CONTENTS

1. o-algebras
1.1. The Borel g-algebra over R

1.2.  Product o-algebras 11
2. Measures 13
3. Outer measures and the Caratheodory Extension Theorem 20
4. Construction of Lebesgue measure 27
4.1. Regularity of Lebesgue measure 31
4.2. Examples 36
5. Premeasures and the Hahn-Kolmogorov Theorem 39
6. Lebesgue-Stieltjes measures on R 44
7. Problems 51
8. Measurable functions 60
9. Integration of simple functions 73
10. Integration of unsigned functions 7
11. Integration of signed and complex funetions 85
11.1. Basic properties of the absolutely convergent.integral 86
12. Modes of convergence 91
12.1.  The five modes of convergence 92
12.2. Finite measure spaces 101
12.3.  Uniform integrability 103
13.  Problems 109
13.1. Measurable funetions 109
13.2.  The unsigned integral 111
13.3.  The signed integral 113
13.4. Modes of convergence 114
14. The Riesz-Markov Representation Theorem 117
14.1. Urysohn’s Lemma and partitions of unity 118
14.2.  Proof of Theorem 14.2 119
15.  Product measures 127
16. Integration in R" 142
17. Differentiation theorems 150
18.  Signed measures and the Lebesgue-Radon-Nikodym Theorem 157

18.1.  Signed measures; the Hahn and Jordan decomposition theorems 158

1



18.2.  The Lebesgue-Radon-Nikodym theorem

18.3. Lebesgue differentiation revisited

19.  Problems

19.1. Product measures

19.2. Integration on R"

19.3. Differentiation theorems

19.4. Signed measures and the Lebesgue-Radon-Nikodym theorem

19.5. The Riesz-Markov Theorem

MAA6616 COURSE NOTES
FALL 2016

1. 0-ALGEBRAS

165
174
175
175
176
178
179
180

Let X be a set, and let 2% denote the set of all subsets of X. Let E°¢ denote the

complement of E in X, and for F, F.C X, write £\ F = EN F°.

Definition 1.1. Let X be a set. A Boolean algebra is a nonempty collection &/ C 2%

that is closed under finite unions and complements. A o-algebra is a Boolean algebra

that is also closed under countable unions.

Remark 1.2. If £ C 2% is any collection of sets in X, then

Eeg Ecg
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Hence a Boolean algebra (resp. o-algebra) is automatically closed under finite (resp.
countable) intersections. It follows that a Boolean algebra (and a o-algebra) on X

always contains @ and X. (Proof: X = FUE°and @ = EN E°.) o

Definition 1.3. A measurable space is a pair (X, .#) where .4 C 2% is a o-algebra. A

function f : X — Y from one measurable space (X, .#) to another (Y, .4") is measurable

if f~Y(E) € A4 whenever E € N . N

Definition 1.4. A topological space X = (X, 7) consists of a set X and a subset 7 of

2% such that

i) 0, X er;
(ii) 7 is closed under finite intersections;

(ili) 7 is closed under arbitrary unions.
The set 7 is a topology on X.

(a) Elements of 7 are open sets;

(b) A subset S of X is closed if X \ S is open;

(c) SisaGsif S =nN52,0; for open sets Oy;

(d) Sis an F if it is an (at most) countable union of closed sets;

(e) A subset C of X is compact, if for any collection F C 7 such that C C U{T": T € F}

there exist a finite subset G C F such that C C U{T": T' € G}; and
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(f) If (X,7) and (Y, 0) are topological spaces, a function f : X — Y is continuous if

S € o implies f~1(S) € 7.

Example 1.5. If (X,d) is a metric space, then the collection 7 of open sets (in the
metric space sense) is a topology on X. There are important topologies in analysis that

are not metrizable (do not come from a metric). A

Remark 1.6. There is a superficial resemblance between measurable spaces and topo-
logical spaces and between measurable functions and continuous functions. In particular,
a topology on X is a collection of subsets of X closed under arbitrary unions and finite
intersections, whereas for a g-algebra we insist only on countable unions, but require
complements also. For functions, recall that a function between topological spaces is
continuous if and only if pre-images of open sets are open. The definition of measur-
able function is plainly similar.  The two categories are related by the Borel algebra

construction appearing later in these notes. o

The disjointification trick in the next Proposition is often useful.

Proposition 1.7 (Disjointification). Suppose O # .4 C 2% is closed with respect to

o0

complements, finite intersections and countable disjoint unions. If (Gj)j:1 1S G Sequence

of sets from M, then there exists a sequence (F;)32, of pairwise disjoint sets from .M
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such that

for n either a positive integer or co.

Hence, # is a o-algebra if and only if A is closed under complement, finite inter-

sections and countable disjoint unions. T

Proof. The proof amounts to the observation that if (G,,) is a sequence of subsets of X,

then the sets
n—1
k=1
are disjoint, in . and J;_, F; = U;_, G for all n.€ N* (and thus U2, Fj = U}2, G)).
To prove the second part of the Proposition, given a sequence (G,,) from .# use

the disjointification trick to obtain a sequence of disjoint sets F,, € .# such that UG,, =

UE,. U

Example 1.8. Let X be a nonempty set.

(a) The power set 2% is the largest o-algebra on X.
(b) At the other extreme, the set {@, X} is the smallest o-algebra on X.

(c) Let X be an uncountable set. The collection
A ={FE C X : E is at most countable or X \ E is at most countable } (3)

is a o-algebra (the proof is left as an exercise).
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If .# C 2% a o-algebra, and E is any nonempty subset of X, then
My ={ANE:Ac.#}C2”

is a o-algebra on E (exercise).
If {4, :«a¢c A} is a collection of g-algebras on X, then their intersection Nyea
is also a o-algebra (checking this statement is a simple exercise). Hence given any

set & C 2%, we can define the o-algebra
M(E) = ﬂ{/// : M is a o-algebra and & C A }. (4)

Note that the intersection is over a nonempty collection since & is a subset of the
o-algebra 2. The set .#(&) is the o-algebra generated by &. Tt is the smallest
o-algebra on X containing &.

An important instance of the construction in item (e) is when X is a topological
space and & is the collection of open sets of X. In this case the o-algebra generated
by & is the Borel o-algebra and is denoted ZAx. The Borel o-algebra over R is
studied more closely in Subsection 1.1.

If (Y,.#) is a measurable space and f : X — Y, then the collection
FHUM) = (B):Een}c2t (5)

is a o-algebra on X (check this) called the pull-back o-algebra. The pull-back o-
algebra is the smallest o-algebra on X such that the function f : X — Y is measur-

able.
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(h) More generally given a family of measurable spaces (Y,, 4,), where o ranges over

some index set A, and functions f, : X — Y,, let
& ={f1(E,):a€AE,cH}c2¥

and let 4 = #(&). The o-algebra 4 is the smallest o-algebra on X such that
each of the functions f, is measurable. Unlike the case of a single f, the collection
& need not be g-algebra in general. An important special case of this construction

is the product o-algebra (see Subsection 1.2).

(i) If (X, M) is a measurable space and f: X — Y, then
Qr={ECY:fYE)e M}c2”

is a o-algebra.

The following proposition is trivial but useful.

Proposition 1.9. If .# C 2% is a o-algebra and & C M, then M (E) C M . T

The proposition is used in the following way. To prove a particular statement say
P is true for every set in some o-algebra .# C 2% (say, the Borel g-algebra %x): (1)
check to see if the collection of sets & C 2% satisfying property P is itself a o-algebra
(otherwise it is time to look for a different proof strategy); and (2) find a collection of

sets & (say, the open sets of X) such that each F € & has property P and such that
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M(E) = M. It then follows that 4 = # (&) C &. (The monotone class lemma,

which we will study later, is typically used in a similar way.)

A function f: X — Y between topological spaces is said to be Borel measurable if

it is measurable when X and Y are equipped with their respective Borel o-algebras.

Proposition 1.10. If X and Y are topological spaces and if f: X — Y is continuous,

then f 1s Borel measurable. T

Proof. Problem 7.7. (Hint: follow the strategy described after Proposition 1.9.) U

1.1. The Borel o-algebra over R. Before going further, we take a closer look at the
Borel g-algebra over R, beginning with the following useful lemma on the structure of

open subsets of R, which may be familiar to you from advanced calculus.

Lemma 1.11. Every nonempty open subset U C R is an (at most countable) disjoint

union of open intervals. T

Here the “degenerate” intervals (—o0, a), (a, +00), (—o0, +00) are allowed.

Proof outline. First verify that if I and J are intervals and I NJ # (), then I U J is an

interval. Given z € U, let

a, =sup{a: [z,a) C U}

B, =inf{b: (b,a] C U}
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and let I, = (o, ;). Verify that, for x,y € U either I, = I, or I, N I, = (. Indeed,
x ~ yif I, = I, is an equivalence relation on U. Hence, U = U,y l, expresses U as
a disjoint union of nonempty intervals, say U = Upcpl, where P is an index set and
the I, are nonempty intervals. For each ¢ € Q N U there exists a unique p, such that
q € I,,. On the other hand, for each p € P there is a ¢ € QN U such that q € I,,. Thus,
the mapping from QN U to P defined by ¢ — p, is onto. It follows that P is at most

countable. O

Proposition 1.12 (Generators of Bg). Each of the following collections of sets & C 2%

generates the Borel o-algebra Py :

(i) the open intervals & = {(a,b) : a,b € R};
(ii) the closed intervals & = {|a,b] : a,b € R};
(111) the (left or right) half-open intervals & = {[a,b) : a,b € R} or & = {(a,b] : a,b €
R};
(iv) the (left or right) open rays &s = {(—o00,a) : a € R} or & = {(a,+00) : a € R};

(v) the (left or right) closed rays & = {(—00,a] : a € R} or & = {[a,+o0) : a € R}.

Proof. Only the open and closed interval cases are proved, the rest are similar and left
as exercises. The proof makes repeated use of Proposition 1.9. Let & denote the open
subsets of R. Thus, by definition, B = .#(0). To prove .# (&) = P, first note that

since each interval (a,b) is open and thus in &, .# (&) C .#(0) by Proposition 1.9.
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Conversely, each open set U C R is a countable union of open intervals, so .# (&)

contains ¢ and hence (after another application of Proposition 1.9) #(0) C .#(&).

For the closed intervals &5, first note that each closed set is a Borel set, since it is
the complement of an open set. Thus & C HBr so (&) C PBr by Proposition 1.9.
Conversely, each open interval (a, b) is a countable union of closed intervals [a+ <, b—1].

Indeed, for —oo < a < b < o0,

> 1 1
(a7b> = U [CL+ ﬁvb_ ﬁ]
n=N
and a similar construction handles the cases that either a = —oo or b = oco. It follows

that & C .#(&3), so by Proposition 1.9 and the first part of the proof,

Br = M (&) C M(E).

Sometimes it is convenient to use a more refined version of the above Proposition,

where we consider only dyadic intervals.

Definition 1.13. A dyadic interval is an interval of the form

]:<ﬁ k+1} (©)

PACL

where k,n are integers. <
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(Draw a picture of a few of these to get the idea). A key property of dyadic intervals
is the nesting property: if I, J are dyadic intervals, then either they are disjoint, or one is

contained in the other. Dyadic intervals are often used to “discretize” analysis problems.

Proposition 1.14. Every open subset of R is a countable disjoint union of dyadic in-

tervals. T

Proof. Problem 7.5. O

It follows (using the same idea as in the proof of Proposition 1.12) that the dyadic
intervals generate Zg. The use of half-open intervals here is only a technical convenience,

to allow us to say “disjoint” in the-above proposition instead of “almost disjoint.”

1.2. Product c-algebras. Suppose n € N and (X, #;) are o-algebras for j =
1,2,...,n. Let X = [[;_, Xj, the product space. Thus X = {(z1,...,7,) : z; €
X;,7=1,...,n}. Let m; : X = X denote the j-th coordinate projection, m(x) = x;.

The product o-algebra, defined below, is the smallest o-algebra on X such that each 7;

is measurable.

Definition 1.15. Given measurable spaces (Xj, .4;), j = 1,...n, the product o-algebra

®%_,A; is the o algebra on X = H?:l X, generated by
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Given E; € ] for j =1,...,n, the set X]_; E; € ®]_,4; is a measurable rectangle.

N

Proposition 1.16. The collection R of measurable rectangles in ®}_,.A; generates the

product o-algebra. T

Proof. Each measurable rectangle is a finite intersection of elements of
& = {7rj_1(E’j) cE;e A, =1,...n}.
Hence R C .#(&). On the other hand & C R and hence the reverse inclusion holds. [
There are now two canonical ways of constructing o-algebras on R™. The Borel
o-algebra $Brn and the product g-algebra obtained by giving each copy of R the Borel

o-algebra #r and forming the product o-algebra @7 %g. It is reasonable to suspect that

these two o-algebras are the same, and indeed they are.

Proposition 1.17. %Br» = ®§-‘:1%’R. T

Proof. We use Proposition 1.9 to prove inclusions in both directions. By definition, the

product o-algebra ®;_,%r is generated by the collection of sets
&= {W;l(Ej) cE; e Br, j=1,...n},

where 7;(z1,...2,) = x; is the projection map, 7 : R® — R. Summarizing, .Z(€) =

n
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For each j, the projection 7; is continuous and hence, by Proposition 1.10, Borel

measurable. Consequently, if F; € %g, then
TN (E)=Rx - xRxE;xRx-- xR €& Bpan.

where F; is the j™ factor. Hence & C %rn and, by Proposition 1.9, @1 %Bg = .# () C
PBrn .
Let 0, are the open sets in R™. To prove the reverse inclusion, it suffices to identify

a subset R, of the product o-algebra ®7_, % such that .#(R,) D 0,, since then

Qi Br O M(Ro) D M(Op) = B

n
J=1

Let R, denote the collection of open rectangles, R = (a1,b1)X- - -X(an, by) = [['—,(a;,b;) €
®;‘:1%’R. Each U € 0, is a countable union of open rectangles (just take all the open
boxes contained in U having rational vertices).” Hence 0, C .#(R,). (Equality holds,

of course. But we only need this inclusion.) U

2. MEASURES

Definition 2.1. Let X be a set and .# a o-algebra on X. A measure on .# is a function

W A — [0,+00] such that

(i) p(2) = 0; and

(ii) if (E;)52, is a sequence of disjoints sets in ., then

1 (G Ej) = iM(Ey’)-
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If u(X) < oo, then p is finite. If there exists a sequence (X;) from .# such that
X = U352, X; and pu(X;) < oo for each j, then p is o-finite.
A triple (X, ., pu) where X is a set, . is a o-algebra and p a measure on .Z, is a

measure space. <

Almost all of the measures of importance in analysis are o-finite.

Here are some simple measures and some procedures for producing new measures
from old. Non-trivial examples of measures will have to wait for the Caratheodory and

Hahn-Kolmogorov theorems in the following sections.

Example 2.2. (a) Let X be any set and, for £ C X, let |E| denote the cardinality of
E, in the sense of a finite number or co. The function u : 2% — [0, +0c] defined by
w(E) = |E| is a measure on (X, 2%), called counting measure. It is finite if and only

if X is finite, and o-finite if and only if X is at most countable.

(b) Let X be an uncountable set and .# the o-algebra of (at most) countable and co-
countable sets (Example 1.8(b)). The function p : .# — [0, 00] defined by pu(E) =0

if E is countable and u(E) = 400 if E is co-countable is a measure.

(c) Let (X, ., ) be a measure space and E € #. Recall 4 from Example 1.8(c).
The function pug(A) ;== (AN E) is a measure on (F, .#g). (Why is the assumption

E € # necessary?)
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(d) (Linear combinations) If 4 is a measure on . and ¢ > 0, then (cu)(E) =: cp(E) is

a measure, and if pq, ..., are measures on the same .#, then

(1 pn)(B) = g (E) + - - - pn(E)
is a measure. Likewise a countably infinite sum of measures » | 1, is a measure.

(The proof of this last fact requires a small amount of care. See Problem 7.9.)

One can also define products and pull-backs of measures, compatible with the con-
structions of product and pull-back o-algebras. These examples will be postponed until

we have built up some more machinery of measurable functions.

Theorem 2.3 (Basic properties of measures). Let (X, .#, ) be a measure space.

(a) (Monotonicity) If E.F. € A and F C E, then w(E) = p(E\ F) + u(F). In
particular, W(F) < u(E) and if p(E) < oo, then u(F\ E) = u(F) — u(E).

(b) (Subadditivity) If (E;)5y Col , then p(UZ, Ej) < 3272, u(Ej).

(¢c) (Monotone convergence for sets) If (E;)52, C A and E; C Ejyy Vj, then lim p(E})
ezists and moreover p(UE;) = lim p(Ej).

(d) (Dominated convergence for sets) If (E;)32, is a decreasing (E; D Ejq for all j)

from A and p(Ey) < oo, then im p(E;) exists and moreover pu(NE;) = lim p(Ej).

Proof. (a) Since E = (E'\ F)) U F is a disjoint union of measurable sets, by additivity,

w(E) = W(E\F) + p(F) = p(F).
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(b) For 1 <j < g, let
j—1
F;=E;\ (U Ek> .
k=1

By proposition 1.7, the Fj are pairwise disjoint, F; C Ej for all j and U2, F; = U2, Ej.

Thus by countable additivity and (a),

’ ([] E;-) - (G F) TS )

(c) With the added assumption that:the sequence (E;)32, is nested increasing,

Z::1 Fy, = E; for each j. Thus, by countable additivity,

() +(U7)

(d) The sequence p(E;) is decreasing (by (a)) and bounded below, so lim p(E))

exists. Let F; = Ey \ Ej. Then Fy C Fjyy for all j, and U2, Fy = £y \ 2, E;. So by
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(a) and (c) applied to the F}, and since p(Er) < oo,

Mﬂ%ﬂ(ﬁ@zwﬂ\ﬂ@)
= lim pu(F})
= lim(u(Ey) — w(E;))

= p(Er) — lim p(E;).

Again since u(FE;) < 0o, it can be subtracted from both sides. O

Example 2.4. Note that in item (d) of Theorem 2.3, the hypothesis “u(E;) < 0o” can
be replaced by “u(E;) < oo for some j”. However the finiteness hypothesis cannot be

removed entirely. For instance, consider (N,2Y) equipped with counting measure, and

let By = {k:k > j}. Then pu(E;) = oo for all j but (N2, E;) = (@) = 0. A

For any set X and subset '€ X, there is a function 15 : X — {0,1} defined by

1 ifzek
1 —
5(7) {o ifrg B’

called the characteristic function or indicator function of E. 1t is easily verified, if (X, .#)
is a measure space and F C X, then F € .# if and only if 15 is (4, $r) measurable.
For a sequence of subsets (FE,) of X, by definition (FE,) converges to E pointwise if
1z — 1 pointwise!. This notion allows the formulation of a more refined version of

n

the dominated convergence theorem for sets, which foreshadows (and is a special case

IWhat would happen if we asked for uniform convergence?
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of) the dominated convergence theorem for the Lebesgue integral. See Problems 7.12

and 7.13.

Definition 2.5. Let (X, .#, 1) be a measure space. A null set (or p-null set) is a set

E € # with p(E) = 0. <

It follows immediately from countable subadditivity that a countable union of null
sets is null. The contrapositive of this statement is a measure-theoretic version of the

pigeonhole principle:

Proposition 2.6 (Pigeonhole principle for measures). If (E,)%, is a sequence of sets

in A and p(UE,) > 0, then p(E,) > 0 for somen. T

It will often be tempting to assert that if u(£) = 0 and F' C E, then u(F) = 0, but
one must be careful: F need not be a measurable set. This caveat is not a big deal in
practice, however, because we can always enlarge the g-algebra on which a measure is
defined so as to contain all subsets of null sets, and it will usually be convenient to do

SO.

Definition 2.7. A measure space (X, ., u) is complete if it contains every subset of

measure 0; i.e., if ¥ C X and there exists £ such that

(i) F C E,;

(ii) £ € #; and
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then I € #. 4

Theorem 2.8. Suppose (X, .# , 1) be a measure space and let N = {N € M|u(N) =

0}. The collection
M ={EUF|E € .#,F CN for some N € N}
is a o-algebra, and i : A — [0, 00| given by
A(EUF) = pu(E)

is a well-defined function and a complete measure on M such that Ti|.4 = .

The measure space (X,.# i) is the completion of (X,.# ). It is evident that if
M C N C2Y is a g-algebra, v is a measure on .4 such that v| , = p and (X, A, v)
is complete, then .#Z C .4 and v|-7 = . Thus (X, M, Ti) is the smallest complete

measure space extending (X, 4 , ).

Some of the proof. First note that .# and .4 are both closed under countable unions,
so ./ is as well. To see that . is closed under complements, consider EU F € .# with
Ee#,FCNeN. Using, F*=N°U(N\ F),

(FUE)Y =F'NE = (N°NE°)U(NNF°NE"°).
The first set on the right hand side is in .# and the second is a subset of .4#". Thus the

union is in .# as desired. Hence .# is a o-algebra.
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To prove that 1 is well defined, suppose G = EUF = E'U F' for E,E' € .# and
F,F" € 4. In particular, there exists y-null sets N, N' € .# with F C N and F' C N'.

Observe that

M >SE\E CG\E CF CN.

Thus u(E \ E') = 0. On the other hand,

E=(ENE")UJ(E\E).

Thus, u(E) = p(E N E'). By symmetry, u(E’) = u(E' N E).
The proof that 77 is a complete measure on .# that extends p, is left as an exercise

(Problem 7.14). O

3. OUTER MEASURES AND THE CARATHEODORY EXTENSION THEOREM

The point of the construction of Lebesgue measure on the real line is to extend the
naive notion of length for intervals to a suitably large family of subsets of R. Indeed, this

family should be a o-algebra containing all open intervals and hence the Borel o-algebra.

Definition 3.1. Let X be a nonempty set. A function u* : 2% — [0, +o0] is an outer

measure if

(ii) (Monotonicity) if A C B, then p*(A) < p*(B);
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(iii) (Subadditivity) if (A;)32, C 2%, then

p (U Aj) < ZM*(AJ)~

Definition 3.2. If 4* is an outer measure on X, then a set £ C X is outer measurable

(or p*-measurable, or measurable with respect to u*, or just measurable) if
p(A) = p (AN E) + p (AN E°) (7)

for every A C X. <

The significance of outer measures and (outer) measurable sets stems from the following

theorem.

Theorem 3.3 (Caratheodory Extension Theorem). If u* is an outer measure on X,
then the collection # of outer measurable sets is a o-algebra and the restriction of p*

to M is a complete measure.

The outer measures encountered in these notes arise from the following construction.

Proposition 3.4. Suppose & C 2% and @, X € &. If po : & — [0, +00| and () =0,

then the function p* : 2% — [0, 00| defined by

n=1

w'(A) = inf {iuo(En) B, €8 and A C [OJ En} (8)

18 an outer measure. T
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Remark 3.5. A few remarks are in order. Given a (nonempty) index set .# and noneg-

ative real numbers a,, for a € I, define

Zaa = Z{Zaa . F C Z, F finite}.

aeS a€F

In the case . is countable, if ¢ : N* — ¢ is a bijection, then

o0
D Ga =D 0o
j=1

acs

In particular, the sum does not depend on the bijection ¢. Hence in the definition of
outer measure, the sums can be interpreted as the sum over countable collections of sets

from & that cover A. For instance, in the case . = NT x NT

0o
E Amn = E E Qm,p-

(m,n)eNT xN+ s=1 m+n=s

It is also true that

oo oo oo oo
E § Amn = E am,nzg § Ay -

n=1 m=1 (m,n)GN""XN‘*’ m=1 n=1

The proofs of these assertions are left as an exercise. See Problem 7.9.

Note that we have assumed @, X € &, so there is at least one covering of A by sets
in & (take £y = X and all other E; empty), so the definition (8) makes sense. On the
other hand, Proposition 3.4 is mute on whether E' € & is p*-outer measurable or, in the

case E is outer measurable, whether p*(E) and po(E) agree. o

Proof of Proposition 3.4. It is immediate from the definition that p*(@) = 0 (cover the
empty set by empty sets) and that p*(A) < p*(B) whenever A C B (any covering of B

is also a covering of A). To prove countable subadditivity, we make our first use of the
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“e/2" trick. Let (A,) be a sequence in 2%. If p*(A;) = oo for some j, then the desired
subadditive inequality holds by monotonicity. Otherwise let € > 0 be given. For each n

there exists a countable collection of sets (E, )7, in & such that A, C J;; Enx and

Zuo(En,k) —e27" < ur(An).
k=1

But now the countable collection (E, 1)5%—; covers Up2; A, and, using Remark 3.5,

p*(UA,) < Z fo(En k) < Z(H*(An> +e27") =€+ Z,U*(An)'
k,n=1 n=1 n=1
Since € > 0 was arbitrary, p*(UA;) <> 07 1 (Ay). O

Example 3.6. [Lebesgue outer measure] Let & C 2% be the collection of all open
intervals (a,b) C R, with —oo < @< b < +00, together with @. Define mg((a,b)) = b—a
and mo(@) = 0. The corresponding outer measure is Lebesgue outer measure and it is

the mapping m* : 28 = [0, o] defined, for A € 2%, by

m*(A) = inf {Z(bn —ay):AC U(an,bn)} (9)

where we allow the degenerate intervals R = (—oo, +00) and (). The value m*(A) is the
Lebesgque outer measure of A. In the next section we will construct Lebesgue measure
from m* via the Caratheodory Extension Theorem. The main issues will be to show
that the outer measure of an interval is equal to its length, and that every Borel subset
of R is outer measurable. The other desirable properties of Lebesgue measure (such as

translation invariance) will follow from this construction. A
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Before proving Theorem 3.3 will make repeated use of the following observation.
Namely, if p* is an outer measure on a set X, to prove that a subset £ C X is outer
measurable, it suffices to prove that

pi(A) 2 (AN E) + p(A\ E)

for all A C X, since the opposite inequality for all A is immediate from the subadditivity

*

of u*.
The following lemma will be used to show the measure constructed in the proof of

Theorem 3.3 is complete. A set £ C X is called p*-null if u*(E) = 0.

Lemma 3.7. Fvery p*-null set is p*-measurable. T

Proof. Let E be p*-null and A ¢ X. By monotonicity, A N E is also p*-null, so by
monotonicity again,
pr(A) = A\ E) = p" (ANE) + " (A\ E).

Thus the lemma follows from the observation immediately preceding the lemma. O

Proof of Theorem 5.3. We first show that .# is a o-algebra. It is immediate from Defi-
nition 3.2 that .# contains @ and X, and since (7) is symmetric with respect to £ and
E¢, # is also closed under complementation. Next we check that .# is closed under
finite unions (which will prove that .# is a Boolean algebra). So, let E, F' € .# and fix

an arbitrary A C X. Since F' is outer measurable,

p(ANES) = (ANEYNFE) + p* (AN E°) N F°). (10)
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By subadditivity and the set equality AN (EUF)=(ANE)U (AN (FNE)),
P(AN(EUF)) <p (ANE)+p (AN (FNE9). (11)
Using equations (11) and (10) and the outer measurability of E in that order,
pHAN(EUE)+p (AN ((EU F)%))
<P (ANE)+ p (AN (FNE®)+ p (AN (F°NES))
= (ANE)+p (AN E°

=" (A).

Hence F U F' is outer measurable.

