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Definition

For metric space X and scale r � 0, the

Vietoris-Rips simplicial complex VR(X , r) has

vertex set X

finite simplex � when diam(�)  r .
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Definition

For metric space X and scale r � 0, the

Vietoris-Rips simplicial complex VR(X , r) has

vertex set X

finite simplex � when diam(�)  r .
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Definition

For metric space X and scale r � 0, the

Vietoris-Rips simplicial complex VR(X , r) has

vertex set X

finite simplex � when diam(�)  r .
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Definition

For metric space X and scale r � 0, the

Vietoris-Rips simplicial complex VR(X , r) has

vertex set X

finite simplex � when diam(�)  r .
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For metric space X and scale r � 0, the

Vietoris-Rips simplicial complex VR(X , r) has

vertex set X

finite simplex � when diam(�)  r .



In[70]:= Demo[data1, 0, .41]

Out[70]=

Cech simplicialcomplex

Appearance

draw one simplices

draw Cech complex

draw Rips complex

Filtrationparameter

t 0.14

4     CechRips.nb

Definition

For metric space X and scale r � 0, the

Vietoris-Rips simplicial complex VR(X , r) has

vertex set X

finite simplex � when diam(�)  r .
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For metric space X and scale r � 0, the
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finite simplex � when diam(�)  r .
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For metric space X and scale r � 0, the

Vietoris-Rips simplicial complex VR(X , r) has
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finite simplex � when diam(�)  r .



In[74]:= Demo[data1, 0, .41]

Out[74]=

Cech simplicialcomplex

Appearance

draw one simplices

draw Cech complex

draw Rips complex

Filtrationparameter

t 0.41

8     CechRips.nb

Definition
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Definition

For metric space X and scale r � 0, the

Vietoris-Rips simplicial complex VR(X , r) has

vertex set X

finite simplex � when diam(�)  r .
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Definition

For metric space X and scale r � 0, the

Vietoris-Rips simplicial complex VR(X , r) has

vertex set X

finite simplex � when diam(�)  r .
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Definition

For metric space X and scale r � 0, the

Vietoris-Rips simplicial complex VR(X , r) has

vertex set X

finite simplex � when diam(�)  r .
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Definition

For metric space X and scale r � 0, the

Vietoris-Rips simplicial complex VR(X , r) has

vertex set X

finite simplex � when diam(�)  r .
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Definition

For metric space X and scale r � 0, the

Vietoris-Rips simplicial complex VR(X , r) has

vertex set X

finite simplex � when diam(�)  r .
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For metric space X and scale r � 0, the
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vertex set X

finite simplex � when diam(�)  r .



Theorem (Hausmann, 1995)

For M a compact Riemannian manifold and r su�ciently small,
VR(M, r) ' M.

Theorem (Latschev, 2001)

For X Gromov-Hausdor↵ close to M (for example X ✓ M
su�ciently dense) and r su�ciently small, VR(X , r) ' M.

What happens when r is not small?
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Let S1
be the circle of unit circumference and 0  r < 1

2 .

Theorem (Adamaszek, HA, 2014)
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(
S2`+1

if
`
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Corollary

The persistent homology of VR(S1, r) has a single interval⇣
`

2`+1 ,
`+1
2`+3

⌘
in each dimension 2` + 1.
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Theorem for evenly-spaced subsets (Adamaszek, 2013)

Let k < n
2 . Then

VR(Xn,
k
n ) '

(
S2`+1

if
`

2`+1 < k
n < `+1

2`+3Wn�2k�1 S2`
if

k
n =

`
2`+1

for some ` 2 N.

