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Abstract

How did an operator theorist get involved in combinatorics? How do the two fields
interact? Using tools from complex, harmonic, and functional analysis, probability
theory, algebraic combinatorics, and computer-aided design, we answer virtually all
asymptotic questions about factorization lengths in numerical semigroups. This
yields uncannily accurate predictions that agree with numerical computations. We
also present positivity results for certain multivariate polynomials, potential
applications to AF algebras, and generalizations via several complex variables.
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Combinatorics:
What’s up with That?



Combinatorics: how did it come to this?

My background

Function-related operator theory (shift operators, Toeplitz
operators, Hardy spaces, etc.), matrix analysis, and so forth.

SDSU numerical semigroup REU
A senior thesis student came back from his junior-year summer
REU and wanted to continue his combinatorics REU research.

New tools from IPAM
In 2018, I attended the semester-long Quantitative Linear Algebra
program at IPAM. Hanging around lots of random-matrix theory
people got me thinking about probabilistic approaches to problems.

Fruitful interplay
We mix techniques and problems from different areas. This leads
to new problems inspired by work in other areas.
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Numerical Semigroups



Numerical semigroups

Definition (Numerical semigroup)

Let n1, n2, . . . , nk P N “ t0, 1, 2, . . .u with k ě 3 and

0 ă n1 ă n2 ă ¨ ¨ ¨ ă nk and gcdpn1, n2, . . . , nkq “ 1.

Then

S “ xn1, n2, . . . , nky “ ta1n1 ` ¨ ¨ ¨ ` aknk : ai P Nu

is the numerical semigroup with generators n1, n2, . . . , nk .

McNugget Monoid

x6, 9, 20y “ t0, 6, 9, 12, 15, 18, 20, 21, 24, 26, 27, 29, 30, 32, . . .u.

Theorem (Frobenius Coin Problem)

Fix S “ xn1, n2, . . . , nky. Then n P S for sufficiently large n.
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Factorizations

Definition (Factorization)

A factorization of n P S “ xn1, n2, . . . , nky is an expression

n “ a1n1 ` a2n2 ` ¨ ¨ ¨ ` aknk ,

in which a “ pa1, a2, . . . , akq P Nk . The length of a is

}a} “ a1 ` a2 ` ¨ ¨ ¨ ` ak .

Example

The number 42 has exactly three factorizations in S “ x6, 9, 20y:

42 “ 1 ¨ 6` 4 ¨ 9` 0 ¨ 20 }p1, 4, 0q} “ 5

“ 7 ¨ 6` 0 ¨ 9` 0 ¨ 20 }p7, 0, 0q} “ 7

“ 4 ¨ 6` 2 ¨ 9` 0 ¨ 20 }p4, 2, 0q} “ 6.
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Length multisets

Definition (Length multiset)

Fix S “ xn1, n2, . . . , nky. Then LJnK denotes the multiset (set with
multiplicities taken into account) of factorizations of n.

Example

The number 132 P x6, 9, 20y has many factorizations:
p2, 0, 6q, p0, 8, 3q, p3, 6, 3q, p6, 4, 3q, p9, 2, 3q, p12, 0, 3q,
p1, 14, 0q, p4, 12, 0q, p7, 10, 0q, p10, 8, 0q, p13, 6, 0q,
p16, 4, 0q, p19, 2, 0q, p22, 0, 0q

Thus,

LJ132K “ tt8, 11, 12, 13, 14, 15, 15, 16, 17, 18, 19, 20, 21, 22uu.

Hopelessly general question

Fix S “ xn1, n2, . . . , nky. Describe the behavior of LJnK as nÑ8.
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The numbers are not encouraging
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Histogram of length multiset LJ500K in x6, 9, 20y.
Lengths (horizontal) versus multiplicities (vertical)
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Histogram of length multiset LJ500K in x5, 6, 18, 45y.
Lengths (horizontal) versus multiplicities (vertical)



The numbers are not encouraging
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Histogram of length multiset LJ1000K in x11, 34, 35, 36y.
Lengths (horizontal) versus multiplicities (vertical)



Too much to ask?

Wish list
We want asymptotics for the following statistics of LJnK as nÑ8:

|LJnK|

Min / Max

Mean

Median

Mode

Variance & Std. Dev.

pth moments

Skewness

Harmonic mean

Geometric mean

Mission Accomplished
We answer all of these questions very explicitly and do much more.
It just needs a little algebraic combinatorics, complex analysis,
harmonic analysis, functional analysis, and probability theory.
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The McNugget triangle
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Normalized histogram of the length multiset LJnK (blue) and graph of the length
distribution function F pxq (red) for S “ x6, 9, 20y. For i P N, a blue dot occurs above
i{n at height equal to the multiplicity of i in LJnK.



The McNugget triangle
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Normalized histogram of the length multiset LJnK (blue) and graph of the length
distribution function F pxq (red) for S “ x6, 9, 20y. For i P N, a blue dot occurs above
i{n at height equal to the multiplicity of i in LJnK.



