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What are optimal approximants?

o feH, but 1/f(z) =3 ;2 akz¥ may not be in H

o f(z)=1—2z € H*(D) but X ¢ H*(D)

@ Partial Taylor sums give AN approximation in #, but is it the “best” one?
e Find a degree n polynomial pj; that minimizes |[p- f — 1|,

> approximating 1/f in H
> approximating 1 in fP,

Theorem (Bénéteau, Khavinson, Liaw, Seco, and Sola (JLMS 2016))

Let f € H. Using the orthonormal basis {¢;} for the weighted space Hy
(<g7 h>f7-£ = <gf7 hf>’H)'

n

Pr(2) =Y (L, fu)y du(2).

k=0

This in turn implies that

(L, fonyudn(z) = pr(z) — pp_1(2), n=1,2,3....

(1)

()
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Flashback to the 1970s!

Electrical Engineers and “Planar Least Squares Inverses”

PLSI are secretly just optimal approximants!
Hardy space of the disk AND the bidisk

Reflections of OG polynomials in weighted spaces, as well as separable
functions

@ It was about applications to filtering theory:

Filters are stable when the PLSI polynomial has no zeros in the bidisk!
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The Several Variable Case

Questions of Degree
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The Several Variable Case

Questions of Degree

o total degree
> total degree 1:
pi =ao+ a1z + a2z
> total degree 2:
ps = by + bizy + byzo + b3z? + byzizo + bsz2

M. Sargent Multivariable OAs and OGs 4 /24



The Several Variable Case

Questions of Degree

o total degree

> total degree 1:
pi =ao+ a1z + a2z
> total degree 2:
ps = by + bizy + byzo + b3z? + byzizo + bsz2
o multidegree
» multidegree (1,1):
pi =ao+ a1z1+ a2z + azziz
> multidegree (2,2):
P = by + b1z + byzo + b3z1zo + baz? + bsz2 + bszizs + bsz122 + brZPZ3
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The Several Variable Case

Questions of Degree

o total degree
> total degree 1:
pi =ao+ a1z + a2z
> total degree 2:
ps = by + bizy + byzo + b3z? + byzizo + bsz2
o multidegree
» multidegree (1,1):
pi =ao+ a1z1+ a2z + azziz
> multidegree (2,2):
p3 = bo 4 bizi + bozo + bsz1 2o 4 baz? + bsZ3 + bezizo + bezi1Z2 + brziZ3

@ Both of these are problematic!

Example

f=2—z — z, note that g(z1,2) = z; € H*(D?)¢, but it couldn't be built from
differences of the above
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The Several Variable Case

Monomial Orderings

3

2 2
Xo=1 x1=2z1, Xo=2, X3=2, Xa =22, X5=25, X6 =7,

Pn=span{y; : j=0,...,n}, n=0,1,2,...
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The Several Variable Case

Monomial Orderings

5
2]
z
3 4
zy zi7p
212 zf’ 2
V4 Zf Z> Zf Z2
1 212p 7272
Vi) zZ1 Z22 212 223
222 z1 zg’
3 4
z 212,
7
5
2
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The Several Variable Case

Monomial Orderings

2 2 3
Xo=1 x1=2z1, Xo=2, X3=2, Xa =22, X5=25, X6 =7,

Pn=span{y; : j=0,...,n}, n=0,1,2,...

Definition

Let f € H(2) be given. The nth-order optimal polynomial approximant to 1/f
with respect to P, is defined as

pn(2) = Proje.p,[1](2),
where Projs.p, : H — f - P, denotes the orthogonal projection onto the subspace
f-Pn.

In other words, pj is the unique polynomial that minimizes ||p - f — 1||; among all
p e P,

o
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The Several Variable Case

Matrix method for computing OAs

Let f € H \ {0}. Then the coefficients of the n-order optimal approximant
* n * 0 0 .
P = >_j—0 ¢ X; are given by solution to the linear system

ME* = b,
where M is an (n+ 1) x (n+ 1) Grammian matrix with entries given by

Mj; = (x;f, xif)

and
(1, xof)

oy
Il

(1, Xaf)

Reinterpretation of previous results by Bénéteau, Condori, Liaw, Seco, and Sola
(2015), and Fricain, Mashreghi, and Seco (2014)
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Explicit example: f(z,2) =1 —

%(Zl + 22)

In H?(D?), the first few optimal approximants to 1/f are

2
Po = §

3.1
pP1= 2 421

144 e

BT A VA

_ 186 60 2 20 2
P3 = 503 T 2237 T 2232 T 3037

_ 1794 684 620 160 , 408
P4 = 5039 " 20397 T 203072 T 203071 T 20397172

182 68 +68 62+822+162
Ps =505 T 2057 T 2052 T 2058 T 27912 T 3052

M. Sargent

Multivariable OAs and OGs 7/24



Explicit example: f(z,2) =1— z12

In H?(D?), the first few optimal approximants to 1/f are

1
Po—§
2+1
= -+ =-zZz
Pa 3 312
—?)—l-lzz—i—lzzz2
P12—4 212 4142

77777
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Explicit example: f(z,2) =1— z12

