Proof. The version of this lemma with persistent homology instead of zigzag per-
sistence is given in Proposition 2.3 of [dMV.J11], and our proof is analogous. The
quiver representations H;(ZY) € FVecty and H’(ZY) € FVect;” live in different

categories and hence cannot be isomorphic. However, consider the decomposition
H;(ZY) = &L L(b, dy)

from Theorem [2| Applying the contravariant functor Hom( ;%) produces the de-
composition

Hom(H;(ZY); k) = Dre (b, dy),

now in FVect)”. Naturality of the Universal Coefficient Theorem [Hat02, Theo-
rem 3.2] with coefficients in a field gives H’(ZY') = Hom(H;(ZY); k), and hence the
barcodes for H;(ZY') and H/(ZY') are equal as multisets of intervals. O

Lemma 3. If fibrewise space Y has a section, then there is a full-length interval

[1,2n + 1] in the barcodes for Hy(ZY') and HY(ZY').

Proof. A section I 5 Y gives the commutative diagram

= (2.1)

with 1 the identity map. Taking zigzag diagrams and applying H, gives the following.

Ho(Zs Ho(Z
Ho(21) 2 o zyy 22 Hy(21)

\/

1
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Since the identity map on Hyo(Z1) = (1, 2n+1) factors through Hy(ZY'), the splitting
lemma implies that the barcode decomposition for Hy(ZY) contains a summand
isomorphic to I(1,2n + 1). The proof for cohomology is obtained by either applying
H° to Diagram or by using Lemma . O]



Chapter 3

The Evasion Problem

Imagine that ball-shaped sensors wander in a bounded domain. A sensor can’t mea-
sure its location but does know when it overlaps a nearby sensor. We say that an
evasion path exists in this sensor network if a moving evader can avoid detection.
Can we determine if an evasion path exists? We refer to this question as the evasion
problem, and it is introduced in Section 11 of [dG06]. This problem is an example
of a task in minimal sensing, where one is given only local data measured by limited
sensors but tries to answer a global question.

We define the evasion problem in Section 3.1} In Section [3.2]we describe a theorem
of de Silva and Ghrist that gives a necessary homological condition for the existence
of an evasion path. We use zigzag persistence in Section to obtain an equivalent
homological condition that lends itself more easily to streaming computation. How-
ever, zigzag persistence does not give a complete solution to the evasion problem.
Indeed, in Section we show the existence of an evasion path depends not only on
the fibrewise homotopy type of the sensor network but also on the ambient isotopy
class of its embedding in spacetime. What extra capabilities might the sensors need
to allow us to detect evasion paths? In Section we suppose the sensors can also

measure weak angular and distance information.

11
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3.1 Evasion problem statement

The setting for our problem is Section 11 of [dG06] with a few minor changes. Let
D C R? be a bounded domain homeomorphic to a d-dimensional ball, where d > 2.
Suppose a finite set S of sensor nodes moves continuously inside this domain over
the time interval I = [0, 1], with each sensor v € S a continuous path v: I — D.
We assume that two sensors are never at the same location. That is, for two sensors
v # v we have v(t) # 0(t) for all t. Let By = {y € D | ||v(t) — y|| < 1} be the unit
ball covered by sensor v at time ¢. Then the union of the balls X (t) = UyesBy ) is
the region covered by the sensors at time ¢, and X (¢)° = D \ X (¢) is the uncovered
region at time ¢. Let

X = U X() x {ty cDxT

be the subset of spacetime covered by sensors, and let X¢ = (D x I) \ X be the
uncovered region in spacetime. Both X and X¢ are fibrewise spaces, that is, spaces

equipped with projection maps X — I and X¢ — [ to time.

(a) (b) ()

Figure 3.1: (a) A sensor network at a fixed point in time, (b) its connectivity graph,
and (c) its Cech complex.

The sensors can’t measure their locations but two sensors do know when they

overlap. This allows us to measure the time-varying connectivity graph of the sensors.
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The connectivity graph at time ¢ has S as its vertex set and has an edge between
sensors v and v if By N By # (); see Figure (b) We assume there is an immobile
subset of fence sensors whose union of balls covers the boundary 9D and is homotopy
equivalent to 9D.

Potentially there are also evaders moving continuously in this domain. The evaders
would like to avoid being detected by the sensors, but an evader is detected if it lies
in the covered region X (t) at time ¢. We say that an evasion path exists when it is

possible for a moving evader to avoid being seen by the sensors.

Definition 1. An evasion path in a sensor network is a section s: I — X°¢ of fibrewise

space X¢ — [I. Equivalently, an evasion path is a continuous map s: I — D such

that s(t) ¢ X(¢) for all ¢.

See Figure for examples. Given a sensor network, we would like to determine

whether or not an evasion path exists.

\

7 .

Figure 3.2: We have drawn two planar sensor networks with domain D C R? on
the vertical axis and with time I on the horizontal axis. The region X in spacetime
covered by the sensors is drawn in gray. The network on the left contains an evasion
path. The network on the right does not contain an evasion path because an evader
must move continuously and cannot teleport locations.

Connectivity graphs alone cannot determine the existence of evasion paths. Con-

sider the two sensor networks in Figure [3.3] and suppose that in each case all three
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sensors are immobile over the entire time interval. The two networks have the same
connectivity graphs at each point in time, but the sensor network on the left contains

an evasion path while the network on the right does not.

(a) (b)

Figure 3.3: Let (a) and (b) be snapshots in time of two different sensor networks.
Imagine that no sensor moves over the entire time interval. Then network (a) has
an evasion path while network (b) does not, even though the two networks have the
same connectivity graph at each point in time.

Since connectivity graphs alone are insufficient, we consider Cech simplicial com-
plexes. The Cech complex C(t) of the sensors is the nerve of the unit balls {Bow }oes
[EH10]. Hence the vertex set of C(t) is the set of sensors S, and we have a k-simplex
if the intersection of the corresponding (k + 1)-balls is nonempty. That is, simplex

[vovy . .. vg] is in C(t) when
Byo(t) N Byl(t) Nn...N ka(t) #+ 0.

See Figure [3.1)(c) for an example. Note that the 1-skeleton of C(t) is the connectivity
graph at time ¢. The Cech complex C (t) is homotopy equivalent to the union of the
balls X (¢) by the nerve lemma [Hat02l, Corollary 4G.3], and for this reason we would

like to work with Cech complexes. We are now ready to state the evasion problem.
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The Evasion Problem. Given the Cech complezes C(t) of a sensor network at all
times t € I, which determine the fibrewise homotopy type of covered region X, can

one determine if an evasion path exists?

In applications it is generally unreasonable to assume that our sensors can measure
Cech complexes. This would require the task of detecting k-fold intersections, which
is not possible under many models of minimal sensing. However, one can approxi-
mate the Cech complex from either above or below using the Vietoris—Rips complex
[Vie27]; see Appendix [A] The Vietoris-Rips complex is the maximal simplicial com-
plex built on top of the connectivity graph, and hence is measured by our sensors.
This approximation allows one to take results based on Cech complexes and produce
analogous approximate results using only Vietoris—Rips complexes. For example, the
results in [dGO6] are stated in terms of Vietoris-Rips complexes. We avoid such

approximations and instead use Cech complexes.

3.2 Stacked Cech complex and work of de Silva
and Ghrist

The stacked Cech complex is a single cell complex encoding the Cech complexes C(t)

for all times t € I. We assume there are only a finite number of times
O<thi<...<t, <1

when the Cech complex changes. Hence for ¢ and ¢ in either (tiytiz1), [0,t1), or (tn, 1],
we have C(t) = C(t'). Moreover, we assume that at each time ¢; simplices are either

added or removed but not both. Since the sensors balls are closed, a simplex o is
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Figure 3.4: The stacked Cech complex for three sensor nodes. The top row shows
how the Cech complex changes: initially the Cech complex consists of an edge and a
vertex, and two edges and a 2-simplex are added as the sensors move closer together.
The bottom row shows the stacked Cech complex with prism cells added.

e added at time t; if 0 € C(¢;) but o ¢ C(t) for t € (t;_1,t;), and

e removed at time ¢; if o € C(¢;) but o ¢ C(t) for t € (t;,ti11).
Choose interleaving times
O=so<t1 <851 <...<t, <s, =1

Definition 2. The stacked Cech complex SC' & I is the fibrewise space obtained

from the disjoint union 11 ,C'(s;) X [t;, t;41], where to = 0 and ¢,,1 = 1, by identifying
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o C(s;—1) x {t;} as a subset of C(s;) x {t;} if simplices are added at ¢;, and
o (C(s;) x {t;} as a subset of C(s;_1) x {t;} if simplices are removed at ¢;.
Map p is the projection onto the second coordinate, and note that p~1(¢) = C(t).

This definition is similar to the stacked Vietoris-Rips complex of [dG06]. See
Figure for a small example.

De Silva and Ghrist give a partial answer to the evasion problem in Theorem 7
of [dGO6]. We state their result in arbitrary dimensions and with the stacked Cech
complex instead of the stacked Vietoris—Rips complex. Recall that a subset of immo-
bile fence sensors covers the boundary 9D, and let F' x [0, 1] be the subcomplex of

the stacked Cech complex SC consisting of only these fence sensors.

Theorem 7 of [dGO06], reformulated. If there is an evasion path in the sensor

network, then every [a] € Hy(SC, F x [0,1]) satisfies 0 = [0a] € Hq—1(F x [0, 1]).

