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infinitesimal distributions, a summary from:
Biane, Goodman, Nica (2003); Belinschi, Shlyakhtenko (2009); Fevrier, Nica (2009),
Fevrier (2013), Shlyakhtenko (2018) [spike models], M (2019)

I let {Xn}
∞
n=1 be identically distributed symmetric Bernoulli

random variables with mean 0 and variance 1
I let SN = 1√

N
(X1 + · · ·+ XN)

I {SN}N converges to S, a Gaussian random variable with
mean 0 and variance 1

I let µN be the distribution of SN and µ the distribution of S
I N(µN − µ) converges to a distribution with moments

m ′2n−1 = 0 and m ′2n = (2(n − 2) − 1)!!
(2n

4

)
I we say the pair (µ,µ ′) is an infinitesimal distribution
I infinitesimal probability space = (A,ϕ,ϕ ′) where A is a

unital algebra over C, ϕ,ϕ ′ : A linear7→ C, ϕ(1) = 1, ϕ ′(1) = 0
I if (µ,µ ′) is an infinitesimal distribution let A = C[x],
ϕ(xn) =

∫
tn dµ(t) and ϕ ′(xn) =

∫
tn dµ ′(t)
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free cumulants (Speicher)
κ1(X1) = E(X1), G(z) = E((z − X)−1)

κ2(X1, X2) = E(X1X2) − E(X1)E(X2) G〈−1〉(x) = 1
z + R(z)

κ (X1, X2, X3) = κ1(X1) κ2(X2, X3) R(z) = κ1 + κ2z + · · ·

E(X1 X2 X3) = κ + κ + κ + κ + κ

E(X1 X2 X3 X4) = κ + κ + κ + κ + κ

+ κ + κ

+ κ + κ + κ + κ + κ + κ

+ κ

E(X1 · · ·Xn) =
∑

π∈NC(n)

κπ(X1, . . . , Xn)

where NC(n) is the set of non-crossing partitions of [n]
= {1, 2, . . . , n}

[
crossing partition: {(1, 3), (2, 4, 5, 6)} =

3 / 15



infinitesimal cumulants
I let (µ,µ ′) be an infinitesimal distribution let mn =

∫
tn dµ(t)

and m ′n =
∫

tn dµ ′(t)
I if π = {V1, . . . , Vk} is a partition we let mπ =

∏
V∈π

m|V|

I mn =
∑

π∈NC(n)

κπ (and κn =
∑

π∈NC(n)

Möb(π, 1n)mπ)

I ∂mn = ∂m1n = m ′n
I if π = {V1, . . . , Vk} is a partition we extend by the derivation

rule
∂mπ =

∑
V∈π

m ′|V|

∏
W,V

m|W|

I define κ ′n =
∑

π∈NC(n)

Möb(π, 1n)∂mπ

I or equivalently m ′n =
∑

π∈NC(n)

∂κπ

I e.g. m3 = κ3 + 3κ1κ2 + κ
3
1

and m ′3 = κ ′3 + 3κ ′1κ2 + 3κ1κ
′
2 + 3κ ′1κ

2
1
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freeness & the utility of free cumulants (Nica-Speicher)

I (A,ϕ) is a unital algebra and a linear functional ϕ : A→ C
with ϕ(1) = 1

I A1, . . . ,As ⊆ A are free with respect to ϕ if whenever
a1, . . . , an ∈ A

(i) ϕ(ai) = 0 for 1 6 i 6 n,
(ii) ai ∈ Aji and j1 , j2 , · · · , jn,

then ϕ(a1 · · · an) = 0
I random variables are free if the unital subalgebras they

generate are free
I random variables x1, . . . , xs are free iff mixed cumulants

vanish: ∀n, κn(xi1 , . . . , xin) = 0 unless i1 = · · · = in
I if x1 and x2 are free then κ(x1+x2)

n = κ
(x1)
n + κ

(x2)
n for all n

I ‘most’ distributions are determined by their cumulants

5 / 15



heuristic concepts of freeness
I if x1 and x2 are free and we know the distributions of x1

and x2 then there is a universal rule for determining the
joint distribution of {x1, x2}, i.e. all mixed moments{

ϕ(xi1xi2 · · · xin) | for all i1, . . . in ∈ {1, 2}
}

I we do the same for infinitesimal freeness

if x1 and x2 are infinitesimally free and we know the
infinitesimal distributions of x1 and x2 then there is a
universal rule for determining the joint infinitesimal
distribution of {x1, x2}, i.e. all mixed moments: regular and
infinitesimal{
ϕ(xi1xi2 · · · xin),ϕ