Now we show that .# is closed under countable disjoint unions. (It then follows
from Proposition 1.7 that .# is a o-algebra.) Let (E,) be a sequence of disjoint outer

measurable sets, and let A C X be given. It is enough to show
prAy = pr (A En) + ur(A\ | En).
n=1 n=1

For each N > 1, we have already proved that Gy = Ufl\f:l FE,, is outer measurable, and

therefore

p(A) 2 (A0 Ba) + (A B,

n=1 n=1

By monotonicity, u*(A\ U, E,) > p*(A\ U2, E,). Thus it suffices to prove

N 0o
dim 7 (AN L_JlEn) > (AN L_Jlgn). (12)

(The limit exists as an extended real number since the sequence is increasing by mono-

tonicity of the outer measure.) By the outer measurability of Gy = Uﬁ;l E, and
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disjointness of the E,,,

N+1
(AN U E,) = (AN Gry1)
=" (AN Gn41) NGN) + " (AN Gra) NGY) (13)
N
=" (AN | J Ea) + w* (AN Enpa).
n=1

[terating the identity of equation (13) gives.

N+1 N+1
(AN J E) =) w(ANE). (14)
n=1 k=0

(In particular, choosing A = X, it follows that p* is finitely additive on .#.) Letting N

tend to infinity in equation (14) gives

lim p*( AOUE :iu (ANENy1).

N n=1 =0
From countable subadditivity,
N o0 o0
jélinoo,u AﬂUEn):]VZ()M*(AﬂEN+1)Z,u*(LJl(AﬂE AOUE
= = J

proving the inequality of equation (12) and thus that .# is a o-algebra. Further, from

monotonicity and equation (13),

N
AmUE > i AmUE => W(ANE,)
n=1 n=1 n=0

and hence

w(ANJE) =) w(ANE,).
n=1 n=1

Since the reverse inequality holds by subadditivity,

(AN JE) =) w(ANE,)
n=1 n=1
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In particular, choosing A = X proves that u* is countably additive on the o-algebra of

p*-outer measurable sets and hence p*| 4 is a measure.

Finally, that p* is a complete measure on .# is an immediate consequence of

Lemma 3.7. U

4. CONSTRUCTION OF LEBESGUE MEASURE

In this section, by an interval we mean any set I C R of the from (a, b), [a, b], (a, ], [a, ),
including &, open and closed half-lines and R itself. ‘Let |I| = b — @, the length of the
interval I, interpreted as +oo in the line and half-line cases and 0 for @. Recall the

definition of Lebesgue outer measure of a set A C R from Example 9:

m*(A) =inf {i 1I,|: AC G ]n}
n=1 n=1

where the [,, are open intervals, or empty.
Theorem 4.1. If I C R is an interval, then m*(I) = |I|.

Proof. We first consider the case where [ is a finite, closed interval [a, b]. For any € > 0,
the single open interval (a — €,b+ €) covers I, so m*(I) < (b — a) + 2¢ = |I| + 2¢, and
thus m*(I) < |I|. For the reverse inequality, again choose € > 0, and let (,,) be a cover
of I by open intervals such that Y > |I,,| < m*(I) + €. Since I is compact, there is a

finite subcollection (I,,, )i, of the I,, that covers I. We claim

N
S oL >b—a=]I] (15)
k=1
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To verify this statement, observe that by passing to a further subcollection, we can
assume that none of the intervals I,,, is contained in another one and so that each has
non-trivial intersection with [a,b]. Re-index the intervals as Iy, ... Iy so that the left
endpoints aq,...ay are listed in increasing order. Since these intervals cover I, there
are no containments, and each intersects [a, b] it follows that a1 < a, ay < by, ag < bs,

..ay <by_1 and b < by. (Draw a picture.) Therefore

N N N-1
Z|Ik|22(bk—ak)—bN—a1+Z by — apy1) 2 by —a1 >b—a=|I|.
k=1 k=1 k=1

From the inequality (15) it follows m*(I) = |I|.
Now we consider the cases of bounded, but not closed, intervals (a,b), (a,b], [a, b).
If I is such an interval, then I = [a,b] its closure Since m* is an outer measure, by
monotonicity m*(I) < m*(I) = |I]. On the other hand, if € > 0, then I, := [a+¢,b—¢] C
I and thus, by monotonicity again, m*(I) > m*(l.) = |I| — 2e. Hence m*(I) > |1|.
Finally, the result is immediate in the case of unbounded intervals, since any un-

bounded interval contains arbitrarily large bounded intervals and m* is monotonic. [

Theorem 4.2. Fvery Borel set E € $Bg is m*-measurable.

Proof. By the Caratheodory extension theorem, the collection of m*-measurable sets is a
o-algebra, so by Propositions 1.12 and 1.9, it suffices to show that the open rays (a, +00)

are m*-measurable. Fix a € R and an arbitrary set A C R. We must prove

m*(A) > m* (AN (a,+0)) + m* (AN (—o0,al).
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To simplify the notation put A; = AN (a,+00), Ay = AN (—00,al. Let (I,) be a cover
of A by open intervals. For each n let I! = I,, N (a,+o0) and I/ = I, N (—o0,a]. The

families (1)), (1) are intervals (not necessarily open) that cover A;, As respectively. Now
Dol =) I+ 1L
n=1 n=1 n=1

=S )+ S me (1)
n=1 n=1

> m*(fj ) +m*([j )
n=1 n=1

> m*(Ay) +m"(Ay),

where the second equality follows from Theorem 4.1, the first inequality from sub-
additivity and the last inequality by monotonicity. Since this inequality holds for
all coverings of A by open intervals, taking the infimum on the left hand side gives

m*(A) > m*(A;) + m*(Ay). O

Definition 4.3. A set E C R is called Lebesgue measurable if

m*(A) = m*(AN E) + m*(AN E°) (16)

for all A C R. The restriction of m* to the Lebesgue measurable sets is called Lebesgue

measure, denoted m. N

By Theorem 3.3, m is a measure. By Theorem 4.2, every Borel set is Lebesgue
measurable, and by Theorem 4.1 the Lebesgue measure of an interval is its length. It

should also be evident by now that m is o-finite. So, we have arrived at the promised
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extension of the length function on intervals to a measure. (A proof of uniqueness of m

will have to wait until for the Hahn Uniqueness Theorem. See Corollary 5.5.)

Next we prove that m has the desired invariance properties. Given E C R, x € R,

and t > 0, let

E4+rz={yeR:y—x€FE}, —-E={yeR:—yeck}, andtE={yecR:y/te L}

It is evident that m*(E + x) = p*(F), m*(—F) = m*(E) and, m*(tFE) = tm*(FE) since,
if 1 is an interval, then |I +z| = |I|, | — I| = |I| and [t]| = t|I]. Thus m* has the desired
invariance properties. In particular, if both £ and E + x are Lebesgue measurable, then
m(E+x) = m(E). What remains to be shown is that if £ is Lebesgue measurable, then
so are ' + x, —F and tE. This fact follows easily from the corresponding invariance

property of m*.

Theorem 4.4. If E C R is Lebesque measurable, x € R, and t > 0, then the sets '+,
—F, and tE are Lebesque measurable. Moreover m(E + x) = m(E), m(—FE) = m(E),

and m(tE) = tm(E).

Proof. We give the proof for E + x. Proof of the others are similar and left as exercises.
Accordingly, suppose E is measurable. To prove E 4+ x is measurable, let A C R be given

and observe that AN (E+z) = (A—2)NE)4+zand AN(E+xz)° = ((A—2)NE°) +x.
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Thus,
m*(A) =m"(A - )
= m*((A—2) N E) +m*((A - z) N E°)
=m"((A—z2)NE)+z)+m " (A—2z)NE)+2x)
=m*"(AN(E+z)) +m* (AN (E+ z)°9),

where measurability of E is used in the second equality. -Hence E + z is Lebesgue

measurable and m(E + z) = m(E). O

4.1. Regularity of Lebesgue measure. The condition (16) does not make clear which
subsets of R are Lebesgue measurable. Theorems 4.5 and 4.6 are fundamental approxi-
mation results. They say 1) up to-sets of measure zero, every Lebesgue measurable set
is a Gs or an F,, and 2) if we are willing to ignore sets of measure €, then every set of
finite Lebesgue measure is a union of intervals. (Recall that a set in a topological space
is called a Gg-set if it is a countable intersection of open sets, and an F,-set if it is a

countable union of closed sets.)

Theorem 4.5. Let E C R. The following are equivalent.

(a) E is Lebesque measurable.
(b) For every e > 0, there is an open set U D E such that m*(U \ E) < e.
(c¢) For every e > 0, there is a closed set F' C E such that m*(E \ F) < e.

(d) There is a Gs set G such that E C G and m*(G \ E) = 0.
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(e) There is an F, set F' such that E D F and m*(E \ F) = 0.

Proof. To prove (a) implies (b) let £ a (Lebesgue) measurable set and € > 0 be given.
Further, suppose for the moment that m(F) < co. Because F is measurable, m(E) =
m*(E). From the definition of m*, there is a covering of £ by open intervals I,, such

that Y > |I,| < m*(E)+e. Put U =J -, I,. By subadditivity of m,

m(U) <Y m(l,) =) || <m(E) +e.

Since U D E and m(FE) < oo (and both U and E are Lebesgue measurable), Theorem
2.3 implies m*(U \ E) = m(U \ E) = m(U) =m(E) <.

To remove the finiteness assumption on E,we apply the €/2" trick: for each n € Z
let £, = EN(n,n+ 1]. The B, are disjoint, measurable sets whose union is E, and
m(E,) < oo for all n. For each n, by the first part of the proof we can pick an open
set U, so that m(U, \ B,) < €/2"l. Let U be the union of the U,. Thus U is open
and U\ E C U,—,(U, \ E,) since E° C E¢. The subadditivity of m gives m(U \ E) <
> ez €27 = 3e.

To prove that (b) implies (d), let £ C R be given and for each n > 1 choose (using
(b)) an open set U, D E such that m*(U, \ E) < . Put G = (,~, U,. Thus G is
a (s containing F, and G\ E C U, \ F for every n. By monotonicity of m* we see
m*(G\ E) < < for every n and thus m*(G \ E) = 0. (Note that in this portion of the

proof we cannot (and do not!) assume FE is measurable.)
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To prove (d) implies (a), suppose G is a G set such that £ C G and p*(G\ E) = 0.
Since G is a Gy, it is a Borel set and hence Lebesgue measurable by Theorem 4.2. By
Lemma 3.7, every m*-null set is Lebesgue measurable, so G \ E and hence G° U E is

Lebesgue measurable. Finally, £ = G N (G°N E) is Lebesgue measuarable.

To prove that (a) implies (c¢), suppose F is Lebesgue measurable and let € > 0
be given. Thus E° is Lebesgue measurable and, by the already established implication
(a) implies (b), there is an open set U such that E¢ C U and m(U \ E¢) < e. Since
U\Ec=UnNE = FE\U° it follows that u(E \ U°) < €. Observing that U¢ is closed

completes the proof.

Now suppose £ C R and (c) holds. Choose a sequence of closed sets (F),) such that
F, C E and m*(E\ F,) < +. Theset F = U, F} is an F, and, by monotonicity, for
cach n we have m*(E \ F) < m*(E \ F,) < +. Hence m*(E '\ F) = 0. Thus (c) implies
(e).

Finally, if (e) holds, then £ = FU(E\ F) for some closed set F' C E with u*(E\F) =
0. Thus, FE is the union of a closed (and hence Lebesgue) set and a set of outer measure
zero (which is thus Lebesgue). Since the Lebesgue sets are closed under union, E' is

Lebesgue and the proof is complete. O

Recall the symmetric difference of sets A, B C X is AAB = (A\ B)U(B\ A) =

(AUB)\ (AN B).
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Theorem 4.6. If E is Lebesgue measurable and m(E) < oo, then for each € > 0 there

exists a set A that is a finite union of open intervals such that m(EAA) < e.

Proof. Since E is measurable, m(E) < oo and m(E) = m*(E), there exists a sequence

(I,) of open intervals that covers E such that

> || < m(E) +€/2. (17)

Since the sum is finite there exists an integer N so that

o0

S L] < /2 (18)

n=N+1

Let U=, I, and A=\, I,. Then A\ E C U\ B,s0 m(A\ E) < m(U)—m(E) <
€/2 by (17). Similarly E\ A C U\A C U;_ 1 In, Som(E\ A) < /2 by (18). Therefore

m(EAA) < e. O

Thus, while the “typical” measurable set can be quite complicated in the set-
theoretic sense (i.e. in terms of the Borel hierarchy), for most questions in analysis
this complexity is irrelevant. In fact, Theorem 4.6 is the precise expression of a useful

heuristic:

Littlewood’s First Principle of Analysis: Every measurable set E C R with m(E) <

oo 1s almost a finite union of intervals.

Definition 4.7. Let X be a topological space. A neighborhood U of a point x € X is

an open set such that x € U.
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A topological space X is locally compact if for each x € X there is a neighborhood

U, of z and a compact set C, such that x € U, C C,.

A topological space is Hausdorff if given x,y € X with x # y, there exists neigh-
borhoods U and V' of z and y respectively such that U NV = (). (Distinct points can

be separated by open sets.)

A Borel measure is a measure on the Borel o-algebra Ay of a locally compact

Hausdorff space X.
A Borel measure p is outer regular if, for all E-€ Ay,
p(E) =inf{u(U) : U D FE and U is open}
and is inner reqular if
u(E) =sup{p(K) : K C F and K is compact}.

Finally p is regular if it'is both inner and outer regular. <

Theorem 4.8. If E C R is Lebesque measurable, then
m(E) =inf{m(U) : U D E and U is open}
= sup{m(K) : K C E and K is compact}
That is, m is a reqular Borel measure.
Proof. Fix E. Let p(F) denote the infimum in the first equality. By monotonicity,

p(E) > m(E). If m(E) = oo, then equality is evident. The case m(FE) < oo follows

from Theorem 4.5(b) (together with the additivity of m).
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For the second equality, let v(E) be the value of the supremum on the right-hand
side. By monotonicity m(E) > v(E). For the reverse inequality, first assume m(E) < oo
and let ¢ > 0 be given. By Theorem 4.5(c), there is a closed subset F' C E with
m(E \ F) < €¢/2. Since m(E) < oo, by additivity m(FE) < m(F) + €/2. Thus m(F) >
m(E)—e€/2. However this F' need not be compact. To fix this potential shortcoming, for
eachn > 1let K,, = FN[—n,n]. Then the K, are an increasing sequence of compact sets
whose union is F. By monotone convergence for sets (Theorem 2.3(c)), there is an n so
that m(K,) > m(F) — ¢/2. Tt follows that m(K,) > m(F) — ¢, and thus v(E) > m(E).

The case m(F) = 400 is left as an exercise. 0

4.2. Examples.

Example 4.9. [The Cantor set] Recall the usual construction of the “middle thirds”
Cantor set. Let Ey denote the unit interval [0,1]. Obtain F; from Ej by deleting the
middle third (open) subinterval of Ey, so Ey = [0,3] U [3,1]. Continue inductively as
follows. At the n'" step delete the middle thirds of all the intervals present at that step.
So, (E,) is nested decreasing and E,, is a union of 2" closed intervals of length 37". The
Cantor set is defined as the intersection C' = (), E,. It is well-known (though not
obvious and not proven here) that C' is uncountable. It is clear that C' is a closed set
(hence Borel) that contains no (non-trivial) interval, since if J is an interval of length ¢

and n is chosen so that 37" < ¢, then J ¢ FE,, and thus J ¢ C. The Lebesgue measure

of E, is (2/3)", which goes to 0 as n — oo, and thus by monotonicity (or dominated
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convergence for sets) m(C) = 0. So, C' is an example of an uncountable, closed set of
measure 0. Another way to see that C' has measure zero is to note that at the n'” stage
(n > 1) we have deleted a collection of 2" disjoint open intervals, each of length 37™.

Thus the Lebesgue measure of [0, 1]\ C' is

o0

n— —n_1
22 3 T 91—

n=1

wWro

win

Thus m(C) = 0. A

Example 4.10. [Fat Cantor sets| The standard construction of the Cantor set can be
modified in the following way. Fix a number 0 < ¢ < 1 and imitate the construction
of the Cantor set, except at the n'* stage delete, from each interval I present at that
stage, an open interval centered at the midpoint of I of length 37"¢c. (In the previous
construction ¢ = 1.) Again at each stage we have a set E, that is a union of 2" closed
intervals each of which has length at most (35)" and m([0,1] \ E,) = S 27
Let ' = (),_, E,. One can prove (in much the same way as for C') that 1) F' is an

uncountable, closed set; 2) F contains no intervals; and 3) m(F) =1—c¢ > 0. Thus, F

is a closed set of positive measure that contains no (non-trivial) interval. A

Example 4.11. [Construction of Vitali sets] The Vitali sets are perhaps the most ele-
mentary examples of subsets of R that are not Lebesgue measurable. The construction
depends on the axiom of choice. Since Q C R is a subgroup of the abelian group R
under addition, declaring x ~ y if and only if x —y € Q defines an equivalence relation

on R. This relation partitions R into disjoint equivalence classes whose union is R. In
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particular, for each z € R its equivalence class is the set {x 4+ ¢ : ¢ € Q}. Each equiv-
alence class C' contains an element of the closed interval [0, 1]. By the axiom of choice,
there is a set E C [0, 1] that contains exactly one member x¢ from each class C. Each

such £ is a Vitali set. We claim any such E is not Lebesgue measurable.

To prove the claim, let y € [0, 1] be given. Let C' denote the equivalence class of y.

Thus y differs from z¢ by some rational number in the interval [—1, 1]. Hence

01c |J (E+9.

qe[_l,l]m(@

On the other hand, since E C [0,1] and |¢| < 1,

U E+gcl-12.

qE[fl,l]ﬂQ

Finally, by the construction of F the sets F + p and F + q are disjoint if p, ¢ are distinct
rationals. Arguing by contradiction, suppose E' is measurable. In this case the sets E+q
are measurable by Theorem 4.4, and, by the countable additivity and monotonicity of

m,

1< Y m(E+q) <3 (19)

qe[flvl]m(@

But by translation invariance (Theorem 4.4 again), all of the m(FE + ¢) must be equal

yielding the contradiction that the sum in equation (19) is either 0 or oc. A

Remark: The construction of Example 4.11 can be modified to show if F' is any
Lebesgue set with m(F') > 0, then F' contains a nonmeasurable (i.e., a non-Lebesgue)

subset. See Problem 7.29.
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5. PREMEASURES AND THE HAHN-KOLMOGOROV THEOREM

Definition 5.1. Let &/ C 2% be a Boolean algebra. A premeasure on </ is a function

wo = — [0, +00] satisfying

(i) po(2) = 0; and

(i) if (A4;)52, is a sequence of disjoint sets in .7 and U°A; € o7, then

Ho (U Aj) = ZMO(AJ')

Finiteness and o-finiteness are defined for premeasures in the same way as for mea-

sures. Note that a premeasure is automatically finitely additive and hence monotone.

Example 5.2. By an h-interval we mean a (finite or infinite) interval of the form (a, b].
(By convention (a,+00) is“an h-interval.) The collection & C 2% of finite unions of

h-intervals is a Boolean algebra. The function pg : &/ — [0, 00| defined by

po(1) = by —aj
=1

for I € o/ written as the disjoint union U} (a;,b;] is a premeasure on «/. (Warning:
that po is well defined and a premeasure is immediate if we have already constructed
Lebesgue measure, but it is not as obvious as it seems to prove from scratch - there are
many different ways to decompose a given I as a finite or countable disjoint union of
h-interval. Thus verifying that pg is well defined and countable additivity is somewhat

delicate. See Section 6.) A
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Theorem 5.3 (Hahn-Kolmogorov Theorem). If pig is a premeasure on a Boolean algebra
o/ C 2% and p* is the outer measure on X defined by (8), then every set A € o is outer
measurable and p*| , = po. Thus, letting A denote the o-algebra of p*-outer measurable

sets and p the (complete) measure = p*| 4, we have pg is the restriction of u to <.

In particular, if po : &/ — [0,+00] is a premeasure on a Boolean algebra <, then

there exists a o-algebra B O o/ and a measure p : B — |0, +00) such that p|o = po.

Proof. If @ C 2% is a Boolean algebra and pg : & — [0, +00] is a premeasure, then
o determines an outer measure p* by Proposition 3.4. “We will prove that (1) p*|, =
to, and (2) every set in o7 is p*-outer measurable. The theorem then follows from

Theorem 3.3.

To prove (1), let E € 7. It is immediate that p*(E) < po(E), since for a covering
of E from &/ we can take Ay = F and A; = @ for all other j. For the reverse inequality,
let (A;) be any covering of E by sets A; € o/ and let (A!)) denote the disjointification
of (A,)

n—1
A=A\ A
j=1
By Proposition 1.7, the A}, € &/, are pairwise disjoint and UTA; = UTA} for n =
1,2,...,00. Let B, = EN A!. Hence the B, are disjoint sets in ./ whose union is F,

and B, C A, for all n. Thus by the countable additivity and monotonicity of 1y,

po(E) = ZMO(Bn) < ZMO(An)

Since the covering was arbitrary, uo(E) < p*(E).
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For (2), let £ € &/, A C X, and € > 0 be given. There exists a sequence of sets
(Bj) C o such that A C U2, B; and >°2 | uo(B;) < p*(A) +e. By additivity and

monotonicity of yy,

1H(A) + e > Zuo(Bj)
= #o(Bj N E)+ 3 po(B; N EY)

Since (B; N E) is a sequence from &/ and AN E C U, (B; N E), it follows that
§ANE) <Y By )
j=1
and similarly for E¢. Thus p*(A) + € > p* (AN E)+ u* (AN E°) and since € > 0 as well

as A C R and F € & are arbitrary, the proof is complete. O

The measure p constructed in Theorem 5.3 is the Hahn-Kolmogorov extension of the
premeasure jo. The relationship between premeasures, outer measures, and measures

in this construction is summarized in the following table:

domain additivity condition
premeasure Boolean alge- | countably additive, when
bra </ possible
outer measure all of 2% monotone, countably
subadditive
measure o-algebra countably additive
containing &7/

The premeasure iy has the right additivity properties, but is defined on too few subsets

of X to be useful. The corresponding outer measure u* constructed in Proposition 3.4
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is defined on all of 2%, but we cannot guarantee countable additivity. By Theorem 5.3,

restricting p* to the o-algebra of outer measurable sets is “just right.”

We have established that every premeasure po on an algebra .7 can be extended to
a measure on the o-algebra generated by 7. The next theorem addresses the uniqueness

of this extension.

Theorem 5.4 (Hahn uniqueness theorem). Suppose o is a Boolean algebra and let A
denote the o-algebra it generates. If ug is premeasure on & and p* is the outer measure
it determines, then every extension of jg to a measure on AN agrees on sets E € N of

finite outer measure.

Further, if uog is o-finite, then ug has a unique extension to a measure v on N .

Uniqueness can fail in the non-o-finite case. An example is outlined in Problem 7.20.

Proof. Let A4 be the g-algebra generated by 7, let v denote the Hahn-Kolmogorov
extension of pg, but restricted to .4°. Thus, letting p denote the outer measure p*
determined by pq restricted to the p*-outer measurable sets .#, we have v = p| 4. Let
v be any other extension of y to 4. We first show, if £ € .4, then v(E) < v(E). Let

E € 4 and let (A,) be a sequence in &/ such that E C |J,~, A,. Then

ﬂ(E) < Z;<An) = Z VO(An>

n=1 n=1

Taking the infimum over all such coverings of E, it follows that 7(F) < v(F). (Recall

the definition of p.)
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Next we show, if £ € A4 and v(F) < oo (the finite outer measure assumption),
then v(F) < 7(F). As a first observation, note that given a sequence (A,) from .2/ and

letting A = J,~; A, € A4, monotone convergence for sets (twice) implies

p(A) = lim (| An) = lim v(J An) = v(A). (20)

Now let € > 0 be given and choose a covering (A,,) of E by sets in o/ such that, letting
A =J", A, we have v(A) < v(E) + e. Consequently v(A\ E) < e. In particular,

V(A\ E) <v(A\E) <e since A\ E € 4. Thus, using equation (20),

=V(E)+v(A\ B)
<V(E) +e.
Since € was arbitrary, we conclude ¥(E) < v(F). At this point the first part of the
Theorem is proved.
Now suppose g is o-finite. Thus there exists a sequence of sets (X,,) such that
X, € A, 1o(X,) < 0o and X = UX,,. By Proposition 1.7, we may assume the (X,,) are
pairwise disjoint. If £ € A", then ENX, € A and v(ENX,) < v(X,) = u(X,) < .

Therefore, from what has already been proved,

v(E)=> v(ENX,) =Y ¥ENX,)=7uE).

n=1 n=1
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Corollary 5.5 (Uniqueness of Lebesgue measure). If u is a Borel measure on R such

that (1) = |I| for every interval I, then u(E) = m(E) for every Borel set E C R.

6. LEBESGUE-STIELTJES MEASURES ON R

Let p be a Borel measure on R. (Thus the domain of p contains all Borel sets,
though we allow that the domain of ;1 may be larger.) The measure p is locally finite
if (1) < oo for every compact interval I. (Equivalently, p(I) is finite for every finite

interval.) Given a locally finite Borel measure, define a function F' : R'— R by

0 if & =0,
F(z) = < u((0,2]) if x>0, (21)
—u((x,0]) if z < 0.

It is not hard to show, using dominated and monotone convergence for sets, that F'
is nondecreasing and continuous from the right; that is, F(a) = lim, .+ F'(z) for all
a € R (see Problems 7.22 and 7.23). In this section we prove the converse: given any
increasing, right-continuous function F' : R — R, there is a unique locally finite Borel
measure g such that (21) holds. The proof will use the Hahn-Kolmogorov extension

theorem.

Let o/ C 2% denote the Boolean algebra generated by the half-open intervals (a, b].
(We insist that the interval be open on the left and closed on the right, a convention
compatible with the definition of F.) More precisely, <7 consists of all finite unions of
intervals of the form (a,b] (with (—oo,b] and (a,+00) allowed). Fix a nondecreasing,

right-continuous function /' : R — R. Since F' is monotone, the limits F(+o00) :=
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lim, 1o F(x) and F(—00) := lim,_,_ F(z) exist (possibly +o0o or —oo respectively).

For each interval I = (a,b] in o/, we define its F'-length by
1lp = F(8) - Fla).

Given a set A € o7/, we can write it as a disjoint union of intervals A = ngl I,, with

I, = (an, by]. Define

N N
0(A) = S Ilp = 57 F(ba) — Flain). (22)
n=1 n=1
Proposition 6.1. The expression (22) is a well-defined premeasure on < . T

Proof. That pg is well-defined and finitely additive on 7 is left as an exercise.

To prove that p is a premeasure, let (I,,) be a disjoint sequence of intervals in o7
and suppose J = |J -, I, € &7. For now assume J is an h-interval. By finite additivity

(and monotonicity),

to(J) > po (U In) = ZMO([n)~

Taking limits, we conclude pu(|J>7, In) > > 07 | pio(Ln).