We explain the picture behind this theorem. Suppose there is some
[a] € Hy(SC, F x [0,1])

with 0 # [0a]. Let a be a relative d-cycle in SC with boundary in F' x [0, 1] repre-
senting [o]. The condition 0 # [0a] means that the boundary of o wraps a nontrivial
number of times around F %[0, 1]. We think of v as a “sheet” in the region of spacetime
covered by the sensors that separates time 0 from time 1; see Figure [3.5(a). If there
is such a relative d-cycle a then no evasion path can exist. For example, Theorem 7
of [dG06] proves there is no evasion path in the sensor network in Figure [3.5|(b).
The homological criterion in Theorem 7 of [dG06] is necessary but not sufficient
for the existence of an evasion path. This can be seen in the sensor network in

Figure[3.5(c). The homological criterion of Theorem 7 of [dG06] is satisfied but there
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Figure 3.5: (a) A relative 2-cycle o from Theorem 7 of [dGO6| is depicted in blue.
(b) Theorem 7 of [dGO6] proves that there is no evasion path in this sensor network.
(c) Although there is no evasion path in this network, Theorem 7 of [dG06] does not

apply.

is no evasion path since an evader cannot move backwards in time. Can we sharpen

this theorem to get necessary and sufficient conditions?

3.3 Applying zigzag persistence

We began studying the evasion problem with the goal of finding an if-and-only-if
criterion for the existence of an evasion path using zigzag persistence, which describes
how the homology of the region covered by the sensors changes with time.

Let 0 = s9 < ... < s, = 1 be chosen as in Section 3.2, As in Section 2.3 we
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1 N 1 1 1 1 1 1 1
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. . . .
. .

Figure 3.6: The zigzag diagram ZSC for the stacked Cech complex from the three
sensor nodes in Figure [3.4]

use this discretization to form the diagrams of spaces ZX, ZX¢, and ZSC in Top”
from fibrewise spaces X, X¢, and SC, respectively. Figure[3.6|contains a depiction of
ZSC'. Though the stacked Cech complex is not fibrewise homotopy equivalent to the
covered region X, by the nerve lemma we have the following commutative diagram

with each vertical arrow a homotopy equivalence.

SCy © SC} > SO < . > SChy_y ——— SC"_, ——— SC,
XO( X& )Xl( )anl(—>Xg_1(—)Xn

It follows from the proof of Lemma [I] that H;(ZX) = H;(ZSC).

Our initial hypothesis was that an evasion path would exist in a sensor network if
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and only if there were a full-length interval [1,2n + 1] in the barcode for Hy_1(ZSC).
For example, network (a) in Figure [3.7 has both an evasion path and a full-length

interval, and network (b) has neither. One direction of this hypothesis is true.

(a) (b)

Figure 3.7: Two planar sensor networks and their barcode decomposions for H;(ZX).

Theorem 3. If there is an evasion path in a sensor network, then there is a full-length

interval [1,2n + 1] in the barcode for Hy—1(ZSC).

Proof. We follow Lemma [3] An evasion path is a section s: I — X°¢, that is, a

commutative diagram

with 1 the identity map. Taking zigzag diagrams and applying Hy gives the following.

Ho(Zs Ho(Z
Hy(21) 222 Hy(zx0) 22 (1)

\_/

1

Since the identity map on Hy(Z1) = I(1,2n + 1) factors through Hy(ZX°), the split-

ting lemma implies that there is a full-length interval [1,2n + 1] in the barcode for
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Ho(ZX°¢). To obtain a full-length interval in H; 1(ZX) we need a version of Alexan-
der Duality [Hat02, Theorem 3.44]. We apply Theorem 3.11 of [Kall3], which uses
the Diamond Principle of [Cd10] and our Lemma [ Since Hy1(ZX) = Hy_1(ZS0C),
the proof is complete. n

Remark. This theorem is as discerning as the reformulated version of Theorem 7 of
[dG06]. That is, one theorem can be used to prove that no evasion path exists in a
sensor network if and only if the other theorem can be used. However, suppose that
the sensors move for a long period of time. In this case the amalgamated complex
used in Corollary 3 of [dG06] to compute their homological criterion may become
quite large. By contrast, the algorithm for computing zigzag persistence runs in a
streaming fashion that does not require storing the sensor network across all times

simultaneously [CAMO09]. Hence computing our Theorem [3| may require less memory.

Interestingly, the converse to Theorem (3] is incorrect. This is demonstrated by
the sensor network in Figure [3.§(a). It is tempting to guess that the barcode for
this network consists of the intervals drawn on top in red, but they are crossed out
because they are incorrect. The correct barcode beneath contains a full-length interval
[1,2n + 1] even though there is no evasion path. We explain this counterintuitive
barcode in Figure [3.§|(b).

Caution 2.9 from [Cd10] explains that although every submodule isomorphic to
an interval in a persistent homology module corresponds to a direct summand, the
same is not true for zigzag modules. The sensor networks in Figures[3.7[(b) and [3.8)(a)
are good examples of this caution. The blue cycle in Figure (b) is a summand of
the zigzag module in Figure (a), but the same cycle is a submodule that is not a
summand of the zigzag module in Figure [3.7|(b).
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(a)
G*@ﬁge@*‘
(b)

Figure 3.8: (a) It is tempting to guess that the barcode for H(ZX) consists of the
crossed-out intervals on top in red, but instead the correct barcode is drawn beneath
in blue, green, and purple. Note there is a full-length interval [1, 2n + 1] even though
there is no evasion path in this network. (b) A coarsened version of diagram ZX.

The cycles drawn in blue, green, and purple are generators for the three intervals in
H\(ZX).
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3.4 Dependence on the embedding

It turns out that the answer to the evasion problem is no: given the Cech complexes
C(t) of a sensor network at all times ¢ € I, which determine the fibrewise homotopy
type of covered region X, one cannot always determine if an evasion path exists.
The ambient isotopy class of the fibrewise embedding of X into spacetime D x I also
matters.

We demonstrate this impossibility result using the planar sensor networks (a) and
(b) in Figure Let us describe network (a). Initially, the bottom half of domain
D is covered by sensors. These sensors retreat to the boundary, leaving a horizontal
line of sensors. T'wo sensors on this line jut out towards the top of D, forming three
sides of a square. These two sensors move closer together, completing the square.
The bottom two sensors in this square move apart, breaking the bottom edge of the
square. The curvy line of sensors straightens out. Finally, sensors flood from the
boundary to cover the top half of D. Network (b) is identical to (a) except that the
square opens towards the bottom of D.

At each time ¢ € I the Cech complexes C (t) in the two networks are identical.
Nevertheless, network (a) contains an evasion path while network (b) does not. We
emphasize that these examples are realizable by continuously moving sensors. Mo-
rover, in domain D C R? for any d > 2 there exists a pair of analogous example.

The covered regions for networks (a) and (b) are fibrewise homotopy equivalent,
and the stacked Cech complexes are fibrewise homeomorphic. However, the uncov-
ered regions for networks (a) and (b) are not fibrewise homotopy equivalent, and in
particular the first has a section while the second does not. Thus the existence of an
evasion path depends not only on the fibrewise homotopy type of the sensor network

but also on how the sensor network is fibrewise embedded in spacetime D x I.

! Analogous examples in D C R! require the sensors to turn off and then back on.
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(b)

Figure 3.9: Each subfigure is a sensor network represented both as seven sequential
Cech complexes and as a covered region X in spacetime D x I. At each time the
Cech complexes in (a) and (b) are identical. Moreover, the two covered regions are
fibrewise homotopy equivalent. Nevertheless, network (a) contains an evasion path,
but network (b) does not because the evader cannot travel backwards in time.
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3.5 Sensors measuring cyclic orders

Since neither the Cech complex at each time nor the fibrewise homotopy type of
covered region X are sufficient to determine if an evasion path exists, what minimal
sensing capabilities might we add? In this section we assume the sensors live in a
planar domain D C R? and that each sensor measures the cyclic order of its neighbors,
as in [GLPSO08]. It is not uncommon for sensors to measure this weak angular data,
for example by performing circular radar sweeps. In Theorem 4| we give necessary
and sufficient conditions for the existence of an evasion path based on this rotation
information.

Theorem {4 relies on the alpha complex of the sensors. Let V) be the Voronoi
cell

Vowy ={y € D | |lv(t) —yll < [[o(t) — yl| for all & € S}

of all points in D closest to sensor v at time ¢. The alpha complex A(t) is the nerve
of the convex sets { By N Vi) toes [EM94, [EHI0]. It is a subcomplex of both the
Cech complex and of the Delaunay triangulation, and is homotopy equivalent to the
Cech complex. Recovering the alpha complex requires significantly stronger sensors.
However, if each sensor measures the local distances to its overlapping neighbors,
which may be approximated by time-of-flight, then this data determines the alpha
complex [FM09].

We assume there are only a finite number of times 0 < ¢; < ... < ¢, < 1 when
the alpha complex changes. Hence for ¢ and ¢ in (¢;,t;41), [0,%1), or (¢,,1] we have
identical alpha complexes A(t) = A(t'). Moreover, we assume that at each t; one of

the following changes to the alpha complex occurs.
1. A single edge is added or removed.

2. A single 2-simplex is added or removed.
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3. A free pair consisting of a 2-simplex and a face edge with no other cofaces is

added or removed.
4. A Delaunay edge flip occurs.

