
hw5 solutions

9.19

f(y) =

{
θyθ−1, 0 < y < 1

0, otherwise

Notice that Y ∼ Beta(α = θ, β = 1), thus

E(Y ) =
α

α + β
=

θ

θ + 1
, V ar(Y ) =

αβ

(α + β)2(α + β + 1)
=

θ

(θ + 1)2(θ + 2)

E(Ȳ ) = E(

∑n
i=1 Yi
n

)
i.i.d
=

∑n
i=1E(Yi)

n
= n

θ

θ + 1
/n =

θ

θ + 1
,

V ar(Ȳ ) = V ar(

∑n
i=1 Yi
n

)
i.i.d
=

∑n
i=1 V ar(Yi)

n2
= n

θ

(θ + 1)2(θ + 2)
/n2 =

θ

(θ + 1)2(θ + 2)n
→ 0,

as n→∞.
Hence, MSE(Ȳ ) = V ar(Ȳ ) → 0. By the result in lecture 14 page 2, Ȳ is a consistent

estimator for θ
θ+1

.

9.20
Y ∼ Bin(n, p), thus

E(Y ) = np, V ar(Y ) = np(1− p)

E(Y/n) = np/n = p, V ar(Y/n) = V ar(Y )/n2 = np(1− p)/n2 = p(1− p)/n

Since MSE(Ȳ ) = V ar(Ȳ ) = p(1− p)/n→ 0 as n→∞. By the result in lecture 14 page
2, Y/n is a consistent estimator for p.

9.38
a. σ2 known.

f(y) =
1√
2πσ

exp{− 1

2σ2
(y − µ)2}

L(µ) =
n∏
i=1

f(yi) =
n∏
i=1

1√
2πσ

exp{− 1

2σ2
(yi − µ)2} =

1

(2π)n/2σn
exp{− 1

2σ2

n∑
i=1

(yi − µ)2}.
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Note that

n∑
i=1

(yi − µ)2 =
n∑
i=1

(y2
i − 2yiµ+ µ2) =

n∑
i=1

y2
i − 2µ

n∑
i=1

yi +
n∑
i=1

µ2 =
n∑
i=1

y2
i − 2µnȳ + nµ2,

we get

L(µ) =
1

(2π)n/2σn
exp{− 1

2σ2

n∑
i=1

(yi−µ)2} =
1

(2π)n/2σn
exp{− 1

2σ2

n∑
i=1

y2
i }︸ ︷︷ ︸

h(y1,...,yn)

exp{− 1

2σ2
(−2µnȳ + nµ2)}︸ ︷︷ ︸
g(ȳ,µ)

.

By the result in lecture 16 page 3, Ȳ is sufficient for µ.

b. µ known.

L(σ2) =
n∏
i=1

f(yi) =
1

(2π)n/2σn
exp{− 1

2σ2

n∑
i=1

(yi−µ)2} =
1

(σ2)n/2
exp{− 1

2σ2

n∑
i=1

(yi − µ)2}︸ ︷︷ ︸
g(
∑n

i=1(yi−µ)2,σ2)

1

(2π)n/2︸ ︷︷ ︸
h(y1,...,yn)

.

By the result in lecture 16 page 3,
∑n

i=1(Yi − µ)2 is sufficient for σ2.

9.43

L(α) =
n∏
i=1

f(yi) =
n∏
i=1

αyα−1
i

θα
=
αn(
∏n

i=1 yi)
α−1

θαn
× 1 =

αn(
∏n

i=1 yi)
α−1

θαn︸ ︷︷ ︸
g(
∏n

i=1 yi,α)

1︸︷︷︸
h(y1,...,yn)

.

By the result in lecture 16 page 3,
∏n

i=1 Yi is sufficient for α.

9.58
See 9.34 on page 458. Y 2 ∼ exp(θ)⇒ E(Y 2) = θ.

a. See 9.40 on page 463.

L(θ) =
n∏
i=1

f(yi) =
n∏
i=1

2yi
θ
exp(−y2

i /θ) =
2n
∏n

i=1 yi
θn

exp(−
n∑
i=1

y2
i /θ) =

1

θn
exp(−

n∑
i=1

y2
i /θ)︸ ︷︷ ︸

g(
∑n

i=1 y
2
i ,θ)

2n
n∏
i=1

yi︸ ︷︷ ︸
h(y1,...,yn)

.

By the result in lecture 16 page 3,
∑n

i=1 Y
2
i is minimal (since unique) sufficient for θ.

b.

E(
n∑
i=1

Y 2
i /n)

i.i.d
=

1

n
nE(Y 2) = θ.
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By the procedure in lecture 17 page 4,
∑n

i=1 Y
2
i /n is MVUE for θ.

9.61
a. See 9.49 on page 463. Let

I(0,θ)(y) =

{
1, 0 ≤ y ≤ θ

0, otherwise
.

We get

f(y) =
1

θ
I(0,θ)(y),

and

L(θ) =
n∏
i=1

f(yi) =
1

θn

n∏
i=1

I(0,θ)(yi) =
1

θn

n∏
i=1

I(0,θ)(y(n))︸ ︷︷ ︸
g(y(n),θ)

× 1︸︷︷︸
h(y1,...,yn)

.

By a result in lecture 16 page 3, Y(n) is minimal (since unique) sufficient for θ.

b. See Example 1 on page 446.

E(Y(n)) =
n

n+ 1
θ ⇒ E(

n+ 1

n
Y(n)) =

n+ 1

n

n

n+ 1
θ = θ.

By the procedure in lecture 17 page 4, n+1
n
Y(n) is MVUE for θ.

9.63
a.

F (y) =

∫ y

0

3t2

θ3
dt =

t3

θ3

∣∣∣∣y
0

=

{
y3

θ3
, 0 ≤ y ≤ θ

0, otherwise
.

See page 333-334.

f(y(n)) = n(F (y))n−1f(y) = n(
y3

θ3
)n−1 3y2

θ3
=

3ny3n−1

θ3n
I(0,θ)(y).

b. See 9.52 on page 464.

L(θ) =
n∏
i=1

f(yi) =
n∏
i=1

3y2
i

θ3
I(0,θ)(yi) = 3n

n∏
i=1

y2
i︸ ︷︷ ︸

h(y1,...,yn)

×
I(0,θ)(y(n))

θ3n︸ ︷︷ ︸
g(y(n),θ)

.

Hence, Y(n) is minimal (since unique) sufficient for θ.

E(Y(n)) =

∫ θ

0

3ny3n−1

θ3n
ydy =

3ny3n+1

θ3n(3n+ 1)

∣∣∣∣θ
0

=
3nθ3n+1

θ3n(3n+ 1)
= θ

3n

3n+ 1
.

Since E(3n+1
3n

Y(n)) = 3n+1
3n

3n+1
3n

θ = θ, by the procedure in lecture 17 page 4, 3n+1
3n

Y(n) is
MVUE for θ.
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