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infinitesimal distributions, a summary from:

Biane, Goodman, Nica (2003); Belinschi, Shlyakhtenko (2009); Fevrier, Nica (2009),
Fevrier (2013), Shlyakhtenko (2018) [spike models], M (2019)

>

>

>

let {X,,}° ; be identically distributed symmetric Bernoulli
random variables with mean 0 and variance 1

let Sy = —<(Xq + -+ + Xn)
{SnIn converges to S, a Gaussian random variable with
mean 0 and variance 1
let uy be the distribution of Sy and p the distribution of S
N(un — p) converges to a distribution with moments
mj}, 4 =0and mj, = (2(n—2) —1)1(%)
we say the pair (u, 1') is an infinitesimal distribution
infinitesimal probability space = (A, @, @’) where A is a
hnear C, (p(l) —1, (p/(l) -0
if (1, u’) is an infinitesimal dlstrlbutlon let A = Clx],

") = [ du(t) and @’ (x") = [t du(t

unital algebra over C, ¢, @' : A

2/15



free cumulants (Speicher)

k1(X1) = E(X1), G(z) =E(z—X)™)
k2(X1, X2) = B(X1X2) — E(X1)E(X2) GV (x) =L +R(z)
K (X1, X2, X3) = k1(X1) k2(X2, X3) R(z) = kg + Koz + - -

E(X1X2X3):KH_J+K‘ LI F R R TR

E(X1 Xo X3 Xy) =K | || FK| KL FR TR
al ST S
TR TR LR i R RR R
TRy

where NC(n) is the set of non-crossing partitions of [1]
={1,2,...,n} [crossing partition: {(1,3),(2,4,5,6)} =| L} L LI
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infinitesimal cumulants

| 2

let (p, 1’) be an infinitesimal distribution let m, = [ " du(t)
and m;, = [ " du’(t)
if t={Vy,..., Vi}is a partition we let m, = H myy|
Ven

My = Z Ky (and x, = Z Mob(7, 1,)m)

TTeENC(n) TTENC(n)
om, = 0my, = m,,
if m={Vy,..., Vi}is a partition we extend by the derivation

rule o, — Z m|,V| H -_—

Ven W=V
define k;, = Z Mob (7, 1,)0m,
TteNC(n)
or equivalently m,, = Z 0K
7teNC(n)

e.g. m3 = Kz + 3K1Kp + K%
and m} = k} + 3k{ K + 3k1Kj + 3K{ K3
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freeness & the utility of free cumulants (Nica-Speicher)

| 2

>

(A, @) is a unital algebra and a linear functional ¢ : A — C
with (1) =1
Ay, ..., As C A are free with respect to ¢ if whenever
ai,...,a, € A

(i) @la;)=0for1<i<n,

(i) a; € .A]‘l. and j1 #jo # - # Ju,
then o(a;---a,) =0
random variables are free if the unital subalgebras they
generate are free
random variables x1, ..., xs are free iff mixed cumulants
vanish: Vn, Ky (x;,,...,x;,) =0unless iy = --- =i,

if x; and x; are free then K,(lxﬁx” = Kflxl] + K,(lm for all n

‘most’” distributions are determined by their cumulants

5/15



heuristic concepts of freeness

» if x; and x, are free and we know the distributions of x;
and x; then there is a universal rule for determining the
joint distribution of {x1, x,}, i.e. all mixed moments

{@(xixi,---x;,) | foralliy,...i, €{1,2}}
» we do the same for infinitesimal freeness

if x; and x; are infinitesimally free and we know the

infinitesimal distributions of x; and x, then there is a

universal rule for determining the joint infinitesimal

distribution of {x1, x2}, i.e. all mixed moments: regular and

infinitesimal

{@(xixi, -+ x3,), @ (xiyxi, - - - x;,) | foralliy,...iy € {1,2}}

> if(p(xij) =0forj=1,...,nand iy #ip # --- # i, then

@' (xi,xi, - - - x;,) = 0 for n even and for n = 2m + 1 odd we

have
(P le' xz,1 Z(P Xip @ ) "xin)-
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Wishart random matrices and the Marchenko-Pastur

Law, XNy = %GN,MG}'{;,M, G = (gij) an N x M matrix of

independent complex N (0, 1) random variables,
W = Wishart matrix with shape parameter (M, N)

> the eigenvalue distribution of X (which is random)
converges to the non-random distribution p,
(where M/N — c,a = (1 — \/c)?>,and b = (1 + 1/¢)?)