We assume that each sensor measures the clockwise cyclic order of its neighbors in the
Alpha complex. This cyclic order data is necessarily fixed in each interval (¢;,%;11),

0,t1), or (t,, 1].

Theorem 4. Suppose X (t) is connected at each time t. Then from the time-varying
alpha complex and the time-varying cyclic orderings of the neighbors about each sen-

sor, we can determine whether or not an evasion path exists.

Proof. We give a sketch of the proof. Let A!(t) be the 1-skeleton of the alpha complex
at time t. We have cyclic permutations m, of the edges incident with each vertex v,
where 7,(e) is the successor of edge e in the clockwise ordering around v. This gives
AY(t) the structure of a rotation system [MTO01], also called a fat graph or ribbon
graph [[gu02]. A rotation system partitions the directed edges of Al(t) into sets
of boundary cycles. Each boundary cycle is a loop of directed edges (ejes...ex)
constructed so that if v; the target vertex of directed edge e;, then m,,(e;) = e;11 and
T, (€r) = €1. See Figure for an example, and note that this cyclic ordering data
allows one to distinguish the two sensor networks in Figure |3.9

The boundary cycles of A'(t) are in bijective correspondence with the connected
components of R? \ A'(¢). Removing the boundary cycles of length three that are
filled by 2-simplices (and also the boundary cycle corresponding to the outside of 9D)
produces a bijection with the connected components of the uncovered region X (t)°.
Hence by tracking the boundary cycles of A'(t) we can measure how the connected
components of the uncovered region merge, split, appear, and disappear. In other

words, we can reconstruct the Reeb graph of X¢ — I.
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(
(
1

f

Figure 3.10: An example rotation system. The cyclic orderings are drawn on the left
in gray, and the four boundary cycles are drawn on the right in red, green, blue, and
yellow.

We will maintain labels on the boundary cycles of Al(t) so that a boundary cycle
is labeled true if the corresponding connected component of R? \ A'(f) may contain
an evader and false if not. At time t = 0 we label the boundary cycles of length
three filled by 2-simplices in A(0) (and also the boundary cycle corresponding to the
outside of 9D) as false. All other boundary cycles are labeled true. When we pass a

time t; when the alpha complex changes, we update the labels as follows.

1. If a single edge is added, then since X (¢) is connected a single boundary cycle
splits in two. Each new boundary cycle maintains the original label. If a single
edge is removed then two boundary cycles merge, and the new cycle is labeled

true if either of the original two cycles were labeled true.

2. If a single 2-simplex is added, then the label on the corresponding boundary
cycle of length three is set to false. If a single 2-simplex is removed then the

label on the corresponding boundary cycle of length three remains false.

3. If a free pair consisting of a 2-simplex and a face edge is added, then a boundary
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cycle splits into two with one label unchanged. The other label corresponding to
the added 2-simplex is set to false. If a free pair is removed then the boundary
cycle of length three corresponding to the 2-simplex is removed and the label

on the other altered boundary cycle is unchanged.

4. If a Delaunay edge flip occurs, then two boundary cycles labeled false are re-

placed by two different boundary cycles also labeled false.

An evasion path exists in the sensor network if and only if there is a boundary cycle

in A'(1) labeled true. O

Figure [3.11] shows that the connectedness assumption in Theorem [ is necessary.

(b)

Figure 3.11: Each subfigure is a sensor network represented by seven sequential Cech
complexes. At each time the Cech complexes, alpha complexes, and cyclic order
information are identical. Nevertheless, network (a) contains an evasion path but
network (b) does not. These networks show that it is necessary in Theorem (4| to
assume that each X (t) is connected.

It is an open question if Cech complexes and rotation information suffice.



CHAPTER 3. THE EVASION PROBLEM 29

Open Question. Suppose we have a sensor network with X (¢) connected at each
time t. Using only the time-varying Cech complex and the time-varying cyclic order-
ings of the neighbors about each sensor, is it possible to determine if an evasion path

exists?

An answer to the open question would fill the gap between Theorem 7 of [dG06],
which uses only minimal sensor capabilities but is not sharp, and Theorem [ which
is sharp but requires more advanced sensors measuring cyclic orders and alpha com-

plexes or local distances.



Chapter 4

Diagrams of Spaces

The evasion problem motivates a natural extension: can we describe the space of
evasion paths? That is, what information must we measure about covered region
X and the ambient isotopy class of its fibrewise embedding in spacetime D x [ to
describe the space of sections I — X7

We are primarily interested in this question from a theoretical point of view, but
it also relates to the following applied problems. Suppose an evasion path exists in a
mobile sensor network. We may be interested in determining the best way to patch
the network so that evasion paths no longer exists. Alternatively, we may want to
find the evasion path that maintains the largest separation between the evader and
the sensors, that requires an evader to move the shortest distance, or that requires
an evader to move at the lowest top speed. Knowledge about the space of sections
may be helpful for such problems.

In Section we relate the space of sections of a fibrewise space Y — [ to the ho-
motopy limit of a diagram of spaces built from Y. This is our motivation for studying
homotopy limits in this chapter and next. In Sections [4.2H4.7 we describe simplicial
and cosimplicial objects, a model category structure for diagrams of spaces, adjoints

for the forgetful functor on diagrams, projective and injective diagrams, monads, and

30
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the homotopy spectral sequence of a cosimplicial space. With this framework we
define homotopy limits in Section 4.8, and moreover, a spectral sequence converging

to the homotopy groups of a homotopy limit.

4.1 The space of evasion paths and homotopy lim-
its

In this section we relate the space of evasion paths to homotopy limits. This is our
motivation for studying homotopy limits, which we define in Section [4.§. We work
with topological spaces in this section but for the remainder of this chapter and the

next we work with simplicial sets.

Example 1. Consider the sensor network drawn in Figure[d.I], in which the uncovered

region consists of a cylinder and two thin tubes. The blue evasion path wraps once

Figure 4.1: The uncovered region consists of a cylinder in spacetime along with two
thin tubes connecting the cylinder to the starting and ending times. The blue evasion
path wraps once around the cylinder while the red evasion path travels straight across.

around the cylinder while the red evasion path travels straight across; these two
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evasion paths are not fibrewise isotopic. We can model the uncovered region by the
diagram

* — ST,

whose homotopy limit is QS the loop space of the circle. This is a discrete space
with an infinite number of components, one for each integer winding number around
the circle. The homotopy limit of the diagram is homotopy equivalent to the space

of evasion paths in the sensor network.

Example 2. The space of evasion paths need not be discrete. For example, if Y is a
space and Y x [ is the uncovered region of a sensor network, then the space of evasion

paths is homotopy equivalent to Y. The case when Y = S! is drawn in Figure .

Figure 4.2: The uncovered region for this sensor network consists of a cylinder in
spacetime.

We now formalize the relationship between spaces of sections and homotopy limits.
Let Y & T be a fibrewise space. Recall Y; = p~'(s;) and Y;! = p~'([sy, 5:44]). Let
PY/*! be the space of undirected paths

PYZH = {C“ (S5, 8i41] — YiiH | p(a(s;)) = s; and p(a(sit1)) = 5i+1}:
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and let ]3Yii+1 be the corresponding space of fibrewise paths
PYj+! = {a: [si,si01] = Y/ | pla(t)) =t for all ¢ € [s;, si41] }-

We say that a discretization 0 = sy < ... < s, = 1 is section-preserving for Y if each
PY;/*! deformation retracts onto P'Yi”l. For example, a discretization chosen as in
Section is section-preserving for the stacked Cech complex SC, for the region X

covered by the sensors, and for the region X not covered by the sensors.

Lemma 4. If diagram ZY € Top® is formed from a section-preserving discretiza-
tion, then the space of sections T'(Y') is homotopy equivalent to the homotopy limit
holimp ZY.

Proof. We have

holimp ZY 2 homp(|B(D | —)|, ZY)
= {(Oéo .. .Oénfl) S PYE)I X ... X PYnnil ’ O(,L'(S¢+1> = Oéi+1(51'+1)}
~ {(Oéo, .. -an—l) S ﬁYbl X ... X ﬁYnn_l ‘ ai(si-i-l) = ai—i—l(si—i—l)}

~2T(Y).

The diagram |B(D | —)| in Top” has at object i in D the space |B(D | 4)|, which
is the realization of the nerve of the overcategory (D | i). The first homeomorphism
is Proposition 18.2.6 of [Hir09] (see also Lemma [13). The second homeomorphism
follows from the definition of |B(D | —)| for our indexing category D generated by a

quiver of type A,. The homotopy equivalence comes from the deformation retractions

of each PY;*! onto PY;*!. O
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4.2 Simplicial and cosimplical objects

The material in this section can be found in [BK72al [GJ09]. Let A be the simplex

category, whose objects are strings of ordinal numbers of the form
0—=1—=...25n—-1—n,

and whose morphisms are order-preserving functions of sets. For a category C, the cat-
egory of simplicial objects over C is the functor category with contravariant functors
AP — C as objects and with natural transformations as morphisms. Alternatively, a
simplicial object X over C is a collection of objects X,, € C for n > 0, equipped with

face and degeneracy maps

dii X, — X,

sit Xy — Xpp

for 0 < < n. The face and degeneracy maps satisfy the following simplicial identities:

did; = d;_1d; fori < j

dis; = s;j_1d; fori < j
=1 fori=yj, j+1
= s;d;q fori>j7+1

$iSj = 8;Si—1 for i > j

Similarly, let ¢C be the functor category of cosimplicial objects over C. Its objects
are covariant functors A — C and its morphisms are natural transformations. Alter-

natively, an object X € ¢C is a collection of objects X" € C for n > 0, equipped with
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coface and codegeneracy maps

d: Xl x7

st Xt 5 xm

for 0 < i < n. The coface and codegeneracy maps satisfy the following cosimplicial

identities:
dd = did1 fori < j
sidt = dis’7t fori<j
=1 fori=7, j+1
= dls fori>j+1

sist = sitlgl for i > j.