For the reverse inequality, we employ a compactness argument similar to the one
used in the proof of Theorem 4.1. However, the situation is more complicated since
we are dealing with half-open intervals. The strategy will be to shrink J to a slightly
smaller compact interval, and enlarge the [,, to open intervals, using the right-continuity

of F' and the /2" trick to control their F-lengths.
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We'll prove the reverse inequality assuming J = (a, b] is a finite interval, leaving the
cases of the infinite intervals as an exercise. Accordingly, fix € > 0. By right continuity
of F, thereis a ¢ > 0 such that F(a+J)—F(a) < e. Likewise, writing I,, = (ay, by], there
exist 0, > 0 such that F'(b,+0,)— F(b,) < e27". Let J = [a+9,b] and I, = (Gpy by +6y).
It follows that J € J = UI, C UI,. Hence, by compactness, finitely many of the I,
cover J, and these may be chosen so that none is contained in another, each has non-
trivial intersection with J and we may reindex so that these n intervals are relabeled as
I,... Iy so their left endpoints are listed in increasing order. (This rearrangement does

not change the sum

> [F(b; +6;) — F(ay)]

j=1

though it does of course change the partial sums.)
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As in the proof of Theorem 4.1, it follows that a; < a + 6, as < by + 61, ag < bs,

Lany < bN—l + 5N—1 and b < bN + (SN. ThU.S,

po(J) < F(b) — [F(a+9) — ¢
F(bN+5N)—F(a1)+e

(bN + (SN (ZN + Z CL]_H aj)) + €

Since € was arbitrary, po(J) < >°2 1 uo(l;) as claimed.

Now suppose J € &7 is not necessarily an h-interval. In any case, J = U, J; is a

finite disjoint union of h-intervals. Each J; is the a countable disjoint union
Jr = U2 Tk N I

of h-intervals From what has already been proved, po(Jy) = Zj; po(Jx N 1;). Since pyg

is finitely additive,

Z (Jx) :ZZMO Jkﬂf :ZZMQ Jkﬂ]j)zzu()(Ij)
k=1 j=1

k=1 j=1 7j=1 k=1
Finally, suppose (A,,)°; is a disjoint sequence from &7 and J = UA,, € &/. For each

n, there exists disjoint h-intervals (Img)évgl such that A, = Upl,p. Thus J =UL,, is a
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disjoint union of h-intervals and, by what has already been proved and finite additivity,

po(J) = ZZHO(LL,Z) = ZNO(An)-

By the Hahn-Kolmogorov Theorem, py extends to a Borel measure up, called the
Lebesgue-Stieltjes measure associated to F. It is immediate from the definition that gy
is o-finite (each interval (n,n + 1] has finite F-length), so the restriction of pup to the
Borel o-algebra is uniquely determined by F' by Theorem 5.4. In particular we conclude

that the case F'(z) = x recovers Lebesgue measure.

Example 6.2. (a) (Dirac measure) Define the Heaviside function

1 ifx>0
H(z) = =
(z) {o ifz <0

Then for any interval I = (a,b], ug(I) = 1if 0 € I and 0 otherwise. Since Dirac
measure 0y is a Borel measure and also has this property, and the intervals (a, d]
generate the Borel o-algebra, it follows from the Hahn Uniqueness Theorem (The-
orem 5.4) that uy(E) = 6o(E) for all Borel sets E C R. There is nothing special
about 0 here. Given p € R, let §, denote the Borel measure defined by §(E) = 1 if
p€ F and 0if p ¢ E. For a finite set z1,...x, in R and positive numbers ¢y, ... c,,
let F(z) = > 7 ¢;H(x —x;). Then pp = Y77, cjd,;. Not that I is continuous

except at the points x; where F(z;—) = ¢;.
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(b) (Infinite sums of point masses) Even more generally, if (z,,)%°; is an infinite sequence
in R and (c,) is a sequence of positive numbers with >~ | ¢, < oo, define F(z) =
YoeH(x —x,) =3 ., cn It follows, using Theorem 5.4 and Problem 7.9, that
pr(E) =3 0 cpCni i€, pp = > Cnbs,. A particularly interesting case is when
the z,, enumerate the rationals; the resulting function F' is continuous precisely on
the irrationals. We will return to this example after the Radon-Nikodym theorem.

(c) (Cantor measure) Recall the construction of the Cantor set C' from Example 4.9.

o0

ne1 Gn3~ ", where

Each number z € [0, 1] has a base 3 expansion, of the form = = >
a, € {0,1,2} for all n. The expansion is unique if we insist that every terminating
expansion (a,, = 0 for all n sufficiently large) is replaced with an expansion ending
with an infinite string of 2’s (that is, a, = 2 for all n sufficiently large). With these
conventions, it is well-known that C consists of all points x € [0, 1] such that the
base 3 expansion of # contains only 0’s and 2’s. (Referring again to the construction

of C, z belongs to Fy if and only if a; is 0 or 2, = belongs to F, if and only if both

ay, as belong to {0,2}, etc.) Using this fact, we can define a function F': C' — |0, 1]

[e%S)
n=1

by taking the base 3 expansion z = > > a,37", setting b, = a,/2, and putting
F(z) =37, b,27". (The ternary string of 0’s and 2’s is sent to the binary string of
0’s and 1’s.) If z,y € C' and = < y, then F(z) < F(y) unless x,y are the endpoints
of a deleted interval, in which case F(z) = p2~* for some integers p and k, and

F(x) and F(y) are the two base 2 expansions of this number. We can then extend

F to have this constant value on the deleted interval (x,y). The resulting F is
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monotone and maps [0, 1] onto [0, 1]. Since F' is onto and monotone, it has no jump
discontinuities, and again by monotonicity, F' is continuous. This function is called
the Cantor-Lebesgue function, or in some books the Dewil’s Staircase. Finally, if we
extend F' to be 0 for x < 0 and 1 for z > 1, we can form a Lebesgue-Stieltjes measure
pr supported on C' (that is, up(E) = 0 if ENC = @ equivalent u(C¢) = 0). This
measure is called the Cantor measure. It is said to be singular because it is supported
on a set of Lebesgue measure 0 (see Problem 7.30). It will be an important example

of what is called a singular continuous measure on R.

One can prove that the Lebesgue=Stieltjes measures ppr have similar regularity prop-

erties as Lebesgue measure; since the proofs involve no new ideas they are left as exer-

cises.

Lemma 6.3. Let up be a Lebesgue-Stieltjes measure. If E C R is a Borel set, then

ur(E) = inf{z pr(ay,b,): EC U(an,bn)}

Proof. Problem 7.25. O
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Theorem 6.4. Let pp be a Lebesque-Stieltjes measure. If E C R is a Borel set, then

pr(E) =inf{up(U) : E C U, U open}

=sup{ur(K): K C E, K compact}

Proof. Problem 7.26. U

7. PROBLEMS
Problem 7.1. Let X = {0, 1,2,3} and let

A ={0,X,{0,1},{0,2},{0, 3}, {2,3},{1,3},{1,2} }.

Verify that .4 is closed under complements and countable disjoint unions, but is not a

o-algebra.

Problem 7.2. Prove the “exercise” claims in Example 1.8.

Problem 7.3. (a) Let X be a set and let &/ = (4,)72, be a sequence of disjoint,
nonempty subsets whose union is X. Prove that the set of all finite or countable
unions of members of .7 (together with @) is a o-algebra. (A o-algebra of this type
is called atomic.)

(b) Prove that the Borel o-algebra %y is not atomic. (Hint: there exists an uncountable

family of mutually disjoint Borel subsets of R.)

Problem 7.4. Can a o-algebra be, as a set, countably infinite?
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Problem 7.5. a) Prove Proposition 1.14. (First prove that every open set U is a union
of dyadic intervals. To get disjointness, show that for each point x € U there is a unique
largest dyadic interval I such that x € I C U.) b) Prove that the dyadic intervals

generate the Borel o-algebra %g.

Problem 7.6. Fix an integer n > 1. Prove that the set of finite unions of dyadic
subintervals of (0, 1] of length at most 27" (together with &) is a Boolean algebra (of

subsets of (0, 1]).

Problem 7.7. Prove that if XY are topological spaces and f : X — Y is continuous,

then f is Borel measurable.

Problem 7.8. Let (X,.#) be a measurable space and suppose p : 4 — [0,+00] is
a finitely additive measure that satisfies item (c¢) of Theorem 2.3. Prove that u is a

measure.

Problem 7.9. Prove that a countably infinite sum of measures is a measure (Exam-
ple 2.2(d)). You will need the following fact from elementary analysis: if (@mn )= 1S &
doubly indexed sequence of nonnegative reals, then > 02 S Gy =Y 0 1> 7 Q-

Indeed, prove the claims about sums over countable sets appearing after Proposition 3.4.

Problem 7.10. Let o/ be an atomic o-algebra generated by a partition (A4,)2°, of a

set X (see Problem 7.3).
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(a) Fix n > 1. Prove that the function §,, : & — [0, 1] defined by

50(A) = 1 ifA,CA
Y o ifA, 7 A

is a measure on .o
(b) Prove that if p is any measure on (X, .o7), then there exists a unique sequence (c;,)

with each ¢, € [0, 4o00] such that

n(A) = Z Cndn(A)

for all A € &.

Problem 7.11. Let EAF denote the symmetric difference of subsets F and F of a set
X

Y

EAF = (E\F)U(F\E)=(EUF)\ (ENF).
Let (X, .#, ;1) be a measure space. Prove the following:

(a) f E,F € A and u(EAF) =0 then pu(E) = p(ENF) = p(F).
(b) Define £ ~ F'if and only if u(EAF) = 0. Show ~ is an equivalence relation on .Z.
(c) Assume now that u is a finite measure. For E, F € .# define d(E, F) = u(EAF).

Show d defines (determines) a metric on the set of equivalence classes .#/ ~.

Problem 7.12. Let X be a set. For a sequence of subsets (E,,) of X, define

limsup E,, = ﬁ [j E,, liminfFE, = G ﬁ E,.

N=1n=N N=1n=N

a) Prove that limsuplp, = limsupr, and iminflg, = 1yyine g, (thus justifying the

names). Conclude that E, — F pointwise if and only if limsup E,, = liminf E,, = E.
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(Hint: for the first part, observe that x € limsup E,, if and only if = lies in infinitely

many of the £, and x € liminf F,, if and only if x lies in all but finitely many F,,.)

b) Prove that if the F, are measurable, then so are limsup E,, and liminf F,. De-
duce that if (E,) converges to E pointwise and all the £, are measurable, then F is

measurable.

Problem 7.13. [Fatou theorem for sets| Let (X, .#, ) be a measure space, and let

(E,) be a sequence of measurable sets.

a) Prove that

p(liminf E,,) < liminf p(E,). (23)

b) Assume in addition that p(|J -, E,) < oo. Prove that

p(lim sup E,,) > limsup u(E,). (24)

¢) Prove the following stronger form of the dominated convergence theorem for sets:
suppose (E,) is a sequence of measurable sets, and there is a measurable set F' C X
such that E,, C F for all n and p(F) < co. Prove that if (E,,) converges to E pointwise,
then (u(E,)) converges to p(E). Give an example to show the finiteness hypothesis on

F' cannot be dropped.

(For parts (a) and (b), use Theorem 2.3.)

Problem 7.14. Complete the proof of Theorem 2.8.



MAA6616 COURSE NOTES FALL 2016 55

Problem 7.15. Complete the proof of Theorem 4.4.

Problem 7.16. Given an example of a measurable function f : X — Y between measure

spaces and a subset £ C X such that f(F) is not measurable.

Problem 7.17. Prove the following dyadic version of Theorem 4.6: If m(F) < oo and
€ > 0, there exists an integer n > 1 and a set A, that is a finite union of dyadic intervals
of length 27", such that m(EAA) < e. (This result says, loosely, that measurable sets

look “pixelated” at sufficiently fine scales.)

Problem 7.18. a) Prove the following strengthening of Theorem 4.6: if £ C R and
m*(E) < oo, then E is Lebesgue measurable if and only if for every e > 0, there exists

aset A=JY_| I, (a finite union of open intervals) such that m*(FAA) < .

b) State and prove a dyadic version of the theorem in part (a).

Problem 7.19. Prove the claims made about the Fat Cantor set in Example 4.10.

Problem 7.20. Let o7 C 2® be the Boolean algebra generated by the half-open intervals

(a,b]. For A € &, let ug(A) = +oo if A is nonempty and po(@) = 0.

(a) Prove that g is a premeasure. If p is the Hahn-Kolmogorov extension of py and
E C R is a nonempty Borel set, prove that u(E) = 4o0.
(b) Prove that if 1’ is counting measure on (R, %), then ' is an extension of 1 different

from p.
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Here is a variant of this example. Let A C 29 denote the Boolean algebra generated
by the half-open intervals (a,b] (intersect with @ of course). Note that the o-algebra
generated by A is 22 For A € A, let uo(A) = +oo if A is nonempty and po(2) = 0.
Show ji is a premeasure and its Hahn-Kolmogorov extension p to 22 is given by p(E) = 0
if E =0 and pu(F) = oo otherwise. Show counting measure ¢ is another extension of 1
to 29, In particular, counting measure c is a o-finite measure on 22, but the premeasure

obtained by restricting ¢ to A is not o-finite.

Problem 7.21. Suppose (X, .#, i) is a measure space and &/ C 2% is a Boolean algebra
that generates .# and that there is a sequence (A,,) from .o/ such that u(A,) < co and
UA,, = X. Prove that if £ € # and u(E) < 0o, then for-every € > 0 there exists a set
A € o/ such that p(FAA) < e. (Hint: let py be the premeasure obtained by restricting
1 to /. One may then assume that u is equal the Hahn-Kolmogorov extension of .

(Why?))

Problem 7.22. Prove that if pis a locally finite Borel measure and F' is defined by
(21), then F' is nondecreasing and right-continuous. (Note, once it has been shown that
F' is nondecreasing, all one sided limits of F' exist. The only issue that remains is the

value of these limits.)

Problem 7.23. Let up be a Lebesgue-Stieltjes measure. Write F'(a™) := lim, .- F(z).

Prove that

(a) pr(fa}) = F(a) = F(a™),
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Problem 7.24. Complete the proof of Proposition 6.1

Problem 7.25. Prove Lemma 6.3.

Problem 7.26. Prove Theorem 6.4. (Use Lemma 6.3.)

Problem 7.27. Let £ C R measurable and m(E) > 0.

(a) Prove that for each 0 < o < 1, there is an-open interval I such that m(E NI) >
am(I).
(b) Show that the set E. = E'={z —y: x,y € E} contains an open interval centered at

0. (Choose I as in part (a) with o > 3/4; then E — E contains (—m(I)/2,m(I)/2).)

Problem 7.28. This problem gives another construction of a set £ C R that is not

Lebesgue measurable.

(a) Prove that there is a subset £ C Q° such that for each x € Q¢ exactly one of z or
—x is in E and, for all rational numbers ¢, £ + g = E. Suggestion: Well order the

irrationals by say < and let E denote the set of those irrational numbers x such that

min(z + Q) < min(—z + Q).
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(b) Prove that any set F with the properties above (for z € Q° exactly one of x or —x
isin £ and F + g = F for all ¢ € Q) is not Lebesgue measurable. (Hint: suppose it
is. Prove, for every interval I with rational endpoints, m(E NI) = %|] | and apply

part (a) of Problem 7.27.)

Problem 7.29. Let E be the nonmeasurable set described in Example 4.11.

(a) Show if F' C R is (Lebesgue) measurable, bounded and (F + ¢) N (F +r) =  for
distinct rationals ¢, r, then m(F') = 0.

(b) Show that if ¢ € Q, F' C E + ¢ and F is Lebesgue measurable, then m(F') = 0.

(c) Prove that if G C R has positive measure, then G contains a nonmeasurable subset.

(Observe G = UyeqG N (E + g)-)

Problem 7.30. Suppose p is a regular Borel measure on a compact Hausdorff space and
u(X) = 1. Let O denote the collection of p-null open subsets of X and let U = UpepO.
Prove U is also p-null. Hence U is the largest p-null subset of X. Prove there exists a

smallest compact subset K of X such that pu(K) = 1. The set K is the support of p.

Problem 7.31. Given a set X and a subset p C 2%, there is a smallest topology 7 on
X containing p, called the topology generated by p. (Proof idea: 2% is a topology on X
and the intersection of topologies is also a topology.) Let N be a positive integer and

(X;,7;) for 1 < j < N be topological spaces. The product topology m on X = [[Xj is
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the topology generated by the open rectangles; i.e., by the set
p:{XiVUj:U1X"‘XUNlUjGTj}C2X.

Observe that each of the projection maps 7; : X — X is continuous. Prove, if every
each open set W in the product topology on X is an at most countable union from p,
then @ Bx, = PBx; i.e., the product of the Borel o algebras on the X is the same as

the Borel sigma algebra on X given the product topology.

Problem 7.32. Give a proof of Theorem 4.6 based upon Theorem 4.8.

Problem 7.33. Prove, if X is a compact metric space, then every compact (closed)
set in X is a G5 and likewise every open set an F,. Prove, a finite Borel measure on a

compact metric space is regular.
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8. MEASURABLE FUNCTIONS

We will state and prove a few “categorical” properties of measurable functions be-
tween general measurable spaces, however in these notes we will mostly be interested in
functions from a measurable space taking values in the extended positive axis [0, +o0],

the real line R, or the complex numbers C.

Definition 8.1. Let (X, .#) and (Y,.4") be measurable spaces. A function f: X — Y
is called measurable (or (M, N) measurable) if f~Y(E) € .4 for all E € 4. A
function f : X — Ris measurableif it is (.4 , Pr ) measurable unless indicated otherwise.
Likewise, a function f : X — C is measurable if it is (.#, %) measurable (where C is

identified with R? topologically). N

It is immediate from the definition that if (X, .#), (Y, #),(Z, 0) are measurable
spaces and f : X — Y g : Y — Z are measurable functions, then the composition
go f: X — Z is measurable. The following is a routine application of Proposition 1.9.

The proof is left as an exercise.

Proposition 8.2. Suppose (X, . #) and (Y, A") are measurable spaces and the collection
of sets & C 2V generates N as a o-algebra. Then f : X —Y is measurable if and only

if f"YE) € . for al E € &. t

Proof. Suppose f~Y(E) € # forall E € &. Let Qy ={E CY : f7(F) € .#}. Thus

2y contains & by assumption. Moreover, €1 is a o-algebra (the pushforward o-algebra).
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Since € is a o-algebra containing &, it follows that A4 = .#Z (&) C Q. Hence f is

measurable. 0

Corollary 8.3. Let XY be topological spaces equipped with their Borel o-algebras
By, By respectively. Every continuous function f : X — Y is (Bx, By)-measurable
(or Borel measurable for short). In particular, if f : X — F is continuous and X is

given its Borel o-algebra, then f is measurable, where F is either R or C, T

Proof. Since the open sets U C Y generate %y and f=!(U) is open (hence in By) by

hypothesis, this corollary is an immediate consequence of Proposition 8.2. O

Definition 8.4. Let F = R or C. A function f: R — F is called Lebesgue measurable
(resp. Borel measurable) if it is (£ %Br) (resp. (Br, PBr)) measurable. Here £ is the

Lebesgue o-algebra. <

Remark 8.5. Note that since g C Z, being Lebesgue measurable is a weaker con-
dition than being Borel measurable. If f is Borel measurable, then f o g is Borel or
Lebesgue measurable if g is. However if f is only Lebesgue measurable, then f o g need
not be Lebesgue measurable, even if g is continuous. (The difficulty is that we have
no control over ¢g~'(E) when E is a Lebesgue set.) A counterexample is described in

Problem 13.7. o

It will sometimes be convenient to consider functions that are allowed to take the

values +o0.
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Definition 8.6. [The extended real line] Let R denote the set of real numbers together
with the symbols +00. The arithmetic operations + and - can be (partially) extended

to R by declaring
+oo+x =2+ +oo = oo
for all z € R,
+00 T =2 +00 = 400
for all nonzero = € (0, +00) (and similar rules for the other choices of signs),
0-+o0=2400-0=0,
The order < is extended to R by declaring

=00 < T < 400

for all z € R. q

The symbol +o0o0 + (=o0) is not defined, so some care must be taken in working
out the rules of arithmetic in R. Typically we will be performing addition only when
all values are finite, or when all values are nonnegative (that is for x € [0, +oc]). In
these cases most of the familiar rules of arithmetic hold (for example the commutative,
associative, and distributive laws), and the inequality < is preserved by multiplying
both sides by the same quantity. However cancellation laws are not in general valid when
infinite quantities are permitted; in particular from x-+o00 = y-+00 or z+-+00 = y++00

one cannot conclude that x = y.
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The order property allows us to extend the concepts of supremum and infimum, by
defining the supremum of a set that is unbounded from above, or set containing 400, to
be +oo; similarly for inf and —oo. This also means every sum ), with z,, € [0, +00]
can be meaningfully assigned a value in [0, +00], namely the supremum of the finite

partial sums ) . @p.

The collection of sets U C R such that either U is an open subset of R or U is the
union of an open set in R with a interval of the form (a, oo] and/or of the form [—o0,b)
is a topology on R and, of course, we refer to these sets as open (in E). Similarly, the
collection of open sets in R together with open sets in R union an interval of the form

(a, 00] is a topology on (—o0, 00.

Definition 8.7. [Extended Borel o-algebra] The extended Borel o-algebra over R is the
o-algebra over generated by open sets of R and is denoted %g. Similarly B(—o0,00] 18 the

Borel g-algebra on (—oo, co]. N

Proposition 8.8. The collection & = {(a, 0] : a € R} generates Bg. Similarly each of

the collections &; from Proposition 1.12 generates %(_oo so)- T

Proof sketch. Since (b, 00]¢ = [~00, b] (complement in R), it follows that .# (&) contains
the (finite) intervals of the form (a,b]. Hence, from Proposition 1.12, .# (&) contains
all open interval in R and hence all open sets in R. Similarly & contains the intervals

[—00,b). The first part of the Proposition now follows.
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For the second part of the Proposition, since (—o00,a)¢ = [a, 00| and since (a, oo] =
U2y a — £, 00] it follows that o-algebra of subsets of (—oco, 00] generated by the open
intervals in R contains the intervals of the form (a,oc]. It now follows that easily that

open the open intervals (in R) generate J(_c o) O

Definition 8.9. [Measurable function| Let (X, .#) be a measurable space. A function
f: X — Ris called measurable if it is (.4, PBg) measurable; that is, if f~1(U) € .4 for
every open set U C R. The notion of measurable functions f : X — (—00, oc] is defined

similarly. <

In particular, the following criteria for measurability will be used repeatedly.

Corollary 8.10 (Equivalent criteria for measurability). Let (X, .#) be a measurable

space.

(a) A function f: X — R is measurable if and only if the sets

FH(t 4o0]) = {z: f(2) >t}

are measurable for allt € R; and
(b) A function f: X =R or f: X — (—o0,00] is measurable if and only if f~*(F) € A
for all E € &, where & is any of the collections of sets &; appearing in Proposi-

tion 1.12.
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(c) A function f: X — C is measurable if and only if f~'((a,b) x (c,d)) is measurable
for every a,b,c,d € R. (Here (a,b) x (¢,d) is identified with the open box {z € C :

a < Re(z) <b, c < Im(z) <d}.)

In item (a), t € R can be replaced by t € Q.

Proof sketch. Combine Propositions 8.8 and 8.2. U

Example 8.11. [Examples of measurable functions]

(a) An indicator function 1g is measurable if and only if £ is measurable. Indeed, the
set {z : 1g(x) > t} is either empty, E, or all of X, in the casest > 1,0<t < 1, or
t < 0, respectively.

(b) The next series of propositions will show that measurability is preserved by most of
the familiar operations of analysis, including sums, products, sups, infs, and limits
(provided one is careful about arithmetic of infinities).

(c) Corollary 8.21 below will show that examples (a) and (b) above in fact generate
all the examples in the case of R or C valued functions. That is, every measurable

function is a pointwise limit of linear combinations of measurable indicator functions.

A

Proposition 8.12. Let (X,.#) be a measurable space. A function f : X — C is

measurable if and only if Ref and Imf are measurable. T
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Proof. As a topological space, C? is R? and the Borel o-algebra of R? is generated by
open rectangles (a,b) x (¢,d). Suppose f : X — C is measurable. The real part u of
f is measurable since it is the composition u = 71 o f, of the continuous (hence Borel
measurable) projection m; of R? onto the first coordinate with the measurable function

f. Likewise the imaginary part v of f is measuarable.
Conversely, suppose u,v are measurable. Fix an open rectangle R = (a,b) X (¢, d)
and note that
FHR) = v ((a,0) No7 (e, d)),

which lies in .# by hypothesis. So f is measurable by Corollary 8.10. U

Proposition 8.13. Suppose (X,.#) is a measurable space and let F denote any of R,

(—o0,00] and R. If f: X — T is measurable, then so is —f. T

Proof. In any case it suffices to prove By = {—f > t} is measurable for each t € R. We

have B, = {f < —t} = {f > —t}¢ is measurable. O

Proposition 8.14. Let (f,) be a sequence of R-valued measurable functions.

(a) The functions

sup f,, inf f,, limsup f,, liminff,
n—00 n—00
are measurable;

(b) The set on which (f,) converges is a measurable set; and

(c) If (f,) converges to f pointwise, then f is measurable.
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Proof. Let f(x) = sup,, fn(x). Given t € R, we have f(z) > t if and only if f,(z) > ¢ for

some n. Thus
{z: f(z) >t} = J{z: fulz) >t}

It follows that f is measurable. Likewise inf f,, is measurable, since inf f, = —sup(—f,)
and two applications of Proposition 8.13. Consequently, gy = sup,,>y fn is measurable

for each positive integer N and hence limsup f,, = inf gy is also measurable.

If (f,) converges pointwise to f, then f = limsup f, = liminf f,, is measurable.

Part (b) is left as an exercise. O

In the Proposition 8.14 it is of course essential that the supremum is taken only over
a countable set of measurable functions; the supremum of an uncountable collection of

measurable functions need not be measurable. Problem 13.6 asks for a counterexample.

Theorem 8.15. Let (X, . #) be a measurable space.

(a) If f,g : X — C are measurable functions, and ¢ € C. Then cf, f+ g, and fg are
measurable.

(b) If f,g : X — [—00,00] are measurable and, for each x, {f(z),g(x)} # {£oc}, then
f 4+ g is measurable.

(c) If f,g: X — [—00,00] are measurable, then so is fg.
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Proof. To prove (b), supppose f,g: X — [— 00, 0] are measurable and f + ¢ is defined.

Using Corollary 8.10 (a), it suffices to prove, for a t € R, that

{reX: fx)+gx)>ty=J{z: f2) > g} N {z:g(x) >t —q},
q€Q

since all the sets in the last line are measurable, the intersection is finite and the union
countable. The inclusion of the set on the right into the set on the left is evident.
Suppose f(z) + g(x) > t. In particular, g(z) # —oo and thus f(x) >t — g(x). There is
a rational ¢ € Q such that f(x) > ¢ >t — g(x) and the reverse inclusion follows.
Assuming f,g : X — [0, 00] are measurable, a proof that fg is measurable can be
modeled after the proof for f+g. The details are left as an exercise (Problem 13.8). From
Proposition 8.14, if f : X — [—00, 00| is measurable, then so are f*(z) = max{f(x),0}
and f~(x) = —min{f(z),0}. Of course f = fT = f~. Now suppose f,g: X — R. Let
F=ftg"+f g andG=—f"¢g"— fTg~ and note that fg = F+G. Since F' and G are

measurable and f*, gF take values-in [0, 00) and are measurable all the products f*g¢*
are measurable. Hence, using (b) several times and Proposition 8.13, F' + G, and thus

fg is measurable. Finally, suppose now that f,g : X — R. Let Qio = (fg)~!(£o0)
and Q = (fg)""(R). In particular,

Qoo = ({f =00} N{g >0HU{f = —o0tU{g <OHU({g =00} N{f >0} U({g = —co} N{f <0}) € .#.