In H?(D?), the first few optimal approximants to 1/f are

1
Po—é
2+1
= -4+ =-zz
Pa 3 312
—?)—l-lzz—|—lzzz2
Plz—4 212 4%

77777

In this case, we can't use the optimal approximants to recover the orthogonal
polynomials! We won't “get all of them.”
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Explicit example: f(z,2) =1— z12

In H?(D?), the first few optimal approximants to 1/f are

1
Po—é
2+1
= -4+ =-zz
Pa 3 312
—?)—l-lzz—|—lzzz2
Plz—4 212 4%

77777

In this case, we can't use the optimal approximants to recover the orthogonal
polynomials! We won't “get all of them.”

For some functions, we won't be able to get ANY!
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Weakly inner functions

Definition
We say that g € H(Q) \ {0} is weakly inner if

(g,x;g) =0 forall j+#0.
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Weakly inner functions

Definition
We say that g € H(2) \ {0} is weakly inner if

(g,x;g) =0 forall j#0.

Proposition

If g € H(Q) is weakly inner, then its optimal approximants are all equal to a
single constant: p; = pg for n=1,2,....
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Weakly inner functions

Definition
We say that g € H(2) \ {0} is weakly inner if

(g,x;g) =0 forall j#0.

Proposition

If g € H(Q) is weakly inner, then its optimal approximants are all equal to a
single constant: p; = pg for n=1,2,....

Lemma

Suppose 0: DY — C is inner. Then 6 is weakly H?-inner.
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Weakly inner functions
Shapiro-Shields functions

@ Explicit examples!

@ Constructed using determinants
Example
The Shapiro-Shields function for H?(ID?) associated with a point (A1, \;) € D? is

s(z) = 1 MM —z1) + Xa(z2 — A2) — M (Mo — z120)
MET AP ) (1—z)(1 - hoza) '

This is weakly inner, but not classically inner.
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Weakly inner functions
Shapiro-Shields functions

@ Explicit examples!

@ Constructed using determinants

Example

The Shapiro-Shields function for H?(ID?) associated with a point (A1, \;) € D? is

s(z) = 1 MM —z1) + Xa(z2 — A2) — M (Mo — z120)
MET AP ) (1—z)(1 - hoza) '

This is weakly inner, but not classically inner.

Shapiro-Shields functions give examples of weakly inner functions in any RKHS!

Still have time? Jjust a little?
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Thank You!

Summary

@ Things are harder in several variables!
» Must choose a monomial ordering (which one is “best”?7)
> Weakly inner doesn't imply inner!

@ Other neat stuff

» We actually found a closed form for the OG polynomials for 1 — az z, (for
spaces on the bidisk and the 2-ball)

» And a closed form for the OG polynomials for 1 — a(z; + z2) for the 2-ball
(bidisk is harder)
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OG polynomials in weighted spaces

f(z1,22)=1—aziz»
@ Recall: OAs aren't enough to recover all of the OGs

1

2

2+1

= -4+ -z
P4 3 312

3 1 2
p12 = 2 + 52122 + 42122
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OG polynomials in weighted spaces
f(z1,22)=1—aziz»
@ Do Gram-Schmidt on the monomials with the weighted inner product
(g:h) ey = (&F, hf)y

$o=1 b6 = 2}

no b1 = ya+ A2
¢3 =12} ¢ = %22 + 2123
¢4=%+Z122 b0 =2z

¢s =23
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OG polynomials in weighted spaces

f(z1,22)=1—aziz»

@ Do Gram-Schmidt on the monomials with the weighted inner product

(&, h) ey = (&f hf )y

¢o =1
$1=271
G2 =2
¢3 =2}

1
¢4=§+Z122
¢s =23

M. Sargent

1 2
br2=5+ 3

1 2
o17=cn+ -7+ 572

1 2
P18 = =20 + —21222 + 21222

¢6 = 2}
1 2
¢ = 521 +z12
1 2
g = 522 + z12)
b9 = 23

2.2
212 + 21 25

2

3
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f(z1,22) =1— aznz

1
G4 = > tz12

1 2
o7 = 521 +z12

1
g = 522 + 21222
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f(Zl, 22) =1- azi1 2y

1
$s= -+ 22
2
1 5
2 z
pr=-z1+212 1
2 -4
1
1 2 3 4
¢8 — 522 + z125 zy 27
212 zfz2
Z1 21222 21322
1 727 7273
Z> 21222 21225’
222 21223
z3 2175
4
2
5
Z
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f(Zl, 22) =1- azi1 2y