For C a model category there is an induced Reedy model category structure on cC
[GJ09, Hov99].

Let & be the category of simplicial sets and let S, be the category of pointed
simplicial sets. There is an equivalence between the homotopy theories of simplicial
sets and of topological spaces. For the remainder of this chapter and the next we
work simplicially, meaning that a space is a pointed simplicial set. We refer to ¢S, as

the category of cosimplicial spaces.

4.3 Model category structure for diagrams of spaces

In this section we describe model category structures for pointed simplicial sets and for
diagrams thereof. The category S, of pointed simplicial sets is a simplicial cofibrantly
generated model category [Hir09]. A morphism is a weak equivalence if its induced
map on geometric realizations is a weak equivalence of topological spaces, and a

morphism is a fibration if it is a Kan fibration. The tensor of X € S, with K € S is
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given by X @ K = X A Kt where Kt € S, is formed by adding a disjoint basepoint.
For W, X € S, the pointed simplicial set hom(W, X) has as its n-simplices the set of
maps from W @ A™ to X.

Since D is a small category, Theorem 11.7.3 of [Hir09] implies that SP is also a
simplicial cofibrantly generated model category. A morphism W — X in SP is a
weak equivalence if it is a pointwise weak equivalence, meaning that each W; — X;
is a weak equivalence in S,. Similarly, a morphism is a fibration if it is a pointwise
fibration. Cofibrations consist of all free maps and their retracts. The tensor of
X € 8P with K € S, denoted X @ K € SP, is given by (X ® K); = X; ® K and
pffj@)K = p; ® 1. For W, X € SP the pointed simplicial set homp (W, X) has as its
n-simplices the set of maps from W ® A™ to X.

Let ©x be the constant diagram in SP with basepoint * at each object in D. Note
that SP is a pointed model category since the map ©% — ©x from the initial object
to the terminal object is an isomorphism. Let ¥ be the suspension functor for this

pointed model category. Lemma 6.1.2 of [Hov99] and Proposition 9.5.24 of [Hir09]

then imply the following.

Lemma 5. Let W € SP be cofibrant and let X € SP be fibrant. We have natural
isomorphisms

7 homp (W, X) = [S'W, X

for all t > 0, where [X'W, X| is the homotopy class of maps S'W — X.

4.4 Adjoints for forgetful functors on diagrams

Let C be a category and let D be the free category generated by a quiver of type A,,.
Let D% be the discrete category with the same objects as D but with no non-identity

morphisms. The inclusion functor D® — D induces a forgetful functor F: CP — CP’.
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Also, for 1 < i < n, let F;: C” — C be the forgetful functor mapping C € CP to its
value C; at the i-th object of D.

If category C has finite products then the forgetful functors have right adjoints
[Hir09).

Lemma 6. If C has finite products then we have an adjunction Fy: CP + C: G;.

Let C € C. If there is a morphism j — i in D then (G;C); = C; otherwise (G;C);
is the terminal object in C. Morphism pfjc is either the identity map on C or
the unique map to the terminal object. For a morphism f: C — C’ in C, map
(Gif);: (G;C); — (G;C"); is f if there is a morphism j — ¢ in D, and is the identity

map on the terminal object otherwise.
Lemma 7. If C has finite products then we have an adjunction F: CP < P @

For C € CP° we have GC = I1, G:C;. That is,

(Gey); =1]¢
Jj—1
where the product is over the morphisms in D with source j. Morphism pfjc is given
by canonical projection.
Dually, if category C has finite coproducts then the forgetful functors have left

adjoints.
Lemma 8. If C has finite coproducts then we have an adjunction P;: C <> CP: F.

Let C' € C. If there is a morphism j — ¢ in D then (P;C); = C; otherwise (P;C); is
the initial object in C. Morphism pf;lc is either the identity map on C' or the unique
map from the initial object. For a morphism f: C'— C’"in C, map (P;f);: (P;C); —
(P;C"); is f if there is a morphism j — 4 in D, and is the identity map on the initial

object otherwise.
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Lemma 9. If C has finite coproducts then we have an adjunction P: cP P F.

For C' € CP° we have PC = [[, P;C;. That is,

PC); =10

Jj—i

where the coproduct is over the morphisms in D with target i. Morphism p¢ is
given by canonical injection.

For example, suppose the quiver underlying D is
.1—).2(—.3—).4(—.5

and C € C”’ is

¢, Cy O3 Cp Cs.

Then diagram GC'is

Ci xCy 50y Oy x (U3 x Cy— Oy Cy x Cs,
with each map the canonical projection. Diagram PC'is

Ci—>CiIHC, 03+ Cy - C3s IO IOy + Ch,

with each map the canonical injection.

4.5 Projective and injective diagrams

Let D be the free category generated by a quiver of type A,. Recall from Theorem
that the categories VectkD and kD —Mod are equivalent, where kD is the path algebra
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over a field k. For a ring R we can analogously define the ring RD as the free left R-
module with basis the morphisms in D and with multiplication given by composition.

The categories (R-Mod)? and RD-Mod are equivalent [EE05].

Lemma 10. If M € R-Mod is projective then so is P;M € (R-Mod)?, and if M is
injective then so is G;M € (R-Mod)P.

In particular, in FVect} the set
(Pi(k)|1<j<n} (respectively (Gik) |1<i< n})

is a complete set of indecomposable projective (respectively injective) quiver repre-
sentations that are pairwise non-isomorphic [CB92].

In order to study projective resolutions in (R—Mod)? we first define a functor
P: (R-Mod)?" — (R-Mod)?. For a morphism j — i in D, let its length |j — 4| be
the number of arrows in the corresponding path of the underlying quiver. The set of
morphisms with |j — i| = 1 is the set of arrows in the quiver. For N € (R-Mod)?’

we define PN = H\j—>z‘|:1 P,N;, which gives

(PN = [T N

li—i[>1

Moreover, given M € (R-Mod)”, we define morphism ¢™: PFM — PFM by
defining each ¢} : (PFM); — (PFM);. If | —i| > 1 and m € M; C (PFM);, then

(

m in summand M, of (PFM);

;' (m) = —pis(m)  in summand M; of (PFM);

0 in all other summands.
\
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The following lemma generalizes the standard projective resolution for quiver rep-

resentations [CB92).
Lemma 11. Suppose

d d d d d
LS eSS S M0

is a resolution in (R-Mod)? with each (S;); € R—Mod projective. Then

PFd3  ¢52 PFRdy ¢
{ 0 —PFdJ [ 0 —PFdl] [PFdl ¢50]
HPFSg PFSQ 1 PFSOHMHO
& @ &
PI'Sy PES; PFS,

is a projective resolution in (R—Mod)P.

Proof. The morphism PFSy — M is the adjoint of Fdy: F.Sy — FM given by
Lemma @ Note each PF'S; @ PFS,_, is projective by Lemma . To show exactness

at stage [ > 2 in the resolution, we first compute

PRd, ¢ | [PPdy  ¢% | [PF(ddyy) PFRaes —¢5-1PF,
0 —PFd_, 0 —PFd| | 0 PF(d1dy)
B _0 0
N 0 0

Next, suppose
PFd, P
€ ker

b 0 —PFd,_,
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This gives

PFdia+ ¢*-'b =0 (4.1)
—PFd;_1b=0.

Hence there exists some i/ € PFS; with —PFd;i/ = b. Note

PFdy(a — ¢°V) = PFdya — PFd;¢%b
= PFdja — ¢ PFd,V
= PFdja — ¢®'PFdb since VY € PFS,
= PFdja + ¢°1b by definition of ¥’

=0 by (4.1).

Hence a — ¢V € ker(PFd)) = im(PFd;, 1), so there exists some a’ € PFS;;; with
PFdy a' + ¢%b = a. For | > 2, we have shown

. PFdi,  ¢™ PFd;,  ¢%-1
im _ = ker ~
0 —PFd, 0 —PFd;_,
The verifications for [ = 0 and 1 are similar. O]

The projective dimension of a ring R is the minimum integer [ (or co) such that

every M € R—Mod has a resolution by projective modules

0—=S5—>...05—=>5—>M-=0

of length at most {. The injective dimension is defined dually. For any ring R the
projective and injective dimensions are equal, and this common number is called the

global dimension of R [Wei95].
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Lemma 12. If ring R has global dimension | then ring RD has global dimension at
most [ + 1.

Proof. Let M € RD-Mod. Since R has global dimension [ there exists a projective
resolution

O—>;§1—1>d—2)glil—>SOEO—>FM—>O

in (R—Mod)Dd. For each morphism 7 — ¢ in D of length one, we use the fact that

(S'O)j is projective to find a lift pr

¢ making the following diagram commute.