Likewise Q_, is measurable and therefore Q is measurable too. Let Q; = f~}(R) and
Q, = g~ '(R). Both are measurable. Let f = f1lg, and g = glq,. It is easily checked that
both are measurable. Given x € ) either f(z),g(x) € R or f(x) = £00 and g(z) =0 or
g(z) = 00 and f(x) = 0. In each case it is readily verified that f(z)g(z) = f(x)§(z).

Hence,

>

>

fgla =
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Since f and g are measurable and real-valued their product is measurable and thus fglg

is measurable. Finally, since

fg=00lg, —o0la . +(fg)la,
an application of item (b) completes the proof.
The proof of (a) is straightforward using parts (b) and (c¢) and Proposition 8.12.

O

Given a measure space (X,.#,u) a property P = P(z) is said to hold almost
everywhere with respect to u, abbreviated a.e. ‘i, or just a.e. when the measure p is
understood from context, if the set of points @ where P(x) does not hold is measurable
and has measure zero. In the case the measure space is complete, a property holds a.e.

if and only if the set where it doesn’t hold is a subset of a set of measure zero.

Proposition 8.16. Suppose (X, ., ) is a complete measure space and (Y, N) is a

measurable space.

(a) Suppose f,g: X — Y. If f is measurable and g = f a.e., then g is measurable.
(b) If fn : X — R are measurable functions and f, — f a.e., then f is measurable. The

same conclusion holds if R is replaced by C.

Proposition 8.17. Let (X,.#, 1) be a measure space and (X,.#,Ji) its completion.

Let F denote either R, R or C.
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(i) If f : X — T is a .4 -measurable function, then there is an .4 -measurable function
g such that i({x : f(z) # g(x)}) = 0.

(i3) If (f,) is a sequence of .4 measurable functions, f, : X — F, that converges a.e. Ti
to a function f, then there is a .4 measurable function g such that (f,) converges

a.e. I tog.

The proofs of Propositions 8.16 and 8.17 are left to the reader as Problem 13.9.

Definition 8.18. [Unsigned simple function| Recall, a function f on a set X is unsigned
if its codomain is a subset of [0, 00~ An unsigned function s : X — [0, +o0] is called

simple if its range is a finite set. <

Many statements about general measurable functions can be reduced to the unsigned
case. For instance, one simple but important application of Proposition 8.14 is that if
f, g are R-valued measurable functions, then f A g := min(f, g) and f V g := maz(f, g)
are measurable; in particular f* := max(f,0) and f~ := —min(f,0) are measurable
if fis. It also follows that |f| := f* + f~ is measurable when f is. Together with
Proposition 8.12, these observations show every C valued measurable function f is a
linear combination of four unsigned measurable functions (the positive and negative

parts of the real and imaginary parts of f).
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A partition P of the set X is, for some n € N, a set P = {Ey,..., E,} of pairwise
disjoint subsets of X whose union is X. If each Ej is measurable, then P is a measurable

partition.

Proposition 8.19. Suppose s is an unsigned function on X. The following are equiva-

lent.

(i) s is a (measurable) simple function,
(ii) there exists an n, scalars cy,. .., c, € [0,00] and (measurable) subsets F; C X such

that

n
§ = E Glp;;
j=1

(1i1) there exists a (measurable) partition P = {E, ..., Ey}, and ci, ..., ¢y in [0, 00]

such that

m
S = E Ck]-Ek-
k=1

The proof of this proposition is an easy exercise. Letting {c;, cs, ..., ¢, } denote the
range of s,
S = Z CjEj,
j=1
where E; = s7'({¢;}). Evidently {F1, ..., E,} is a partition of X that is measurable if

s is measurable. This is the standard representation of s.



72 MAA6616 COURSE NOTES FALL 2016

Theorem 8.20 (The Ziggurat approximation). Let (X, .#) be a measurable space. If
f X — [0,+00] is an unsigned measurable function, then there exists a increasing
sequence of unsigned, measurable simple functions s, : X — [0, +00) such that s, — f
pointwise increasing on X. If f is bounded, the sequence can be chosen to converge

uniformly.

Proof. For positive integers n and integers 0 < k < n2", let F, ) = {x : % < f(z) <

B} let B pon = {2 :n < f(z)} and define

k
o) =3 )
Verify that (s,) is pointwise increasing with limit f and if f is bounded, then the

convergence is uniform. O

It will be helpful to record for future use the round-off procedure used in this proof.
Let f: X — [0,400] be an unsigned function. For any € > 0, if 0 < f(x) < +oo there

is a unique integer k such that
ke < f(x) < (k+ 1)e.

Define the “rounded down” function f.(z) to be ke when f(z) € (0,+00) and equal to
0 or +o0o when f(x) = 0 or 400 respectively. Similarly we can defined the “rounded
up” function f€ to be (k+ 1)e, 0, or 400 as appropriate. (So, in the previous proof, the

function g,, was fi/,.) In particular, for e > 0

fe< F< TS,
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and f., f¢ are measurable if f is. Moreover the same argument used in the above proof

shows that f., f¢ — f pointwise as ¢ — 0.

Finally, by the remarks following Proposition 8.14, the following corollary is imme-

diate (since its proof reduces to the unsigned case):

Corollary 8.21. Every R- or C-valued measurable function is a pointwise limit of mea-

surable simple functions. T

9. INTEGRATION OF SIMPLE FUNCTIONS

We will build up the integration theory for measurable functions in three stages. We
first define the integral for unsigned simple functions, then extend it to general unsigned
functions, and finally to general (R or C-valued) functions. Throughout this section and
the next, we fix a measure space (X, .#,p); all functions are defined on this measure

space.

Suppose P = {Ey, ..., E,} is a measurable partition of X, ¢g,¢1,...,¢, > 0 and

s=Y cilg,. (26)
j=0

If Q@ ={Fo,...,F,} is another measurable partition, dy,dy,...,d, > 0 and

S = Z dk]-Fk;
k=0

then it is an exercise (see Problem 13.10) to show

n

Z Cnp(En) = Z At (Fin)-

J=0
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Indeed, for this exercise it is helpful to consider the common refinement {E; N F, : 1 <
Jj <n,1 <k <m} of the partitions P and Q). It is now possible to make the following

definition.

By convention, when writing a simple measurable function s as s =, ¢, 15, the

sets F,, are assumed measurable.

Definition 9.1. Let (X, .#, 1) be a measure space and f = Zg:o ¢plp, an unsigned
measurable simple function. The integral of f (with respect to the measure p) is defined

to be

N
| fin =Y au(E)
X n=0

One thinks of the graph of the function c1g as “rectangle” with height ¢ and “base”
E; since p tells us how to measure the length of E the quantity ¢ - u(E) is interpreted
as the “area” of the rectangle. This intuition can be made more precise once we have
proved Fubini’s theorem. Note too that the definition explains the convention 0-oco = 0,

since the set on which s is 0 should not contribute to the integral.

Let L* denote the set of all unsigned measurable functions on (X, .#). We begin
by collecting some basic properties of the integrals of simple functions. When X and p

are understood we drop them from the notation and simply write [ f for [, fdpu.
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Theorem 9.2 (Basic properties of simple integrals). Let (X, .#, 1) be a measure space

and let f,g € LT be simple functions.

(a) (Homogeneity) If ¢ > 0, then [cf =c [ f.
(b) (Monotonicity) If f < g, then [ f < [g.
(¢c) (Finite additivity) [ f+g= [+ [g.

(d) (Almost everywhere equivalence) If f(x) = g(x) for p-almost every x € X, then

=179
(e) (Finiteness) [ f < +oo if and only if is finite almost everywhere and supported on

a set of finite measure.

(f) (Vanishing) [ f =0 if and only if f = 0 almost everywhere.

Proof. (a) is trivial; we prove (b) and(c) and leave the rest as (simple!) exercises.

To prove (b), write f = Z?:o ¢jlg, and g = Y " di1p, for measurable partitions
P ={Ey,....,E,} and Q = {Fp, ..., F,} of X. It follows that R = {E; N F; : 0 < j <

n, 0 < k < m} is a measurable partition of X too and

f - E Cj]-EjﬂFk
Jik

and similarly for g. From the assumption f < g we deduce that ¢; < d; whenever

E; N Fy, # @. In particular, either ¢; < dj, or u(E; N Fy) = 0. Thus,

4.k J.k
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For item (c), since Ej = (J,_y E; N Fy, for each j and Fy, = Jj_, F\, N E; for each £,

it follows from the finite additivity of y that

/f+/9=Z(Cj+dk>u(EjﬂFk)-

Since f+g = ijk(cj—i—dk)lEijk, and {E;NF, :1<j<n,1<k<m}isameasurable

partition, the right hand side is [(f + g). O

If f:X — [0,+00] is a measurable simple function, then so is 1 f for any measur-

able set E. We write [, fdu:= [1gfdp.

Proposition 9.3. Let (X, .# 1) be a measure space. If f is an unsigned measurable

simple function, then the function v : A4 — |0, 0] defined by

v(B) = [E s

is a measure on (X, ). T

Sketch of proof. Write f as Z;n:l ¢j1F, with respect to a measurable partition {1, ..., Fy,}

and observe, for £ € .4,

v(E) = /1Efdu = ch,u(Fj NE).

=0
For a fixed measurable set F', the mapping v : # — [0, 00] defined by 7p(F) =

w(E N F) is a measure by Example 2.2 item c. Given n € N, numbers ¢,..., ¢, > 0

and measurable sets F1, ..., F,,, the mapping 7 : .# — [0, 00| defined by

T(E)=) ¢ (E) =) cu(ENE)
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is a measure by Example 2.2 item d. The resutl follows. 0

10. INTEGRATION OF UNSIGNED FUNCTIONS

We now extend the definition of the integral to all (not necessarily simple) functions
in L. First note that if (X, .#, ) is a measure space and s is a measurable unsigned

simple function, then, by Theorem 9.2(b),
/ sdp = sup{/ tdp:0<s<t, tisa measurable unsigned simple function}.
b's X

Hence, the following definition is consistent with that of the integral for unsigned simple

functions.

Definition 10.1. Let (X,.#,u) be a measure space. For an unsigned measurable

function f: X — [0, +oc], define the integral of f with respect to pu by

/ fdu:= sup{/ sdp 0 < s < f;s simple and measurable} (27)
X X
Often we write | f instead of [ fdu when p and X are understood.

For ¥ € A let

/EfdMZ/XflEdu-

Theorem 10.2 (Basic properties of unsigned integrals). Let (X, .#, ) be a measure

space and let f, g be unsigned measurable functions on X.

(a) (Homogeneity) If ¢ > 0 then [cf =c [ f.
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(b) (Monotonicity) If f < g then [ f < [g.

(c) (Almost everywhere equivalence) If f(x) = g(x) for p-almost every v € X, then
Jr=1J9

(d) (Finiteness) If [ f < +oo, then f(z) < +oc for p-a.e. .

(e) (Vanishing) [ f =0 if and only if f =0 almost everywhere.

(f) (Bounded) If f is bounded measurable function and u(X) < oo, then [ fdu < cc.

The integral is also additive; however the proof is'surprisingly subtle and will have

to wait until we have established the Monotone Convergence Theorem.

Proof of Theorem 10.2. As in the simple case homogeneity is trivial. Monotonicity is

also evident, since any simple function less than f is also less than g.

Turning to item (c) let E be a measurable set with p(£°) = 0. If s is a simple
function, then 1gs and s are simple functions that agree almost everywhere. Thus
f 1ps = fs, by Theorem 9.2(d). Further, if 0 < s < f, then 1gs < 1gf. Hence, using

monotonicity (item (b)) and taking suprema over simple functions,

/1Ef§ f:sup/s:sup/1E5§ sup /tz/lEf.
0<s<f 0<s<f 0<i<1gf

Now suppose f = g a.e. Thus, letting £ = {f = ¢}, the set E has measure zero and

1pf = 1gg. Hence, from what has already been proved (twice),

/fduz/lEfduz/lEgduz/gdu-
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To prove item (d) observe if f = 400 on a measurable set £ and p(E) > 0, then
[f> [nlg =nu(E) for all n, so [ f = +oo. (A direct proof can be obtained from

Markov’s inequality below.)

If f=0ae and 0 < s < f is a simple function, then s = 0 a.e. and hence, by
Theorem 9.2 item (f) [s = 0. Hence [ f = 0. Conversely, suppose there is a set E of
positive measure such that f(z) > 0 for all z € E. Let E, ={x € E : f(z) > 1}.
Then E = |J,-, E,, so by the pigeonhole principle pu(Ey) > 0 for some N. But then
0< +1g, < f,s0 [ f>xu(En) >0 and item (e) is proved.

Finally, for item (f), by hypothesis there is a positive real number C' so that 0 <
f(z) < C for x € X. With g denoting the simple function C'ly, we have 0 < f < g.

Hence item (f) follows from monotenicity (item (b)). O

Theorem 10.3 (Monotone Convergence Theorem). Let (X, .#, 1) be a measure space
and suppose (f,) is-a sequence of unsigned measurable functions f, : X — [0,00]. If

(fn) increases to f pointwise, then [ f, — [ f, where f is the pointwise limit of (fy).

Proof. Since (f,) converges pointwise to f and each f,, is measurable, f is measurable by
Proposition 8.14 item (c¢). By monotonicity of the integral, Theorem 10.2, the sequence
([ fn)is increasing and [ f,, < [ f for all n. Thus the sequence ([ f,,) converges (perhaps
to co) and lim [ f, < [ f. For the reverse inequality, fix a measurable simple function

with 0 < s < f. Let € > 0 be given. Consider the sets

Ep={x: folz) 2 (1 —€)s(x)}.
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Since (f,,) is pointwise increasing, (F,) is an increasing sequence of measurable sets

whose union is X. For all n,

5= EnfnZ(l—G)/n&

By Monotone convergence for sets (Theorem 2.3(c)) applied to the measure v(E) = [, s

(Proposition 9.3), we see that

lim s = / s.
En X
Thus lim [ f, > (1 —¢) [ s. Since 1 > € > 0 is arbitrary; lim [ f,, > [ s. Since 0 < s < f

was an arbitrary simple function, lim [ f,, is an upper bound for the set whose supremum

is, by definition, [ f. Thus lim [ f, > [ f. O

Before going on we mention two frequently used applications of the Monotone Con-

vergence Theorem:

Corollary 10.4. (i) (Vertical truncation) If f is an unsigned measurable function,

then the sequence ([ min(f,n)) converges to [ f.

[e.e]

(ii) (Horizontal truncation) If f is an unsigned measurable function and (E,)3 | is an

increasing sequence of measurable sets whose union is X, then fE f=/r

Proof. Since min(f,n) and 1, f are measurable for all n and increase pointwise to f,

these follow from the Monotone Convergence Theorem. U
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Theorem 10.5 (Additivity of the unisgned integral). If f,g are unsigned measurable

functions, then [ f+g=[f+ [g.

Proof. By Theorem 8.20, there exist sequences of unsigned, measurable simple functions
fn, gn that increase pointwise to f, g respectively. Thus f, + g, increases to f + g, so by

Theorem 9.2(c) and the Monotone Convergence Theorem,

/f+g=hm/[fn+gn]=hm[/fn+/gn] =+ [

Corollary 10.6 (Tonelli’s theorem for sums and integrals). If (f,) is a sequence of

unsigned measurable functions, then [ > 0" fo=> " [ fa. T

Proof. Let gy = ZnN:1 fn- Thus (gn) is an increasing sequence with pointwise limit
g=>3_"" [n In particular, ¢ is measurable and by the Monotone convergence theorem

(J gn) converges to [ g. By induction on Theorem 10.5,

/gN:é/fn

and the result follows by taking the limit on N. O

Pointwise convergence is not sufficient to imply convergence of the integrals (see

Examples 10.8 below), however the following weaker result holds.
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Theorem 10.7 (Fatou’s Theorem). If f, is a sequence of unsigned measurable functions,

then
/ liminf f,, < liminf / fn-

Proof. For n € N, the function g, (z) := inf,,>, fim(2) is unsigned, g, < f,, pointwise and,
by Proposition 8.14, measurable. By definition of the liminf, the sequence (g,,) increases

pointwise to liminf f,,. By the Monotone Convergence Theorem and monotonicity

/liminffn = /hmgn :lim/gn :liminf/gn < liminf/fn.

Example 10.8. [Failure of convergence of integrals] This example highlights three
modes of failure of the convergence ([ f,) to [ f for sequences of unsigned measur-
able functions f, : R— [0, 4+o00] and Lebesgue measure. In each case (f,,) converges to

the zero function pointwise, but [ f,, =1 for all n:

(1) (Escape to height infinity) f,, = nlga,
(2) (Escape to width infinity) f, = 5-1(_np)

(3) (Escape to support infinity) f, = 1¢n41)

Note that in the second example the convergence is even uniform. These examples can be
though of as moving bump functions. In each case we have a rectangle and can vary the

height, width, and position. If we think of f,, as describing a density of mass distributed
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over the real line, then [ f, gives the total “mass”’; Fatou’s theorem says mass cannot

be created in the limit, but these examples show mass can be destroyed. JAN

Proposition 10.9 (Markov’s inequality). If f is an unsigned measurable function, then

forallt >0

ule @) >t < [ f

Proof. Let By = {x : f(x) > t}. Then by definition, t1g, < f, sotu(E;) = [t1g, <

[ U

We conclude this section with-a few frequently-used corollaries of the monotone

convergence theorem, and a converse to it.

Theorem 10.10 (Change of variables). Let (X, .#,u) be a measure space, (Y, ") a
measurable space, and ¢ : X — Y a measurable function. The function ¢.u @ N —

0, +00] defined by
$upi(E) = p(¢™ (E)). (28)

is a measure on (Y, A"), and for every unsigned measurable function f :Y — [0, +o0],

[ raea = [ (ros)dn (29)

Proof. Problem 13.16. The measure ¢, is called the push-forward of p under ¢. 0J
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Lemma 10.11 (Borel-Cantelli Lemma). Let (X, .#, 1) be a measure space and suppose

(En)52, is a sequence of measurable sets. If

> W(E,) < oo,
n=1
then for almost every x € X is contained in at most finitely many of the E, (that is,

letting N, == {n:xz € E,} CN, the set {x : |[N,| = oo} has measure 0). T

Sketch of proof. Consider the series S =Y >~ 1p,. By Tonelli (Corollary 10.6), [ S is
finite. Hence S is finite a.e. by Theorem 10.2(d). On the other hand, {x : |[N,| = 0o} =

S=1({0}. O

There is a sense in which the monotone convergence theorem has a converse, namely
that any map from unsigned measurable functions on a measurable space (X,.#) to
0, +00], satisfying some reasonable axioms (including MCT) must come from integration

against a measure. The precise statement is the following:

Theorem 10.12. Let (X, .#) be a measurable space and let U(X, #) denote the set of
all unsigned measurable functions f : X — [0,+o0]. Suppose L : U(X, #) — [0, +00]

1 a function obeying the following axioms:

(a) (Homogeneity) For every f € U(X, . #') and every real number ¢ > 0, L(cf) = cL(f).
(b) (Additivity) For every pair f,g € U(X, #), L(f +g) = L(f) + L(g).
(c) (Monotone convergence) If f,, is a sequence in U(X, #) increasing pointwise to f,

then lim, oo L(fn) = L(f).
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Then there is a unique measure fi : A — [0,400] such that L(f) = [ fdu for all

feUX, #). In fact, pn(E) = L(1g).

Proof. Problem 13.17. ]

11. INTEGRATION OF SIGNED AND COMPLEX FUNCTIONS

Again we work on a fixed measure space (X,.#, ). Suppose f : X — R is mea-

surable. Split f into its positive and negative parts ' f = f* — f=. If at least one of

[ ft. [ f~ is finite f is semi-integrable and the integral of f is defined as

Jr- IR

If both are finite, we say f is integrable (or sometimes absolutely integrable). Note that
f is integrable if and only if [ | f| < <o0; this is immediate since |f| = f* + f~ and the

integral is additive on unsigned functions. We write

1l = /X 1l dp

when f is integrable. In the complex case, a measurable f : X — C is integrable (or

absolutely integrable) if | f| is integrable. From the inequalities
max(|Refl, [Imf]) < |f| < [Ref| + [Imf|

it is clear that f : X — C is (absolutely) integrable if and only if Ref and Imf are.

If f is complex-valued and absolutely integrable (that is, f is measurable and |f]| is
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integrable), we define

[ = [rervi [ty

We also write || f||; :== [y |f| dp in the complex case.

If f: X — R is absolutely integrable, then necessarily the set {z : |f(x)| = 400}
has measure 0 by Theorem 10.2(d). We may therefore redefine f to be 0, say, on this
set, without affecting the integral of f (by Theorem 10.2(c)). Thus when working with
absolutely integrable functions, we often can (and often will) always assume that f is

finite-valued everywhere.

11.1. Basic properties of the absolutely convergent integral. The next few propo-
sitions collect some basic properties of the absolutely convergent integral. Let L'(u) de-
note the set of all absolutely integrable C-valued functions on X. If the measure space

is understood, as it is in this section, we just write L'.)

Theorem 11.1 (Basic properties of L' functions). Let f,g € L' and ¢ € C. Then:

(a) L' is a vector space over C;

(b) the mapping A : L' — C defined by A(f) = [ f is linear;
() |[ £l < JIfI-

(@) llefllv = lelllf]]s-

(¢) If +glly < [Ifll+ llglh-
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Proof. To prove L' is a vector space, suppose f,g € L' and ¢ € C. Since f,g are
measurable, so is f + g, thus |f + g| has an integral. Moreover, since |f + g| < |f| + |g],

monotonicity and additivity of the unsigned integral (Theorems 10.2 and 10.5) gives

I + gl =/|f+g| < /|f| n /|g| < 1F1 + gl

proving item (e) and that L' is closed under addition. Next, [ |cf|=|¢| [|f] = le|||f]h
(using homogeneity of the unsigned integral in Theorem 10.2). Thus c¢f € L' and item

(d) holds. Further L' is a vector space.
To prove that A is linear, first assume f and g are real-valued and ¢ € R. Checking
¢ [ f = [cf is straightforward. For additivity, let h = f + g and observe
ht—h™=f"+g'~f =g
Therefore
WY+ f +g =h +f"+g".
Thus,
/h*+f+g:/h+f++g+
and rearranging, using additivity of the unsigned integral and finiteness of all the in-

tegrals involved, gives [h = [ f + [ g. The complex case now follows essentially by

definition. Hence A is linear proving item (b).

If f is real, then, using additivity of the unsigned integral,

‘/f‘—’/f*—/f’ﬁ/f“r/f—/(f“rf)—/lf!-
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Hence (c) holds for real-valued functions. When f is complex, assume [ f # 0 and let
t =sgnf f. Then [t| =1 and | [ f| = ¢t [ f. It follows that, using part (c) for the

real-valued function Retf,

[il=t[ 1= [rr=re [ir= [rar< [reeni< [1r1= [ 17

Because of cancellation, it is clear that [ f = 0 does not imply f = 0 a.e. when f
is a signed or complex function. However the conclusion f = 0 a.e. can be recovered if

we assume the vanishing of all the integrals [ 5 [, over all measurable sets F.

Proposition 11.2. Let f € L. The following are equivalent:

(a) f =0 almost everywhere,

(b) [1f1=0,

(¢) For every measurable set E, [, f =0.

Proof. Since f = 0 a.e. if and only if |f| = 0 a.e., (a) and (b) are equivalent by
Theorem 10.2(e). Now assuming (b), if E is measurable then by monotonicity and

Theorem 11.1(b)

1

géms/mza

so item (c) holds.
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Now suppose (c) holds and f is real-valued. Let E = {f > 0} and note [T = f1p.

Hence f* is unsigned and, by assumption [ f* = [, f = 0. Thus, by Theorem 10.2,

fT =0 a.e. Similarly f~ =0 a.e. and thus f is the difference of two functions that are
zero a.e. To complete the proof, write f in terms of its real and imaginary parts. O
Corollary 11.3. If f,g € L' and f = g p-a.e., then [ f = [g. T
Proof. Apply Proposition 11.2 to f — g. O

A consequence of Corollary 11.3 is that we can introduces an equivalence relation
on L'(u) by declaring f ~ g if and only if f = g a.e. If [f] denotes the equivalence class
of f under this relation, we may define the integral on equivalence classes by declaring
[1f] :== [ f. Corollary 11.3 shows that this is well-defined. It is straightforward to check
that [cf +g] = [cf] + [g] for all f,g € L'and scalars ¢ (so that L'/ ~ is a vector space),
and that the properties of the integral given in Theorem 11.1 all persist if we work
with equivalence classes. The advantage is that now [[|f|] = 0 if and only if [|f]] = 0.
This means that the quantity ||[f]||1 is a norm on L'/ ~. Henceforth will we agree to
impose this relation whenever we talk about L', but for simplicity we will drop the [-]
notation, and also write just L' for L'/ ~. So, when we refer to an L! function, it is
now understood that we refer to the equivalence class of functions equal to f a.e., but

in practice this abuse of terminology should cause no confusion.

Just as the Monotone Convergence Theorem is associated to the unsigned integral,

there is a convergence theorem for the absolutely convergent integral.
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Theorem 11.4 (Dominated Convergence Theorem). Suppose (f,)e is a sequence from
L' that converges pointwise a.e. to a measurable function f. If there exists a function

g € L' such that for every n, we have |f,| < g a.e., then f € L', and

lim | f, = / f
n—oo
Proof. First observe that |f| < g and hence f € L'. By considering the real and imagi-

nary parts separately, we may assume f and all the f, are real valued. By hypothesis,

g=£ fn > 0a.e. Applying Fatou’s theorem and linearity of the integral to these sequences

gives
/g—l—/f /g+f <hm1nf/(g+fn):/ngliminf/fn

and
/ /f /g f<hm1nf/(g—fn):/g—limsup/fn.

It follows that liminf [ f >.[ f > limsup [ f. 0

The conclusion [ f, — [ f (equivalently, | [ fo — [ f| — 0) can be strengthened

somewhat:

Corollary 11.5. If f,, f, g satisfy the hypotheses of the Dominated Convergence theo-

rem, then lim, o || fn — fll1 =0 (that is, lim [ |f, — f| = 0). T
Proof. Problem 13.20. ]

Theorem 11.6 (Density of simple functions in L'). If f € L, then there is a sequence

(fn) of simple functions from L' such that,
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(a) | ful < |f] for alln,

(b) fn — f pointwise, and

(¢) limy oo || f — fll1 = 0.

Item (c) says (f,) converges to f in L.

Proof. Write f = u + iv with u,v real, and u = vt —u~,v = v — v~. Each of the

four functions u®, v* is unsigned and measurable and each is in L' since f € L'. By

the ziggurat approximation we can choose four sequences of unsigned measurable simple

+ +

v¥ increasing pointwise to u®, v

nJ’-n

+ —
n un7

functions u respectively. Now put u, = u

v, =v — v, , and f, = u, + iv,. By construction, each f, is simple (and measurable).

n

Moreover

lun| = uf +u, <ut+u” = |ul,
and similarly |v,| < |v];s0 [ fo] < |u| + |v] < 2|f]. Since f € L' each f, is in L', and
fn — f pointwise by construction. Thus the sequence (f,) satisfies the hypothesis of

the dominated convergence theorem (with g = 2|f]) and hence item (c) follows from

Corollary 11.5. O

12. MODES OF CONVERGENCE

In this section we consider five different ways in which a sequence of functions

on a measure space (X, ., ;) can be said to converge. There is no simple or easily
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summarized description of the relation between the five modes. At the end of the

section the reader is encouraged to draw a diagram showing the implications.

12.1. The five modes of convergence.

Definition 12.1. Let (X, .#, ) be a measure space and (f,)22,, f be measurable

n=1»

functions from X to C.