The McNugget triangle
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Normalized histogram of the length multiset LJnK (blue) and graph of the length
distribution function F pxq (red) for S “ x6, 9, 20y. For i P N, a blue dot occurs above
i{n at height equal to the multiplicity of i in LJnK.



The McNugget triangle
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Normalized histogram of the length multiset LJnK (blue) and graph of the length
distribution function F pxq (red) for S “ x6, 9, 20y. For i P N, a blue dot occurs above
i{n at height equal to the multiplicity of i in LJnK.



Getting explicit

Example

For S “ x11, 34, 35, 36y, the length distribution function is

F pxq “ 1413720

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

0 if x ď 1
36 ,

1
50p36x ´ 1q2 if 1

36 ď x ď 1
35 ,

1
600

`

´15073x2 ` 886x ´ 13
˘

if 1
35 ď x ď 1

34 ,

1
13800p11x ´ 1q2 if 1

34 ď x ď 1
11 ,

0 if x ą 1
11 .

From this we can deduce things like

Median LJnK „
1
11

˜

1´ 3

c

115
714

¸

n.
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Perfect fit
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Normalized histogram of the length multiset LJnK (blue) and graph of the length
distribution function F pxq (red) for S “ x11, 34, 35, 36y. For i P N, a blue dot occurs
above i{n at height equal to the multiplicity of i in LJnK.
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Normalized histogram of the length multiset LJnK (blue) and graph of the length
distribution function F pxq (red) for S “ x11, 34, 35, 36y. For i P N, a blue dot occurs
above i{n at height equal to the multiplicity of i in LJnK.
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Normalized histogram of the length multiset LJnK (blue) and graph of the length
distribution function F pxq (red) for S “ x11, 34, 35, 36y. For i P N, a blue dot occurs
above i{n at height equal to the multiplicity of i in LJnK.



Perfect fit
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n “ 10,000

Normalized histogram of the length multiset LJnK (blue) and graph of the length
distribution function F pxq (red) for S “ x11, 34, 35, 36y. For i P N, a blue dot occurs
above i{n at height equal to the multiplicity of i in LJnK.



Perfect fit
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n “ 50,000

Normalized histogram of the length multiset LJnK (blue) and graph of the length
distribution function F pxq (red) for S “ x11, 34, 35, 36y. For i P N, a blue dot occurs
above i{n at height equal to the multiplicity of i in LJnK.



A close call
Statistic Actual Predicted

Min {Max LJ105K 2778/9082 2777.78/9090.91

Mean LJ105K 4417.31 4416.76

Median LJ105K 4145 4144.69

Mode LJ105K 2939 2939.03

StDev LJ105K 1207.84 1207.14

Skew LJ105K 0.8594802 0.8594804

HarMean LJ105K 4130.30 4130.03

GeoMean LJ105K 4266.46 4266.06

Actual versus predicted statistics (rounded to two decimal places) for LJ105K,
the multiset of factorization lengths of 100,000, in S “ x11, 34, 35, 36y.



Quasipolynomiality
and

Moments



Complete homogeneous symmetric polynomials

Definition
The complete homogeneous symmetric polynomial of degree p in
the k variables x1, x2, . . . , xk is

hppx1, x2, . . . , xkq “
ÿ

1ďα1ď¨¨¨ďαpďk

xα1xα2 ¨ ¨ ¨ xαp ,

the sum of all degree p monomials in x1, x2, . . . , xk .

Example (CHS polynomials in two variables)

h0px1, x2q “ 1,

h1px1, x2q “ x1 ` x2,

h2px1, x2q “ x21 ` x1x2 ` x22 .
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Quasipolynomality and asymptotics

Definition
A quasipolynomial of degree d is a function f : ZÑ C of the form

f pnq “ cdpnqn
d ` cd´1pnqn

d´1 ` ¨ ¨ ¨ ` c1pnqn ` c0pnq,

in which c1pnq, c2pnq, . . . , cdpnq are periodic functions of n. A
quasirational function is a quotient of two quasipolynomials.

Theorem (G–Omar–O’Neill–Yih, 2019)

Let S “ xn1, n2, . . . , nky. For p P N,

ÿ

`PLJnK

`p “
p!hpp

1
n1
, 1
n2
, . . . , 1

nk
q

pk ` p ´ 1q!pn1n2 ¨ ¨ ¨ nkq
nk`p´1 ` wppnq,

in which wppnq is a quasipolynomial of degree at most k ` p ´ 2
whose coefficients have period dividing lcmpn1, n2, . . . , nkq.
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Quasirational quantities and large n asymptotics

1 Number of Factorizations.

|LJnK| „
nk´1

pk ´ 1q!pn1n2 ¨ ¨ ¨ nkq
.