(S0); — M,

P} h ‘ P
(do)s
M,

For 7 — i of length greater than one we define pfg by composition. Hence we have

an exact sequence

SOE%M%O

in AD -Mod, with each (Sp); = (Sp); and with each (dy); = (do);. Continuing

inductively, we produce a resolution
08 % 88 B8 % M0
in (R-Mod)P? that is not necessarily projective, but in which each (.9;); € R—Mod is

[PFdl ¢SZ—1} [Png ¢S

projective. By Lemma [L1| we have a projective resolution
0 —PFd;_4 0 —PFdJ [PFdl ¢So]
PFS[ PSl PSOGMHO

¢
—PFd;
©® ©®

PFS, , PFS,

. > PFS,
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of length at most [ + 1. m

It follows that if R is a semisimple ring then RD has global dimension at most
one, and if R is a hereditary ring then RD has global dimension at most two. In
particular, Vecty has global dimension at most one and AbP has global dimension

at most two.

4.6 Monads

Let C be a category and let 1. be its identity functor. A monad (7,n,pu) on C
consists of an endofunctor 7: C — C together with a unit natural transformation
n: ¢ — T and a multiplication natural transformation p: 72 — T such that the

following diagrams commute [Mac98].

T T
T8 — T2 T—" T
uT 1 nT \ ©
T2L>T T2L>T

Monads are also often called triples. Every adjunction F': C' <+ C’": F’ gives a monad
on the category C with T' = F'F.

From a monad (7',n, u) on category C and an object C' € C we can produce an
augmented cosimplicial object C'— T*C € ¢C [EM65, BB69|. It is defined by setting
(T°C)" = T"1C for n > —1.

0 do, gt do, dl, d2 ... ., a8
C TC T°C T3C
~__ ~__ - ~_____— ~__

s0 s0, st 50,51, 52
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The coface maps d' and codegeneracy maps s are given by

d'=TnmT" " T"C — T"'C

Si —_ Tz/uLTnfz TnJrQC — Tn+1c«.

4.7 The homotopy spectral sequence of a cosim-
plicial space

The material in this section can be found in [BK72al IGJ09]. Let X* € ¢S, be a
cosimplicial space. If X* is not fibrant, then choose a weak equivalence X* — Y*
with Y® fibrant and replace X*® with Y*. The extended homotopy spectral sequence
for cosimplicial space X* is the extended homotopy spectral sequence of the following

tower of fibrations.
... — Toty X* — Toty X* — Totg X°* — *

Let E%' for t > s > 0 denote the E, page of this second quadrant spectral sequence,
whose differentials are of the form d,: ES* — ES™7=1 The E, page consists of
abelian groups in dimensions t — s > 2, possibly non-abelian groups in dimension
t — s = 1, and pointed sets in dimension ¢ — s = 0. Under favorable conditions the
spectral sequence for cosimplicial space X*® converges to m;_, Tot X*. If X — X*® is
an agumented cosimplicial space then we have a map X — Tot X*.

For r = 2 there are natural isomorphisms Eg’t = 15m, X® for t > s > 0, where
7° is defined as follows. For a cosimplicial abelian group A® € cAb, let 7°A® be the
cohomology of the cochain complex

P P P
AP S AV S A2 S
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with coboundary map 9 = Y (—1)'d’ the alternating sum of the coface maps. For
G* € cGrp a cosimplicial group that is not necessarily abelian, group 7°G*® is the

equalizer of d° and d*, giving
TGt ={ge g’ |d’g=d'g}.
Pointed set 7'G* is equal to Z'G*/G°, where Z'G* is the pointed set of cocycles
2'g* ={x € ' | (d*z)(d'x)""(d’x) = e},

and where G° acts on Z'G via g - = (d°g)x(d*g)~*. For S* a cosimplicial pointed

set we let pointed set 7°5® be the equalizer of d° and d*.

4.8 Homotopy limits

Since S, has finite products we have an adjunction F': SP « SP " G. We also write G
for the resulting monad G = GF on category SP”. For X € 8P we have an augmented
cosimplicial object X — G*X, and applying limp gives an augmented cosimplicial
space limp X — limp G*X called the cosimplicial replacement of X. The homotopy
limit of X is defined as holimp X = Totlimp G*X, and if X € SP is fibrant then so
is holimp X € S, [GJ09, Hir09].

We give a second description of the homotopy limit. For an object ¢ in D, let
B(D | i)™ be the nerve of the overcategory (D | ¢) with a disjoint basepoint added.
Then diagram B(D | —)T in SP has at object i the space B(D | i)". Since D is a
small category, Proposition 18.2.6 of [Hir(9] gives the following lemma.

Lemma 13. For X € 8P, the homotopy limit holimp X is naturally isomorphic to
homp(B(D | —)*, X).



CHAPTER 4. DIAGRAMS OF SPACES 46

We now consider a spectral sequence that, under favorable circumstances, con-
verges to the homotopy groups of a homotopy limit [GJ09]. Let E%' denote the
homotopy spectral sequence for augmented cosimplicial space limp X — limp G*X.
We describe the F, term using the right derived functors lim}, of limp. Since the
limit functor is left exact, lim% = limp. For a diagram of abelian groups A € AbP,
we have a natural isomorphism lim}, A = 7°limp G*A. By analogy, for a diagram of

possibly non-abelian groups G € Grp®, we define lim}j G = ' limp G°G. Since
(Gerlx)i _ H Xim
T—10—>...—>im

and limp GX =[], X;, it follows that

7 limp G™X =, H X, = H m X, = limp G X.

10—>...—m 10—>..-—m

Since (G*X)™ = G™ X the E, term of this spectral sequence is
Byt 2 mom limp G*X = 7° limp G*m X 22 lim, 7, X
Under favorable conditions the spectral sequence converges to
m—s Tot limp G* X = m;_, holimp X.

Since D is the free category generated from a quiver of type A,, Lemma [12] implies
Eyt =0 for s > 2.

Recall from Section [4.1{that we are interested in using homotopy limits to describe
spaces of sections. The following two low-dimensional examples model the uncovered
regions for the sensor networks in Figure [3.9, one with an evasion path and one

without, before taking the disjoint union with a basepoint.



CHAPTER 4. DIAGRAMS OF SPACES 47

Example 3. Let D be the free category generated from quiver

o —>0<— 0 —H>0<— 0

and let X € SP be the diagram below.

x T2 \ Zs3 Ty
1
T3 \
/ / /
Lo T3 Ty Ty
* * * * *

Each X; is the union of a basepoint * and some subset of the points x;, «, and z/.
All terms on the E, page are trivial except for ES’O ~ limp X = SY. By Corol-
lary VI.2.21 of [GJ09], the spectral sequence converges completely to the homotopy

groups of holimp X = S° We recover the existence of an evasion path.

Example 4. Suppose X € S? is instead given by the following diagram.

g X2 €3 Xyq
!
/ "
/ ! ! /
i) L3 Ty Ty
* * * * *

In this case Eg > limp 1o X = #, and the spectral sequence converges completely to

the homotopy groups of holimp X = . No evasion path exists.

The spectral sequence for a homotopy limit converges to desirable information, but

its input depends on homotopy groups and maps between homotopy groups which are
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not easily accessible. For this reason, in Section [5.2| we consider a homotopy spectral

sequence for diagrams of spaces whose input depends on homology information.



Chapter 5

The Homotopy Spectral Sequence

for Diagrams

The homotopy spectral sequence for a space with coefficients in a ring R goes from
R-homology to R-homotopy, roughly speaking [BK72al, BK72b]. A generalization for
function complexes between diagrams of spaces, which we refer to as the homotopy
spectral sequence for diagrams, is given in [DZ87]. In this chapter we apply the
homotopy spectral sequence for diagrams to study the space of evasion paths of a
sensor network. The resulting spectral sequence has input depending on unstable
invariants of the uncovered region and under favorable circumstances converges to
information about the space of evasion paths. It remains to obtain these unstable
invariants of the uncovered region from embedding invariants of the sensor network.

The homotopy spectral sequence for diagrams is constructed using the composition
of two monads. The first monad R maps a based simplicial set to the R-module
generated by its simplices; this monad is used to construct the homotopy spectral
sequence for a space in Section The second monad is the right adjoint G to
the forgetful functor on diagrams, which we studied in Section on the spectral

sequence for a homotopy limit. Composing monads G and R produces a monad on

49
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the category of diagrams of spaces, whose cosimplicial object is used to construct the
homotopy spectral sequence for diagrams.

The diagrams of spaces studied in [DZ87] are indexed by a small simplicial cat-
egory. Our setting is the specific case when the indexing category is generated by
a quiver of type A,. This allows us to simplify the proofs of Theorems [6] and [7]
describing the E5 term algebraically for coefficients modulo a prime.

The authors in [DMN89] construct an unstable Adams spectral sequence which is
adapted to studying the space of sections of a fibration. We do not use their spectral
sequence because the fibers of a fibration are all homotopy equivalent, but in sensor
network problems the homotopy types of the covered and uncovered regions vary with
time.

In Sections and we describe the homotopy spectral sequences for spaces
and for diagrams. We study several low-dimensional examples relevant for sensor
networks. In Sections and we give algebraic descriptions, when R = Z/pZ,
of the E5 term for spaces and for diagrams. We consider rational coefficients for
spaces in Section [5.5] In Section we show that a diagram of modules over a
diagram of algebras is equivalent to a module over a more complicated algebra, and
in Section we construct projective resolutions over a diagram of algebras. We use
these projective resolutions in Section to study the rational F, page for diagrams

of spaces.