(a) The sequence (f,,) converges to f pointwise almost everywhereif pu({lim f,, # f}) = 0.
(b) The sequence (f,) converges to f essentially uniformly or in the L* norm if for
every € > 0, there exists N € N such that u({|f, = f| > €}) =0 for all n > N.

(c¢) The sequence (f,) converges to f almost uniformly if for every € > 0, there exists
an (exceptional set) E € .# such that u(E) < € and (f,) converges to f uniformly
on the complement of FE.

(d) The sequence (f,) converges to f in'the L' norm if (||fn — fl1 == [ |fo — fldp)
converges to 0.

(e) The sequence (f,) converges to f in measure if for every € > 0, the sequence (p({x :

|fo — f| > e})) converges to 0.

The first thing to notice is that each of these modes of convergence is unaffected
if f or the f, are modified on sets of measure 0 (this is not true of ordinary pointwise

or uniform convergence). Thus these are modes of convergence appropriate to measure
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theory. The L! and L modes are special cases of LP convergence, which will be studied

later in the course.

We first treat a few basic properties common to all five modes of convergence.

Proposition 12.2 (Linearity of convergence). Let (f,,), (gn), f, g be measurable functions

and ¢ a complex number.

(a) For each of the five modes, (f,) converges to f in the given mode if and only if
(|fn — f]) converges to 0 in the given mode.
(b) If (fn) converges to f and (g,) converges to g, then (cf, + gn,) converges to cf + g

in the given mode.

Proof. The proof is left as an exercise. (Problem 13.24) O

Proposition 12.3." Let (f,) be a sequence of measurable functions and suppose f is

measurable.

(a) If (fn) converges to f essentially uniformly, then (f,) converges to f almost uni-
formly.

(b) If (f) converges to f almost uniformly, then (f,) converges to f pointwise a.e. and
1M Mmeasure.

(c) If (fn) converges to f in the L' norm, then (f,) converges to f in measure.
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Proof. (a) is immediate from definitions. For (b), given k£ > 1 we can find a measurable
set Ey, with u(E)) < 1 such that f, — f uniformly (hence pointwise) on Ef. It follows
that f, — f pointwise on the set |J;—, Ef. The complement of this set, (),—, Ex has

for all m € N*. The second part of (b) is

1
m

measure zero, since fi(( ey Ex) < p(En) <

left as an exercise.

Finally, (c) follows from Markov’s inequality (Proposition 10.9). For € > 0 fixed,

(e s1e) = @I > D < ¢ [ 1= fldfi= 2o = Al

and the sequence (|| f,, — f||1) converges to 0 by hypothesis. O

Of the twenty possible implications that can hold between the five modes of con-
vergence, only the four implications ((b) is really two implications) given in the last
proposition (and the ones that follow by combining these) are true without further hy-

potheses.

To understand the differing modes of convergence, and the failure of the remaining
possible implications in Proposition 12.3, it is helpful to work out what they say in the
simplest possible case, namely that of step functions. A step function is a function of the
form c1p for a positive constant ¢ and measurable set E. Convergence of a sequence of
step functions to 0 in each of the five modes, turns out to be largely determined by three
objects associated to the sequence (¢,1g, )5 : the heights ¢, the widths p(E,), and the

tail supports T,, := |J.~,, E;. The proof of the following theorem involves nothing more

Jjzn

than the definitions, but is an instructive exercise.
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Theorem 12.4. Let f, = ¢, 1, be a sequence of step functions.
(a) Assuming p(E,) > 0 for each n, the sequence (f,) converges to 0 in L> if and only

if (¢n) converges to 0.
(b) The sequence (f,) converges to 0 almost uniformly if either (c,) or (u(T,)) converges

to 0.
(c) If (|cn|) is (eventually) bounded away from O and (f,) converges almost uniformly to

0, then (u(T,)) converges to 0.
(d) The sequence (f,) converges to 0 in measure if and only if the sequence (min{c,, u(E,)})

converges to 0.

Proof. To prove item (c), suppose, without loss of generality, that there is a C' > 0 such
that |¢,| > C for all n and (f,) converges almost uniformly to 0. Given ¢ > 0 there is
a set F' such that pu(F*°) < e and (f,) converges uniformly on F'. In particular, for each

k € NT there is an IV, such that
1
F € Muzn{lfal < 13-
Equivalently,
. 1
o5 U Il 2 1)
Choose k such that + < C. Since |¢,| > C > 1, we see {|f,] = 1} = E, for each n.
Hence,
F¢ D Ty,.

Thus, € > pu(F¢) > p(T,) for all n > Nj. It follows that (u(7},)) converges to 0.
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The remaining parts of the Theorem are similar (and easier) and are left as Prob-

lem 13.29. 0

The moving bump examples

(a) (Escape to height infinity) f, = nl1)
(b) (Escape to width infinity) f, = 5=1(_nn)
(c) (Escape to horizontal infinity) f, = L(nn41)

(d) (Escape to horizontal infinity alternate) f,, = 1, ., L))

together with the typewriter example below suffice to produce counterexamples to all of

the implications not covered in Proposition 12.3.

Example 12.5. [The Typewriter Sequence| Consider Lebesgue measure on (0, 1]. Let
Ik C (0,1] denote the dyadic interval (£, £] for n > 1,0 < k < 2. List these intervals
in dictionary order (first by increasing n, then by increasing k). So the first few intervals
are Ig = (0, 3], I11 = (3,1], Ing = (0, 3], Io1 = (5, 3], etc. (Draw a picture to see what is
going on.) The sequence of indicator functions of these intervals (in this order) converges
in measure to 0, since for any 0 < ¢ < 1 we have m({z : 15, > €} = m(l,x) = 27"

However since each point in (0, 1] lies in infinitely many /,; and also lies outside infinitely

many I, the sequence 1; , (x) does not converge at any point of (0, 1]. A

To go further we begin with a closer investigation of convergence in measure.
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Definition 12.6. A sequence (f,)5%; of C-valued measurable functions is Cauchy in

measure if for every €, > 0, there is an N such that for n,m > N,

p{z s | fa(@) = fm(@)] > €}) <.

It is readily seen that if (f,,) converges to f in measure, then the sequence (f,,) is

Cauchy in measure. Indeed, by the triangle inequality,

{z: |fu(2) = (@) > €} C Lo [fule) = f2)] > e/2} U [fm(2) — f(2)] > €/2}, (30)

and thus the result follows by subadditivity of .

Proposition 12.7. A sequence (f,)>2;-of measurable functions f, : X — C is Cauchy

in measure if and only if for every e >0 there exists an integer N > 1 such that

p{z A fa(@) = fn(@)] > €}) <€

for all n,m > N. Similarly (f,) converges to f in measure if and only if for every e > 0

there exists N such that

p{z [ fulz) = f(z)] > €}) <€

for alln > N. T

Proof. Problem 13.27. ]
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We have already seen that convergence in measure does not imply pointwise a.e.
convergence (the typewriter sequence). Note, however, that in that example there is at

least a subsequence converging pointwise a.e. to 0 (give an example).

Proposition 12.8. If (f,)22, is a sequence of measurable functions that is Cauchy in

measure, then

a) there is a measurable function f and a subsequence (f,, )72, such that (fu, )k
converges to f almost uniformly; and
b) with f as in part (a), (f.) converges to f in measure, and if also (f,) converges

to g in measure, then f = g a.e.

In other words, if ‘the sequence (f;) is Cauchy in measure, then it converges in

measure to a unique (a.e.) f, and a subsequence of (f,) converges to f a.e.

Proof. With € = 27!, there is an n; such that if m > ny, then p{|fn — fu,| > 271} <
271, Now with ¢ = 272, there is an ny such that no > ny; and if m > ms, then
p{| fon— frn| > 272} < 272, In particular, u{|fn, — fu,| > 271} < 271 Takinge = 27% =y
in the definition of convergence in measure,choose inductively a sequence of integers

ny <ng <...ng <...such that

p{z 1 fa (@) = fap ()] > 275} <278 (31)
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Put gy = f,,. Let
By = {z: |ge(z) — grya(2)] > 277}
By (31) p(Ey) <27 Let Fyy = J,oy Ex and F = (\x_, Fiv = limsup E}, and observe

w(Fy) < S0 278 =2"N=1 For x ¢ Fy and m > n > N, the estimate

3

10(2) = (@) < 3l () — ()| < T2 F <2 <oV (3)

n k=n

e
Il

shows that (g,) is uniformly Cauchy on F§. Hence (g,) is pointwise Cauchy on F*° and
thus converges pointwise a.e. to a measurable function f by Proposition 8.17. Finally

(gn) converges almost uniformly to f.

Part (b) is a version of the fact that if a Cauchy sequence has a convergent subse-
quence, then the sequence converges; and, if a sequence has a limit, then the limit is
unique. Thus, to prove part (b), let (gx) and f be as in the proof of part (a). Since
(gx) converges to f almost uniformly, it converges to f in measure by Proposition 12.3.

Using the triangle inequality,

{2 |fu(2) = f(2)] > e} T{ar|fulz) — gr(@)] > €/2} U{z : [gi(z) — f(z)| > €/2},
and, using the Cauchy in measure assumption on (f,,) and that (gx) converges to f in

measure, the measures of the sets on the right can be made less than € by choosing n, k

sufficiently large. The details are left to the gentle reader.

Finally, suppose also (f,) converges to g in measure. By one more application of

the triangle inequality trick, for a fixed € > 0,

{z:1f(z) —g(a)| > e} CH{z: [f(x) = fulx)] > €/2} U{x : [fu(2) — g(z)| > €/2},
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and the measures of the sets on the right-hand side go to 0 by hypothesis. So u({z :
|f(z) — g(x)| > L}) = 0 for all n € N*. By the pigeon hole principle, Proposition 2.6,

n(lf =gl # 0}) = 0. O

Corollary 12.9. If (f,) converges to f in L', then (f,) has a subsequence converging

to f a.e. T

Proof. Combine Proposition 12.3(c) and Proposition 12.8. O

Proposition 12.10. Let (X, .# , 1) be a measure space.. The normed vector space L' =
L'(u) is complete. In particular, if (f,) is an LY Cauchy sequence, then there is an
f € L' and a subsequence (g) of (fn) such that (gx) converges pointwise a.e. to f and

(fn) converges in L' to f. T

Proof. Suppose (f,) is L*-Cauchy. In this case (f,) is Cauchy in measure and hence
has a subsequence (h,,) that converges pointwise a.e. to some measurable function f by

Corollary 12.9. Choose a subsequence (gx = hy,, ) such that

1
| gk+1 — gkl < ok

(Such a subsequence is super Cauchy.) Let

G, = Z |9k+1 - gk:|-
k=1
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The sequence G, is an increasing sequence of non-negative functions and hence converges

to some G. By Tonelli (Corollary 10.6),

k=1
In particular G is in L'. Further,
Gmi1 = Y _gkr1 — gl + 01
k=1

is dominated by |g1| + G and converges pointwise a:e. to f. Hence by Corollary 11.5,
f € L' and (g,,) converges to f in L'. Finally, since (f,)1is L' Cauchy and a subsequence

converges (in L') to f, the full sequence converges in L' to f. O

12.2. Finite measure spaces. Observe that two of the “moving bump” examples (es-
cape to width infinity and escape to horizontal infinity) exploit the fact that Lebesgue
measure on R is infinite. Moreover, in some cases these are the only counterexamples
(of the four) to particular implications—for example, escape to width infinity is the only
example of convergence in L* but not convergence in L', and escape to horizontal in-
finity is the only one of pointwise a.e. convergence but not convergence in measure. It
is then plausible that if we work on a finite measure space (u(X) < o0), where these
examples are “turned off,” we might recover further convergence results. This is indeed

the case.
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Proposition 12.11. Suppose (X, 4 , 1) is a finite measure space, (f,) is an L' sequence
and f : X — C is measurable. If (f,) converges to f essentially uniformly, then f € L

and (f,) converges to f in L. T
Proof. Problem 13.28. U

Theorem 12.12 (Egorov’s Theorem). Let (X, 4, u) be a measure space with p(X) <
oo. If f,, : X — C is a sequence of measurable functions, f : X — C is measurable and

(fn) converges to f a.e., then (f,) converges to f- almost uniformly.

Proof. There is no loss of generality in assuming (f,) converges to f everywhere. For

N, kE>1, let
5 1
Exi= Ut 1alo) — £0)] 2 1
n=N

Fix k. For each x, there is an N such that |f,(z) — f(x)] < 1 for all n > N. Hence
Nys1 Envk = 9. Since the Ey . are decreasing with N and u(X) < oo, by dominated

convergence for sets for each k the sequence (p(Enx))n converges to 0.

Now let € > 0 be given. Choose, for each k, an Ny such that u(Ey, ) < €27%. Let
E = J;2, En, r and observe u(E) < e. To prove (f,) converges to f uniformly on E°,
given 17 > 0 choose k such that % < 7. Suppose now that x € E° and n > Nj. Since

B¢ C EY, j, the inequality |f,(z) — f(z)] < < 1 holds and we conclude that (f;)

=

converges uniformly to f on E°. O
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Remark 12.13. Note that in Egorov’s theorem, almost uniform convergence cannot be

improved to essential uniform convergence, as the moving bump example 1, 1, shows. ¢
n

12.3. Uniform integrability. In the last section we saw that some convergence im-
plications could be recovered by making an assumption (u(X) < oo) that “turns off”
some of the failure modes. In this section we do something similar. In particular note
that the moving bump examples show that of the five modes, L' convergence is the
only one that implies [ f,, — [ f (assuming the f, and f are integrable). The main
result of this section, a version of the Vitali convergence theorem, says that if we make
certain assumptions on f,, (namely “uniform integrability”) that turn off the moving
bump examples, then we can conclude that L' convergence is equivalent to convergence
in measure. This result is similar in spirit to the classical Vitali Convergence Theorem
(which we will cover later in the context of L” spaces), though the approach used here
(borrowed from T. Tao, An Introduction to Measure Theory, Section 1.5) is slightly

different.

Definition 12.14. [Uniform integrability] A subset .# of L' is uniformly integrable

provided

(i) [Uniform bound on L' norm] The set {||f||; : f € %} is bounded;
(i) [No escape to vertical infinity] sup({f{‘fle} \fldp: feF}) —-0as M — +o0

(iii) [No escape to width infinity] sup({f{mg} |fldp: feF}) —0asd—0.
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A sequence f, : X — C of L' functions is uniformly integrable if the set {f, : n} is

uniformly integrable. <

(To visualize the conditions in items (ii) and (iii), work out what they say for
sequences of step functions.) We warm up by observing that, for a single L' function f,

by the Dominated Convergence theorem,

lim |fldp =0

and

lim fldu=0.
60 \f|§6| |

Thus % = {f} is uniformly integrable.

Uniform integrability for a sequence (f,) says the quantities fl Ful>M |ful dpn and
f‘ ful< | ful dpv can be made arbitrarily small by choice of large M and small ¢, indepen-
dently of n. Proposition 12.17 below says if (f,,) is an L' Cauchy sequence, then (f,) is
uniformly integrable. Note too a finite union of uniformly integrable sets is uniformly
integrable. In particular, if (f,) converges to f € L', then .Z = {f, : n} U {f} is

uniformly integrable.

Before going further we give an equivalent formulation of item (ii) (assuming item

(1)):

Lemma 12.15. If (f,) is a sequence of L' functions such that sup,, || f.|1 < oo, then

the condition of item (ii) in Definition 12.14 is equivalent to,
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(i) for every e > 0, there exists a & > 0 such that if p(E) < &, then [, |fu] <€ for

alln.

Proof. Suppose (ii) holds and let € > 0 be give. Choose M such that sup,, f|fn|>M |fn] <

and let § < 55;. If E is a measurable set with p(E) < 6, then for all n,

/|fn|d:u:/ Ifnldu+/ | fal dpt
B E{|fal>M} En{|fal<M}

g/ Ifn\dqu/Mdu
{lfnl=M} E

< %—f—M,u(E)

£
29

< €.

Conversely, suppose item (iib) holds. Fix ¢ > 0, and for 6 > 0 satisfying (#ib) choose

M large enough that ; sup,, || f.|l1 < 8. Then by Markov’s inequality (Proposition 10.9),

for all n we have p({|f,| > M} < Melc 5 Thus by (iib)

/ ful <
| fn|>M

for all n. Hence (i) and (ii) implies (4ib).

Remark 12.16. On a finite measure space, escape to width infinity is impossible, and
a sequence is uniformly integrable if and only if sup,, || f]j1 < oo and (ii) (equivalently,

(i1b)) is satisfied. o
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Proposition 12.17. If (f,) is a sequence of L' functions and (f,) converges to f in

L', then (f,) is uniformly integrable. T

Proof. Problem 13.35. Since convergent sequence are bounded, there K = sup{||f.| : n}

is finite.

We next turn to verifying item (iib). Accordingly, let € > 0 be given. By Markov’s

inequality, p({|fn| > M}) < £ for M > 0.

Since (f,) converges to f, there is an N such that ||f = f,.|| < e for all n > N. Since
{f} is absolutely integral, by item (iib), there is'a n > 0 such that if u(FE) < n, then

Ji|fl <e Choose M > & If n > N, then

/Ifn|>M | ful < /mbM | o —.f] +/fn>Mm < %

To prove item (iii), let € > 0 be given. Using the fact that {f} is uniformly integrable,
choose § > 0 such that f\f|<2ém < e There is an N such that if n > N, then
|f — full < min{on, e}. It follows from Markov’s inequality that u({|f — fu| > 0}) <.

Finally, observe {|f.| < ¢} CH{|f| <20} U{|f — fu| > 0} for all n > N. Hence

/|fn|<5|fn| S/|fn_f|+/f|<25|f|+/|ffn|>5|f| < 3.

Theorem 12.18. Suppose f, : X — C is a sequence of L' functions and f : X — C
is measurable. The sequence (f,) converges to f in L' if and only if (f,) is uniformly

integrable and converges to f in measure.
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Proof. The forward implication follows from Propositions 12.10, 12.3 and 12.17.

For the converse, suppose ( f,,) is uniformly integrable and converges to f in measure.
To show that f € L', first note, by uniform integrability, there is a constant C' such
that [ [fa] < C for all n, and by Proposition 12.8 there is a subsequence (f,,) of (f,)

converging to f a.e. Applying Fatou’s theorem to this subsequence, we conclude

/|f|§liminf/ | <C, (33)
X X

so fe Ll

Since f € L' and (f,) is uniformly integrable, the set { f,, : n}U{ f} is also uniformly
integrable. Thus, by condition (iii) in the definition of uniformly integrable, given € > 0,

there is a d > 0 such that for all n

/ | fuldp < e (34)
| ful <6
and at the same time

/M fldu < (35)

From conditions (i) and (ii) and Lemma 12.15, there exists a 7 > 0 such that u(E) <~

implies

/ | fal dp < €
E

[ 1fldn <

6 €d

for all n. Now choose 0 < 7 = min{§, 55,7}
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From (34) and (35)

/‘ fuldi < e
| fn=FI<n, |fI</2

and

/ fldu <e
[fn=Ffl<n, |fI<6/2

So by the triangle inequality

/ | fo — fldp < 2e. (36)
|fu—fl<n, |£1<8/2

We now estimate the integral of |f,, — f| over the region |f, — f| < n,|f| > §/2 via

Markov’s inequality. Indeed,

C
: < —,
e 1) 25/2) < 5
Thus
/ o~ F < Son < e 37)
fam sl g0/ T o/27 T
Combining Equations (37) and (36) gives
/ |fo = fldp < 3e. (38)
Ifn_f‘<7]

Finally the convergence in measure hypothesis is used to estimate the integral of
| fn— f| over the set | f,, — f| > n. With € = 7 in the definition of convergence in measure,

there is an N such that for all n > N,

p{z = [fule) = f(@)] 2} <.

Hence, by the choice of 7,

[ nldese
|fn_f|277
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and

| ez
\fn—f\Zn

Thus again by the triangle inequality

[ - fldes
|fn_f|277

for all n > N. Putting this last inequality together with (38),

J 12 i <5
X

for all n > N and the proof is complete. O

Remark 12.19. Say that a sequence of measurable functions f,, : X — C is dominated
if there is an L' function g such that |f,| < |g] for all n. Tt is not hard to show
(Problem 13.34) that if a sequence (f,) is dominated, then it is uniformly integrable.
On the other hand, a sequence (f,) can converge in L' yet not be dominated. The main
utility of Theorem 12.18 is a criteria for proving L' convergence for sequences that are

not dominated. o

13. PROBLEMS

13.1. Measurable functions.

Problem 13.1. Suppose f : X — C is a measurable function. Prove that the functions
|f| and sgnf are measurable. (Recall that for a complex number z, sgn(z) = z/|z| if

z # 0, and sgn(0) = 0.)
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Problem 13.2. Let f : R — R be a function. For each of the following, prove or give

a counterexample.

a) Suppose f? is Lebesgue measurable. Does it follow that f is Lebesgue measur-
able?
b) Suppose f? is Lebesgue measurable. Does it follow that f is Lebesgue measur-

able?

Problem 13.3. Recall the definition of an atomic o-algebra (Problem 7.3). Prove that if
(X, .#) is a measurable space and .# is an atomic g-algebra, then a function f : X — R

is measurable if and only if it is constant on each atom A,,.
Problem 13.4. Prove, if f : R — R is monotone, then f is Borel measurable.

Problem 13.5. Let f, : X — R be asequence of measurable functions. Prove that the

set {z € X : lim,_, fu(z) exists} is measurable.

Problem 13.6. Give an example of an uncountable collection F of Lebesgue measurable
functions f : R — [0, +o00] such that the function f(z) = sup;cr f(z) is not Lebesgue

measurable.

Problem 13.7. Let f : [0,1] — [0,1] denote the Cantor-Lebesgue function of Exam-

ple 6.2(c) and define g(x) = f(z) + .

(i) Prove that g is a homeomorphism of [0, 1] onto [0,2]. (Hint: it suffices to show

g is a continuous bijection.)
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(ii) Let C' C [0,1] denote the Cantor set. Prove that m(g(C)) = 1. (Here m is
Lebesgue measure.)

(iii) By Problem 7.29, g(C') contains a nonmeasurable set S. Show that ¢g~'(9) is
Lebesgue measurable, but not Borel.

(iv) Prove that there exists functions F, G on R such that F' is Lebesgue measurable,

G is continuous, but F' o GG is not Lebesgue measurable.

Problem 13.8. Prove that if f,g : X — [0, 00] are measurable functions, then fg is

measurable.

Problem 13.9. Prove Propositions 8.16 and 8.17. For 8.17, you may wish to use the
observation that f : X — R is measurable if and only if {z : f(z) > ¢} is measurable
for every ¢ € Q. (The following example shows that & can not be replaced by u in the
conclusion. Let X = R-and .# = {(), X}. Let u denote the zero measure on .. In this
case the completion of .# is 2% and 7 is the zero measure on 2%. Let f : X — X denote
the identity function. It is 2% measurable. A function g is .# measurable if and only if

it is constant, say with value c. Hence {f # g} = X \ {c} and this set is not in .Z.)

13.2. The unsigned integral.

Problem 13.10. Prove the claim made immediately before Definition 9.1.

Problem 13.11. Complete the proof of Theorem 9.2.
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Problem 13.12. Prove that if f is an unsigned measurable function and [ f < +oo0,
then the set E := {z : f(x) > 0} is o-finite. (That is, E can be written as a disjoint

union of measurable sets E = | J -, E,, with each u(E,) < +00.)

Problem 13.13. Suppose that f is an unsigned measurable function and [ f < +o0.

a) Prove that for every e > 0 there is a measurable set E with u(E) < +oo, such

that [ f— [, f <e

b) Prove that for every e > 0 there is a positive integer n-such that [ f— [ min(f,n) <

Problem 13.14. Prove Fatou’s Theorem (Theorem 10.7) without using the Monotone
Convergence Theorem. Then use Fatou’s theorem to prove the Monotone Convergence

Theorem.

Problem 13.15. Let X be any set and let i be counting measure on X. Prove that for

every unsigned function f: X — [0, +oo], we have [ fdu =73, f(x).

Problem 13.16. Prove Theorem 10.10. (Hint: to verify the integral formula, use the

Monotone Convergence Theorem.)

Problem 13.17. Prove Theorem 10.12. (Hint: show first that u(E) := L(1g) is a

measure, then that L(f) = [ fdu. Problem 7.8 may be helpful.)
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Problem 13.18. Let f be an unsigned measurable function on the measure space
(X, .#,p). Prove that the function v : 4 — [0,00] defined by v(E) := [, fdu is

a measure and, if g is an unsigned measurable function on X, then [gdv = [ gf dp.

Problem 13.19. Prove (using monotone convergence and without using the dominated
convergence theorem) that if f, is a sequence of unsigned measurable functions that
decreases pointwise to f, and [ fy < oo for some N, then [ f = lim [ f,. Give an

example to show that the finiteness hypothesis is necessary.

13.3. The signed integral.

Problem 13.20. Prove Corollary 11.5.

Problem 13.21. Prove the following generalization of the dominated convergence the-
orem: suppose (f,) converges to f a.e. If g, is a sequence of L' functions converging

a.e. to an L' function g, if | f,| < g, for all n, and [ g, — [ g, then [ f, — [ f.

Problem 13.22. Suppose f,,; f € L* and (f,,) converges to f a.e. Prove that [ |f,—f] —

0 if and only if [|f,] = [|f|. (Use the previous problem.)

Problem 13.23. Evaluate each of the following limits, and carefully justify your claims.

a) lim _sin(z/n) dx
b) lim Lt na

n—oo [, (1 —+ J}2>” .T
, * nsin(z/n)
1 —=d
) ngrolo o x(l+a?) .
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A lim [ —dr

n—o0 J 1+ n2x2

13.4. Modes of convergence.
Problem 13.24. Prove Proposition 12.2

Problem 13.25. Prove that if (f,,) converges to f almost uniformly, then (f,,) converges

to f in measure.

Problem 13.26. Show that the implications between modes of convergence not given

in Proposition 12.3 are false.

Problem 13.27. Prove Proposition 12.7.
Problem 13.28. . Prove Proposition 12.11.
Problem 13.29. Prove Theorem 12.4.

Problem 13.30. Let f, =1, 1). Show that (f,) converges pointwise and in measure,

but not almost uniformly, to 0.

Let fon =1(,, +1) and fo,411 = %1(_1,1). Show (f,) converges almost uniformly to

0, but, writing f,, = ¢,1g,, neither (¢,) nor (u(E,)) converges to 0.

Problem 13.31. Let (X, .#, 1) be a finite measure space. For measurable functions

frg: X — C, define

- \f — 4]
d(f’g)_/)<—1+|f—g! dj.
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Prove that d is a metric on the set of measurable functions (where we identify f and g

when f =g a.e.).

Problem 13.32. Let (X,.#, 1) be a finite measure space. Prove that (f,,) converges

to f in measure if and only if d(f,, f) — 0, where d is the metric in Problem 13.31.

Problem 13.33. [Fast L' convergence] Suppose (f,) converges to f in L' in such a way
that >~ || fn — fll1 < oo. Prove that (f,,) converges to f-almost uniformly. (Note that
this hypothesis “turns off” the typewriter sequence.) (Hint: first show that, given € > 0

and m > 1, there exists an integer N such that

p (U o+ @) — f@)] 2 2-m}> <e

To construct your exceptional set F, use the /2™ trick.)

Problem 13.34. Prove that if f,, is a dominated sequence, then it is uniformly inte-
grable. Give an example of a sequence (f,,) that converges in L' (and is thus uniformly

integrable), but is not dominated.

