
 Homework 12 Due April 18 2025

Solutions and

Rubric

Section 6.2 1 2a 6 8 19a

Section 6.3 1 2a 3 6 7 10 15

Grading Scheme



Question6 86.3 nr 1 Graded

a True provided the underlying space is a

inner product span

b False only when the codomain is 1 dimension

C False we need te ordered basis β to be

orthonormal to see the connection between

adjoints and conjugate transposes

d True

e False the adjoint LW 2W is conjugate

linear

F True since the standard basis is o.nu

g True



Question 7 6.3 no 2

complete



Question 8 86.3 nr 3 Graded

For each of the following inner product

spaces and linear maps T V

evaluate T at the given vector

a v R T
x find Tx

Taking inner products allow us to compute T

its Ter as 337
11

E f Tee as a s s

hene Tic
12
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3 i i

3i 1

so Tx 5
In a s the staded basis is O.n but not in P R

First need to orthogundize over R

c P.IR spanE1 t3 Cfig2 f fg
f f t3f fct 4 21

We need on orthonornd basis to compute

adjoints using Grahm schult we obtain

β E t3 Then

T E 3 E

T Et E 3 t

Then Ez T f TEE f

3 E 4 257

13 E 4 25 at

1252 Cloeff next to
6 v2



basis elent

And Eet 741 LT Eet f7

LEE 31st 4 2 7

1 2
3 E 4 25 at

256

Then 7 4 20 1262 E ro Et
12 6t
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Question 9 86.3 number 6 Graded

Turning non selfackjet elements into sumely

that is self adjunt

Given a linear operator T V V on a

inner product space V Define two new

operators YI.IT
and show that U at Us are self adjust

Proof This folks from the basic properties

of te adjoint operator on LCV

Indeed

4 TTT Ta the
TO T

T T

U

and

Uz TT T T

TTA

U2



Extra 8 6.3 number 7

Give an example of a linear operator
T on a finite dimensional inner product

spae sit kr T Ker T

T

T at

v v

Consider T IR 7183 β 2941193
on

l

Then KerlT span

35 T
β

so



7
β

when Ker T Ker T

spa

Ker T



Question 10 6.3 nr 8

Adjont of invitable operon is just the adjoint

of its inverse

Given a linear operator T on a finite dimensional
inner product spae V If T is invertoba

the the inverse of its adjort T is

7 1

Obser that TT I

TT In I

4 1 Th I

at T T I T T I

the 7 T

Remal For complex numbers 2 to we get
E I E





Question 11 86.3 hr 10

Given a linear map T V V on a inner

product spae V Show that

1171 711 11211 for draev iff

Tla Tty king for all any EV

Proof The converse folks immedias

side choose
y x the V7

Tex Tie are

ITK 12 112112

11Th 11 1211

Now suppose tht 1171744 11711 KEV

The first step is to show that for any linear

S V v sit 5 5 self agot we

get Sxpc 0 for on KEV implies

5 0

Indeed let my EV and observe

that



Sixty key 7 0

F Sy 7 say Sg 0

Sy k7 sang 0

Since 5 8

y Sx say o

Ey Sally o

2Re Say 0 Rett EE

Also Slixty ixty 0

Styx Sein y In 2 22
Sy ix Sg o

2

Stix y Sg ix

5 5

Stix g y Scize 0

s it y7 LT.gs 0

i siding icky 0

i sealing i ctg o



i sang org

2Im Sa g
to

Sine Re Sx y 0 a 7m say 0

we get Song 20 Sire this

holds for all my EV this mean

5 0

Now if we assure 1 Tell 11241

xEV obser that

TM 11k x x x

CTT 2 x x 0 KK

By abre sine T T E TTI
we get T T L

Then Tex Tly

x TTy



key anger

B

In Thm 6.9 the linear map T V V had

the same domain and codomain This next

example shows that this is not receessy

to define adjoins



Question 12 86.3 or v5 completion

Given a linear transformation T V W

between two inner product spaces
an W A linear T w is

called an adjoint of T whenever

Ta.ly w Lx Ty7v for an

DEV yew

a Show that T has a unique adjoint

b If β and 8 are two oin bases for

and W respectfully then

T T

C Rank T Rank TA

d Trig x Ty7w Kaew yev

e Ford VEV T TW o iff TLV O



i Fix w E W and define a

Plotter
function

v Tv w v 4
W

Sine this is a linear function on V

by Riesz representation vector in

call it TW EV sit

V Taw Tv wt Vew

Define T W V to be the map

that send w Tow

One needs to show T is liner

Fix vectors W wet W The vector T W twz
is the only vector with the property that

V T Wi Wa Tv Witwe utV

Furthermore vectors Tcw Talwa has to properly

that a v TCW Tr Wi VEV

v TCW Tv We veV



By conjugate linearity in the second component

V TCW Tcw V T Wi V towz

Tv w 7 Tu Wz

Ltu Witwa VEV

showing TCW TCW satisfy the proper

and sin T W We is the only vector that

does we conclude TCW T Wi T W Wz

similar idea for scalar multiplication

For uniqueness of T it follows from

the fact tht Stig to foralxig.tv
implies 5 0



b let β Eti vz Vn 3 a n basis for

Vg and W Way Wm 0in basis for

W

We show that the iii only of 735 is

Tvi wj and the i j entry of
is LT wi vj

Indeed b case Twi ÉαkVk unique

expansion of Twi EV 1 1

Recall that the it column of T the

co ordinate rector

iteit

So dj is the Ci j entry of T

We can find αj by taking the inner product

with Vj Indeed by orthonormality

Twi Vj dk Vic Vj 2k



since Vie V 1 j k
O j k

In general the ij entry of T is

Twi Vj

A similar argument shows tht the i

entry of T is

Tvi Wj

Here we can concled T T

since the ij entry of T

is Trj entry when conj transpse

twi

Twi Vj
which is the i j arty of 73



C Rank T Rank T follows from
the calculation above and the fact

that conjugate transposing a matrix does

not change in rank

Inded Rank M Rank to

Rank ftp.ygd
parts

I i
Rank T case

Rank T

d We know

Ty K y Ta I yer new

IF Tti it p cons

d anti symmetric

x Ty7w T1 y as requd



e Firstly if Tex o sine T is linear

the result follows Conversey suppose TT 14 0

Recal the the only vector orthogord to

every vector is the 200 vector lets

show that our assumption implies

Tix W

We decompose W RLT RIT

For ye RCT then

Tla y 0 sin The t RIT

For y e RCT we get y TIZ sum ZEV

Then

Tia y

As required to show Tix w which

impli T 77 0



Extra 86.3 nr 12

Given a linear operator T V V on

an inner product space V Then

1 R Ta NCT

2 If V is finite dimensional then

RCT NCT For dimerto ry _net

Proof

I


