
 Homework 5 Due Feb 19 2025

Solutions and

Rubric

2 3 1 25 3a ka 9 12

2 4 1 2 e f 6 9 16 20

Grading Scheme
Hw counts 8marks on Canvas

5points perproblem
total 25
So final score is

55 8

82.3 1 Graded

25 Not graded

3a Completion

49 Not graded

a Completion

12 Completion

82.4 1 Graded

2e f Graded

6 Not graded

9 Graded

16 Graded

20 Not graded



Question 82 3 nr 1 Graded

Given vector space V W Z wit

ordered finite bases α β 8
and linear maps

T W and a w 72

a False

Indeed U T Z on

UT matrix with columns Uteri

when vie α

But T is a dim w dimcu

sized matrix and U is a

dimit dim w So

T U need not be defined



b True

Indeed T W and β Ewi wn

let Evi Vm and EIbjvj
Tcu a wi

so TCU b Taj b a wi

So E a b wi

TCU
β

Epa s Also

Twi
11

É and
Tcn

19

air am

1 ill

an and an'm bm



I

Eia
if

1b anti

C False

Indeed U W Z where a is a

basis for V So u not defined

d True

Iuluj us so Ilu Cj

And Iu
o P



e False
Indeed T V W so T TCU not defined

f True

Inded A I implies

ATI A I AZ A A I A I 0

The AtI 0 or A I 0

T.ee A I an A I

g False

Since Tiv 7W abstract linear transf
while LA an em dimerl n din u n

4 False

Take A 8

3



i True

Lars aijes.si

ais bis

Laf Yn

j True



Question 2 2.3 2 b Not graded

aira

Af f 1 1 4

C 403

at

B E

Bot
3 3 3 1

B 27 7 a

GA
20 26



Question 2.3 3 a Completion

Given girl 3 2 T P2 IR PCR
and U Pack 113 linear maps

T flat f x gix 2 f x

ulatbicted

and β 1171723 and 8 81,191

a compute u T UTI
directly and compare theorem 2.11

Uci um

ucc uses

unit unis

so u



1,743

For T flat f x g x 2fax

TCI 0 get 2.1 TCD

Tix 1 gal 2x Tho
2 3 27C

3 370

The 2x 743 272 TCI
62 4702

T

check u T

p X



no ooo

E
Now UTIS

UT I 412

UTR 4131327

uT x u 624422

so ut 8

so UT a 7 A



Question 4 2.3 4 a Not graded

Given T M E McCR by A At
and α 1 3 8 983 833

Compute TIA where A 4
well T A so

TIA
α



Question 5 82 3 nra completion

Define TU F F by

UC 3 TC 3

One cheats that Uad T are liner ups

Observe that UT 0 but Th FO

Indeed

a 17 1

But

1 14 c S

Observe

TC ul
u 9

1 us



then T 43

But U T

I



Question6 82.3 nr 12 completion

G in V W Z vector spaces T

ULTS.tvw4z

a UT one to one T one to one

b UT onto U onto

c U T onto and one to are UT also

a Suppose Tcy Tial ten

UTCY UT x By UT one to are

we get y x Here T one to an

Uneed not be one to one on W

just an RCT EW

Unto one



b let ZEZ Sire UT onto 7 UEU
sit z UT r U Tir 1 so

Uonto with U Tir Z

No RCT W and R a R Ta

is possibe

T 4

LEFT O

Tu

C Assure Uad T are one to one and art

Recall

VI w z

let ZEZ Since U is onto wells

new Z Since T is onto Fuer set Tcr Uca

Then UT U Ucw Z



supper veker UT This means

UTCV 0 Tlv eKer u
Sime U one to one we know Ken 4 03

and here TCU 0 here veker t

Similarly sire T one to are we get
Kr T 203 V O As required
to show UT one to one



Question't 82.4 or 1 Graded

Given T V W linear transformation
between finite dim spaces V and W

each with an ordered basis α a β
respectfully A B Motrin

a False T need not be invertable

b true holds for gened fuctus

c False as functis T and LA are

not equal sine act between

possibly diff spaces
see page 93

d False Max F F6 sine ison

off dim eq

a True Pn G Pm G off n m sim

dimension are MTI and met



f False tak 100

a

1

B

when A a 1 3 matrix at B a 3 1

matrix

g Tree Suppose A invetabl The

A 1 A A A I

Tho A 1 A

4 True supp A invelbl

The La Lat Laat Lz
at La La Lata I

Simily if La inutable the

La inse for A

i Tre sire A invetok indus a

invetable LT LA an 74

Her dim Gr dir em

men



Question 8 82.4 nr 2 e f
Graded

Determine invertability of te linear

maps

e Given T Max R P2 R

by T a 2bx Cta x

Not invertable sine dim Maya R 4
and dim P2 R 241 3

Since T is linear its sufficient to

test inventability by looking at dimension

f T Max R Maxe R

Ea
What is Ker T



A Ekert

Atb 0

a

C 0

Ctd 0

The Ker T 03 inject
Sine T maps between same space

we get RIT Maxalk surjective

Hence T it invertable



Question 9 2.4 nr 6 Not graded

show that if A is an invertable non

matrix and AB 0 then B 0

Indeed A AB A 10 0

B 0





b take C1 0 0

A 100

B
b

AB Iixt

a 4 points
b I point



Question 4 2 4 nr 16 Graded

let B EMn E and invertable

Define I Mn E Mn a by
A B AB

Show that I is an isomorphism of vectorspaces

Proof
To show linearity observe that

B Atc B BTA B C B

B AB B'CB

And for invertability observe that I CAl BABY

Indeed sine B BABY B A



Question 12 2.4 no 20 Not graded

let T v w linear transf between

vector spaces of size n ad on

and ordered basis β and 8 respectfly

Show that for A T pᵗ that
1 Rank T Rank La

2 dim Kerli dim Kr La

V T W

Ip C
v v

fn
A

7
pm

where Ip v F Exivi isomorphism

We know Lao β I T

La Isoto Ip



Show dim R La dim RCT

well observe that F Ip V

So Fr Iptv

So rank L rank Lo Ip

And sine Is isomorphs we get

dim Lo p
v di Iroc Ep v

din TCU

rank LoIp rank T

as requed

Next observe that

Ker La Ip Ker T and

Also dim TB knit dim KIT



A dim 1B kill or II

sine Ip isomorphic

For 1

oct p KIT x Iptv sun

TLV 0

the Lalk Lao plV

Igo TCU
0

Kt Kr La

conveses if KE Ker LA

then set V Ip x and

obter Igot V LAO p V

Ca x

0

If TIV



Tlr o sin Is inj

The D Ip Ip x un v Eba Ek t



This Result says that isomorphism
leave dimensions unchanged

82.4 nr 17

let T W a linear map between

finite dimensional vector space and

Vo V

If T is an isomorphism then

dim TiVo dim Vo

Proof let V Un be a basis for Vo
We claim Tcv Turn is a basis for
TiVo
Indeed suppose

Editivi o T Eixivi Byinjectory
i

Édivieker t 03

Livi 0

α αn o by 02 of



Evi Vn3

Hence TV Tirn is lineary independent
Furthermore let yeT Vo By surjectivity
VEVO sit y TCU

T EB Vi

Epi Tri
as required to show TCU Tin

spans