Problem 13.35. Prove that if (f,,) converges to f in L', then ( f,,) is uniformly integrable

(Proposition 12.17).

Problem 13.36. Suppose (f,) converges to f in measure and f,, is dominated. Give a

direct proof that (f,) converges to f in L' (without using Theorem 12.18).
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Problem 13.37. Prove that if (f,) is a dominated sequence, and (f,,) converges to f
a.e., then (f,,) converges to f almost uniformly. (Hint: imitate the proof of Egorov’s

theorem.) (Thus for dominated sequences, a.e. and a.u. convergence are equivalent.)

Problem 13.38. [Defect version of Fatou’s theorem| Let (f,,) be a sequence of unsigned
L' functions with sup, ||fa|li < co. Suppose (f,) converges to f a.e. Prove that (f,)

converges to f in L' if and only if [ f, — [ f. [Suggestion: Consider the sequence

|f = ful +(f = fa) ]
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14. THE RIESZ-MARKOV REPRESENTATION THEOREM

Let X be a compact Hausdorff space. Recall the space C(X) is the vector space

{f: X — C: fis continuous} with the norm

[flloe = 171l = max{|f(z)] : x € X} (39)

and that, as a metric space (the distance from f to g is ||f — g||), C'(X) is a complete.

Generally, a complete normed vector space is called a Banach space.

For a locally compact Hausdorff space X, a function f : X' — C has compact
support if there exists a compact set K such that f(z) =0 for x ¢ K; i.e., the closure of
{r € X : f(x) # 0} is compact. Assuming X is a locally compact Hausdorff space, let
C.(X) denote those f € C(X) with compact support.; The space C.(X) is also given

the supremum norm as in Equation (39)-

Given a vector space V', a linear mapping A : V — C is called a linear functional.
A linear functional A : Co(X) — C is positive, if A(f) > 0 whenever f > 0 (meaning

f(z) > 0 is pointwise positive).

Example 14.1. Suppose u is a regular Borel measure on the locally compact set X and
u(K) < oo for compact subsets of X. (This last condition is automatic if X is compact
and pu(X) < oo0). Thus, by Theorem 10.2(f), x4 determines a positive linear functional,

A, on C.(X) by

A = [ fan
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As a second example, let X = [0, 1] and note that the mapping I : C([0,1]) — C

defined by

1(f) —/Olfd:c,

where the integral is in the Riemann sense, is a positive linear functional on C([0,1]). A

Theorem 14.2 (Riesz-Markov Representation Theorem). Let X = (X, 7) be a locally
compact Hausdorff space. If A : Co(X) — C is a positive linear functional, then there

exists a unique Borel measure p on the Borel o-algebra By, such that

A = [ fdn
for f € C.(X) and such that u is regular in the sense that

(1) if K is compact, then pu(K) < oo;
(1) if E € Bx, then w(EB)y=inf{u(U) : E C U, U open}; and

(i1i) if E € Bx and p(E) < oo, then u(E) =sup{u(K): K C E, K compact}.

We will prove the result for the case X is compact. In this case, item (i) implies u
is a a finite measure, and hence item (iii) applies to all E € #x. In the next subsection,

topological preliminaries are gathered. The proof itself is in Subsection 14.2

14.1. Urysohn’s Lemma and partitions of unity. A topological space X is normal
if for each pair C7,Cs of disjoint closed subsets of X, there exists disjoint open sets

Ui, U, such that C; C Uj.
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Theorem 14.3. A compact Hausdorff space X is normal.

Theorem 14.4 (Urysohn’s lemma). If X is a compact Hausdorff space and A, B are
disjoint closed subsets of X, then there exists a function f : X — [0,1] such that f is
zero on A and f is 1 on B. In particular, if K is compact, V is open and K C V, then

there is a continuous f : X — R such that 15 < f < 1y and supp(f) C V.

Remark 14.5. Urysohn’s Lemma implies that X is normal by choosing U = f~!((—1, 1))
and V = £((3,2)).
Note that the lemma does not say A = f~1({0}) or B = f~!({1}), though this can

be arranged in the case that X is a metric space. o

Theorem 14.6 (Partition of Unity). Suppose Vi, ..., V], are open subsets of a compact
Hausdorft space X. If C'is closed and C' C UV}, then there exists continuous functions

h; : X — [0, 1] such that
(i) hy < 1y
(ii) supp(h;) C V;; and

(iii) for x € C,

14.2. Proof of Theorem 14.2. Suppose X is a compact metric space and A : C'(X) —

C is a positive linear functional. To get an idea how to define u(V') for an open set
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V € 7, note that K = X \ V is compact and the function g : X — R

g(x) =d(z, K) = min{d(x, k) : k € K}

is continuous. The sequence

is pointwise increasing to the characteristic function (or indicator function) of V', denoted
1y. Thus 1y : X — R is defined by 1y (z) =0forx ¢ V and Ly (z) =1forz e V. If u

exists, then, by the MCT,

u(V) = / 1y dp = lim / fn dp.
n—oo X
We are led to make the following definitions. For V' open, define
po(V) = sup{A(f) : f € C(X), 0< f < 1y, supp(f) C V}.

Thus, letting 7 denote the topology on' X, o : 7 — [0, 00).

Define p* : 2% — R by
p*(E) = inf{uo(V) : V is open and E C V}.

(Note that this definition is forced upon us to achieve outer regularity.)

The proof is now broken down into a series of Lemmas. The functions, unless

otherwise noted, are continuous.

Lemma 14.7. The mapping i is monotone and countably subadditive (on 7). T
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Proof. That g is monotone is evident. To prove that it is countably subadditive, suppose
(V;) is a sequence of open sets and let V' = UV}. Suppose f is continuous, nonnegative
valued, f < 1y and K = supp(f) C V. Since K is compact and K C UV}, there exists
an N such that K C UYX.,V;. By Theorem 14.6, there exists functions h; € C'(X) such
that 0 < h; < 1y, the support of h; lies in V; and Zjvzl h; =1 on K. It follows that

f =2 fh;and fh; < 1y, as well as supp(fh;) C V;. Hence,

M) =D Afhy) < Zuo(v}) < ZMO(VJ')

and inequality that completes the proof. 0
Lemma 14.8. If V; and V5 are disjoint open sets; then pio (Vi UVa) = po(Vy) +po(V2). 1

Proof. Let W = V; U V. By Lemma 14.7, it suffices to show that po(W) > uo(Vi) +
to(V2). To this end, let € > 0 be given and suppose f; < 1y, are such that supp(f;) C V;
and po(V;) < A(fj) + e. By disjointness, f1 + fa < 1y and supp(f; + f2) C W too.

Hence,
2e + puo(W) > 26 + A(f) = 2 + > A(f5) 2 D po(V5).

Since € > 0 is arbitrary, the conclusion follows. 0

Lemma 14.9. The mapping p* is an outer measure. Further, if W is open, then

w W) = po(W). T
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Proof. Since () = 0, to prove p* is an outer measure, it suffices to prove that, for
ECX,
p(E) = inf{z po(V;) = (V) is a sequence of open sets and £ C UV} }.
=1

Hence, it is enough to show that if (V) is a sequence of open sets such that E C UV},
then 4io(V) < >°72, po(V;) for some open set £ C V. Choose V' = UV and apply

Lemma 14.7. O
Lemma 14.10. If K is compact and 1x < f, then p*(K) < A(f). T

Proof. Given 0 < 6 < 1, let Vs = {f > d}. Note that Vs contains K and is open.
Moreover, if g < 1y, and supp(g) C Vs, then'dg < frand hence A(g) < $A(f). It follows
that,
1
Ho(Vs) < SA(S)-
Thus, by monotonicity of outer measure, p*(K) < po(Vs) < $A(f). Letting 6 < 1 tend

to 1 gives the result. O

Lemma 14.11. If W is open, K is compact and K C W, then

(W) = po(W\ K) + p(K).

Proof. One inequality follows from subadditivity of outer measure. To prove the other

inequality note that W \ K is open and let € > 0 be given. Choose 0 < g < Iy g with
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supp(g) C W\ K and A(g) + € > po(W \ K). Let C' = supp(g). Choose, by Theorem
14.4, 1x < f < 1genw such that supp(f) C C*NW. In particular, 0 < f + g < 1y and

the support of f + g lies in W and, by Lemma 14.10, A(f) > p*(K). Thus,
e+ (W) Z e+ A(f +9) = Af) + (e + Ag)) = w(K) + po(W\ K).

O

Lemma 14.12. If W is open, K is compact, K C W and e > 0, then there exists

i < f < Ly such that supp(f) € W and A(f) < p*(K) + e. f

Proof. Choose V' an open set such that K C V' and po(V') < p*(K) + €. Replacing W
by V N W if needed, it may be assumed that V' C W. By Theorem 14.4, there exists
1x < f <1y and supp(f) C V. It follows that

A(F) < po(V) < p'(K) + €.

O

Lemma 14.13. If W is open and € > 0, then there is a compact set K such that K C W

and pio(W) < p*(K) + €. t

Proof. There is a 0 < g < 1y such that supp(g) C W and A(g) + € > po(W). Let K
denote the support of g. Hence, K C W and K is compact. By Lemma 14.12, there
exists an f such that 1x < f < 1y, the support of f lies in W and A(f) < p*(K) + .

In particular ¢ < f and hence A(g) < A(f). It follows that

po(W) < Mg) + e < A(f) + e < p'(K) + 2
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Lemma 14.14. If W s open, then W is outer measurable. T

Proof. Let A C X be given. Given € > 0, choose an open set A C V such that po(V) <
p*(A)+e. Choose, by Lemma 14.13, a compact set K C W such that po(W) < p*(K)+e.

Now, by monotonicity and Lemma 14.11,

pHANW) < po(V W)
< (VN EK) + p(V 0 (W K))
< (VN K) + po (WA K)
< (VNK)+e.
Further, by monotonicity,

p(ANWE) < p(Vnwe).

Now K and W€ are disjoint compact sets. Hence, by Theorem 14.3, there exist disjoint
open sets S,T such that K € S and W¢ C T. Consequently, using Lemma 14.8 and

monotonicity,

W ANW)+p (ANW) <p* (VNK)+e+p (VAW
<uo(VNS)+ po(VNT) +e
=up(VN(SUT))+e

< po(V) < p*(A) + 2,

It follows that p*(A) > p*(ANW) + p*(ANWe) and thus W is outer measurable. [J
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Let .# denote the collection of outer measurable sets. Thus, p, the restriction of p*
to . is a complete measure. Further, .# contains all open sets by Lemma 14.14 and

by Lemma 14.9 if W is open then pu(W) = po(W). In particular, Zx C .
Lemma 14.15. The measure pu satisfies the regularity conditions of the theorem. T

Proof. Outer regularity follows immediately from the definition of p*. As for inner
regularity, suppose E is measurable. Thus F° is measurable. By outer regularity, there
is an open set V such that £ C V and u(V \ E€) <'e. Thus K = V¢ C E is compact

and u(E\ K) <e. O

Lemma 14.16. If f € C(X), then

A(f) = /X fd.

Proof. Suppose f € C(X) is real-valued and that [a,b] contains the range of f. Given
€ > 0, choose tg < a < t; < ...t, =bsuch that t; —t;_1 < e Let E; = f~1((tj-1,¢])
for j = 1,n. The E; are Borel sets, hence, by outer regularity, there exists open sets

V; D E; such that u(V;) < p(E;) + £. By Theorem 14.6, there exists h; € C(X) such

£
n
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that 0 < h; < 1y, the support of h; lies in V; and ) h; = 1. Now,
M) =D A(fhy)
<> Altshy)
<> tu(Vy)
<Ot + OB + )
< /X Fdp + e(p(X) + o).

Consequently,
ey (10)
X
The reverse inequality follows by replacing f by —f in Equation (40).

Finally, the case of general continuous f: X — Cis reduced to the case f is real

by considering the real and imaginary parts of f separately. 0

Lemma 14.17. If uy, puo are reqular Borel measures such that

)\(f):/deuj

for j=1,2 and f € C(X), then py = a. T

Proof. Let K be a given compact set. By outer regularity, given € > 0 there exists an
open set V such that K C V and p;(V) < p;(K) + €. By Theorem 14.4, there is an

f € C(X) such that 15 < f < 1y. Hence,

(V) — € < () :/

Xleujs/deuj:Amg/ledujzujW).
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Hence |p1(K) — pe(K)| < 2¢ and therefore pq (K) = po(K). By inner regularity, it now

follows that p; = ps. 0J

15. PRODUCT MEASURES

We now revisit measures and o-algebras. Recall, given measure spaces (X, .#) and
(Y,.#), the product o-algebra .# @ A4 C 2X*¥ is the o-algebra generated by the

measurable rectangles {E x F : E € #, F € N}

Example 15.1. (a) If X,Y are finite sets and X,Y are given the discrete o-algebras
9X 9 then 2X @ 2¥ = 2XxY
(b) If we take two copies of R with the Borel o-algebra %Bg, then B @ Br = Brz2. (See

Proposition 1.17.)

Given a pair of measure spaces (X, .Z, ), (Y, A4, v), we would like to construct a
“product” measure p x v on the Cartesian product measurable space (X XY, .# x A).
It is natural to insist, if £ € .# and F' € .4 have finite measure, then p x v(E x F) =
w(E)v(F); i.e., the measure of a measurable rectangle is the product of the measures.
We would also like conditions guaranteeing uniqueness. We will state and prove theorems
for only for two factors, but there is no difficulty in extending to finitely many factors
(Xj, A, 1j), 3 =1,...n. It turns out that the product is associative too. There is also

a construction valid for infinitely many factors when each factor is a probability space
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(that is, u(X) = 1) but this requires more care. In these notes we consider only the

finite case.

To express, in what follows, integrals of unsigned functions f : X x Y — [0, +00]
against product measures as iterated integrals, we introduce the slice functions f, : Y —

[0, +00] and f¥: X — [0, +o0], defined for each x € X (respectively, each y € Y) by

foy) = f(z,y),  fU(2) = flz,y).
In other words, starting with f(x,y) we get functions defined on Y by holding = fixed,
and functions defined on X by holding y fixed.
In addition to these, given a set E C X x Y, we can define for all x € X, y € Y the

slice sets B, C' Y, BY C X by

E,={yeY : (z,y) €eF}, E:={recX:(r,y) € E}

We first show that these constructions preserve measurability.

Lemma 15.2. Let (X, %), (Y, #V') be measurable spaces.

(i) If E belongs to the product o-algebra M @ N, then for all x € X and y € Y the
slice sets B, and EY belong to AN and A respectively.

(i1) If (Z, O) is another measurable space and f : X XY — Z is a measurable function,
then for all x € X and y € Y, the functions f, and fY are measurable on Y and

X respectively.
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Proof. Let . denote the set of all £ € 2%¥*Y with the property that £Y € .# and
E, e ¥ forall z € X, y €Y. It suffices to prove that .# is a g-algebra containing all
measurable rectangles. First observe that . contains all rectangles in .#Z @ .47, since if
E = FxG then E, is equal to either G or &, if v € F or x € F respectively. In either case
E, € 4. The same proof works for EY. Next, suppose (E,) is a sequence of disjoint sets
in. and E =J°, E,. Then E, = ,—,(E,), € A; similarly EY = |J)”, EY € .

Likewise (ENF), = E,NF,. Thusif E, F € ., then so is FNE. Finally, (E°), = (E,)°

for all x € X; similarly for EY. Thus, by Proposition 1.7, .7 is a o-algebra.

Item (77) follows from item (7) by observing that for any O C & and z € X,

(f2)H(0) = (f HONa

and similarly for . 0

Remark 15.3. Even if both (X, .#, 1) and (Y, .4, v) are complete measure spaces and
if 7 is a measure on # @ A such that 7(E x F) = u(E)v(F) for all measurable
rectangles E x F with u(E),v(F) < oo, it need not be the case that the product
measure (X X Y, . # ® A7) is complete. Indeed, if there is an set £ C X such that
E ¢ ./ that is contained in a set G of finite measure and a nonempty F' € N of
measure zero, then £ x FF C G x F and 7(G x F') = 0, but, for any p € F', the slice set
(ExFY={xe€ X :(x,p) € F} = FEisnot in .#, and hence F x F is not in .4 @ N

by Lemma 15.2. o
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The following Lemma is of independent interest.

Definition 15.4. Let X be a set. A monotone class is a collection € C 2% of subsets

of X such that

(i) if Ey C By C --- belong to %, so does |, E,; and

(ii) if Ey D Ey D -+ belong to €, so does ()~ En.

Remark 15.5. It is immediate that intersections of monotone classes are monotone
classes. Hence, given a collection A C 2%, there is a smallest. monotone class containing
A. If € is a monotone class, then so is 4" = {E: E € €'}. Trivially, every o-algebra is

a monotone class. The next lemma is a partial converse to this statement. o

Lemma 15.6 (Monotone class lemma). If &/ C 2% is a Boolean algebra, then the

smallest monotone class containing <7 is equal to the o-algebra generated by < . T

Proof. Let .4 denote the o-algebra generated by 7 and % the smallest monotone class
containing .o7. Since . is a monotone class containing o7, we have 4 C .# and hence

it suffices to prove that .#Z C €.

Now %" is a monotone class and, since F € & implies E¢ € &, it contains /. Hence
& C ¢'. Thus, if E € €, then there is an F' € € such that £ = F°and E°=F € ©.

Thus € is closed under complements; that is ¢’ = €.
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Given E C X, let €% denote the set of all F' € ¥ such that the sets
F\E, E\F, FNE, X\(EUF)

belong to €. A quick check of the definitions shows that %% is a monotone class.

Moreover, if E € o/ it is immediate that ¥ contains &/ and hence 6z = &. Let

9 ={E€%:%s=5%}.
In particular, &/ C %. Another definition check shows Z is a monotone class. Thus,
¢ C 2 and hence ¢ = 9.

Now suppose that E, F € €. Since F € ¥ and F € €, it follows that ENF € .
Hence % is closed under finite intersections. Since it is also closed under complements,
it is closed under finite unions. Since @ # % is closed under finite unions, complements

and countable increasing unions, it is a g-algebra. O

The proof strategy employing the monotone class lemma should be clear. To prove
that a statement P holds for a g-algebra .# generated by a Boolean algebra o7, it
suffices to prove 1) P is true for all E € o7, and 2) the collection of all E € .# for which

P is true is a monotone class.

We can now construct the product measure.

Theorem 15.7 (Existence and uniqueness of product measure). Let (X, . #, ), (Y, N, v)

be o-finite measure spaces. If P € M & N, then

(i) f:X —[0,00] defined by f(x) = v(P,) = [, 1p, dv is measurable;
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(i) g:Y — [0,00] defined by g(y) = u(PY) = [ 1pv du is measurable; and

[ ran= [ gav

The function p X v : M @ N — [0,00] defined

MXV(P):/deMZ/Yng

is a o-finite measure on the product o-algebra and is uniquely determined by p X v(E X

(iii)

F)=u(E)v(F) for E€ # and F € N .

The measure p X v is the product measure.

Proof. We will give the proof assuming at one point both measures are finite, and then
sketch out how this assumption can be relaxed to o-finiteness. Given sets F € .# and
F € ., the set E x F' is (measurable) rectangle. The collection of finite disjoint unions
of measurable rectangles, denoted & is a Boolean algebra. Let & denote the collection
of sets P € 4 ® A satistying (i), (#7) and (éi7). Define p x v : & — [0,00] as in the
statement of the theorem.

That each measurable rectangle belongs to & is evident. In fact, if P = UE; x F)

is a finite disjoint union of rectangles, then

v(P) =3 1p, (2) v(E)).

Hence, v(P,) is measurable and similarly for PY. Moreover,

[ APy ar = S uEpE) = [ ) dg
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Now suppose P, C P, C ... is an increasing sequence from & and let P = UP;.

Let

and define g; similarly. Since P, = (UP;), = U(P)),, it follows from monotone conver-

gence for sets (Theorem 2.3 (iii)) that (f;) monotone increases to

Hence f and likewise g are measurable and moreover, by MCT twice,

/fdu:hm/ fjd,u:hm/gjdyz/gdy.
b's b's Y Y

Hence P € & and pu x v(P) = lim p x v(P)).

At this point we add the assumption that u and v are both finite. Suppose P; D
P, D ... is a decreasing sequence from & and let P = UP;. Proceeding as above, but
using the DCT instead of the MCT by invoking the finiteness assumptions on p and v it
follow that P € & and the proof that P = .# ® .4 is complete under the assumption
that the measures p and v are finite. For disjoint sets Py,..., P, € .# ® .4, the identity
U_1(Pj)e = (Uj_, P;), implies 4 x v is finitely additive. The argument above shows
1 X v satisfies monotone convergence for sets and hence, by Problem 7.8, 1 x v is indeed

a measure on .Z ® .4 under the added finiteness assumption.

In the case the measures are o-finite, express X = UX,, and Y = UY,, as increasing
unions of measurable sets of finite measure. Let Z,, = X,, X Y,, € & and note that each

Zn € P, each pxv(Z,) is finite and X x Y = UZ,. In particular, once it is shown that



134 MAA6616 COURSE NOTES FALL 2016

1 X v is a measure on the product o-algebra, the o-finite conclusion will automatically

follow. For positive integers n, let 2, denote those sets P such that
P,=PNn[X, xY,| €2

In particular, P, C Z, and the measures p, : # — [0,00] and v : A" — [0, 00| defined
by pn(E) = p(ENX,) and v, (F) = v(F NY,) respectively are finite and P € 2 if and

only if P € # @ A4 and

[Py = [ (P di= [ P = [ i,

Y

Hence, by what has already been proved, 2, = # ® A for each n. Given P € &
let fn(x) = p((P,).) and f(x) = pu(P,) and likewise for g,. The monotone convergence
argument above shows f is measurable and ([ f, du) converges to [ fdu and likewise
for g. On the other hand [ f,du = [ g,dv since P € 2,,. Thus & = # ® 4. That

i X v is measure on .#Z @ AN is left as an exercise.

To prove uniqueness suppose p is any other measure on .# ®.4" such that p(Ex F) =
w(E) v(F) for measurable rectangles. Thus p agrees with p x v on the Boolean algebra
& and p x v is o-finite on &. Hence p agrees with p x v on all of .# ® .4 by the Hahn

Uniqueness Theorem (Theorem 5.4). O

Corollary 15.8. Let (X, # 1), (Y, N ,v) be o-finite measure spaces. If E is a null set

for px v, then v(E,) =0 for p-a.e. x € X, and u(EY) =0 for v-a.e. y €Y. T

Proof. Problem 19.5. O
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Example 15.9. a) If XY are at most countable, and px, 1y denote counting mea-

sure on X XY respectively, then 2¥ @2V = 2%V

and px X pry is counting measure
on X xY.

For two copies of R with the Borel o-algebra and Lebesgue measure m (restricted
to ABr), the product measure is a o-finite measure on HBge that has the value
m(E)m(F') on measurable rectangles. The completion of this measure is Lebesgue
measure on R?. (By iterating this construction we of course obtain Lebesgue
measure on R™.)

Let .Z denote the Lebesgue o-algebra on R and %2 denote Lebesgue measure
on R% If £ € %, then E = B UW, where B is Borel and W has Lebesgue
measure zero (and hence is a subset of a Borel set of measure zero) by the
regularity properties of Lebesgue measure. It follows that if £, ' € £, then
E x F' is the union of a set in Br ® $Br with a set contained within a set of

measure zero in Br ® $Br and hence £ x F' € Zp2. Thus, ¥ ® L C Zz2. On

the other hand, equality does not hold by Remark 15.3.

Theorem 15.10 (Tonelli’s theorem, first version). Suppose (X, 4, ) and (Y, N ,v)

are o-finite measure spaces. If f: X XY — [0,400] is a M & N -measurable function,

then
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(a) the slice integrals g(z) == [, fo(y) dv(y) and h(y) := [ fY(x)dp(x) are measurable

on X and'Y respectively;

w [ s = [ ([ fi) i) = [ ([ 56 duta)) anty and

(c) if f € LY x v), then f, and f¥ are in L'(v) and L*(n) for a.e. x and a.ey.

Proof. First suppose P € .# ® 4 and let f = 1p. In this case, the result is the

conclusion of Theorem 15.7.

To move to general unsigned f, first note that by linearity we conclude immediately
that items (a) and (b) also hold for simple functions. For a general unsigned measurable
f: X XY — [0,400], use the Ziggurat approximation to choose an increasing a sequence

(fn) of measurable simple functions converging to f pointwise. Let

gal) = / (wa(y) d(g) and ha(y) = /X (fu)?() dpu(z).

The monotone convergence theorem implies that the sequences (g,) and (h,) increase
and converge pointwise to g .and h respectively. Thus g and h are measurable. Two

more applications of monotone convergence gives

[ gdu=tim [ gudp=tin [ fuduxn)= [ paxn)
X X

XXY XXY

and similarly for h. Thus, finally, items (a) and (b) hold for all unsigned measurable

functions on X x Y.

Item (c) follows immediately from item (b) and Theorem 10.2 item (d). O
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As noted above, the product of complete measures is almost never complete. Typ-
ically we pass to the completion p X v of a product measure. To prove the complete
version of Tonelli’s theorem recall a couple of facts about measurability on complete

measure spaces encountered earlier (see Propositions 8.16 and 8.17).

Proposition 15.11. Let (X,.#, i) be a measure space and (X, .4, i) its completion.

a) If f : X — C is .4 -measurable, then there exists a M -measurable function fv
such that f = fﬁ—a.e.
b) If f: X — C is .M -measurable and g : X — Cis a function with g(x) = f(z)

for fi-a.e. x, then g is M -measurable.

Proof. Problem 19.4. U

Theorem 15.12 (Tonelli’s theorem, complete version). Let (X, .#,u), (Y, AN ,v) be
complete o-finite measure spaces.” If f: X XY — [0,+00] is an M @ N -measurable

function, then

(i) for p-a.e. x and v-a.e. y, the functions f, and fY are A and # measurable

respectively;
(i1) there exists M and AN measurable functions g and h such that

o(z) = /Y foly) dvy),  hly) = /X £0(x) dp(z)

p-a.e. and v-a.e. respectively;
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(i) [ ) i<y = /X ( /Y fz(y)dV(y)> dyz) = / ( /X fy(w)du(x)) av(y); and

(i) If f is L', then f, and fY¥ are in L' for u-a.e. x and v-a.e. y respectively.

In item (ii), the integrals are defined only almost everywhere since the integrands

are defined only almost everywhere.

Proof. From Proposition 15.11 that there exists an .# ® .#~-measurable function f such
that f(z,y) = f(z,y) for px v-ae. (x,y). Let E be the exceptional set on which
f # f. Since p X v(E) = 0, there is an .# ® 4 -measurable set E containing E such
that (u x v)(E) = 0 by Theorem 2.8. By Corollary 15.8, »(E,) = 0 for p-a.e. x, thus
since E, C E, (and since v is complete!) FE, is'in A4 and v(E,) = 0 as well for almost
every x. Since B, = {y : f, # o}, it follows that f, = f, v-a.e. y for y-a.e. . Thus, by
Lemma 15.2 and completeness of v, the function f, is .#-measurable (Proposition 15.11

again) p-a.e. x. Of course, the analogous proof holds for fv.

By Theorem 15.10 (Tonelli),

g(x) = /Y fodv

is measurable. Hence, as f, = f, v-a.e. y for p-a.e. z,

g(a:):/yfde:szdV j-a.e. .

