
 Homework 10 Due Aprilz 2025

Solutions and

Rubric

86.3
8.1

Grading Scheme



Question 1 4.3 nr 1

a False E clemency matrix win

out E 2

5 True see them 4.7

C False Atmnee we have A exish iff detent 0

d True sin for AEMnCe full rank is

equivalent to incertable

e False A 1 ten det A det At

F True

g False only when coefficient matrix is

inventable

4 False Mic obtained by replacing 4ᵗʰ
column by b



Question 2 4.3 nr 2

Use Cramer's Rule to solve the

following system's of equations

2 an x airke

Az K 92222

Where Andzz azide to

Can be rewritten Ax b where

tl S l S
The mi M

And a 974
an an

A 1922 dizazi

sift iii iii



3 2 1 22 3 3 5

x 2 2 23 10

379 4712 223 0

This can be rewritten Ax b where

2 1 3 24 5

0 2 1all f
5 1 3 1 5Me

f o 2 if 1ms 2100 4 2 0

2 5 3
Me

o 10 1

3 0 2

By Cramer's Rule

x

a

E



Question 3 4.3 nr 9

Show that an upper triangular axn matrix

is invertable iff all its main diagone
entries are non zev

PI By exerge 23 84.2 we showed

det A Italii who Aii th isi

only of A

Also as a consequence of the determinant

being multiplicative we know

det A to iff A is invertable

That is Taii to off A is invertible

it

Equirds aii o i off A is invertible



Question 4 84.3 nr 10

A matrix AEMn F is called nilpotent to mean

there exists a positive integer k sit

A 0

Show that nilpotent matrics have 0 let

Pf Indeed using the fact that

determinants are multiplicative we get

let KEIN sit A 0 Then

0 det A det A dit A

dit A det A

det A

det A 0

0

Remark

We also showed that nilpotent matrics cannot

be invertable



Question 5 84.3 rr 12

Given Q EMn IR we say Q is

Orthogonal to mean QQT I

These matrices are very important in numerical

analysis

show that if Q is orthogene then

det Q 11

Pt Indeed sine recall 22 1 x

So
det Q det Qidet R

lt Q det QT 2datiInp.t
det QQT
det I

det Q 1 or det Q 1



Question 84.3 nr 13

This next results says that the determinants

of unitis he on the circle

Given UE Mn Ce let Tr denote the
matrix where we apply complex conjugation

to each entry By U we men A
T

the conjugate transpose of U

We say U is unity to men UU 1

That is all mitaries are invertable and u at

a Show that det I dettal
b If U is unitary then dit a 1 1

For a 11 2 follows by direct computation

Assume det a dettal matrics of size n
Then detcu ÉÉ uj.net ñ

Ein't t.ae
it



12
do Uig del ng

in't hi det ñ

det a

For b Recall Z1 Z E for Zed

Observe that

det u det n det a

2 part a

At Lu det t

det U det apt
I dat pret
under 4

det u det no
new

det U det ut

det Uw

det I Am a
1 detl

So laet us 1 C



Remark Recall 2 2 interpretation of
detail as the area of a pathology

What does Idet a men for
the ship of parallelogram formed by
rows of u



Question 6 4.3 hr 15 this is needed
to unfive char put

Show that the of liner maps
T.ir v

determinant does not depend

on your choice of basis

That is show that similar matrices

have the same determinant

Pf Suppose A BE Mn F and similar

That is invertable S EMnCF sit

A SBS

Then det A det SBS

det s det B det s t

detls de s detIB 22

det 1 B

as required
B



Question 7 84.3 rr 17

Recall tut we say a field F has char p GIN

to I 0 and p is te sunbst such iner

If no such p exists live say F h char 0

Show that if AB BA A BEMn F

n odd F not charactertic 2

then A or B is not invetable

Pf we know det AB detC BA

1 dit BA

det BA

det AB det BA 0

det A det B det B det A 0

2det A det B 0

at least one of det A 0 or def B 0

That mess at least are of A or B not

invertable B



Question 8 84.3 rr 20

Suppose Mt Mn F and can be

written in block triangular form

m EE
where A is square Show that

det M det A

PI One way to show this is to do

co factor expansion along the bottom

row n

B
m

f

n

slept Set m M

det me e
t

Mnj det Mn
j
1

t
Man det Nnn

1 Man 1

det Min



Sep2 set m Min

Then det m em ME det m'it

det main
main

Contins this process for 1 steps whe

e is the size of I in lower right bock

slept we and with det m det A



Question a 84.3 no 21

Prove that if MeMnxncf on be wither in