5.1 The homotopy spectral sequence for spaces

We describe the homotopy spectral sequence of a space with coefficients in a ring
[BK72a, BK72b, BKT73|. Other useful expositions of this sequence include [GJ09,
Mil84]. Let R be a ring and let Sg be the category of simplicial R-modules. We have
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an adjunction

R: S, < Sg: S, (5.1)

where S is the forgetful functor and where R takes a pointed simplicial set X € S,
to the simplicial R-module generated by the simplices of X. That is, (RX), is the
free R-module on X, with the basepoint of X put equal to 0. We also write R for
the resulting monad R = RS on category S,. This monad (R,n, ) has n: X — RX
and p: R?X — RX via

n@) = lz] and p(Sr[Srld]) = Srrfel

Consider the homotopy spectral sequence for the fibrant augmented cosimplicial
space X — R°*X. The total complex R, X = Tot R*X is the Bousfield-Kan R-
completion of X, and under favorable conditions the spectral sequence converges
to MR X. When R = Z/pZ, this produces an unstable Adams spectral sequence
converging, for X nilpotent and for each 7, X finitely generated, to m,X modulo
torsion prime to p. For R = Q and X connected, the spectral sequence consists of the
primitive elements in the rational cobar spectral sequence and converges to m, X ® Q.
There is also a function complex version, which for W, X € S, is the homotopy

spectral sequence built from the cosimplicial space hom (W, X) — hom(W, R*X).

5.2 The homotopy spectral sequence for diagrams

The homotopy spectral sequence for a space is generalized by Dror Farjoun and
Zabrodsky in [DZ8T7] for function complexes between diagrams of spaces. Though
they consider diagrams indexed by any small simplicial category, we restrict attention
to the special case when the indexing category is generated by a quiver of type A,,.

Let D be the free category generated by a quiver of type A,,. The adjunction in
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(5.1) induces an adjunction R: SP <+ SF: S between functors which, by an abuse of
notation, we denote with the same names. Since category Sgi has finite products, by
Lemma 7| we have an adjoint pair F': SE < SL°: (. We combine these adjunctions

in the diagram

DR DF DS
S SSRGSR

to get the adjunction FR: 8P « SP': SG. We define monad T = (SG)(FR) on
category SP as the composition of these adjoint functors. Monad T is equal to
that of [DZ87] but we have defined it differently in order to simplify the proofs in
Section 5.4l

For an object X € SP we form the augmented cosimplicial object X — T*X in
cSP. Let W € SP be coﬁbran. Applying homp(W, ) produces the augmented
cosimplicial space homp(W, X) — homp(W,T*X). Let E*' denote the E, page of

the homotopy spectral sequence. We have
Ey' 2 rém homp (W, T* X),
and under favorable conditions the spectral sequence converges to
7. Tot homp (W, T*X) = m, homp (W, Ry X).

Since D has a finite number of objects and morphisms, Theorem 1.2 of [DZ87] gives
the following.

Theorem 5. Let R = Z/pZ. If W is cofibrant and W and X have finite Z/pZ
homology in each dimension, then the homotopy spectral sequence for homp (W, T X)

converges completely to m, homp (W, Ry X).

!By [Dro87al, Dro87h], the function complex homp (W, X) has some homotopy meaning even for
W not cofibrant.
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We are interested in the case when W = B(D | —)". By Lemma(l3] the E, term
is then

Byt = 1o holimp T°X.

The spectral sequence converges to m;_s holimp R, X, the homotopy groups of the
homotopy limit of the R-completion of the diagram. We obtain information related
to the homotopy limit of X, which as we saw in Section can model a space of
evasion paths. The advantage of this spectral sequence for diagrams over the one in
Section is that algebraic descriptions of the Fy term are more accessible.

The following two low-dimensional computations are analogous to Examples|3[and

[ from Section 4.8

Example 5. Let D be the free category generated from quiver
e o000 o

let W =B(D ] —)", and let X € S” be the diagram from Example .

T T2 \ Zs3 Xy
!
T3 \
' Ty ) T
* * * * *

"
i

Each X, is the union of a basepoint * and some subset of the points z;, 2, and z

All terms on the E5 page are trivial except for ES V> 7070 holimp T*X. We have

holimD TX ~ RXl X RX2 X RX?, X RX4 X RX5
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and

holimp T?X ~
R[RX; x RX,] x R2X, x RIRX, x RX3 x RX,| % R2X, x R[RX, x RXj5].

Let
b= (ri@1, rama + rhah, r3zs + rial + rixl, ravy + rial, rial) € mholimp T'X.

We have d°, d': mholimp TX — moholimp T2 X via

1[ri@y, ros + hah)

1 [rgxg + 7’/256/2}

07 — W "o o W
b= 11 [7’2@ + 19Ty, T3x3 + T3x3 + r3x3, T4y + 7’4954}

1[razy + rja)]

! .0 ! .0
1 [T’4$4 + 1ryxy, 7“5375}

and
(&1 [11’1 s 1.’E21|

ro[lxo] + (1))
d'b = T3 [11‘2, lzs, 1$4} + [15527 L3, 1*7521} + 75 [11”2, Ly, 1x£l]
ra[lay] + ry[12)]

s [1:621, 1:5&}
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Hence

EY° = 7% holimp X
— {bemTX | d=d'b)
= {(x, %, %, %, %) and (lzy, 1z, 124, 12}, 1af)}

= 9"

By Theorem [5| the spectral sequence converges completely to the homotopy groups

of holimp R X = S°. We recover the existence of an evasion path.

Example 6. Suppose X € S? is instead given by the diagram in Example .

I T XT3 / Ty
"
/ "
/ / / /
Lo L3 Ty s
k k * k k

In this case the third coordinate of d'b changes to
r3[1zs, 1as, 1zg] + vy [12f, 127, 1ay] + rf[1a), 124, 127].

Now ES’O = {(x,%,%,%,%)} = *x and the spectral sequence converges completely to

the homotopy groups of holimp R, X = *. No evasion path exists.

5.3 The E, term for spaces when R =7 /pZ

Let p be prime and let Z/pZ be the finite field with p elements. For R = Z/pZ, the

homotopy spectral sequence for spaces from Section [5.1]is an unstable Adams spectral
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sequence. In this section we describe the Fy term for R = Z/pZ as an unstable Ext
[BK72Db]; other useful expositions include [GJ09, Mil84]. In the following section we
consider the diagram case.

Let o7 be the mod-p Steenrod algebra and let €< be the category of unstable
o/ -coalgebras in [BK72b]. Let .#.Z, be the category of connected graded Z/pZ-
modules, where by connected we mean trivial in nonpositive degrees. We have a pair
of adjoint functors

J CA & ML), V. (5.2)

Here J is the forgetful functor given by (JC), = C,, for C € €</ and n > 1. For
M e #Z,, functor V is given by

VM = H, (ﬁ K(M,,n); Z/pz>,

where each K(M,,,n) is an Eilenberg-MacLane space. We also write V' for the result-
ing monad V = VJ on category € <.
Let S.. be the category of connected pointed simplicial sets. Homology with

coefficients in Z/pZ is a functor
H.( Z/pZ): S,. — C,

with comultiplication induced from the diagonal map X — X x X. Theorem 11.5 of

[BK72b] states that for X € S,. and ¢ > s > 0, we have a natural isomorphism
E3' = 7 Homg,, (H.(S';, Z/pZ), V* H(X; Z/pZ)).

We can also describe the E5 term as an unstable Ext. Let V be the class of all

C € €</ with C = VM for some M € .#.Z,. By Proposition 7.8 of [Bou70], V
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is a class of injective models for ¥.<7. If B € ¥4 has trivial comultiplication, for

example if B = H,(S* Z/pZ) for t > 0, then Homy.,(B, ) is actually a functor
Homg (B, ): €</ — Z/pZ-Mod.

For such B we define the unstable Ext functors ExtZ, (B, ) as the right derived
functors

Ext} (B, )= R'Homg, (B, ): € — 7/pZMod

with respect to V. Theorem 12.1 of [BK72b] states that for X € S,. and t > s > 0,

we have a natural isomorophism

Es,t ) Ext%d([:]*(St;Z/pZ),I‘L(X§Z/pz))'

5.4 The F, term for diagrams when R = Z/pZ

The diagrams of spaces studied in [DZ87] are indexed by a small simplicial category,
which is more general than our context in which the free category D is generated
by a quiver of type A,. By restricting to this special case, we simplify the proofs of
Theorems @ and [7| describing the Es term algebraically for R = Z/pZ. In addition,
our proofs more closely follow [BK72b].

The adjunction in induces an adjunction J: €” < A ZPD : V' between
functors which, by an abuse of notation, we denote with the same names. Since
category . £, has finite products given by degreewise product, Lemma [7] gives an
adjoint pair F': AL ]? > ML z]? " G. We combine these adjunctions in the diagram

F
///.i”f:’///ffé
v G

€ ot”

to get the adjunction F.J: €./ < ///356: VG. We define monad U = (VG)(FJ)
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on category €«/” as the composition of these adjoint functors. So for an object
C € €/” we can form the cosimplicial object U*C € ¢€.o/”.

Recall S, is the category of connected pointed simplicial sets, and let S, . be the
category of connected simplicial Z/pZ-modules. Monad U is closely related to the

restriction of monad T to SZ.

Lemma 14. The rectangles in the following diagram commute up to natural isomor-

phism.