1
$s= -+ 22
2 X
1 5
2 z
V1= 2+ 1
2 -4
1 1
¢s =2+ 22 o z3 ztz
2 2 3
75 72
o N
2.2
Az z{zj
5 3
z3 72z
z3 2123
4
23
5
23
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f(Zl, 22) =1- azi1 2y

1
G4 = > tz12

1 2
o7 = 521 +z12

1
8= =20+ 21222

2
2 2.2
P12 = 3 + 52122 + 212
1 2
P17 = 521 + 521222 + 25’222
2
P18 = 522 + 521222 + 21225'
M. Sargent

7
Z
212 213 Z>
212 Z2
V4 V4] Zf 222
zZ1 222
222 z1 223
z
z
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f(Zl, 22) =1- azi1 2y

1
G4 = > tz12

1 2
o7 = 521 +z12

1
g = 522 + 21222

1 2
bro==+4 2z + zfz§7k

3 3
1 2, 3.2 3 4
$17 = 3atzantazn -y z 217
12 z
¢18 = 522 + 521222 + 21225’ * zg
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OG polynomials in weighted spaces

f(z1,22)=1—aziz»

Theorem (MS, Sola (2020))
Forn=0,1,..., let

Then the polynomials

P21, 22) = 2 tm(2122)  and @) (21, 22) = 2 ro(212),

with M, m, N, n € Ny, form an orthogonal basis for H? (D?).

172122

STILL have time??7?
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Thank You!

Summary

@ Things are harder in several variables!
» Must choose a monomial ordering (which one is “best”?7)
> Weakly inner doesn't imply inner!

@ Other neat stuff

» We actually found a closed form for the OG polynomials for 1 — az z, (for
spaces on the bidisk and the 2-ball)

» And a closed form for the OG polynomials for 1 — a(z; + z2) for the 2-ball
(bidisk is harder)
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OG polynomials in the weighted Drury-Arveson space
f(zl,ZQ) =1- %(21 +22)

S
|
—_ N

pl = (7 + 2\/§z1>
(4 +V2z + \/_22)

S
CT\II—‘I—l
I\)

L1

P =15 (334—10\/_21 +8\/_22+621)
1

pi = 25 (35 +12v22 + 10V22, + 622 + 122122)
1

p: = §(6+2\/_21+2\/_22+zl —|—22122+22)
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OG polynomials in the weighted Drury-Arveson space

V2

f(z1,2) =1 - %5 (21 + 22)

®o
1

b2
?3

1

[ay

[y

[ee}

N

1
1
1
1

2
2
4

4
4

oo

(

(
(
(
(

1+2\/—z1>

1+2\/_22>
1+2\/_Z1+3zl)
1+\/_21+\/—22+62122)

1—1—2\/_22—1—322)

M. Sargent

7
7
V4] 212 Z2
V4 V)
z2 4 222
z
z

Multivariable OAs and OGs
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OG polynomials in the weighted Drury-Arveson space

f(z1,22) = 1 — L2 (21 + 22)

¢o=1

¢1=%(1+2\/—21>

(10 n

¢3=%(1+2\/—21+321) 1 ]
_%(1+\/_21+\/—22+62122) i
—%<1+2\/_22+322)
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OG polynomials in the weighted Drury-Arveson space
Theorem

In Drury-Arveson space of the 2-ball, weighted by f(z1,2) =1 — % (z1 + z), let
®j.k(z1,22) be the first orthogonal polynomial containing zzx. Then

J k

Gin(z,22) =D > din(m, n)z"z5 3)

m=0 n=0

where the coefficients cf)Lk(zl, 2) are given by

N, f+k—m—n( ) [k 4k )!
4 B m+n AR W an s g — )l
¢jk(m,n) = (7) U+ k+1)! (m!n!(j—m)!(k—n)!) - @

We also have that

s jHk+2 jIkI
. = . 5
Maybe just stop talking
M. Sargent
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Thank You!

Summary

@ Things are harder in several variables!
» Must choose a monomial ordering (which one is “best”?7)
> Weakly inner doesn't imply inner!