B b—b)(f—a)
37WWWWNWWMHMM e

for ., for all n
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infinitesimal complex Marchenko-Pastur law
M-Nica 2004
» Xi,..., X, independent complex Wishart matrices, limit
eigenvalue distribution of X; has parameter c: k,; = c*{™
> asymptotically, the X;’s have the limit distribution of a free
family: ker(i) € P(n) is the partition in which 7 ~(;) s iff
i(r) = i(s)
Lim E(tr(X}')) lim E(t
1rn (tr( Zc 111\f]n (tr(X; Xi,) Zc

7teNC(n) teNC(n

M
> suppose ¢’ = hgan(N — c) exists then ”<kerm

limN<E(’t1‘(Xi1 - X)) — Z ) Z #m
N meNC(n) mENC(n
neker (i) n<ker(i )

» asymptotically, the X;’s have the joint distribution of an
infinitesimally free family with «;, = ¢’ for all n
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Functional Equations, [M, 2019]
> (A, @, ') infinitesimal probability space

> B = { (a b) la,be C}, 2 dimensional algebra over C

0 a
» ¢: A~ B, px) = <(P((JX) (Z)/((;))>

My mé _ [ Kn K,Q [z w
>Mﬂ:(O mn>'Kn_<0 Kn>’Z_<() z>
> R(Z) =Ky + KpZ + K3Z2 + -+ = <Réz) wR’(;)(;)rr(z)>
> G(Z) = % + % + % 4= (G(Z) wG’(é)(;)_ g(z))
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examples of infinitesimal transforms, [M, 2019]

Recall:
> r(z) = k| +Kyz+ |<§z2 + .- -, infinitesimal R-transform
m;  m)
> o(z) = 271 + 732 + - -+, infinitesimal Cauchy transform

Infinitesimal GOE: k; = 1, k, = 0 otherwise, and «;, = 1 for
even and 0 otherwise

z z— Vz2—4 1
1—2  SE= 2 24

> r(z) =

Infinitesimal complex Marchenko-Pastur: k, = ¢, k,, = c’ Vn
i

> R(z) = 1C_Zzandr(z):%,P(z): (z—a)(z—0D)
> G(Z):z+1—zc+P(z)
—c' —c)2— —(1—
glz) = ¢’ 1—c)*—(1+c)z—(1—c)P(z)

- zP(2) z—1+c+P(z)
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infinitesimal density of complex Marchenko-Pastur

0.5

0.0 —— !
5

27x
dplx) = V=) —)
P 1<c
5o — xtlc dx c<1
27tx 4/ (b—x) (x—a)
1
dp/(x) = —c’ { 380 — oy dx c=1
xtl—c dx c>1
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Higher Order Infinitesimals (Fevrier 2013)
» Suppose we have moment sequences {1, },>0 (assume
my = 1), {m}}p>1, ..., {m,(lpfl)}@l we make a p x p matrix,
letting om) = mi we set

r (1) m,(fil) almn amflmn

3

n ... .. ——
My (p—1)1 M = (m—1)!
p—2) M2
m PR "
M, = I = 0 my (m—2]!
0 0o .. My | 0 o - My
and
- 1 71 —
SN ST T ey ar,
o 1! (m—1)! noTl m—1)!
0 Kl(io) K’gm* ) 0 K o M2
K, = 0! (m=2)" _ n (m—2)!
n = =
0 0 K(;}' 0 0 Ku
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higher order functional equations (new work)

Formt={Vq,..., Vi) R e

1 k) A =
(0) (m—=2)
0 Ki' Kz '

Z0 Z1 vt Zp1 0 0 ﬂ
O ZO P 272 B

LetZ=|. . . ' “|andG(Z ZMZ (n1)
0 0 - z

» when p = 2 we have

_ |Gol(z0) Gylzo)z1 + Gi(zo) _ |Rolzo) Ry(z0)z1 + Rq(zo)
G(Z)‘{ o G;(ZO) }a“dR(Z)_{ 0 Rolz)
where Gy(z) Zmnzo (nt+1), Z Knzy * and

00
G Zm ZO n+ Rl ZO ZKI n 1
n=1

G(Z) ' +R(G(2)) =Z = Gi(z) + Rl(Go( z))G{(z) =0and - --
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when p = 3? )
Zo Z1 2o my 7ﬂé %% Kn Ké %%
Z=10 zo zi|,My=|0 my m)|Ke=10 x, «]
0 0 =z 0 0 my 0 0 Ky
zy —nza("ﬂ)zl —nzo_(nH)Z + ("H) Z (”H)z%
Z7"=10 zy" —nz, St
0 0 zy "
00 0 m(i) .
G(Z) =) M,Z "V, Giz) =)~ fori=0,1,2 (mj =m{ =0)
n=0 n=0
Go(zo) Gglzo)z1 +Gilzo)  Gglzo)za + Gi(z0)z1
+3(G{/ (z0)z3 + Ga(20))
G(Z) — 2 / 1
Go(zo) Go(zo)z1
0 0 Go(zo)
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Zan“R ZKH 2" fori=0,1,2 (k) =« =0)
n=0
Ro(z0) Ry(zo)z1 + Ri(zo)  Ry(z0)z2 + Ri(z0)z1

+2(R{(20)22 + Ra(z0))

R(Z) =
0 Ro(zo) R{(z0)z1
0 0 Ro(zo)
we have G(Z)~! + R(G(Z)) = Z implies

G1(z) + R1(Gy(z )) 4(z) = 0; is there a relationship between R
and Gy?

THM:

Gal2) + Ra(Gol2))G(2) = - (Ra(Gol2))2Go(2))-

dz

15/15