k = 0 1 2 3 4 5 6 7 8 9 10

n = 5 _4S0 S1 ⇤ ⇤ ⇤ ⇤ ⇤ ⇤ ⇤ ⇤ ⇤
6 _5S0 S1 S2 ⇤ ⇤ ⇤ ⇤ ⇤ ⇤ ⇤ ⇤
7 _6S0 S1 S1 ⇤ ⇤ ⇤ ⇤ ⇤ ⇤ ⇤ ⇤
8 _7S0 S1 S1 S3 ⇤ ⇤ ⇤ ⇤ ⇤ ⇤ ⇤
9 _8S0 S1 S1 _2S2 ⇤ ⇤ ⇤ ⇤ ⇤ ⇤ ⇤
10 _9S0 S1 S1 S1 S4 ⇤ ⇤ ⇤ ⇤ ⇤ ⇤
11 _10S0 S1 S1 S1 S3 ⇤ ⇤ ⇤ ⇤ ⇤ ⇤
12 _11S0 S1 S1 S1 _3S2 S5 ⇤ ⇤ ⇤ ⇤ ⇤
13 _12S0 S1 S1 S1 S1 S3 ⇤ ⇤ ⇤ ⇤ ⇤
14 _13S0 S1 S1 S1 S1 S3 S6 ⇤ ⇤ ⇤ ⇤
15 _14S0 S1 S1 S1 S1 _4S2 _2S4 ⇤ ⇤ ⇤ ⇤
16 _15S0 S1 S1 S1 S1 S1 S3 S7 ⇤ ⇤ ⇤
17 _16S0 S1 S1 S1 S1 S1 S3 S5 ⇤ ⇤ ⇤
18 _17S0 S1 S1 S1 S1 S1 _5S2 S3 S8 ⇤ ⇤
19 _18S0 S1 S1 S1 S1 S1 S1 S3 S5 ⇤ ⇤
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39 _12S2 S3 S3 S5 S7 _2S12 ⇤ ⇤ ⇤ ⇤
40 S1 S3 S3 _7S4 S5 S9 S19 ⇤ ⇤ ⇤
41 S1 S3 S3 S3 S5 S7 S13 ⇤ ⇤ ⇤
42 S1 _13S2 S3 S3 S5 _5S6 S9 S20 ⇤ ⇤
43 S1 S1 S3 S3 S3 S5 S7 S13 ⇤ ⇤
44 S1 S1 S3 S3 S3 S5 S7 _3S10 S21 ⇤
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55 S3 S3 S3 _10S4 S5 S7 _4S10 S17 ⇤ ⇤
56 S3 S3 S3 S3 S5 _7S6 S9 S13 S27 ⇤
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58 S1 S3 S3 S3 S3 S5 S7 S9 S13 S28

59 S1 S3 S3 S3 S3 S5 S5 S7 S11 S19

60 S1 _19S2 S3 S3 S3 _11S4 S5 S7 S9 _3S14

61 S1 S1 S3 S3 S3 S3 S5 S5 S7 S11

62 S1 S1 S3 S3 S3 S3 S5 S5 S7 S9

63 S1 S1 _20S2 S3 S3 S3 S3 S5 _8S6 _6S8

64 S1 S1 S1 S3 S3 S3 S3 S5 S5 S7
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for some `,m 2 N.
Computable in time O(|X | log |X |).

In[154]:= DemoFixT[Table[{Cos[angles[[i]]] / 2, Sin[angles[[i]]] / 2}, {i, 8}], .45]

Out[154]=
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Proof Sketch

If N[v ] ✓ N[u] (v is dominated by u), then lk(v) is a cone and

VR(X , r) ' VR(X \ v , r).

Remove dominated vertices. Result isomorphic to some VR(Xn, r).
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Su�ces to consider X 0
= X [ v .

Mayer-Vietoris LES for VR(X [ v , r) = VR(X , r) [ st(v).
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Future work

VR(Sn, r)?

VR(ellipse ⇢ R2, r)? VR(X ⇡ S1 ⇢ R2, r)?

Is conn(VR(M, r)) a non-decreasing function of r?

Structure of the set of critical values for M compact?

For r generic do we have VR(X
su↵. dense

, r)
'

,�! VR(M, r)?
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1
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Definition

For X ✓ S1
, the ambient C̆ech complex C̆(X , r) has

vertex set X

simplex [x0, . . . , xk ] when \k
i=0B(xi ,

r
2) 6= 0.

Note Cl(C̆(X , r)) = VR(X , r).

Example

C̆(X6,
3
6) '

W2 S2 ' VR(X9,
3
9).



VR(Xn,
k
n ) C̆(Xn,

k
n )

k = 1 2 3 4 5

n = 4 S1 ⇤ ⇤ ⇤ ⇤
5 S1 ⇤ ⇤ ⇤ ⇤
6 S1 S2 ⇤ ⇤ ⇤
7 S1 S1 ⇤ ⇤ ⇤
8 S1 S1 S3 ⇤ ⇤
9 S1 S1 _2S2 ⇤ ⇤
10 S1 S1 S1 S4 ⇤
11 S1 S1 S1 S3 ⇤
12 S1 S1 S1 _3S2 S5

13 S1 S1 S1 S1 S3

14 S1 S1 S1 S1 S3

15 S1 S1 S1 S1 _4S2

16 S1 S1 S1 S1 S1

17 S1 S1 S1 S1 S1

k = 1 2 3 4 5

n = 3 S1 ⇤ ⇤ ⇤ ⇤
4 S1 S2 ⇤ ⇤ ⇤
5 S1 S1 S3 ⇤ ⇤
6 S1 S1 _2S2 S4 ⇤
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Theorem (Hausman, 1995)

Let M be a Riemannian manifold with r(M) > 0.
If 0 < r  r(M), then VR(M, r) ' M.

Definition

Let r(M) be the largest satisfying:

(a) If d(x , y) < 2r(M), then 9! shortest geodesic between x and y .

(b)

(c)

The n-sphere with great circle circumference 1 has r(Sn
) =

1
4 .

r(M) > 0 if M has positive injectivity radius and bounded

sectional curvature (in particular if M compact).
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