Finally (iii) and (iv) follow from (i) and (ii) and Theorem 15.10 applied to f. O
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Theorem 15.13 (Fubini’s theorem). Let (X, .4, ), (Y, A ,v) be complete o-finite mea-

sure spaces. If f: X xY — C belongs to L'(u x v), then

a) for p-a.e. = and v-a.e. y, the functions f, and fY belong to L'(v) and L'(u)

respectively, and the functions

/fa; ) dv(y /fy ) dp(x

belong to L'(pn) and L' (v) respectively; and

) ] e (o) - o) o

Proof. By taking real and imaginary parts, and then positive and negative parts, it
suffices to consider the case that f is unsigned, but then the theorem follows from

Theorem 15.12. Indeed, when f is-unsigned and belongs to L'(u x v), by Tonelli

/X (/Y f2(y) dy(y)) di(z) = /XXY F(2,y) dTXT) < o0

but then [, f.(y) dv(y) < oo for prra.e. z; similarly for fY. O

Corollary 15.14 (Integral as the area under a graph). Let (X, .#,pu) be a o-finite
measure space, and give R the Borel o-algebra Py and Lebesque measure m (restricted

to Br). An unsigned function f: X — [0,+00) is measurable if and only if the set
G ={(z,t) e X xR:0<t< f(x)}

18 measurable. In this case,

(e m)(Gy) = [ fan
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Corollary 15.15 (Distribution formula). Let (X, .#Z, ) be a o-finite measure space. If

f:X —[0,+00] an unsigned measurable function, then

/X £(2) du(x) = /[ sz

Proof. Let Gy be the region under the graph of f as in Corollary 15.14. Then for fixed
t>0,
[ 16ty duto) = n({ £z 1)
X

so by Tonelli’'s theorem and Corollary 15.14,

[ s dnte) = (xm(G) - /[ N ( / 1Gf<x,t>dﬂ<x>) it = /[ s =
[l

Corollary 15.16 (Compatibility of the Riemann and Lebesgue integrals). If f : [a,b] —

R is continuous, then if we extend f to be 0 off [a,b], the extended f is Lebesque integrable

on R and [; fdm = f:f(:v) dx. T

Proof (sketch). We assume f > 0. For a partition P, a = 2y < 21 < -+ < x, = b of
[a,b], define Cj = sup{f(z) : x; <o < z;41} and ¢; = sup{f(x) : x; <z < z;4,1}, and

consider the sums

n n

U(P, f) = ZCj(l‘j —xj_1) and L(P, f):= ch(xj —Tj_1).

J=1 Jj=1
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Let G denote the region enclosed by the graph of f, Gy = {(z,y) : 0 <y < f(2)}.
Thus G is a closed set in R? (hence Borel measurable), and by 15.14 m?*(Gy) = [, f dm.
Let R, and R_ denote the finite unions of closed rectangles corresponding to the over-
and under-estimates for the Riemann integral given by U(P, f) and L(P, f). Then
R_ C Gy C Ry, and m*(Ry) = U(P, f),m*(R_) = L(P,f). It then follows that
supp L(P, f) < m*(Gy) < infp U(P, f). But by the definition of the Riemann integral,

the inf and sup are equal to each other, and their common value is f; f(z)de. O

Remark 15.17. The above proof can be modified to drop the continuity hypothesis
(where was it used?), and conclude that every Riemann integrable function on [a,b] is
Lebesgue integrable, and the values of the two integrals agree. With more work it can
be shown that a function f : [a,b] — R is Riemann integrable if and only if the set of
points where f is discontinuous has Lebesgue measure 0. We will not prove this fact in

these notes.

We also note that it is not difficult to extend these facts about the Riemann integral
to “improper” Riemann integrals, defined over [0,+o00) or R. In particular, note that
the distribution function u({|f| > t}) is a decreasing function of ¢ on [0, +00), hence
Riemann integrable. Thus Corollary 15.15 says that, in principle, the calculation of any

Lebesgue integral can be reduced to the computation of a Riemann integral. o
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16. INTEGRATION IN R"

In this section we briefly discuss Lebesgue measure and Lebesgue integration on R”™.

We begin with the observation that we can construct Lebesgue measure m™ on R"
in the same way as on R, namely by introducing boxes B = I} X Iy X --- X I, where
each I; is an interval in R, and declaring |B| = []}_, |/;]|. One can then define Lebesgue

outer measure m™* by defining, for all F C R",
m™(E) =inf{Y_|B;|: E | JB};
j=1 j=1

the infimum taken over all coverings of E by boxes. By imitating the constructions of
Section 4, we are led to a o-finite Borel measure on R™ such that the measure of a box B
is its volume | B|. Since the construction proceeds through outer measure, the o-algebra
Z&n of measurable sets is complete and is of course called the Lebesgue o-algebra. In

particular, the following analog of Theorem 4.5 holds.

Theorem 16.1. Let E C R". The following are equivalent:

a) E is Lebesgue measurable.

b) For every € > 0, there is an open set U D E such that m™* (U \ E) < e.
c) For every € > 0, there is a closed set F' C E such that m™(E \ F) < e.
d) There is a Gs set G such that E C G and m"™* (G \ E) = 0.

e) There is an F, set F' such that E O F and m™(E \ F') = 0.
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We drop the superscript and just write m for Lebesgue measure on R"™ when the
dimension is understood. It follows from Theorem 16.1, if £ C R™ is Lebesgue measur-
able and p(E) = 0, then there is a Borel set G D E such that m(G) = 0. Thus m is the
completion of m restricted to Brn as described in Theorem 2.8. Now, let m’ denote the
n-fold product of Lebesgue measure restricted to Xr defined on Br ® - - - ® Br = Bgn.
The measures m and m’ agree on the Boolean algebra of disjoint union of boxes and
thus, by the Hahn Uniqueness theorem, agree on %Bgrn. Finally, the completion of m/
agrees with m and the completion of Hg. (with respect to m') is Ln, the Lebesgue

o-algebra.

Definition 16.2. Lebesgue measure m™ on R" is the completion of the n-fold product

of (R, Zr, m) and the completion of Ak is the Lebesgue o-algebra denoted L. <

R™ possesses a larger group of symmetries than R does. In particular we would
like to analyze the behavior of Lebesgue measure under invertible linear transformations

T :R™ — R™. We have the following analog of Theorem 4.4:

Theorem 16.3. If T' : R® — R" be an invertible linear transformation, then T 1is
Lgn — Ln measurable; i.e., if E C R"™ is a Lebesgue set, then T"Y(E) C R" is a

Lebesgue set too. Moreover,

(a) if f € LMRY), / (f o T)(2) dz — — (x) dz; and

. " Tdet T Jgn
(b) if E € R™ is Lebesque measurable, then m(T(E)) = | det T|m(FE).
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Problem 13.7 gives an example of a Lebesgue measurable F' and continuous G such
that F' o G is not measurable. The difficulty is that it is possible £ = F~!(B) is not
Borel for a Borel measurable B and in this case there is no guarantee the inverse image
of ' under G will be a Lebesgue set. In the course of the proof it will be shown that
if E C R" is a Lebesgue set and T : R" — R" is linear and invertible, then T~!(E) is

Lebesgue.

Proof. Let F denote those f € L'(R™) such that the composition f o S is measurable

for all invertible linear transformations S : R® — R".

Note that, if 77 and T, are both invertible linear transformations and the result of
(a) holds for any f € F and both T} and T, then the result of (a) holds for all f € F
and T'= T1 Ty (and T,T}). From linear algebra; every invertible linear transformation of
R™ is a finite product of transformations of one of the following types (we write vectors

in R" as ¢ = (x1,...x,), in the standard basis).

i) (Scaling a row) T'(z1,...2j,...2,) = (21,...cxj,...2,), for some j =1,...n
and some c € R
ii) (adding arow to another) T'(z1,... 2, ... T, ... Ty) = (T1, ... Tj, ... Tj4+Tk, . .. Tp),
some j,k=1,...n
iii) (interchanging rows) T'(xq,... %, ... Tk, ... Tn) = (T1,... Ty ... Tj,...Tpy), SOME

5L k=1,...n.
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In the first case, det T' = ¢, in the second, detT" = 1, and in the third, detT' = —1. By
the multiplicativity of the determinant, it suffices to prove the theorem for T of each
of these types. We may also assume f > 0 (why?) But (a) now follows easily from
Tonelli’s theorem and the invariance properties of one-dimensional Lebesgue measure.
For example, for T of type (i) we integrate with respect to x; first and use the one-

dimensional fact

/Rg(ct) dt = %/g(t) dt

for all ¢ # 0. In case (ii) we integrate with respect to zy first and use translation

invariance of one-dimensional Lebesgue measure: for fixed z;,

/Rg(xj+3:k)dxk=/g(xk) dxy,,

R
while for case (iii) we simply interchange the order of integration with respect to x; and
x. Thus (a) holds in all'three cases. By composition (a) holds for any invertible 7" and

ferF.

If f € L'Y(R™) is Borel measurable, then f € F and hence (a) holds. In particular,
if G is a Borel set, then (a) applied to 17 (using 7! is linear and continuous shows
T(G) is also a Borel set) shows (b) holds for G. In particular, if m(G) = 0, then
m(T(G)) = 0 too. Now suppose E is a Lebesgue set. In this case there exists a
Borel set G with m(G) = 0, a subset N C G and a Borel set F' such that £ =
F UN. Hence, as T is one-one, T(E) = T(F)UT(N) and T(N) is a subset of the

Borel set T'(G) of measure zero. It follows that T'(E) is a Lebesgue measurable set and



146 MAA6616 COURSE NOTES FALL 2016

det(T)m(T(F)) = det(T) (m(T(F)) = m(F) = m(E). We conclude, if T" is an invertible
linear transformation, then 7" maps Lebesgue sets to Lebesgue sets (as does T~ 1.

Finally, since 7! maps Lebesgue sets to Lebesgue sets, if f is measurable, then so

is foT and hence F = L'(R") completing the proof. O

Corollary 16.4. Lebesgue measure on R™ is rotation invariant. T

Proof. A rotation of R” is just a linear transformation satisfying 7% = T~!, which implies

that | det T'| = 1, so the claim follows from Theorem 16.3. O

One result we will use frequently in the rest of the course is the following fundamental
approximation theorem. We already know that absolutely integrable functions can be
approximated in L' by simple functions, we now show that in R” we can approximate

in L' with continuous functions.

Definition 16.5. We say a function f: X — C is supported on a set £ C X if f =0 on
the complement of E. When X is a topological space, the closed support of f is equal to
the smallest closed set E such that f is supported on E. Say f is compactly supported

if it is supported on a compact set FE. N

Note that since every bounded set in R™ has compact closure, a function f : R" — C
is compactly supported if and only if it is supported in a bounded set. Since bounded
sets have finite Lebesgue measure, it follows that if f : R® — C is continuous and

compactly supported, then it belongs to L!(R™).
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Theorem 16.6. If f € L'(R™) then there is a sequence of (f,) of continuous, compactly

supported functions such that (f,) converges to f in L.

Proof. We work in R first, and reduce to the case where f is simple. Let € > 0; since
simple functions are dense in L', there is an L' simple function ¢ such || — f|l; < §.
Since 1) is simple and in L', it is supported on a set of finite measure. If we can find
a continuous g € L' such that [|v) — g||; < €/2 we are done.” For this, it suffices (by
linearity) to assume ¢ = 1p for a set £ with m(E) < oo and show, given § > 0 there
is a continuous g of compact support such that ||[1p —g|| < 0. By Littlewood’s first
principle Theorem 4.6, we can find a set A, a finite union of disjoint open intervals
A =Jj_ (a;,b;), such that m(AAE) < 8. It follows that |14 — 15|[1 = || Laarlh < &
Let n = 2 and let J; = (a; — 2,b; + ) and choose a continuous function g; : R — [0, 1]
such that g; = 1 on [ and g; = 0 on J5. Thus, ||g; — 1;,|] < 7. Thus, with g =} g;, it

follows that ||g — 1 4]} < Z?Zl lg; — 1] < g.

In higher dimensions, the same approximation scheme works; it suffices (using lin-
earity, Littlewood’s first principle, and the €/2" trick as before) to approximate the
indicator function of a box B = I; x - -- x I,, (where each I; has finite measure) again a
piecewise linear function that is 1 on the box and 0 outside a suitably small neighborhood

of the box suffices. The details are left as an exercise. O

Remark 16.7. There is a more sophisticated way to do continuous approximation in

L', using convolutions. This will be covered in depth later in the course. Also note
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that since every L' convergent sequence has a pointwise a.e. convergent subsequence,
every L' function f can be approximated by a sequence of continuous functions f,, that

converge to f both in the L! norm and pointwise a.e. o

As an application of the above approximation theorem, we prove a very useful fact
about integration in R", namely that translation is continuous in L'(R™). The proof
strategy is to first prove the result from scratch for continuous, compactly supported
f, then use the density of these functions in L' to get the general result. This density
argument is frequently used; we will see it again in the next section when we prove the

Lebesgue Differentiation Theorem.

Proposition 16.8. For h € R", .and f : R" — C a function, define fn(x) := f(x — h)
(the translation of f by h). If f € LMR™), then f, € L' and fr, — f in the L' norm as

h — 0. T

Proof. First suppose f is continuous and compactly supported. In this case f is uni-
formly continuous, each f, is continuous, and f, — f uniformly on K as h — 0. It

follows from Proposition 12.11 that f, — f in L.

Now let f € L'(R™) and € > 0 be given. We can choose a continuous, compactly
supported ¢ such that ||g — f||1 < €/3. Note, by the translation invariance of Lebesgue
measure, that ||gn — fulli = ||lg — fll1 < €/3 as well. (Here we have used the readily

verified fact that (|f — g|)n = |fn — gn|). Now, since the result holds for g, there is a
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d > 0 such that for all |h| <4, ||grn — g|[1 < €/3. Thus

1o = fll < N fo—gnlls +llgn — gl +llg — flli <,

proving the theorem. 0

The section concludes with some remarks on integration in polar coordinates. Write
|z|| = (22 + - - + 22)"/2 for the Euclidean length of a vector . Let S" ' = {z € R" :
|z|| = 1} be the unit sphere in R". Each nonzero vector = can be expressed uniquely in
the form = = ||$||ﬁ (positive scalar times a unit vector), so we may identify R" \ {0}
with (0,400) x S"7!. Precisely, the map ®(z) = (||z], ”fc—”) is a continuous bijection
of R"\ {0} and (0, +00) x S"~!. Using the map ® we can define the push-forward of
Lebesgue measure to (0, +00) x S"~1y namely m.(E) = m(®~1(E)). Let p = p,, denote

the measure on (0, +00) defined by p(E) = [,r" ' dr.

Theorem 16.9 (Integration in polar coordinates). There is a unique finite Borel mea-
sure o = 0,1 on S" such that m, = pxo. If f is an unsigned or L' Borel measurable

function on R™ then

/ ) dr = /0 h [ 60 o€

Proof. O
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17. DIFFERENTIATION THEOREMS

One version of the fundamental theorem of calculus says that if f is continuous on

a closed interval [a,b] C R, if we define the function

F(x) ::/ f(t)dt
then F is differentiable on (a,b) and F’'(x) = f(x) for all = € (a,b). Using the definition

of derivative, this can be reformulated as

I 1
hlinoh

/%_ﬂwﬁ:f@)

for all z € (a,b). If we let I(xz, h) denote the open interval (z,x + h), then, re-expressing

in terms of the Lebesgue integral, we have

I 1
1M
h—0 m([h)

[ gdn= stz
Iy,
It is not hard to show that we can replace I;, with the interval B(z,h) centered on x

with radius h; in this case m(B(x,h)) = 1/2h and we still have

\ 1

B gy
This can be interpreted to say that the average values of f over small intervals centered
on x converge to f(x), as one might expect from continuity. Perhaps surprisingly, the
result remains true, at least for (Lebesgue) almost every x, when we drop the continuity

hypothesis.

The goal of this section is to prove the Lebesque differentiation theorem. To state it

we introduce the notation B(z,r) for the open ball of radius r > 0 centered at a point
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z € R". We also write [ f(y)dy for integrals against Lebesgue measure. For the rest of

this section L' refers to Lebesgue measure on R™ unless stated otherwise.

Definition 17.1. [Locally integrable functions] A Lebesgue measurable function f :
R™ — C is called locally integrable if [, |f(y)|dy < oo for every compact set K C R".

The collection of all locally integrable functions on R" is denoted Lj},.(R™). <

Since every compact set in R" is contained in a closed ball, it suffices in the above

definition to require only [, |f(y)|dy < oo for every ball B.

Theorem 17.2 (Lebesgue Differentiation Theorem). If f € Li (R"), then, for almost

loc

every x € R,

0 B
a) lﬂm/g@mlﬂy)—f@)my—o

and

: I B
) timy s o, (0= 1)

P m(B (7))

Notice that the second statement follows from the first. One can interpret the

theorem as follows. Given f € L', define for each r > 0 the function

1
m(B(z,r)) /Bu,r) 1) dy,

the average value of f over the ball of radius r centered at x. The second statement

App(x) =

says that the functions A, ; converge to f almost everywhere as  — 0. (It is not hard
to show, using density of continuous functions of compact support in L' that if f € L!,

then A, ; — f in the L' norm as r — 0. See Problem 19.15.)
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To begin with, it is easy to prove Theorem 17.2 in the continuous case:

Lemma 17.3. If f : R* — C s continuous and compactly supported, then for all
r € R",

o -
lg%m /B(a:,r) |f(y) — f(z)|dy = 0.

Proof of Lemma 17.3. Since f is continuous and compactly supported, it is absolutely
integrable. Fix x € R™ and let € > 0 be given. By uniform continuity there is a 6 > 0

such that |f(z) — f(y)| < e for all |y — x| <. For 0 < r < 4,

1 1
B O~ LS 0BG

= €.

O

To move from continuous, compactly supported f to absolutely integrable f we need
the following estimate, which is quite important in its own right. It is an estimate on

the Hardy-Littlewood mazimal function, which is defined for f € L'(R") by

1
My(a) = sup s / Wy (41)

r>0 M
Theorem 17.4 (Hardy Littlewood Maximal Theorem). If f : R® — C is in L' and

t >0, then

171

m({x e R" : My(z) >t}) <C ;

for some absolute constant C > 0 that depends only on the dimension n.
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Remark 17.5. It turns out that C' can be chosen as 3". If it were the case that
M were in L'(R"), then a similar estimate would be an immediate consequence of
Markov’s inequality. However M} is essentially never in L', even in the simplest case of

the indicator function of an interval. o

Before proving Theorem 17.4, we will see how it is used to prove the Lebesgue

Differentiation Theorem.

Proof of Therem 17.2. First note that we may assume f € L'(R™) (not just L} .); to
see this just replace f by 1pon)f for N € N. So, let f € L'(R") and fix ¢,¢ > 0. We
first prove (b) and then use this to deduce (a). First, by Theorem 16.6 there exists a

continuous, compactly supported g such that

[ 1) )l <

Applying the Hardy-Littlewood maximal inequality to |f — g|, we have

Ce

m({z € R" : sup Rn|f(a:) g(z)|dz > t}) < -

r>0 m(B(z,1))

In addition, by Markov’s inequality applied to |f — g| we have

m({z € R": |f(z) — g(x)] > t}) <

(\le

Thus there is a set £ C R™ of measure less than ¢ CH such that, outside of E both

1
BT o, S0 9y < (42

and

[f(z) —g(2)] < t. (43)
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Now consider z € E°. By the result for continuous, compactly supported functions

(Lemma 17.3), we have for all sufficiently small » > 0

<t

'm /B(W) 9(y) dy — g(x)

In the left-hand side of this inequality, we add and subtract f(x) and the average value

of f over B(z,r). Then by (42), (43), and the triangle inequality, we have

'm / Iy 1)

for all sufficiently small » > 0. Keeping t fixed, for each n there is a set F, with

<3t

m(E,) < % such that for each € E, there exists an n > 0 such that for 0 <r <7,

A () < fa)] < 3t.

Let £ = NE,. Thus m(E) = 0 and for each x € E° there exists an n > 0 such that the
inequality above holds for 0 < r < 7. For each m € N there exists a set F,, of measure

zero such that for each @ € F° there is an > 0 such that for 0 <r <7

1
A, — < —.
Ans@) — Fla)| <~
Finally, let ' = UF,, and note that m(F) = 0 and if © € F° then, for every m € N*

there exists an n > 0 such that for all 0 < r < 7 the inequality above holds completing

the second part of the Lebesgue Differentiation Theorem.

For part (a), note that if f is locally integrable and ¢ € C, then |f(x) — ¢| is locally

integrable. Thus for each ¢ € C we can apply part (b) to conclude that

1
lim —————— —c|ldy = —
/B(w) |f(y) —cldy = |f(z) — ¢

=0 m(B(z, 7))
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for all x outside an exceptional set E, with m(E.) = 0. Fix a countable dense subset

Q C Cand let B = J.q Ee; then m(E) = 0 and for fixed z ¢ E there exists ¢ € @

with [f(z) —¢f <€ s0 |f(y) = f(2)] < [f(y) — |+ ¢ and

lim sup |f(y) = f(@)|dy < [f(x) — [+ € < 2

o
r—0 TTL(B(SL’,T’)) B(z,r)

Since € > 0 was arbitrary, this proves (a). O

It remains to prove the Hardy-Littlewood maximal inequality, Theorem 17.4. The
proof we give is based on the following lemma, known as the Wiener covering lemma.
Let B denote an open ball in R™ and for a > 0 let aB denote the open ball with the

same center as B, whose radius is a times the radius of B.

Lemma 17.6 (Wiener’s covering lemma). Let B be a collection of open balls in R™, and
let U = Ugeg B- If c <m(U), then there exists finitely many disjoint balls By, ... By, € B

such that m(U?Z1 B;) > 37"c. T

Proof. There exists a compact set K C U such that m(K) > ¢. The collection of open
balls B covers K, so there are finitely many balls Ay, ... A,, whose union covers K. From
these we select a disjoint subcollection by a greedy algorithm: from Aq, ... A,, choose a
ball with maximal radius. Call this B;. Now discard all the balls that intersect B;. From
the balls that remain, choose one of maximal radius, necessarily disjoint from By, call
this Bs. Continue inductively, at each stage choosing a ball of maximal radius disjoint

from the balls that have already been picked. The process halts after a finite number of
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steps. We claim that the balls By, ... By have the desired property. By construction the
Bj are pairwise disjoint. The claimed lower bound on the measure of the union follows
from a geometric observation. If A, A" are open balls with radii » > ' respectively and
if AN A" # @, then A’ C 3- A (draw a picture and note the diameter of A’ is at most
twice the radius of A). From this observation, it follows that each ball A; that was not
picked during the construction is contained in 3 - B; for some i. In particular, the balls
3-By,...3: By cover K. From the scaling property of Lebesgue measure (Theorem 16.3),

m(3 - B) = 3"m(B). Thus

c<m(K)<> m(3-B;)=3") m(B;) = 3”m(U B)).

Jj=1

Proof of Theorem 17.4. Let f'€ L'(R")and fix A > 0. Let B\ = {& € R": M;(z) > A}
If # € E\, then by definition of M there is an r, > 0 such that A, |z (x) > X. The open

balls B(x,r,) then cover E\. Fix ¢ with m(E)) > ¢. Then m(J B(z,r:)) > ¢, so

AT DN
by the Wiener covering lemma there are finitely many x,...x; € E) so that the balls
By, := B(xy,ry,) are disjoint and m(Uf:1 B;) > 37"c. From the way the radii r, were

chosen, for each 1 < 5 <k,

1

A< Ar,,i0(25) = m(B(e;.m) /B(mj’rzj) |f (W)l dy

SO
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It follows that

c<3"m

—~
<.
=
—

B) =3 Lme) < T3 [ 1< [ 16lds =T

This holds for all ¢ < m(FE)), so taking the supremum over such ¢ we get finally

/]
)

1

18. SIGNED MEASURES AND THE LEBESGUE-RADON-NIKODYM THEOREM

A second form of the fundamental theorem of calculus says that if f : [a,b] — R is

differentiable at each point in [a,b] and if f isiin L'([a,b]), then

N / ", (44)

for all a« < 2 <b. Suppoese f is increasing on [a, b]. From our construction of Lebesgue-
Stieltjes measures, the formula u(|[c, d]) := f(d)— f(c), defined for all subintervals [c, d] C
la, b], determines a unique Borel measure on [a,b]. On the other hand, from (44), this

measure can equivalently be defined by the formula

= /Ef’(x) dr. (45)

From Problem 13.18, for an unsigned measurable g : [a,b] — R,

b b
/gduz/ gf'dm,
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where m is Lebesgue measure on [a,b]. It is tempting to write du = f’dt or even more
suggestively, 5—7’7‘1 = f’. As will be seen in this section, f’is the Radon-Nikodym derivative

of p with respect to m.

18.1. Signed measures; the Hahn and Jordan decomposition theorems. If y, v
are measures on a common measurable space (X,.#), then we have already seen that
we can form new measures cu (for ¢ > 0) and p + v. We would like to extend these
operations to allow negative constants and subtraction. The obvious thing to do is to

define the difference of two measures to be

(n = V)(E) = u(E) — v(E). (46)

The only difficulty is that the right-hand side may take the form oo — oo and is therefore
undefined. We deal with this problem by avoiding it: the measure ¢ — v will be defined
only when at least one of p, v is a finite measure, in which case the formula (46) always
makes sense. It is straightforward to check that, under this assumption, the set function
i — v is countably additive, and (4 — v)(&) = 0. It is of course not monotone. From

these observations we extract the definition of a signed measure:

Definition 18.1. Let (X,.#) be a measurable space. A signed measure is a function

p: M — R satisfying:

b) p takes at most one of the values +o0, —o0,
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c) if (E,)2, is a disjoint sequence of measurable sets, then > 7 p(E,) converges

to p(U;, E»), and the sum is absolutely convergent if p(|J,—, E,) is finite.

Remark 18.2. Actually, the statement about absolute convergence in (c) is an imme-

diate consequence of the Riemann rearrangement theorem. o

The main result of this section is the Jordan decomposition theorem, which says that
every signed measure is canonically the difference of two (unsigned) measures p and v.
There is a natural partial order on the set of finite measures on (X, .#), determined by

1 > v if and only if u — v is a positive measure.

Example 18.3. Consider a measure space (X, .#,u) and let f : X — R belong to

L'(u). The quantity

pue(E) = /Efdu (47)
then defines a signed measure on (X, .#). Indeed, decomposing f = f* — f~ into its
positive and negative parts f = f* — f~, where f* = max(f,0) and f~ = —min(f,0),

the signed measure jiy can be written as p = pi s+ — 1y~ where pp+ denotes the measure

ur=(B) = [ 1 dy. (48)

In fact this construction will work as long as f is semi-integrable (that is, at least one

of f*, f~ is integrable). A
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It is not hard to show that monotone and dominated convergence for sets still hold

for signed measures.

Proposition 18.4. Let p be a signed measure. If (E,)°, is an increasing sequence of
measurable sets, then p(U,— E,) = lim, o p(Ey). If E, is a decreasing sequence of

measurable sets and p(Ey) is finite, then p((—; En) = limy, 00 p(Ey). T

Proof. The proof is essentially the same as in the unsigned case (using the disjointifica-

tion trick) and is left as an exercise (Problem 19.18). O

Before going further we introduce some notation and a couple of definitions. If p is a
signed measure on the measurable space (X, .#) and Y C X is a measurable set, we let
ply denote the measure on .Z defined by ply (E) := p(Y N E). A set E totally positive
for p if p|g > 0. As is easily verified, E-is totally positive for p if and only if p(F) > 0
for all /' C E. In the case p omits the value +oo, it is totally positive p(F) < p(E) for
all measurable F' C E. (Consider E\ F'). The set E totally negative for p if p|p < 0 and
totally null if p|g = 0. Tt is immediate that F is totally null for p if and only if it is both
totally positive and totally negative. Finally, if (E,), is a sequence of totally positive
sets, then UFE, is also totally positive.

