
 Homework 3 Due Feb5 2025

Solutions and

Rubric

9
11 213 6 11 26

11 31 9 12 13 15 16 17

Grading Scheme
Hw counts 8marks on Canvas

5points perproblem
Total 40 points
So final score is

55 8

81 6 1 Graded 15 Graded

2 Completion 16 Completion

3 Not graded 17 Completion

6 Not graded

11 Graded
26 Graded

2.1 1 Graded

3 Not graded

9 Not graded
12 Not graded

13 Not graded





Question FIS 1.6 nr 1 Graded

a False by convention spanco 503 so genets

and sine is L2 it is a basis for 203

b True because if v is finity generated we can

extend a singleton to a basis

c False every finitely generated vectorspan has a finkSasis

Consich F x a poly's with coeffin F

d False 3 9 3 ad are twodiffertbasesof IR

e Tree by car 1 page 47

f False 11 x pan is a basis for PpCPI so

dimension net

g False Mm n F has a m n diverswi

4 True

i False we need linear independence too

j True since a maximal linedy indep set

it upper sounded by dim V



k True 03 and V n 70

2 True since if s was not 12

the spanc s has dim on

contradicts spanry



Question FIS 1.6 nr 2 completion

Determine if the following sets in R form a

basis for 1R

Two ways to fail bases

Not Linearly independe

Not spanning

OR show we have a Maxim C 2 set

Observe that this question is equivalent
to asking if the 2.7 given by
the matrix is injective surjective
I.e is the C 7 bijective
2 e is the matrix of the C 7 inventable

