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Annales Mathématiques du Quebéc (2022)

https://doi.org/10.1007/s40316-021-00192-4

Luca F. Di Cerbo Graph Manifolds, Dehn Fillings, Einstein Metrics 2 / 39



Discussion will be based on results from

Extended Graph 4-Manifolds, and Einstein Metrics
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The Goal(s) of this Lecture

Give a brief overview of the study of Einstein Metrics on Closed
Manifolds especially in Dimension Four;

Prove a Non-Existence Theorem for Einstein metrics on Extended
Graph 4-Manifolds;

Show that Complex-Hyperbolic Einstein Dehn Filling cannot be
performed in Dimension Four;

Ideally, inspire you to find this topic interesting!
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Introduction: Metrics, Distance, and Geodesics

The objects of this talk are Riemannian Manifolds equipped with special
Riemannian metrics known as Einstein Metrics.

Definition

Let Mn be a smooth orientable n-manifold (e.g., a smooth embedded
surface in R3). A Riemannian metric g on M is choice of a positive definite
inner product on each tangent space TpM varying smoothly with p ∈ M.

Given a smooth path in a Riemannian manifold (M, g)

α : [a, b]→ M,

we define its length by setting

L(α) =

∫ b

a
g(α′(t), α′(t))1/2dt, α′(t) ∈ Tα(t)M.

We then define the distance between p1, p2 ∈ M, denoted by d(p1, p2), to
be the infimun for L over all smooth paths joining p1 and p2.
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Let (Mn, g) be a Riemannian manifold. Curves that locally minimize
distance are called Geodesics.

Following the geodesics starting at a point p ∈ M, we obtain the so-called
exponential map:

expp : TpM
n → Mn, TpM

n ' Rn.

The exponential map is a local diffeomorphism around 0 ∈ TpM
n.

It defines local coordinates around p ∈ M known as Geodesic Normal
Coordinates.
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Volumes, Ricci Curvature, and Einstein Metrics

The expansion of the Volume Element in Geodesic Normal Coordinates
and is given by:

dµg =
(

1− 1

6
Ricijx

ix j + O(|x |3)
)
dx1 ∧ ... ∧ dxn

This defines a symmetric two tensor (a symmetric bilinear form on each
tangent space TpM)

Ricg = Ricijdx
i ⊗ dx j

know as the Ricci Tensor.

Definition

A Riemannian metric is said to be Einstein if its Ricci tensor satisfies

Ricg = λg ,

where the constant λ ∈ R is known as the cosmological or Einstein
constant.
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Here is a famous picture of Einstein looking for such metrics:

Apparently, here he is interested in the case λ = 0!
And of course, he was exploring the Lorentzian case...
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Classical Examples of Einstein Metrics

Einstein metrics always exist in dimension n = 2. Indeed, we have

Ricg = Kg

where K is the Gauss curvature function, and by the uniformization
theorem we can always find metrics with constant Gauss curvature!

More precisely, if G ≥ 0 is the genus of a orientable closed surface we
then have

K =


1 spherical ⇐⇒ G = 0,
0 flat ⇐⇒ G = 1,
−1 hyperbolic ⇐⇒ G ≥ 2.
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Similarly, Riemannian manifolds (Mn, g) with constant sectional curvature
(real space forms) are example of Einstein manifolds

Sec =


1 Universal cover is Sn, =⇒ Ricg = (n − 1)g ;
0 Universal cover is Rn, =⇒ Ricg = 0;
−1 Universal cover is Hn, =⇒ Ricg = −(n − 1)g .

Constant curvature examples are then plentiful and very interesting from a
global point of view especially in the hyperbolic case, e.g., deep
connections with group theory, lattices in PO(n, 1), and so on.

With that said, these examples of Einstein manifolds are all locally
symmetric and as such a bit boring from a local geometry point of view!
Indeed, around each point they look exactly the same...
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Do we have examples of Einstein metrics which are NOT
locally symmetric?

I will try to answer this question with a picture:

S.-T. Yau (1949 – ), Fields Medal in 1982.
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Theorem (Yau)

A compact Kähler manifold M admits a Kähler-Einstein metric
with λ = 0 (Ricci-flat) if and only if c1(M) = 0 (c1(M) ∈ H2

dR(M));

A compact Kähler manifold M admits a Kähler-Einstein metric
with λ < 0 (negative Ricci curvature) if and only if c1(M) < 0.

Recall that
A Kähler manifold is an even dimensional real manifold which can be

covered by holomorphic charts, equipped with a metric ω which can be
locally written as ω =

√
−1∂∂̄φ, φ : U → R.