Note that when we decompose a real-valued function f into its positive and negative
parts f = fT — f7, the sets X, := {z : fT(z) > 0} and X_ := {z : f~(x) > 0} are
disjoint, and f|x, >0, f|x_ < 0. (Compare with Example (18.3).) A similar statement

holds for signed measures.
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Theorem 18.5 (Hahn Decomposition Theorem). Let p be a signed measure. Then there
exists a partition of X into disjoint measurable sets X = X U X_ such that p|x, >0
and p|x_ < 0. Moreover if X', X' is another such pair, then X, AX' and X_AX' are

totally null for p.

The following lemma will be used in the proof of Theorem 18.5

Lemma 18.6. Let p be a signed measure that omits the value +00. If p(G) > 0, then

there ezists a subset E C G such that E is totally positive and p(E) > 0. T

Proof. For notational convenience, let £y = G. If E; is totally positive, then there is
nothing to prove. Accordingly, suppose FE; is not totally positive. Thus F; contains a

subset F' of strictly larger positive measure. In particular, the set
1
Ji = {n € N" : thereis an F'C E; such that p(F) > p(E;) + —}
n

is nonempty and thus has a smallest element n;. In particular, if m < n; and F' C Ej; is
measurable, then p(F) < p(E)+-=. Choose any Ey C Ej such that p(Es) > p(E1)+1/n,.
Now, if Ey were totally positive, then the proof is complete. Otherwise, let ny denote

the smallest element of
1
Jo = {n € N* : there is an F C Ej such that p(F) > p(E) + —}
n

and choose F3 C Fj such that p(Es) > p(E2)+1/ny. Continuing by induction produces

a totally positive subset F of G with p(E) > 0 or a decreasing sequence of measurable
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sets F;11 C E; and a sequence of integers n; such that p(E;) > 0 for all j and

1
p(Eji1) > p(Ej) + —;
U

and

n; = min{n € N* : there is an F' C E; such that p(F) > p(E;) + %} (49)
Assuming this latter case, let E' = (12, Ej. We will show that p(E) > 0 and £ is totally
positive. By Proposition 18.4, p(E}) increases to p(E) and in particular the set £ has
finite positive measure (recall p omits the value +00). Since p(E) is finite, the n; go to
infinity. To show that E must be totally positive, suppose, by way of contradiction, there
exists an F' C E such that p(F) > p(E) and it can be assumed that p(F) > p(E) 4+ +

where
1
m = min{n € N* : there is an F' C F such that p(F) > p(E) + —}.
n

Thus F' C Ej; for every joand p(F) > p(E) 4+ 1/m > p(E;) + 1/m, which, since the n;

go to infinity, contradiets (49) once j is large enough. O

Proof of Theorem 18.5. We may assume p avoids the value +o00. The idea of the proof is
to select Xy to be a maximal totally positive set for p, and then show that X_ := X\ X
is totally negative. The set X, is obtained by a greedy algorithm. Let M denote
the supremum of p(E) over all totally positive sets . Choose a sequence of totally
positive sets E, so that M = lim p(FE,). Since each F, is totally positive, the union
Xy = U, E, is also totally positive, and by Proposition 18.4 p(X;) = M. (In

particular, M is finite.)
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The proof is finished if we can show that X_ := X \ X is totally negative. By way
of contradiction, suppose it is not. In this case there exists a G C X_ with p(G) > 0.
By Lemma 18.6, there exists a set ' C G such that E is totally positive and p(E) > 0.

Now X, UFE is totally positive and p(X; UFE) > p(X,), contradicting the choice of X.

The uniqueness statement in the theorem is left as an exercise (Problem 19.19). O

A set E is a support set for a signed measure p if E° is totally null for p. Two signed
measures p, o are mutually singular, denoted pL o, if they have disjoint support sets; i.e.,
there exists disjoint measurable sets F and F' such that E¢ is totally null for p and F° is
totally null for o. In the case p, o are unsigned measures, they are mutually singular if
and only if there exists disjoint (measurable) sets'F and F' such that p(E¢) = 0 = o(F*)

(in which case it can be assumed that F' = E° if desired).

Theorem 18.7 (Jordan Decomposition). If p is a signed measure on (X, #), then there

exist unique positive measures pi, p— such that po Lp_ and p = py — p_.

Proof. Let X = X, UX_ be a Hahn decomposition for p and put p; = p|x,,p- = —p|x_.
It is immediate from the properties of the Hahn decomposition that p,,p_ have the

desired properties; uniqueness is left as an exercise (Problem 19.20). 0]

Example 18.8. Referring to Example 18.3, it is now immediate that the decomposition

myg = mg+ — my- is the Jordan decomposition of my; i.e., m}r = my+ and likewise
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my = my-. Thus the Jordan decomposition theorem should be seen as a generalization

of the decomposition of a real-valued function into its positive and negative parts. A

Let p be a signed measure and p = p, — p_ its Jordan decomposition. By analogy
with the identity |f| = f* + f~, we can define a measure |p| := p, + p_; this is called
the absolute value or total variation of p. The latter name is explained by the following

proposition.

Proposition 18.9. Let p be a signed measure on the measure space (X, . #). If E €
M, then |p|(E) = sup) 2 |p(E,)|, where the supremum is taken over all measurable

partitions E = J.~_| E,. T

Proof. The proof is an exercise (Problem 19.22). O

Warning: A moment’s thought shows that in general |p(E)| # |p|(F). As an
exercise, prove that |p(E)| < |p|(E) always, with equality if and only if E is either

totally positive, totally negative, or totally null for p.

We can now define a signed measure p to be finite or o-finite according as |p| is finite
or o-finite. It is not hard to show that p is finite if and only if p(E) is finite for every F,
if and only if p, p_ are finite unsigned measures. It is evident from this that the space
of finite signed measures on (X, .#) is a real vector space, denoted M (X). (We will see
later in the course that the quantity ||p|| := |p|(X) defines a norm on M (X), called the

total variation norm.)
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A few remarks about integration against signed measures are in order. If p is a

signed measure, then L!(p) is defined to be L'(|p|); note that L!(|p|) = L' (p )N L (p_).

[taoi= [ s~ [ 1ap- (50)

Proposition 18.10. Let p be a signed measure on (X, 4 ).

For f € L'(p) define

() If € L\p), then | [ fdp| < [ |f]d|pl.

(b) If E € M, then |p|(E) = sup{| [, fdp| : |f] < 1}.

Proof. Problem 19.23. O

18.2. The Lebesgue-Radon-Nikodym theorem. Fix for reference a measurable space
(X, .#) and an unsigned measure m on this space. (In this section all measures are de-
fined on the same o-algebra .#.) For an unsigned measurable function f, we have the

measure
my(E) = / £ dm. (51)
E
The map f — my is thus a map from the space of unsigned measurable functions into
the space of nonnegative measures on (X, .#). Likewise the mapping f — my; maps
L' (1) into the space of finite signed measures on X. One may ask if every finite measure
w1 on X may be expressed as my for some f, but one can quickly see this is not the case

in general. Indeed, if ;1 = my then p(E) = 0 whenever m(E) = 0, which need not always
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be the case (e.g., m is Lebesgue measure on R and p is the point mass at 0.) However,

when the measures involved are o-finite, it turns out this is the only obstruction.
Given unsigned measures p and v on a measure space (X, .# ), we say v is absolutely

continuous with respect to u if (for measurable sets E) u(E) = 0 implies v(E) = 0. The

following proposition explains the reason for the terminology.

Proposition 18.11. If u and v are unsigned finite measures on the measurable space

(X, A ), then the following are equivalent.

(1) v << p;

(ii) for every e > 0, there exists a 6 > 0 such that v(E) < e whenever pu(E) < 9.

Proof. Suppose (ii) hold, v¥(A) > 0 and v(A) > € > 0. By assumption there is § > 0
such that pu(F) < 0 implies v(F) < epsilon. Hence pu(A) > ¢ > 0 and (i) holds (we did

not need to know the measures were finite here).

Now suppose (ii) fails. There is an € > 0 such that for each n € NT there exists a
set E, such that u(E,) < 27", but v(E,) > €. Let F,, = Uy, E,. Thus u(F,) < 27"
Hence, with F' = NF,,, we have, by dominated convergence for sets twice (here is where

finiteness of the measures is used),

pu(F) = li}ln w(F,) =0, v(F)= lirrln u(F,) > e.
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To see that the o-finiteness assumption is needed in the implication (ii) implies (i)

of Proposition 18.11, let  and v be the measures on (N, 2Y) determined by

u({n}) =27, v({n}) = 1.

The only set for either measure is (). Hence v << p. But with 0 < € < 1, there is no ¢

such that p(F) < ¢ implies v(F) < e.

Theorem 18.12 (Radon-Nikodym). Suppose m and p are unsigned o-finite measures
on (X, ). If p << m, then there is a unique measurable f : X —[0,00) such that

w=my. Further, if u is finite, then f € L'(m).

Remark 18.13. In the case y is unsigned, apply Theorem 18.12 to the p* from its

Jordan decomposition. In this case f is semi-integrable.

To see that the o-finiteness hypothesis is needed, let m denote Lebesgue measure
on (R, £) and ¢ counting measure. If ¢(E) = 0, then £ = ) and m(E) = 0 too. Hence

m << c¢. On the other hand, if f is unsigned and measurable, then, for each x € R,

e ({2}) = /{ fde= (@)

Hence, ¢y # m. o

Lemma 18.14. If i and v are finite positive measures on (X, . #), then either ulv, or
else there exist € > 0 and a measurable set E such that u(E) > 0 and v(F) > eu(F') for

F C E measurable (that is, E is totally positive for v — epu).
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In particular, if v << p and v # 0, then there exist € > 0 and a measurable set F

such that p(E) > 0 and v(F') > eu(F) for F C E measurable. T

Proof. For each n > 1, let X = X% U X" be a Hahn decomposition for v — %,u. Let

P=,_, X? and N = (), X". In particular N = P°. Since N is totally negative for

v— < for all n, it follows that v(N) = 0. If u(P) = 0, then pLv. Otherwise, u(X7) > 0
1

for some n, and by construction X is totally positive for v~ %,u (thus we take € = —,

E=X"). O

Proof of Theorem 18.12. We prove this only for the case that p, m are finite; and only

outline the extension to the o-finite case.

As before, f is selected by a ‘greedy algorithm. Let . denote the set of unsigned f
such that my < p and observe 0 € . Let M be the supremum of the set {fX fdm:
f € .7}. Note that M is finite, since p is. Choose a sequence f,, so that fX fndm — M.
Define g, = maxj<x<y fr and note that f, < g, and the g, are increasing. An exercise
shows if g,h € ., then m, < p where ¢ = max{g, h} from which m,, < p follows.
Hence each g, € .. Since (g,) is pointwise increasing, it converges pointwise (in [0, o])
to some unsigned measurable g. Since, fE gndm < u(E) for each E and n, the MCT
implies g € . (and in particular ¢ is finite a.e.). Since fX fndm < fX gndm < M for

each n, it follows that the sequence ( [ g, dm) converges to M and hence

M:/gdm.
b's
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Now choose any f € . that achieves this maximum M. In particular, f is unsigned
and in L'(m) (its integral is finite). By construction v = p—my is totally positive since
f € & and v is absolutely continuous with respect to m since both p and my are. If
v # 0, then then by Lemma 18.14 there is an € > 0 and an E such that m(F) > 0 and
v —em|g > 0, equivalently v > em|g. Hence > myyq,, contradicting the maximality

of f since [\(f +e€lg)dm = [ fdm+em(E) > M.

Still assuming the measures are finite, to see that f is unique, suppose pt = my = m,

for some unsigned g. It follows that g € L'(m) and hence; for all measurable sets E,

0 = my(E) — my(E) = /E (f L g)dm
and thus f = g a.e. m.

Now suppose p and m are sigma-finite. In this case there exists set X,, C X,, ;1 such
that X = UX,, and u(X);m(X) < co. Letting p,(F) = p(ENX,) and m,(E) = m(EN
X,), it follows that p, << m, and hence there exists a unique unsigned measurable

function f,, supported on X, such that if £ C X,, is measurable, then
u(E) = / fndm.
E
Since also, for F C X,, C X411,
W(E) = [ o dm,
E

it follows that f,11 = f, a.e. m on X,, (by uniqueness). Hence the sequence (f,,) is

pointwise increasing. Choose f to be its limit. By the Monotone Convergence Theorem,
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for measurable sets ¥ C X,

p(E) =limu(E N X,) = lim fndm
ENXn,

—lim/Efndm—/Efdm—mf(E).
0

The function f is called the Radon-Nikodym derivative of p with respect to m,
denoted g—ﬁl = f. The basic manipulations suggested by the derivative notation are

valid. For example it is easy to check that d(u1 + o) /dm = dpy/dm + dpz /dm. We will

see in a moment that the chain rule is valid.

Corollary 18.15. Assuming p and v are (unsigned) o-finite measures on the measurable
space (X, A ), p << v if and only if there is an unsigned measurable function f such

that = vy. T

One important corollary of the Lebesgue-Radon-Nikodym theorem is the existence

of conditional expectations.

Proposition 18.16. Let (X, .#, 1) be a o-finite measure space (. a positive measure),
N a sub-o-algebra of M, and suppose v = |y is o-finite. If f € L*(u) then there

exists g € L'(v) (unique modulo v-null sets) such that

/Efduz/Egdv

for all E € A (g is called the conditional expectation of f on N ). T

Proof. Problem 19.27 ]
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Proposition 18.17 (Chain rule for Radon-Nikodym derivatives). Suppose p,m, X\ are

o-finite positive measures on the measure space (X, #), and p < A < m.

(i) If g € L*(|p|), then g% € LY(\) and
dp
ngu: i ad)\ (52)

du du d\
dm ~ d\dm

(i)

Proof. In this case the Radon-Nikodym derivatives E% and are unsigned. In particu-

lar, for measurable sets F,

/ /d“dA

By Problem 13.18, if either ¢'is unsigned or g € L'(u), then

d
/ngu:/ dl;d)\ (54)

proving (i). As a warm up for (ii), note that (i) gives, for h either unsigned or h € L*(\),

/ hd\ = / hﬂ dm.
X dm
With h = IE% for a measurable set F|

ue) = [ G- [ B

- dX cdvdm
On the other hand, y < m, and u(E) = [, j—ﬁldm by the definition of 5—7’;. Hence (ii)

follows by uniqueness of the Radon-Nikodym derivative. O
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Theorem 18.18 (Lebesgue Decomposition). If v and p are unsigned o-finite measures
on the measure space (X, #), then there exist unique measures i, and ps such that

Mo <<V and pslv and p = pig + fis.

As before, using the Jordan decomposition one can allow v to be a signed measures

in the Lebesgue decomposition.

Proof. Let m = v+ pu. In particular, m is o-finite and u <<-m. Hence there is a uniquely

(a.e. m) determined unsigned function f such that = mj. Thus, for all measurable E,

n(B) = [ fatus) = [fam.

From here we prove the result under the added assumption that g and v are finite,

leaving the proof of the general case to the interested reader.

Let F, = {f <1} and Fy = {f = 1} and define

1 (E) = p(E N Fy),
for t = a, s. Both are measures

An easy argument shows f < 1 a.e. m. Hence y = p, + ps. Next,

u(Fs) = fd(p+v) = pu(Fs) + v(F).

Fs

Thus v(Fs) = 0 and u,lv. Now suppose E is measurable and v(F) = 0. Letting

F, ={f <1— L} (for positive integers n),

WENE) < (1= Ju(EN )
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Hence u(E N F,) = 0. Since E N Fy, = U(E N F,) it follows that pu(E£ N Fy) = 0 and

therefore pus << v.

To prove uniqueness, suppose i = p, + ps with p, << v and psLr. In particular,
there is a set G such that ps(G) = 0 and v(G¢) = 0. In particular, p,(G) = 0 = 1 (G°)

and further

Pa(E) = pa(ENG), ps(E) = ps(ENG°).

It follows that

Pa(E) = pa(ENGNE) = pa(ENFNG) = pa(E).

Thus, if u(E) < oo, then ps(E) = ps(E) too. The general case now follows from the

o-finiteness assumption. U

Example 18.19. This example shows the o-finiteness hypothesis is needed in the
Lebesgue decomposition. On (R, 2%), let ¢ denote counting measure and let v denote
the measure defined by v(E) = 1 if E is uncountable and v(E) = 0 otherwise. Arguing
by contradiction, suppose ¢ = ¢, + ¢s where ¢, << v and ¢, Lv. It follows that there is a
set B such that ¢5(B¢) = 0 and v(B) = 0. In particular, B is at most countable. There
is an x € B¢ (since R is not countable). Now v({z}) = 0 and hence ¢,({z}) = 0 and

also ¢s({x}) = 0 since = € B°. Hence ¢,({z}) + cs({x}) =0 # c({z}) = 1. A
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18.3. Lebesgue differentiation revisited. Finally, we describe the connection be-
tween Radon-Nikodym derivatives and Lebesgue differentiation on R™. Recall a positive

measure f is reqular if

i) u(K) < oo for every compact K C R", and

ii) for every Borel set E C R", we have p(E) = inf{u(U) : U open , E C U}.

Theorem 18.20. Let p be a reqular Borel measure on R™ with Lebesque decomposition
Heo= g s
with respect to Lebesgue measure m. For m-a.e. x € R".

lim HBr(2) = f(x) (55)

r=0 m(B,(z))

1
loc*

Proof. By the regularity of u, we see that the measure m; is locally finite, so f € L
One may verify that the measure m; is regular, and so pus is as well. Applying the
Lebesgue differentiation theorem, (55) holds already with p = my, so it suffices to prove

that
=0 m-—a.e. (56)
for the singular part .

Fix a Borel set E such that us(E) = m(E°) =0 and let

Ek:{xEE:Vt>0 E|0<r<tsuchthatm>%}.

m(B,(z))

It will suffice to prove that m(Ey) = 0 for each integer & > 1.
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By regularity, for given € > 0 there is an open set U containing E such that s (U) <

€. By the definition of Ej, for each x € FEj there is a ball B, centered at x such

that B, C U and ps(B,) > m(fz). Let V = UmeEk B, be the union of these balls.

Fix a number ¢ < m(V) and apply Wiener’s covering lemma 17.6 to obtain points

x1,... %, € E such that the balls By, ... B,, are disjoint and
c<3"Y m(B)) <3k Y pe(By) < 3"kpo(V) < 3"kpa(U) < 3"ke.
j=1 j=1

Thus m(V) < 3"ke, and since £, C V and € was arbitrary, we conclude m(Ey) =0. O

19. PROBLEMS

19.1. Product measures.

Problem 19.1. Let pux denote counting measure on X. Prove that if XY are both at

most countable, then 2% @ 2Y = 2% and py X py = pxxy-

Problem 19.2. Prove that the product measure construction is associative: that is, if
(X, A, 11j), 7 = 1,2,3 are o-finite measure spaces, then (A @ M) @ Mz = M1 @

(Mo @ M), and (1 X p2) X pz = p1 X (p2 X 3).

Problem 19.3. Let X =Y = [0,1], # = Bjp 1), A = 2%, let p Lebesgue measure on
A, and let v counting measure on 4. Let A denote the diagonal A = {(z,z) : x €

[0,1]} € [0,1] x [0,1]. Prove that A € # ® .4 and

/X(/Y 1E(x,y)dV(y)) dp(z), /Y(/X 1E(x,y)du(x)) dv(y) (57)
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are unequal. Show that, for each P € .# ® .4, the functions f(z) = v(P,) and

g(y) = pu(PY) are measurable (with respect to .# and .4 respectively) and

w(P) = [ viPdu o) = [ w(P?dv

Y

are both measures .# ® .#". (Note that Theorem 15.7 does not (directly) apply).
Problem 19.4. Prove Proposition 15.11.
Problem 19.5. Prove Corollary 15.8.

Problem 19.6. Prove Corollary 15.14.

19.2. Integration on R".

Problem 19.7. Compare the three integrals

/[07”2 fdm?, /01 (/Olf(x,y) dx) dy, /01 (/Olf(x,w dy) da (58)

for the functions

2% — 42
a) f(%y):m

b) f(z,y)=(1—zy)% s>0

Problem 19.8. Prove that if f € L'[0,1] and g(z) = [ t"'f(t)dt, then g € L*[0,1]

and fol g(z)dr = fol f(x)dx.

Problem 19.9. Prove that fooo |S‘%| dr = +00, but the limit lim,_, fob Sigx dx exists

and is finite. (For a bigger challenge, show that the value of the limit is 7.)
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Problem 19.10. Prove Theorem 16.1.
Problem 19.11. Complete the proof of Theorem 16.6.

Problem 19.12. [The Gamma function] Define

[(x):= /00 t" et dt (59)
0
a) Prove that the function ¢ — t*~!e™! is absolutely integrable for all fixed z > 0
(thus I'(z) is defined for all x > 0).
b) Prove that I'(x + 1) = 2I'(z) for all > 0.
c) Compute I'(1/2). (Hint: if you haven’t seen this before, first make the change of
variables u = v/t, then evaluate the square of the resulting integral using Tonelli’s

theorem and polar coordinates.)

d) Using (b) and (c), conclude that I'(n+4) = (n—%)(n—2) .- (5)y/7 for alln > 1.

Problem 19.13. Complete the following outline to prove that

27'('”/2

T(n/2)’

o(S" ) = (60)

a) Show that if f € L'(R") and f is a radial function (that is, f(z) = g(|z|) for

some function g : [0,00) — C), then

- f(z)dr = o(S™) /000 g(r)r"tdr. (61)

b) Show that for all ¢ > 0,

/]R“ e~ dg = (%)nm . (62)
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(Hint: write e~“*I” = | e~eil* and use Tonelli’s theorem.)
c¢) Finish by combining (a) and (b). (Using the results on the Gamma function
from the previous exercise, one finds that o(S"!) is always a rational multiple

of an integer power of 7.)

19.3. Differentiation theorems.

Problem 19.14. Prove that if 0 # f € L'(R), then there exist constants C, R > 0

(depending on f) such that

1%

|

My(x) > for all |x| > R. (63)

(Hint: reduce to the case f = 1p where E is-a bounded set of positive measure.)

Conclude that M; never belongs to L*(R) if f € L' is not a.e. 0.

Problem 19.15. The Lebesgue differentiation theorem says that for f € L'(R"), we
have A, ; — f pointwise a.e. as r — 0. Prove that also A, ; — f in the L' norm.
(Hint: the proof can be done in three steps: first prove this under the assumption that
f is continuous with compact support. Then prove that for all f € L' and » > 0, the
functions A, ; € L'; in fact || A, ¢||1 < ||f]|1 for all . Tonelli’s theorem will help. Finally,

to pass to general L' functions, use a density argument.)

Problem 19.16. Let E be a Borel set in R. Define the density of E at x to be

~ lim m(E N B(x,r))
Pele) = o (Bl r)
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whenever the limit exists.
a) Show that Dg(z) =1 for a.e. x € E and Dg(xz) =0 for a.e. © ¢ E.
b) Give examples of E and z for which Dg(z) = a (0 < a < 1) and for which

Dg(x) does not exist.

Problem 19.17. Define the decentered Hardy-Littlewood maximal function for f €

LY(R") by

1
M7(z) = su / x)|dz 64
where the supremum is taken over all open balls containing = (not just those centered
at ). Prove that

My < My <2"Mj. (65)
19.4. Signed measures and the Lebesgue-Radon-Nikodym theorem.
Problem 19.18. Prove Proposition 18.4.

Problem 19.19. Complete the proof of Theorem 18.5.

Problem 19.20. Prove the uniqueness statement in the Jordan decomposition theorem.

(Hint: if also p = 0, — 0_, use o4 to obtain another Hahn decomposition of X.)

Problem 19.21. Prove that if v; Ly for j € N then (3, v;) Ly, and if v; < pfor j € N

then (3_;v;) < p.
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Problem 19.22. Complete the proof of Proposition 18.9.

Problem 19.23. Prove Proposition 18.10.

Problem 19.24. Complete the proof of Theorem 18.12 in the o-finite case.

Problem 19.25. Complete the proof of the (i) = (iii) implication in Corollary 18.15

Problem 19.26. Suppose p is a signed measure on (X, .#)and E € .#. Prove that

a) p+(E) =sup{p(F): F € #,F C E} and p-(E) = —inf{p(F) : F € 4 ,F C
E}

b) |p|(E) = sup{> 7 |p(E;)| : Ei,... E, aredisjoint and U} E; = E}

Problem 19.27. a) Prove Proposition 18.16. b) In the case u = Lebesgue measure on
[0,1), fix a positive integer k and let .4 be the sub-o-algebra generated by the intervals
[%, ]%1) for j =0,...k — 1. Give an explicit formula for the conditional expectation g

in terms of f. ¢) Show that the o-finite hypothesis on v is needed.

19.5. The Riesz-Markov Theorem.

Problem 19.28. Explain how to construct Lebesgue measure on [0, 1] from the Riemann

integral and Theorem 14.2.

Problem 19.29. Suppose X is a locally compact abelian topological group (the defini-

tions are available online). Given y € X, let ¢, : X — X denote translation by y so that
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ty(x) = x + y (the group is abelian so the group operation is written as +). A linear
functional A : C.(X) — C is translation invariant if A\(f) = A(f ot,) for each y € X and
f € C(X). Prove, if X is a positive linear functional that is translation invariant, then

the representing measure y for A from Theorem 14.2 is translation invariant.

Problem 19.30. Let X be a compact Hausdorff space. Fix p € X and consider the
linear functional E, : C'(X) — C defined by E,(f) = f(p). Show E, is positive and

determine the representing measure for £,.



	1. -algebras
	1.1. The Borel -algebra over R
	1.2. Product -algebras

	2. Measures
	3. Outer measures and the Caratheodory Extension Theorem
	4. Construction of Lebesgue measure
	4.1. Regularity of Lebesgue measure
	4.2. Examples

	5. Premeasures and the Hahn-Kolmogorov Theorem
	6. Lebesgue-Stieltjes measures on R
	7. Problems
	8. Measurable functions
	9. Integration of simple functions
	10. Integration of unsigned functions
	11. Integration of signed and complex functions
	11.1. Basic properties of the absolutely convergent integral

	12. Modes of convergence
	12.1. The five modes of convergence
	12.2. Finite measure spaces
	12.3. Uniform integrability

	13. Problems
	13.1. Measurable functions
	13.2. The unsigned integral
	13.3. The signed integral
	13.4. Modes of convergence

	14. The Riesz-Markov Representation Theorem
	14.1. Urysohn's Lemma and partitions of unity
	14.2. Proof of Theorem 14.2

	15. Product measures
	16. Integration in Rn
	17. Differentiation theorems
	18. Signed measures and the Lebesgue-Radon-Nikodym Theorem
	18.1. Signed measures; the Hahn and Jordan decomposition theorems
	18.2. The Lebesgue-Radon-Nikodym theorem
	18.3. Lebesgue differentiation revisited

	19. Problems
	19.1. Product measures
	19.2. Integration on Rn
	19.3. Differentiation theorems
	19.4. Signed measures and the Lebesgue-Radon-Nikodym theorem
	19.5. The Riesz-Markov Theorem