block triangular form

M Af
when A C square matrics

of size k n

then det M det A det c

Proof See below on why M is

invertable iff main diagonal
bloats are invertable

If C is not invertable M is not

detem 0 det A det c

If c is inventable then

m

EE
det c 1 def m det A

det m detff



Tetch

det A dit c

EI

PI long
version

First show that M is invertable iff both main

diagonal blocks are inversable

Suppose M is invertable meani there exists

m EF
MM I and M m I

A
3 EE

AE BG AF B4

ca ca



From the above equation one needs of
AE BE Ik
AF BY 0

CG 0

CM In

Firsty CH In and Sine leftinuse right inse

we get C exists and equed to 4

Next sire CG 0 and C invertable this

meas 6 0 Therefor AEt 0 In A incertable

as required

Conversely if A and C are invertable

observe tht

c

B I É



Now this means if at least one

of A or B not invertable we get

M not invertable so

det M det A det B

Here we on assure both A B invtible

well
r

So we get

E
Then

n tri no to



det at act act toc

Net I de I det A det 2 det12 det

det A det c

when the second step follows from 020

and det E detCC just a modifation

of proof of 020

dit 1 41



Question 10 5.1

a False it depends over which field you are

working exaph has no eigenuds

in IR

b True if TV XV th TCU Xxv

for any scale EIR

c Tre as a square matrix or

IR has no eigen retors since it

has no eigenvalue

d False eigenvectors is non zero by definition

e False i
i

f Fabe has eigenvalues X 1 XL 1

but 2 is not an eigenvalue

g False consider the backward shift on the

vector spare of Sequen ao di aref



Blao di az ar ar

Then the sequence 1 1 1 is an eigenree

with eigenvah 1

4 True

1 True sim if A SBS out

Aet I A det I B

j False

4 False A AC 2 o

A 9 93 But 9

is not an eigenvector sim

A I 3



Question 11 85.1 nr 4

For each of the following matrices AEMnxn F

i Determine all eigenvalues of A
Ii For each eigenvalue of A find the

set of eigenvectors corresponding to X

iii If possible find a basis for Fn ofeigenvectorsof A
r If succesfull in finding a basis of
eigenvectors determin on incertable matrix Q
and diagonal matrix D sit Q AQ D

V Compare dimension of eigenspace to

multiplicity of root of eigenvalues



a A s 3

well fact det EI

1 t 2 t 6

2 3t t2 6

2 36 4
t 4 1

So eigenvalues ae X 11 X2 4

Ker A I Her spa 1,33

Ker A 47 Ker spn

Both 1 dimensional Kenes and observe

that 433 forms a basis for IR

Hence A is diagonalizable and for

Q 43 Q

we hue QAQ



a A

dit A EI

at

t dit it
1 dot

t

at

t 4 4 5 t 2 z t 5 2 3 1 12 2 t t

t 5 t 5 5 2 2 t 3 3 2 2 2 t

t 7 6t E 2 6 3 4 2 t

It bet E3 t 6 12 6

3 2 2 lit 6

3 6 t tilt 6 0 4 1 E 2 t 3 0



Here eigenvals X 1 X2 2 3

Ker A I

krf.it spnef
224

Ker A 21

f
Ker A 3 I

A lit
when

1
3 form a

basis for 113



Observe that for Q

Qi



Question 12 85.1 nr 5

show that all these liner ups are diagotizable

For each linear map T V V find the

eigenvalues of T and an ordered basis β for

sit TIP is diagonal

a V R fas

felt det t
f t a

2 t 9 10
a

2 7 18 10

t 7 8

t 8 Etl

8 X2 1

Ker a 8

ke 1 spn it



Kr I'a 1 3

Ker spa 3

Then let β 3

Q I to when s 3 933

and T β Q T Q

3



j V McCIR TIA At 2tr A Iz

First find matrix of T in standard basis

T 8 2.112

8 98 0 983

T 98 8 0 8 3

T 893 13 2 1 22 353

Ess

f
One can check tht T has eigen rahs

4 4 1 I and Sasis

It D.fi t ts



at a

to get

Q T Q



Question 13 85.1 nr9

complete



Question 14 85.1 18

Complete



Exercise 5.2 nr 20

The value of char poly faoto.is dit A

let A be a non matrix with
Characerishi polynomial

falt e t an.it t taitta

prove that fco 90 det A

Hence A is invertable off 0 is not

a root of its character's hi polynomial
Also sine roots eiger vds so say 0

is on eigenvale if do 0

Proof Recall that the characteristic

Tolynomia

falt det A EI

e t an it't aitta

So faco del A and fa o do

three det A do



Question 15 5.1 nr21

Characteristic Polynomics see the trace too

Fix A EMn F an fa denote Cho

poly Prove tht

a fct an t Cann t got
when deg q n 2

b tr A 4 an 1 when expat f as

falt e t an it't aitta