@ Other neat stuff

» We actually found a closed form for the OG polynomials for 1 — az z, (for
spaces on the bidisk and the 2-ball)

» And a closed form for the OG polynomials for 1 — a(z; + z2) for the 2-ball
(bidisk is harder)
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The Drury-Arveson space (and friends) are special

@ The bidisk analog of f(z,w) =1 — % (214 2)is f(z,w)=1— 3 (21 + )

Po =1

1
¢1=§+Z1
P2 = —1z—|—z
2716 167

2 32 )
(1)3—1—74—%21—%224‘21
¢—£+ﬁz+7_92_2_522+22
7203 T 0237 T 0232 qapt T2
b = 208 98 722 1l , 130,
® 72039 20397 " 2039°° 20391 2039712 "2

this one is just for funsies
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@ Other neat stuff
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Zero sets of Optimal Approximants
The Shanks Conjecture
Theorem (Bénéteau, Khavinson, Liaw, Seco, and Sola (JLMS 2016))

Let f € D, have f(0) # 0 and let (p,) be the optimal approximants to 1/f.
(i) Fora >0, Z(p,)ND = & for all n.

(i) fora <0, Z(pn) N D(0,2%/2) = & for all n.2

dimproved by Beneteau, Khavinson, Liaw, Seco, and Simanek in 2019
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Zero sets of Optimal Approximants
The Shanks Conjecture

Theorem (Bénéteau, Khavinson, Liaw, Seco, and Sola (JLMS 2016))

Let f € D, have f(0) # 0 and let (p,) be the optimal approximants to 1/f.
(i) Fora >0, Z(p,)ND = & for all n.

(i) fora <0, Z(pn) N D(0,2%/2) = & for all n.2

dimproved by Beneteau, Khavinson, Liaw, Seco, and Simanek in 2019

The Shanks Conjecture (Shanks, Treitel, and Justice 1972)

Given a polynomial f, the optimal approximants to 1/f in H2(ID?) will be
zero-free in the bidisk D?.
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Zero sets of Optimal Approximants
The Shanks Conjecture

Theorem (Bénéteau, Khavinson, Liaw, Seco, and Sola (JLMS 2016))

Let f € D, have f(0) # 0 and let (p,) be the optimal approximants to 1/f.
(i) Fora >0, Z(p,)ND = & for all n.

(i) fora <0, Z(pn) N D(0,2%/2) = & for all n.2

dimproved by Beneteau, Khavinson, Liaw, Seco, and Simanek in 2019

The Shanks Conjecture (Shanks, Treitel, and Justice 1972)

Given a polynomial f, the optimal approximants to 1/f in H2(ID?) will be
zero-free in the bidisk D?.

Weakest Shanks' Conjecture

An irreducible polynomial, b, with no zeros in the bidisk, yields OA polynomials
for 1/b that are zero free in the bidisk.
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Counterexamples to the Weakest Shanks' Conjecture

In the Bergman Space

b(z1,22) = =4+ 3z — 212 + 32 — 22120 + 21222 — 222 + 21222.
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Counterexamples to the Weakest Shanks' Conjecture

In the Bergman Space

b(z1,22) = =4+ 3z — 212 + 32 — 22120 + 21222 — 222 + 21222.

4 1267
P2 = ﬁ <—7 — 242]_ — 2422>
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Counterexamples to the Weakest Shanks' Conjecture

In the Bergman Space

b(z1,22) = =4+ 3z — 212 + 32 — 22120 + 21222 — 222 + 21222.
4 1267
Y e YO
P2~ g35 < 27 i 22>

254

-3 2 -1 0 1 2 3

Figure: Solving pa(z1, e") = 0 for z; and plotting against t € (0,2w). Note that p; is
symmetric in z; and z
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Counterexamples to the Weakest Shanks' Conjecture

In the Bergman Space

b(z1,22) = =4+ 3z — 212 + 32 — 22120 + 21222 — 222 + 21222.

| —

(a) Solving b(z1, e") = 0 for z and (b) Solving b(e™, z,) = 0 for z and
plotting against t € (0, 27) plotting against t € (0, 27)

Figure: Zero sets of b
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Do these counterexamples work in the Hardy space?

b(z1,20) = —4+ 3z — 212 + 320 — 22120 + 21222 — 222 + 21222.
14 2 2

S T T
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Do these counterexamples work in the Hardy space?

b(z1,20) = —4+ 3z — 212 + 320 — 22120 + 21222 — 222 + 21222.
14 2 2
= —Zz— —Z
P2 =775 7 25717 2572

-3 -2 -1 0 1 2 3

Figure: Solving p2(z1, e®) = 0 for z; and plotting against t € (0,27). Note that ps is
symmetric in z; and z
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Thank You!

Summary

@ Things are harder in several variables!
» Must choose a monomial ordering (which one is “best”?7)
» Weakly inner doesn't imply inner!

o Counter examples in the Bergman space; Hardy?? (Is modified Shanks' true
here?)
@ Other neat stuff
» We actually found a closed form for the OG polynomials for 1 — az;z (for
spaces on the bidisk and the 2-ball)

» And a closed form for the OG polynomials for 1 — a(z; + z2) for the 2-ball
(bidisk is harder)

M. Sargent Multivariable OAs and OGs 24 /24