a 71.1 13
Observe that the question of L2 is to determine

if non trivial x1 x2 y EIR s t

Not
a a a 0



1 11 11
That is

2 e Does the Liner transformation A 1135113

A have trivial kernel

equivalets injective

The question about spanning is can

given any eR can we find

ER at

end m

X i
That is is A R3 R surjective



Fix
A

One cheeks if A is invertible or not

Yes A is invetank

b

c Continue

d

e



Question FIS 1.6 nr

Similar idea as above but with polynomics

Determine if the following are bases

for Pz IR

Failure occurs when

Not linearly independer in P2 IR

Not spanning set of Pace

a 1 x 222 2 2 222 1 2 4253

Can we find non trivial α 22,43 ER

Sit

α 1 x 2 2
xz 2 2 222 23 1 2 422 0

4 222 23 g 21 22 225 2 stasis

221 2 2 423 22 0

I Egg



2 222 23

ii i I

f i.tl 1 1 1

So again the question of linearly
independence is equivalent to asking

if the A IR IR given by

A has trivial kernel

Question about injective

Check A is inventable KerlA 203

the set of vectors is C 2

To determine spanning means give
p pixi EPa R can we find areas



P
i o

sit

α 1 x 2 2 a 2 x 2 2 1 2x aai p

4 222 23 a 22 22s2 221 222423 5 Boli FB2C β2k

2 222 23
21 22 2 3

24 2 2 4 3

E 1 11 3
So asking if Rage A 1123

1 e surjecting

Sine A invetable A inject surjet

we know Rage A R the set spans

PLR



b

a

continue
d

e



Question4 FIS 1.6 nr 6 Not graded

Let f denote a field Give 3

different bases for F ad McCF

Continue



Questions FIS 1.6 nr 11 Graded

let V be a vector space with distinct

vectors UIver Show that if Eu V3
is a basis for V a b EF 903

then Eutv an 3

Eau bu 3
are basis for V

Proof Need to show linear indep and spannis

set First suppose

α utv αz au 0 some a dzeF

well to kitaxyuta.ve a tie
combination in if the basis En v3

Since Eu v3 LI α 922 0

and α 0

Tb 922 0 and a o 22 0

Hence Eutv an L2

Next to show span Utv an V

let X 2,4 Let arbiting elent in V



ry

The X 4k 220 224 224

4 22 U 22 Utu

au 22 uta ato

Is a linear combination of elements from Eatv an

The ICE spa Utv an spa Eutu an V

Here EUtv an forms a basis

A similar argument works for an or

Rubric

2kpts showing linear independence
2kpts showing it generous



Question6 FIS 1.6 nr 26 Graded

Fix NEIN aek Determine the dimension

of W fEPnCR flat 03 as a subspace

of Pn R

Pf Since W subspan of a net dimension

space we know dim w net

Next observation is that W contains no constant

polynomials All elements of W have roots

at a and so we get multiplicites
112 N Imax degree

Obsee x a f a Gc a 3 is L2 ad

in W

So n dim w net

Sine W Pn IR dim w nt

dinew n

observe we have a basis Be



Rubric
2k pb justify dim w n

2k pts justify dircw anti



Question FIS 2 1 no 1 Graded

a True
b False we need TCU TLV

c False ITS true for linear transformtion
but not general functions

d True liner maps send additive identity to

adittie identity Inded

Tlov TCou tov Trout tou Trou ow

e False if T v W linear between finitedimental

vector spaces the

dim KIT dim RCT dim v

F Fabe if T is not injective the 7 does not

preserve linear independence

g True linear maps are completely determined by
there action on a basis

4 False suppose 1 0 but g
0

we know The O for all linear transf
Tinw



Question 8 F I S 2.1 nr 3 Not graded

Given T R R defined by

Pt let ER ER

then THE 3

491 51 aztba

2129 tbi 2 aztba

Eii.tl D
Tf T



Basis for NLT

Kolt 111 o

1
Row reduce 1

3 1 1 1 03

8 so basis for Kolt

Hence dim NIT 03

Basis for R t

RM lanate

a az a aeR



We had a spanning set and sire

ad not scalar mutpls we

know they be lineaf indpet We

basis for Rct

and Rank T 2

So T is one to one sine Kr T 03
but not onto since dim RCT dim 113



Question 9 F I S 2.1 nr9 Not graded

State why the maps below are not linear

a T da not linear sire Toto

b T 1 not linear sine

9 T 91 9 E

but T c 3

c T 1 8 not line a sine

E 3

but T E
s 0

d T sine tilt in 1 tell

e T sine 8 81



82.1 nr6 The trace is a linear map

Recall that tr Mnxn F F given by

tr A Airi

Pf trGA B tr Kaijebij

kai bii

aii Ebii

α tr A to B

B



Question 10 F I S 2.1 nr12 not graded

Is there a linear transformation

T R R

s.tt 11aT E
Sd No since suppose T is linear and

T The T E 2T 1

4



Question 11 F I S 2.1 nr13 Not graded

let V w vector spaces T V W linear map
and EWI Wk linearly independent in R 4

Show that if view is chosen sit TWD wi

for chi then Evi Vic is linearly
independent in V

Pf Suppose Exivi o to diet

Then T Exiri 0 ie Extiri o

Exiwi 0 Sim w 3 liney
independent in W we know α 2 0

This v1 Vic liney independt in V

This says that a linearly independent set

for the range of T ca indued a

linearly independent set with same

of elements in V



82.1 Mr 14

Recall Than 2.2 that says liner maps hips
bases for the domain to spanning sets for

the rose We might lose linear independence

Below we see injectivity is what we need

let V and W be vector spaces and

T v w liner Show
a T is one to one off Tears 4.2 sets

in to C 2 sets iTW

b Suppose T is one to one SEV
Then S is LL iff TCS is CI

c Show that if T is one to one ad ok

then basis B Evi Un for U we

have ETCHI Trunt is a basic fow



Supper T is one to one and

PETE Liz inv he let Exiteri 0

Observe that T Exivi 0 Sine T one toure

we kw Kerlt 0 Here Exivieker t

Exivi o Since Evi 2.2 we get αi o

The Teri 3 is lineary indepedit

Conversly suppose
This is L 2 in W

for all EU 3 C 2 in V

To show Ker T 0 suppose VEKIT
Then V Exivi when EV Vic basis for V

So Exitivi O But sim Tcr 3 4.2

in W 45 0 for all i The Evi o

term KIT 0 T is one to one

Ptb Complete

PFI complete



Question 12 F I S 2.1 nr15 Graded

Show that T PCR PCR given by

TC.ph fo'pct at is

linear one to one and not onto

Pf Well for him

Well T α
gun snan when we

n o add zeros

sit sur ne s

T Effanton x caro isk

E an bn that finite sn

d Proper
of integrs

α Eant at but at

α T Eank T Ebnx at



to show Kerle 0 suppon

ant dt o

E x 0 11 0 a

91 o th

Eanx 0

To show not surjective observe that

if we cannot obtain non zero constant

polynomials Indeed if pin PCR

and non zero then T pad has degree
at least one

Rubric
I point linearity
2 points injectivity
2points not surjecting



Question 13 F I S 2.1 nr16 completion

let T PCR PCR given by
T fly flex Prove that T is onto

but not one to one Why does this not

contradict rank nullib

PE let pin anx E PCR the

let pin 9 xⁿ PCR and

T plus n.EE Thaml anxn p
no

as required to conclude surjecting

T is not one to one sine all non or

constant polynomial are in the kind of 7

observe that integration was injectie
but not surj while differentiation is swj
but not injective



Question 14 2.1 Mr 17 completion

let v w be finite dimensional spaces

and T W a 2.7 Show that

a If dimlv dimew then T cannot

be onto surj

b If dim v dimew then T cannot

be one to one inj

PII well let Ebi bn3 be a basis

for V By Thm 2.2 pg 69 we know

span T bi bn RCT

This in linearly independent set canhas

at most n elements The dim RCT n

But the dim RIT dim U dim w

Here RCT W T not onto



ftp iu.Again
take a basis 5 bn3

Then span Tibi Tlbn RCT EW

Sine RCT is a subpace of W we

know dim RIT dim w

So dim RIT dim w dim b n

Hence Tlb T bn cannot be 2.2

Xp i an E f not all zero 5 t

di Tibi o

it 2 liners

Iiib
o

But know sine hi bn3 is a basis

for V we lower every element has a unique

expression as a CC for bi bn

the zero vector has expressive ater all

weff are 200 Since som di's non 20



weff
we know Edibi 0

it

Hence KerLT 203

T is not injective