′(xi1xi2 · · · xin) | for all i1, . . . in ∈ {1, 2}
}

I if ϕ(xij) = 0 for j = 1, . . . , n and i1 , i2 , · · · , in then
ϕ ′(xi1xi2 · · · xin) = 0 for n even and for n = 2m + 1 odd we
have

ϕ ′(xi1 · · · xin) =

n∑
j=1

ϕ(xi1 · · ·ϕ
′(xj) · · · xin).
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Wishart random matrices and the Marchenko-Pastur
LawI XN,M = 1

N GN,MG∗N,M, G = (gij) an N ×M matrix of
independent complex N(0, 1) random variables,
W = Wishart matrix with shape parameter (M, N)

I the eigenvalue distribution of X (which is random)
converges to the non-random distribution µc
(where M/N → c, a = (1 −

√
c)2, and b = (1 +

√
c)2)

dµc(t) = (1 − c)δ0 +

√
(b − t)(t − a)

2πt
dt

for µc, κn = c for all n
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infinitesimal complex Marchenko-Pastur law
M-Nica 2004

I X1, . . . , Xs independent complex Wishart matrices, limit
eigenvalue distribution of Xi has parameter c: κπ = c#(π)

I asymptotically, the Xi’s have the limit distribution of a free
family: ker(i) ∈ P(n) is the partition in which r ∼ker(i) s iff
i(r) = i(s)

lim
N

E(tr(Xn
i )) =

∑
π∈NC(n)

c#(π), lim
N

E(tr(Xi1 · · ·Xin)) =
∑

π∈NC(n)
π6ker(i)

c#(π)

I suppose c ′ = lim
N

N
(M

N
− c
)

exists then

lim
N

N
(

E(tr(Xi1 · · ·Xin)) −
∑

π∈NC(n)
π6ker(i)

c#(π)
)

=
∑

π∈NC(n)
π6ker(i)

#(π)c#(π)−1c ′

I asymptotically, the Xi’s have the joint distribution of an
infinitesimally free family with κ ′n = c ′ for all n
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Functional Equations, [M, 2019]
I (A,ϕ,ϕ ′) infinitesimal probability space

I B =

{(
a b
0 a

)
| a, b ∈ C

}
, 2 dimensional algebra over C

I ϕ̃ : A 7→ B, ϕ̃(x) =
(
ϕ(x) ϕ ′(x)

0 ϕ(x)

)
I Mn =

(
mn m ′n
0 mn

)
, Kn =

(
κn κ ′n
0 κn

)
, Z =

(
z w
0 z

)
I R(Z) = K1 + K2Z + K3Z2 + · · · =

(
R(z) wR ′(z) + r(z)

0 R(z)

)
I G(Z) =

1
Z
+

m1

Z2 +
m2

Z3 + · · · =
(

G(z) wG ′(z) + g(z)
0 G(z)

)
I G(Z)−1 + R(G(Z)) = Z = G

(
Z−1 + R(Z)

)
I r(z) = κ ′1 + κ

′
2z + κ ′3z2 + · · · = −g(G〈−1〉(z))(G〈−1〉) ′(z)

I g(z) =
m ′1
z2 +

m ′2
z3 + · · · = −r(G(z))G ′(z)
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examples of infinitesimal transforms, [M, 2019]
Recall:
I r(z) = κ ′1 + κ

′
2z + κ ′3z2 + · · · , infinitesimal R-transform

I g(z) =
m ′1
z2 +

m ′2
z3 + · · · , infinitesimal Cauchy transform

Infinitesimal GOE: κ2 = 1, κn = 0 otherwise, and κ ′n = 1 for n
even and 0 otherwise

I r(z) =
z

1 − z2 , g(z) =
z −
√

z2 − 4
2

· 1
z2 − 4

.

Infinitesimal complex Marchenko-Pastur: κn = c, κ ′n = c ′ ∀n

I R(z) =
cz

1 − z
and r(z) =

c ′z
1 − z

, P(z) =
√

(z − a)(z − b)

I G(z) =
z + 1 − c + P(z)

z

g(z) =
−c ′

zP(z)
(1 − c)2 − (1 + c)z − (1 − c)P(z)

z − 1 + c + P(z)
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infinitesimal density of complex Marchenko-Pastur

1 2 3 4 5 6

-3.0

-2.5

-2.0

-1.5

-1.0

-0.5

0.0

0.5

dµ(x) =

(1 − c)δ0 +

√
(b−x)(x−a)

2πx 0 < c 6 1√
(b−x)(x−a)

2πx 1 < c

dµ ′(x) = −c ′


δ0 −

x+1−c
2πx
√

(b−x)(x−a)
dx c < 1

1
2δ0 −

1
2π
√

x(4−x)
dx c = 1

− x+1−c
2πx
√

(b−x)(x−a)
dx c > 1
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Higher Order Infinitesimals (Fevrier 2013)
I Suppose we have moment sequences {mn}n>0 (assume

m0 = 1), {m ′n}n>1, . . . , {m(p−1)
n }n>1 we make a p× p matrix,

letting ∂m(k)
n = m(k+1)

n we set

Mn =


mn

m(1)
n
1! · · · m(p−1)

n
(p−1)!