Reference
S.-T. Yau, On the Ricci curvature of a compact Kähler manifold and the

complex Monge-Ampére equation. I., Comm. Pure Appl. Math. 31
(1978), no. 3, 339–411.
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complex Monge-Ampére equation. I., Comm. Pure Appl. Math. 31
(1978), no. 3, 339–411.

Luca F. Di Cerbo Graph Manifolds, Dehn Fillings, Einstein Metrics 13 / 39



Theorem (Yau)

A compact Kähler manifold M admits a Kähler-Einstein metric
with λ = 0 (Ricci-flat) if and only if c1(M) = 0 (c1(M) ∈ H2

dR(M));

A compact Kähler manifold M admits a Kähler-Einstein metric
with λ < 0 (negative Ricci curvature) if and only if c1(M) < 0.

Recall that
A Kähler manifold is an even dimensional real manifold which can be

covered by holomorphic charts, equipped with a metric ω which can be
locally written as ω =

√
−1∂∂̄φ, φ : U → R.

Reference

S.-T. Yau, On the Ricci curvature of a compact Kähler manifold and the
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complex Monge-Ampére equation. I., Comm. Pure Appl. Math. 31
(1978), no. 3, 339–411.

Luca F. Di Cerbo Graph Manifolds, Dehn Fillings, Einstein Metrics 13 / 39



Examples in Dimension n=4

K3 Surfaces. Examples of such surfaces can be concretely
constructed by looking at degree four hypersurfaces in P3

C. For
example

M := {z4
0 + z4

1 + z4
2 + z4

3 = 0, [z ] ∈ P3
C} ⇒ c1(M) = 0.

By Yau they support Ricci-flat Kähler metrics;

Degree d > 4 Hypersurfaces in Complex Projective 3-Space.
For example

M := {zd0 + zd1 + zd2 + zd3 = 0, d > 4, [z ] ∈ P3
C} ⇒ c1(M) < 0.

By Yau they support Kähler-Einstein metrics with λ < 0;

Anderson’s Dehn Filling Examples (n ≥ 4, λ < 0);

Fine-Premoselli’s Branched Covering Examples (n = 4, λ < 0,
Sec < 0);

Hopefully many more to come in my life time!!
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Obstructions to the Existence of Einstein Metrics

The most famous obstruction is due to:

N. Hitchin (1946 – ), Shaw Prize in 2016 ∗.

∗ Picture courtesy of the Archives of the Mathematisches Forschungsinstitut
Oberwolfach
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Hitchin’s obstruction is expressed in terms of the Euler characteristic and
Signature of a closed orientable 4-manifold.

Recall that the Euler characteristic is given by the alternating sum of
Betti numbers

χ(M4) =
4∑

i=0

(−1)ibi (M), bi (M) = dimZHi (M;Z).

Similarly, recall that the Signature σ(M4) of closed orientable 4-manifold
is given as the signature of the natural bilinear form

QM : H2(M;Z)× H2(M;Z)→ Z

defined by counting intersections with signs.
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Theorem (Hitchin, 1974)

Let (M, g) be a closed orientable Einstein 4-manifold with signature σ and
Euler characteristic χ. Then

χ(M) ≥ 3

2
|σ(M)|

Furthermore, if equality occurs ±M is either flat or its universal covering is
a K3 surface.

Proof.

By Chern ⇒ χ(M) = 1
8π2

∫
M |W

+|2 + |W−|2 + s2

24 −
|R̊ic|2

2 dµg

By the Einstein condition Ricg = λg ⇒ R̊ic = 0

By Thom-Hirzebruch ⇒ σ(M) = 1
12π2

∫
M |W

+|2 − |W−|2dµg
Combining these identities we obtain the desired inequality!
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Many 4-Manifolds do NOT support Einstein Metrics!

S1 × S3 (M. Berger). Notice that

χ(S1 × S3) = σ(S1 × S3) = 0,

but S1 × S3 is not flat! Indeed, its universal cover is R× S3.

Connected sum of two 4-dimensional tori : T 4#T 4 (M. Berger).
Notice that χ(T 4) = 0, so that

χ(T 4#T 4) = −2 < 0

⇒ No Einstein Metrics!

Blow ups of 4-dimensional tori : T 4#P2
C#...#P2

C (N. Hitchin)
Notice that in this case

χ = |σ| ⇒ No Einstein Metrics!

Many more...
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First Result, and Open Problems

The First Result I want to present is

A Non-Existence Theorem for Einstein Metrics

On a Large Class of 4-Manifolds

That satisfies the Hitchin-Thorpe Inequality

And

Generalizes the Class of Geometric Aspherical 3-Manifolds

To

Dimension n = 4

Known As

Extended Graph 4-Manifolds
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Definition: Extended Graph 4-Manifolds
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Extended Graph n-manifolds were introduced by Frigerio-Lafont-Sisto:
R. Frigerio, J.-F. Lafont, A. Sisto, Rigidity of High Dimensional Graph
Manifolds, Astérisque Volume 372, 2015.