SP H.( ;Z/pZ) % oy P
R||S J|v
D il D
Spe ML,
Fllc Flla
sy — " P
p,c p

Proof. The top rectangle commutes up to natural isomorphism by Lemma 11.6 of
[BK72b]. For the bottom rectangle, note that m.F = F'm, is obvious and that
.G = G, follows from the fact that the homotopy groups of a finite product are

the products of the homotopy groups. O

In [DZ87], the functor G is defined more generally and the diagram above does not
fully commute. Hence the proof of their more general version of Theorem [6] requires

additional steps.

Corollary 1. Let X € SP. Then

H(T* X Z/pZ) = U*H.(X: Z,/p)

is a natural isomorphism of cosimplicial objects over €.
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Proof. This follows from Lemma [I4] Note

H.(T"X;Z/pZ) = H.((SGFR)* X, Z/pZ) by definition of T
~ (VGFJ)'H,.(X;Z/pZ) by Lemma
= U*H,(X; Z/pZ) by definition of U.

]

Lemma 15. Let W € SP be cofibrant and let Y € Sf.. Then fort > 1, the functor
H.( ;7Z/pZ) induces isomorphisms

7 homp(W,Y) 2 [S'W, Y] = Homy,,o (H.(X'W; Z/pZ), H. (Y Z/pZ)).

Proof. The first isomorphism is Lemma [5] The second isomorphism follows from the

naturality of Lemma 11.8 of [BK72b]. O
We obtain the following analogue of Theorem 11.5 from [BK72h].

Theorem 6. Let W € SP be cofibrant and let X € SP. Then fort > s > 0, we have

a natural isomorphism
BEy' = 7 Homy, o (H(S'W; Z/pZ), U H.(X; Z/pZ)).
Proof.

Ey' = 757, homp (W, T*X)

12

7 Homy, 0 (H.(S'W; Z/pZ), H(T*X; Z./pZ)) by Lemma

12

7* Hom, ,p (]:]*(EtW; Z/pZ), U H,(X; Z/pZ)) by Corollary [1}
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This theorem is a special case of the results in [DZ87], but for D the free category
generated by a quiver of type A, we have given a simpler proof that more closely
follows [BK72b].

We can also describe the E5 term as an unstable Ext. Let U be the class of all
C € €a/” with C = UM for some M € //.;2”55. By Proposition 7.8 of [Bou70], U
is a class of injective models for €/”. If B € €.o7” has trivial comultiplication at
each object in D, for example if B = F[*(ZtW;Z/pZ) for some cofibrant W € SP

and ¢ > 0, then functor Hom, o (B, ) is actually a functor
Homy ,o(B, ): €«” — Z/pZ Mod.
By Remark 7.9 of [Bou70], the right derived functors with respect to U satisfy
R*Hom, ,»(B,C) = n°*Hom, o (B,U*C)
for C' € €a/”. For such B, we define the unstable Ext functors Ext; (B, )by
Ext: »(B, )= R*Homy, (B, ):%€a"” = Z/pZ Mod.

¢/ P

We have the following analogue of Theorem 12.1 from [BK72b].

Theorem 7. Let X € S2. Then fort > s > 0, we have a natural isomorphism

Byt = Bxty, o (H.(S'W; Z/pZ), Ho(X; Z/pZ)).
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Proof.

Ey' = 7° Homy, o (]:[*(ZtW; Z/pZ), U H,(X; Z/pZ)) by Theorem [0]
~ R*Homy, o (H.(S'W;Z/pZ), H(X;Z/pZ))

= Ext® o (H.(S'W;Z/pZ), H (X, Z/pZ)).

5.5 The FE, term for spaces when R =Q

To make computations more accessible, for the remainder of the chapter we consider
rational coefficients. In this section we return to the homotopy spectral sequence
for spaces from Section and discuss the E, page when R = Q. In the following
sections we consider the diagram case.

Let X € S, with H.(X;Q) of finite type. By Corollary 15.6 of [BK73] we have
E, = P Cotor+(X:@ (Q,Q),

where P denotes the set of primitive elements. When H,(X; Q) is finite in each dimen-
sion, the Hopf algebra Cotor™*X ;Q)(Q,Q) is equivalent to the classical cohomology
Ext - (x,0)(Q, Q). Under favorable circumstances this spectral sequence converges to
TeQo X Z 1, X ® Q.

The rational homotopy spectral sequence for spaces is closely related to the Eilenberg—
Moore spectral sequence for the fibration QX — PX — X, where path space
PX is contractible. This second quadrant spectral sequence has Es page given by

Cotor™(X ;k)((@, Q) and under favorable circumstances converges to H,(2X;Q). Note
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that upon taking primitives we obtain

PH,(QX;Q) 2 7.(0X) © Q = 7,,,(X) Q.

5.6 Diagrams of algebras

In order to study the rational E5 page for diagrams of spaces, in this section we define
a category M of diagrams of modules over a diagram of algebras. We show that M
is equivalent to the category of modules over a single algebra AD. This equivalence
allows us, in Section [5.8], to define the derived functors Ext over a diagram of algebras.

Let D be the free category generated from a quiver of type A,,. Let A € (k—Alg)P

be a diagram of k-algebras
Al Ay ..o A,

where each arrow points either to the left or to the right. We define the category M
as follows. An object M € M is a diagram

M, & My ... M,

in Vect} such that
e cach M; € A;—Mod, and

e if there is a morphism in D from object j to , then p (a;m;) = pg(a;)p(m;)

for each a; € A; and m; € M;.

The second condition is equivalent to saying that p% is a morphism of Aj;-modules,
where M; is an Aj;-module via restriction of scalars. A morphism h: M — N in M

is a morphism
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M, M, M,
‘hl hhz hhn
Ny Ny N,

in Vecty where each h; is also a morphism in A; ~Mod.

Recall from Theorem [I| that Vect}’ is equivalent to the category of modules over
the path algebra kD. In Theorem [§] we prove an analogous result for the category
M. First we must define the k-algebra AD.

Definition 3. Let D be the free category generated from a quiver of type A,, let
k be a field, and let A € (k—Alg)” be a diagram of algebras. The k-algebra AD is

defined as follows. An element of AD is a matrix

Qp1 .. Qpn

where each a;; € A; and where a;; = 0 if there is no morphism in D from object j

to i. For a,b € AD, their product ab is given by

(ab)i,j = aiylpfl (bl’j) + ...+ aiynpf}n(bn’j).
The algebra structure comes from the embedding of k into the center of AD that
sends r € k to the diagonal matrix with r in each diagonal entry.

Suppose A is a diagram of graded k-algebras with A7 the grading of k-algebra A,
at level m. Then AD is a graded k-algebra with AD™ = {a € AD | each a;; € AT}
Let AD—Mod be the category of left AD-modules.

Theorem 8. The categories M and AD-Mod are equivalent.
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Proof. We only give the correspondence defining the equivalence. Given M € M, we
define module M € AD-Mod by M= @, M;. For

ayri1 ... Qin maq

a= : : € AD and m=| ' | €M,

pi .. Gpp my,

we define am by letting its i-th component in M be
a@lp% (my)+...+ ai,np%l(mn).

For the reverse direction, let e; ; be the matrix with a 1 in entry 4, 7 and with zeros
elsewhere. Given M € AD-Mod, we define a diagram M € M by setting M; = em»]\Z.
For m; € M; we set

pij(my) = eijm; = eieijm; € M.
It is possible to check that the correspondences above are inverses and that morphisms

behave appropriately. O

We work interchangeably with the equivalent categories M and AD —Mod. As the
the category of modules over a ring, AD-Mod is an abelian category with enough
projectives. A morphism h: M — N in AD—Mod is a monomorphism if each h; is a
monomorphism in A;—Mod, and h is an epimorphism if each h; is an epimorphism.
The kernel ker(h) has ker(h); = ker(h;), with the morphisms p?zr(h) defined by re-
stricting the morphisms p;';. The cokernel coker(h) has coker(h); = coker(h;), with

coker(h)

the morphisms p;

. . N
i ] induced from the morphisms Dij-
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5.7 Projective resolutions over a diagram of alge-
bras

In this section we construct convenient projective resolutions over a diagram of al-
gebras. In Section we use these resolutions to compute the derived functors Ext
over a diagram of algebras, which is relevant for the rational Fy term of the homotopy
spectral sequence for diagrams of spaces.

Let D be the free category generated by a quiver of type A,. We have forgetful

functors

F;: AD -Mod — A; -Mod

and

F: AD-Mod — @}_,(A;-Mod).
The following lemmas are analogous to those in Sections [4.4] and [4.5]
Lemma 16. There is an adjunction Q);: A;—Mod <+ AD -Mod: Fj.

For N € A;-Mod we define ;N using extension of scalars. If there is a morphism
j —iin D then (Q;N); = A; ®4, N and ijN = pf}j ® 1; otherwise both (Q);N); and

pf?]] N are zero.
Lemma 17. If N € A;-Mod is projective then so is QQ;N € AD-Mod.
Lemma 18. There is an adjunction Q: @7_; (A;—Mod) <> AD-Mod: F'.

For N € @}_,(A; -Mod) we have QN = @;Q;N;. That is,

(QN); = P A @4, N,

Jj—

where the coproduct is over the morphisms in D with target . For example, suppose
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the quiver underlying D is

o — 0y 03— 0 o
and N € @j_,(A;-Mod) is

Ny, Ny N3 N, Ns.
Then diagram QN is
Ny — (A2®4, N1)®No® (A2 ®4, N3) < N3 — (A1 @4, N3) DNy B (A4 @4, N5) < Ns.