0 mn · · · m(p−2)
n

(p−2)!
...

...
. . .

...
0 0 · · · mn

 =


mn

∂1mn
1! · · · ∂m−1mn

(m−1)!

0 mn · · · ∂m−2mn
(m−2)!

...
...

. . .
...

0 0 · · · mn

 .

and

Kn =


κ
(0)
n
0!

κ
(1)
n
1! · · · κ

(m−1)
n

(m−1)!

0 κ
(0)
n
0! · · · κ

(m−2)
n

(m−2)!
...

...
. . .

...

0 0 · · · κ
(0)
n
0!

 =


κn

∂1κn
1! · · · ∂m−1κn

(m−1)!

0 κn · · · ∂m−2κn
(m−2)!

...
...

. . .
...

0 0 · · · κn

 .
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higher order functional equations (new work)
For π = {V1, . . . , Vk}:

Kπ = K|V1| · · ·K|Vk|
=


κ
(0)
π

0!
κ
(1)
π

1! · · · κ
(m−1)
π

(m−1)!

0 κ
(0)
π

0! · · · κ
(m−2)
π

(m−2)!
...

...
. . .

...

0 0 · · · κ
(0)
π

0!


Let Z =


z0 z1 · · · zp−1
0 z0 · · · zp−2
...

...
. . .

...
0 0 · · · z0

 and G(Z) =
∞∑

n=0

MnZ−(n+1)

I when p = 2 we have

G(Z) =
[

G0(z0) G ′0(z0)z1 + G1(z0)
0 G0(z0)

]
and R(Z) =

[
R0(z0) R ′0(z0)z1 + R1(z0)

0 R0(z0)

]
where G0(z0) =

∞∑
n=0

mnz−(n+1)
0 , R0(z0) =

∞∑
n=1

κnzn−1
0 and

G1(z0) =

∞∑
n=1

m ′nz−(n+1)
0 , R1(z0) =

∞∑
n=1

κ ′nzn−1
0

G(Z)−1 + R(G(Z)) = Z⇒ G1(z) + R1(G0(z))G ′0(z) = 0 and · · ·
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· · · R1(z) + G1(G
〈−1〉
0 (z)) (G〈−1〉

0 ) ′(z) = 0

when p = 3?

Z =

z0 z1 z2
0 z0 z1
0 0 z0

, Mn =

mn m ′n
m ′′n
2

0 mn m ′n
0 0 mn

 Kn =

κn κ ′n
κ ′′n
2

0 κn κ ′n
0 0 κn



Z−n =


z−n

0 −nz−(n+1)
0 z1 −nz−(n+1)

0 z2 +
(n+1

2

)
z−(n+2)

0 z2
1

0 z−n
0 −nz−(n+1)

0 z1

0 0 z−n
0


G(Z) =

∞∑
n=0

MnZ−(n+1), Gi(z) =
∞∑

n=0

m(i)
n

zn+1 for i = 0, 1, 2 (m ′0 = m ′′0 = 0)

G(Z) =


G0(z0) G ′0(z0)z1 + G1(z0) G ′0(z0)z2 + G ′1(z0)z1

+1
2(G

′′
0 (z0)z2

1 + G2(z0))

0 G0(z0) G ′0(z0)z1

0 0 G0(z0)
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R(Z) =
∞∑

n=1

KnZn−1, Ri(z) =
∞∑

n=0

κ
(i)
n zn−1 for i = 0, 1, 2 (κ ′0 = κ ′′0 = 0)

R(Z) =


R0(z0) R ′0(z0)z1 + R1(z0) R ′0(z0)z2 + R ′1(z0)z1

+1
2(R
′′
0 (z0)z2

1 + R2(z0))

0 R0(z0) R ′0(z0)z1

0 0 R0(z0)


we have G(Z)−1 + R(G(Z)) = Z implies
G1(z) + R1(G0(z))G ′0(z) = 0; is there a relationship between R2
and G2?
thm:

G2(z) + R2(G0(z))G ′0(z) =
d
dz

(
R2(G0(z))2G0(z)

)
.
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