Extended Graph n-manifolds are manufactured out of finite volume
real-hyperbolic Γ\Hn

R with torus cusps (pure pieces) and

product pieces modeled on Γ′\Hn−k
R × T k , where T k is a k-dimensional
torus

glued together along their tori boundaries via affine diffeomorphisms.

Notice we always have more than one piece!
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Non-Existence Theorem

Theorem (DC, 2021)

Closed Extended graph 4-manifolds do not support Einstein metrics.

Remarks and Comments

Notice that Closed Extended graph 3-manifolds do NOT support
Einstein metrics

Indeed, Ricg = λg implies constant sectional curvature in
dimension n = 3!

This theorem then shows that graph-like manifolds carry over their
aversion to Einstein metrics from dimension three to four.
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Question & Comments

Question

Do extended graph n-manifolds with n ≥ 5 support Einstein metrics?

Remarks and Comments

The study of Einstein metrics on manifolds of dimension n ≥ 5
remains rather obscure when compared to dimension n = 4.

In fact, no uniqueness or non-existence results are currently
known in higher dimensions!

Maybe someone in the audience, perhaps a student, will take on the
challenge!
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Outline of the Proof

The proof can be roughly divided into three lemmas:

Lemma (Improved Hithin-Thorpe Inequality due to LeBrun, 1999)

Let (M, g) be a closed orientable Einstein 4-manifold with signature σ,
Euler characteristic χ, and λ < 0. Then

2χ(M)− 3|σ(M)| ≥ 3

2π2
VolRic(M)

where the minimal Ricci volume VolRic(M) is defined as

VolRic(M) := infg{Volg (M) | Ricg ≥ −3g}.

Moreover, equality occurs if and only if g is half-conformally flat and it
realizes the minimal Ricci volume (up to scaling). Finally, if σ(M) = 0 and
the equality is achieved, then M is real-hyperbolic.
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Lemma

Let M be an extended graph 4-manifold without pure pieces. We have
χ(M) = σ(M) = 0. If M has k ≥ 1 pure real-hyperbolic pieces say
(Vi := Γi\H4

R, g−1)ki=1, we then have

χ(M) =
k∑

i=1

χ(Vi ) > 0, σ(M) = 0.

and finally

Lemma (Connell-Suaréz-Serrato, 2019)

Let M be an extended graph 4-manifold with k ≥ 1 pure real-hyperbolic
pieces say (Vi , g−1)ki=1, we then have

VolRic(M) =
k∑

i=1

Volg−1(Vi ) =
4π2

3

k∑
i=1

χ(Vi ) =
4π2

3
χ(M).
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Concluding, we have two distinct cases:

If M has no pure real-hyperbolic pieces, then M saturates the
Hitchin-Thorpe Inequality.

The growth of π1(M) now provides an
obstruction!

VolRic(M) > 0.

In this case, M has at least one pure real-hyperbolic
piece and M saturates the LeBrun-Hitchin-Thorpe Inequality. Thus,
the Einstein metric on M has to be real-hyperbolic!

π1(M) now
provides an obstruction as it contains at least a subgroup isomorphic
to Z3.
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Anderson’s Einstein Dehn Filling Theory in a Nutshell

Start with a finite volume real-hyperbolic manifold (Γ\Hn
R, g−1) with

torus cusps.

Each cusp or end os such manifold is then diffeomorphic to
T n−1 × R+, where T n−1 = Zn−1\Rn−1.

Truncate appropriately the cusps to obtain a manifold with flat torus
boundaries (T n−1, gEuc.), say N.

Any simple closed geodesic σ ∈ (T n−1, gEuc.) can be written as

[σ] =
n−1∑
i=1

σi [vi ]

where Zn−1 = spanZ{v1, ..., vn−1}
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Next, take a solid torus D2 × T n−2 so that

∂(D2 × T n−2) = S1 × T n−2 ' T n−1

Fill the cusp with boundary (T n−1, gEuc.) by gluing the solid torus
D2 × T n−2 via a diffeomorphism

φ : ∂(D2 × T n−2)→ T n−1, φ ∈ SL(n − 1,Z),

which sends S1 to the closed geodesic σ.

Reiterate this process for each cups.