To construct projective resolutions in AD—Mod we define a functor
Q: @} (4;-Mod) = AD-Mod.

Recall the length |j — i| of a morphism j — 4 in D is the number of arrows in
the corresponding path in the underlying quiver. For N € @_,(A;-Mod), we de-
fine QN = ®|j—il=1QiN;. Moreover, given M € AD-Mod, we define morphism
oM QFM — QFM by defining each ¢pM: (QFM); — (QFM);. If |7 — i| > 1 and
(a,m) € A; @ M; C (QFM);, then

;

a®m in summand A; ® M; of (QFM),

¢ (a,m) = —pf"j(a) ®p%(m) in summand A; ® M; of (QFM);

0 in all other summands.
\
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Lemma 19. Suppose

is a resolution in AD ~Mod with each (5;); € A;—Mod projective. Then

QFd3 $52 QFdz 51

[ 0 —QFdJ [ 0 —QFdj [QFa;  ¢%0]
@ @ _®
QIS QFS; QF Sy

is a projective resolution in AD—Mod.
Proof. The proof is analogous to that of Lemma m

Let M € AD—Mod, and suppose we have a projective resolution

i S
i)Sl—l>d—2>51d—1> ()d—())FM—)O

of FM in @©}_;(A;-Mod). This is exactly the data of a projective resolution for
each M; in A;-Mod. We show how to combine the resolutions for each M; into a
projective resolution for M in AD-Mod. For each morphism j — 7 in D of length

one, we use the fact that (So)j is projective to find a lift pf;’ making the following

diagram in A; -Mod commute.
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The bottom row lives in A; -Mod via restriction of scalars. For 7 — 4 of length greater

than one we define p? g

¢ by composition. Hence we have an exact sequence
do
So— M —0

in AD -Mod, with each (Sy); = (Sp); and with each (dy); = (do);. Continuing

inductively, we produce a resolution

d d d d d
i}Sl—l)—Qﬁsl—I%So—O—)M—)O

that is not necessarily projective, but in which each (5;); € A;-Mod is projective.
Lastly, we use Lemma [19]to produce a projective resolution of M in AD-Mod. In the

following section, we use this method for producing projective resolutions to compute

the derived functor Ext over a diagram of algebras.

5.8 The E, term for diagrams when R =Q

In this section we illustrate a computation of the derived functor Ext over a diagram
of algebras. Such computations are relevant for the rational E5 term of the homotopy
spectral sequence for diagrams.

We follow [McC01] in our exposition of the derived functor Ext. Let A € (Q—Alg)?
be a diagram of graded algebras over Q; thus AD is a graded algebra over Q. The sus-
pension functor s: AD-Mod — AD-Mod acts on M € AD -Mod via (sM),, = M,,_1,
where for v € AD of degree |y| and m € M we have v - (sm) = (—1)"ls(y - m). For
M, N € AD-Mod we define

Hom', ,(M, N) = Homsp(M, s'N).
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Then Extap( , N) is the right derived functor of Hom?% ,( , N).
We describe the case we are most interested in, Ext,p(©Q, ©Q), in more detail.
Let ©Q € AD —-Mod be the constant diagram with Q at each object in D and with

identity maps in-between. We build a projective resolution

CByg, Byg My g P90 0

of ©Q in AD-Mod. We apply Hom%,( ,©Q) and leave out the first nontrivial term
to get

.. 4% Hom (S, 0Q) <2 Hom!y($1,0Q) <™= Homy (8o, 0Q) 0.

The cohomology of this sequence is the derived functor

Ext{(0Q,0Q) = (R*Hom);p( ,0Q))(0Q).

In the homotopy spectral sequence for a space X € S,., the rational Fy term
is given by the primitive elements in Exty-(x,0)(Q, Q). Now consider a diagram of
spaces X € SP”. We apply rational cohomology to get A = H*(X;Q) € (Q-Alg)P.
Though we have not derived the rational Fy term for the homotopy spectral sequence
for diagrams, we expect it will be related to the primitives in Ext4p(0Q, ©Q). This
is motivated by Example , in which we perform a computation of Ext,p(©Q, ©Q).

Example 7. Let Y € S,. have finite-dimensional rational cohomology. Let X € SP
and A= H*(X;Q) € (Q-Alg)” be as below.

X = * Y *

A= Q—H(Y;Q)—Q
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The particular case when ¥ = S! is Example . Let S, be a minimal projective

resolution of Q in H*(Y;Q)-Mod.

We build the following projective resolution of ©Q in AD-Mod, which is modified

from the resolution in Lemma [19 to be smaller.

[0 o] [0 1]
19 da 1®
1 o 0 o
Q® (52 @ Ss) S Q® (S3® S7)
[0 o [0 1]
1® ds 1®
E 0 o
Q® (S S) So Q® (S, & S5)
]1®[IL 0} da 1@[0 n]
Q® S5 S Q® S5
0 di1 0
Q H*(Y;Q) Q
1 do 1
Q Q Q
0 0 0

This resolution contains the projective chain complex in AD—-Mod generated by S,,
and shifted copies of Q ® S, have been added to the left and right columns in order
to preserve exactness. After applying Hom’ ,( ,©Q) and taking cohomology, can-

cellation leaves one shifted copy of the cohomology of Homj.y.q)(Ss, ©Q). That i,
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we have )

Q (s,1) = (0,0)
Exti,(0Q, 0Q) = { Extj;lf  (Q,Q) s>2

0 otherwise.
\

If we define the primitives in Ext4p(0Q, ©Q) to be the shifted copies of the primitives

in Extg«v,0(Q,Q), then the E; page for diagram X is congruent to a shifted copy

of the E5 page for space Y, and converges as expected to

Tt—s+1 (QOOY) = ﬂ—t—s(QQooY) = T—s hOHmD"P QOOX

It remains to define an appropriate notion of the primitives in Extp(©Q, ©Q) for A

the cohomology of an arbitrary diagram of spaces over D.



Chapter 6

Conclusions

In this thesis we study an evasion problem for mobile sensor networks in which the
sensors don’t know their locations and instead measure only local connectivity data.
De Silva and Ghrist in [dG06] provide a homological criterion, depending on this lim-
ited input, which rules out the existence of an evasion path in many sensor networks.
We use zigzag persistence to produce a criterion of equivalent discriminatory power
that is more amenable to streaming computation, which is an important feature for
sensor networks moving over a long period of time.

It turns out that no method relying on connectivity data alone can determine in
all cases if an evasion path exists. Indeed, we provide examples showing that the
fibrewise homotopy type of the sensor network does not determine the existence of
an evasion path; the embedding of the sensor network in spacetime also matters.
We therefore consider a stronger model of sensors which measure cyclic orders and
weak distance information, and given this model we provide necessary and sufficient
conditions for the existence of an evasion path. We are quite interested in the open
question stated in Section 3.5} can one determine the existence of an evasion path
using only the additional cyclic order data but no additional weak distance data?

The evasion problem motivates a more theoretical question: what is the entire
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space of evasion paths? This is the space of sections in the uncovered region of the
sensor network, which we show can be modeled as the homotopy limit of a corre-
sponding diagram of spaces. We apply the homotopy spectral sequence for function
complexes between diagrams of spaces, which in our context converges to the homo-
topy groups of the homotopy limit of the R-completion of the diagram. Our setting
is a specific case of the spectral sequence due to [DZ87], and for coefficients modulo
a prime we provide a simpler derivation of their algebraic description of the Fy term.
We show that a diagram of modules over a diagram of algebras is equivalent to a
single module over a more complicated algebra, and this allows us to perform Ext
calculations related to the E5 term for rational coefficients. The spectral sequence for
diagrams has input depending on unstable invariants of the uncovered region of the
sensor network, but it remains to obtain these unstable invariants of the uncovered
region from embedding invariants of the sensor network. One idea is to try to use the

tools of embedding calculus [Wei99] in a fibrewise setting.



Appendix A

The Vietoris—Rips complex

In this appendix we explain the Vietoris—Rips approximation to the Cech complex.
The Vietoris—Rips complex is the maximal simplicial complex built on top of the
connectivity graph, meaning a simplex is present in the complex if all its edges are in
the connectivity graph [Vie27]. See Figure for an example. Hence the Vietoris—

Rips complex can be constructed from the data measured by our sensors.

(a) Cech complex (b) Vietoris—Rips complex

Figure A.1: Note the 2-simplex that is absent from the Cech complex but is present
in the Vietoris—Rips complex.

By changing the radii of the sensor balls, we can approximate the Cech complex

74



APPENDIX A. THE VIETORIS-RIPS COMPLEX 75

from either direction using Vietoris-Rips complexes. Let S C R? be a set of points,
and let Cle] denote the Cech complex built from balls of radius e. That is, Cle] is
the nerve of the balls of radius € centered at the points of S. Let V R[2¢] be the
Vietoris—Rips complex built from balls of radius €. So a simplex is in V R[2¢] if its

diameter is at most 2e. Then
VR[e] C Cle] C VR[2¢].
Moreover, if S C R? then we have
VR[V3€] C Cle] € VR[2€].

Hence the Cech complex is approximated on either side by a Vietoris—Rips complex

measured by our sensors, perhaps after changing the radii of the sensor balls.
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