MAC 2311
March 23, 2021 Quiz 9 - Keeran & York

Remember to show all of your work.
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Problem 1. Let ==
roblem et f(x) 3, 18

(a) Find the critical point(s) of f(x).

Sample Solution: Here, we have to find where f’(z) is either zero or undefined (but also,
remember that critical points must be defined for the original function f(x). This will be important
here.) We have

1
J(w) = 22— 3z —18
2% — 3z —18)(0) — (1)(2z — 3
f,(x):( ! )(0) ()2( )
(x? — 3z — 18)
_ —2z+3
(22 — 3z — 18)?
B —2x+3
((z = 6)(x +3))*
Now, z = 6 and = = —3 cannot be critical points, because the original function f(x) is undefined

there. Thus, the only critical pointis -2z +3 =0 — z = %

(b) Find the intervals on which f(x) is increasing / decreasing.

Sample Solution: We've already done the tough work here. What we have to do is construct a
number line with "important points" (here, this includes x = 6 and x = —3, as well as x = %), and
determine if f’(x) is positive or negative in each interval.

o ———————
=3 1.5 6

Let’s use the points —4, 0, 2, and 7. NOTE: the denominator of the derivative will never be
negative, because it’s a square. Thus, the sign of the derivative depends only on the numerator.

fl(=4) = —2(-4)+3=8+3=11>0
(0) — —2(0)+3=3>0

fl(2) = —2(2)+3=-4+3=-1<0
(1) — —2(7)+3=-14+3=-11<0



Thus, we have the following:

3) and decreasing on (3,6) U (6, c0).

So, f(x) is increasing on (—oo, —3) U (—3, 5



Problem 2. Evaluate one of following limits (you can choose which):

1
e lim (cota: - >
x—0 x

Sample Solution:

. 1 . CosS T 1
lim [ cotz — — | = lim - - —
z—0 T z—0\sinz =z
. T COS T sinx
= lim - - —
z—0 \ rSInx Trsmox

. rcosx —sinx
=lim|—m—7——
z—0 Tsinx

Now here, if we try direct substitution we get 2, an indeterminate form. Thus, L’Hopital’s can
be used:

. 1 . rCcosx —sinx
lim|cotz—— ) =lim | —————
x—0 X z—0 rsiax

LH .. cosx — xsinx — cosx
= lim

z—0 sinx + xcosx
. —xsinx
=lim|{——-——
z—0 \ SInx + T CcosxT

Direct substitution here still gives %, so we apply L’Hopital’s again:

. 1 . —zsinz
lm( cotz —— ) =lm | ——
z—0 x z—0 \ SInx + x cosx

LH ,. —sinx — xcosx
= lim

cosx +cosx — xrsine

. —sinx — xcosx
= lim )
z—0 \ 2cosx — xsinx

Now using direct substitution gives

. 1 . —sinx — xCcosx
lim (cotx—) :11m< >
z—0 x z—0 \ 2cosx + cosx

_( —sin(0) — (0) cos(0)
~ \ 2cos(0) + (0)sin(0)

0
_5_0




Alternate Sample Solution:

cotxr — —
0 T

lim
xr—r

) ( 1 1)
lim - =
z—0 \ tanx T
x tanx
im
z—0 \ xtanx rtanx
x —tanx
xtanz
LH ,. 1 —sec?x
= lim
z—0 \ tanz + xsec? z

LH .. —2sec® rtanx
= lim 5 5 5
sec® x + sec’ x + 2x sec® xtanx

B —2sec?(0) tan(0)
~ 2sec2(0) + 2(0) sec2(0) tan(0)
0 0
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. z—1
iy (e

Sample Solution:
Trying direct substitution here gives 0", an indeterminate form. Thus, we want to use L’Hopital’s,
but we can’t quite yet. We have to do a little bit of manipulating first:

. — . — -1
lim (z —1)""' = lim (eln(z 1))36
z—1t z—1t

— lim e($—1)ln(z—1)
z—1+t
— 6limxﬁlJr(z—l)ln(ac—l)
. In(z—1
llm:c—>1+ %
= e z—1

Now, trying direct substitution gives —2°, so we can use L’Hopital’s. We have:

In(z—1)

lim +
. — x—1 1
lim (z —1)* ' =e a1
z—1t
1
lim _z=1
z—1t T =1
Le @ 1)?
: 1, (z=1)2
— ehmmﬂl+ z—l* -1

. (z—1)
— limy i+~

— elimz%1+ (—z+1)

Now, direct substitution gives

lim (.T - 1)%71 lim,_ ;4 (—2+1)

z—1t

=e
— o—(D+1

=el=1