Obtain a closed manifold

Mσ1,...,σk := [∪kj=1(D2
j × T n−2

j )]
⋃

φ1,...,φk

N,

where k is the number of cusps of (Γ\Hn
R, g−1).
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Pictorial Real-Hyperbolic Dehn Filling
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Theorems for Real-Hyperbolic Dehn Filled Manifolds

Theorem (Gromov-Thurston)

Let (Γ\Hn
R, g−1) be a finite volume real-hyperbolic manifold with k ≥ 1

toral cusps and dimension n ≥ 3. The Dehn filled manifold Mσ1,...,σk

admits a metric of non-positive sectional curvature if

l(σj) ≥ 2π, j = 1, ..., k ,

where l(σj) is the length of the closed geodesic σj computed with respect
the Euclidean metric on T n−1

j .

What about the existence of Einstein metrics?

Theorem (Michael Anderson, 2006)

Mσ1,...,σk admits an Einstein metric with negative cosmological constant if

l(σj) >> 1, j = 1, ..., k.
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Question (M. Anderson)

Can we generalize this theory to the Complex-Hyperbolic setting
(especially) in dimension four?

Reference

M. Anderson, A survey of Einstein metrics on 4-manifolds, Handbook of
geometric analysis No. 3, Adv. Lect. Math. (ALM), vol.14, Int. Press,

Sommerville, MA, 2010, pp. 1-39.
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Preliminaries: Complex-Hyperbolic n-Manifolds

Let us denote by Bn the unit ball in Cn

Bn := {|z1|2 + ...+ |zn|2 < 1, (z1, ..., zn) ∈ Cn}

Bn has a particularly nice Symmetric Kähler metric named after Bergman

ωB := 2i∂∂ log (1− ||z ||2)

The Bergman metric ωB is invariant under the action of PU(n, 1). In fact,
PU(n, 1) is the group of holomorphic isometries of (Bn, ωB)
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Concluding, one can show that

Aut(Bn) = PU(n, 1)

So that, any Complex-Hyperbolic n-Manifold X is given by the quotient

X = Γ\Bn, Γ ≤ PU(n, 1)

where Γ is torsion free lattice. For this reason, these spaces are often
just called Ball Quotients.

If the action of Γ is co-compact ⇒ Γ\X is a compact
complex-hyperbolic manifold

If Γ is non-uniform ⇒ Γ\X is an open complex space with finitely
many cusps with infra-nilmanifold cross sections.
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If Γ is non-uniform ⇒ Γ\X is an open complex space with finitely
many cusps with infra-nilmanifold cross sections.
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Topological Description of the Cusp Cross Sections in
Dimension 4

Their topological universal cover is the Heisenberg Group H3

(2-step nilpotent)

Concretely, one has

H3 :=

{1 x t
0 1 y
0 0 1

 | x , y , t ∈ R

}

For k ≥ 1 integer, consider the lattice in H3 given by

Λk :=

1 m p/k
0 1 n
0 0 1

 , m, n, p, k ∈ Z (k is fixed).

We have that any 3-nilmanifold is diffeomorphic to Nk := Λk\H3 for
some k .
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Topologically the Nk ’s are nothing else than S1-bundles over T 2 with
Euler number k .

General 3-infra-nilmanifolds are then simply finite quotients of the
Nk ’s.
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Complex-Hyperbolic Dehn Filling in Dimension Four

Start with a finite volume

X 4 = Γ\B2, Γ ≤ PU(2, 1)

with nilmanifolds cusp cross sections.

Truncate the cusps of X 4 in order to obtain a manifold with finitely
many boundary components diffeomorphic to a subset of the Nk ’s.

Recall that the Nk ’s do not admit orientation-reversing
diffeomorphisms.

For each boundary component Nk let D̄k be the associated disc
bundle considered with the opposite orientation.

Fill each boundary component Nk by gluing in D̄k with an
orientation-preserving diffeomorphism of Nk in order to get a closed
oriented 4-manifold (the Dehn filled manifold).
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Impossibility of Complex-Hyperbolic Einstein Dehn Filling

Theorem (DC, Golla 2021)

For each positive integer k there is a complex-hyperbolic surface X k with
cusps all diffeomorphic to Nk × R+ whose Dehn filling compactification
via the identity diffeomorphism on the boundaries, say X̃ k , satisfies

χ(X̃ k) = |σ(X̃ k)| > 0 (⇒ X̃ k admits no Einstein metric)

Can we use this construction to prove a general obstruction?
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Corollary (DC, Golla 2021)

Complex-hyperbolic Einstein Dehn filling cannot be performed in
dimension four.

Proof.

Let X k be a complex-hyperbolic surface with cusps as in the previous
theorem. By the additivity of the Euler characteristic, and Novikov
additivity for the signature of manifolds with boundary, we know that any
Dehn filling of X k has the same Euler characteristic and signature as
X̃ k . More precisely, any such Dehn filling must have

χ = |σ| > 0 ⇒ No Einstein Metrics!
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Thanks for listening,

and

It was a great pleasure to visit Stony Brook!
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