2 Moments.

1
|LJnK|

ÿ

`PLJnK

`p „

ˆ

p ` k ´ 1
p

˙´1

hp

ˆ

1
n1
,
1
n2
, . . . ,

1
nk

˙

np

3 Mean.

1
|LJnK|

ÿ

`PLJnK

` „
n

k

ˆ

1
n1
`

1
n2
` ¨ ¨ ¨

1
nk

˙

4 Variance.

σ2pnq „
n2

k2pk ` 1q

˜

pk ´ 1q
k
ÿ

i“1

1
n2i
´ 2

ÿ

iăj

1
ninj

¸

.
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The generating function

Proof. Let S “ xn1, n2, . . . , nky with gcdpn1, n2, . . . , nkq “ 1. Let

gpz ,wq :“
k
ź

i“1

1
1´ wzni

“

k
ź

i“1

p1` wzni ` w2z2ni ` ¨ ¨ ¨ q

“
ÿ

a1,a2,...,akě0

wa1`a2`¨¨¨`ak za1n1`a2n2`¨¨¨`aknk

“

8
ÿ

n“0

zn
8
ÿ

`“0

p# of factorizations of n of length `qw `

“

8
ÿ

n“0

zn
ÿ

`PLJnK

w `.
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Powering up

From
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ź

i“1

1
1´ wzni
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ˆ
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B
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`pw `

and hence
ř

`PLJnK `
p is the coefficient of zn in

ˆ

w
B

Bw

˙p

gpz ,wq

ˇ

ˇ

ˇ

ˇ

ˇ

w“1

.

A long and grueling residue computation yields

ÿ

`PLJnK

`p “
p!hpp

1
n1
, 1
n2
, . . . , 1

nk
q

pk ` p ´ 1q!pn1n2 ¨ ¨ ¨ nkq
nk`p´1 ` wppnq.
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Beyond Vandermonde



Exponential generating function

Theorem (G–Omar–O’Neill–Yih, 2019)

Let x1, x2, . . . , xk P Czt0u be distinct. For z P C,

8
ÿ

p“0

hppx1, x2, . . . , xkq

pp ` k ´ 1q!
zp`k´1 “

k
ÿ

r“1

exr z
ś

j‰r pxr ´ xjq
.

Vandermonde determinants

det

»

—

—

—

—

–

1 x1 x21 ¨ ¨ ¨ xk´11

1 x2 x22 ¨ ¨ ¨ xk´12
...

...
...

. . .
...

1 xk x2k ¨ ¨ ¨ xk´1k

fi

ffi

ffi

ffi

ffi

fl

looooooooooooooomooooooooooooooon

V px1,x2,...,xk q

“
ź

1ďiăjďn

pxj ´ xi q.
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Being manipulative

Proof. Observe that
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Are you Schur?

Since
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,

it suffices to show that
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—

–
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1
...
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fi

ffi
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“ hppx1, . . . , xkq detV px1, . . . , xkq.

This follows from Jacobi’s bialternant formula applied to the
partition λ “ pp, 0, . . . , 0q.
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A Measured
Approach



From the discrete to the continuous

The usual setting

Fix a numerical semigroup S “ xn1, n2, . . . , nky with k ě 3. For
convenience, we sometimes write xi “ 1{ni for i “ 1, 2, . . . , n.

The probability measures νn
Let δx denotes the point mass at x . For n P N, let

νn “
1

LJnK

ÿ

`PLJnK

δ `
n
.

Strategy
We prove that the singular probability measures νn converge weakly
(in the topology of the dual of C r0, 1s) to an absolutely continuous
probability measure ν which governs LJnK. The probability density
F of this limit measure is the “length distribution function.”
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Convergence of moments

Lemma
The pth moment

mppνnq “

ż

R
tp dνnptq

of νn “ 1
LJnK

ř

`PLJnK δ`{n satisfies

lim
nÑ8

mppνnq “

ˆ

p ` k ´ 1
p

˙´1

hp

ˆ

1
n1
,
1
n2
, . . . ,

1
nk

˙

.

Proof.
We have

mppνnq “
1

|LJnK|

ÿ

`PLJnK

ˆ

`

n

˙p

.

Now use the asymptotic formulas for
ř

`PLJnK `
p and |LJnK|.
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Convergence of characteristic functions

The sequence of characteristic functions

ϕνnpzq :“ pνnpzq

“

ż 1

0
e itz dνnptq “

ż

R

8
ÿ

p“0

pitzqp

p!
dνnptq

“

8
ÿ

p“0

pizqp

p!

ż 1

0
tp dνnptq “

8
ÿ

p“0

mppνnq
pizqp

p!

converges (uniformly on compact sets in C) to

ϕpzq “
8
ÿ

p“0

ˆ

p ` k ´ 1
p

˙´1

hppx1, x2, . . . , xkq
pizqp

p!

“ pk ´ 1q!
8
ÿ

p“0

hppx1, x2, . . . , xkq

pp ` k ´ 1q!
pizqp

“ pk ´ 1q!
k
ÿ

r“1

e ixr z

pizqk´1
ś

j‰i pxr ´ xjq
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A measured approach

Lemma (Lévy’s Continuity Theorem)

Let νn be probability measures on r0, 1s such that ϕνn converges
pointwise on R to a continuous function ϕ. Then

1 ϕ “ ϕν for some probability measure ν on r0, 1s;

2 νn Ñ ν (weak convergence of measures);

3 mppνq “ limpÑ8mppνnq for all p P N.

Lemma (Inversion theorem)

If
ş

R |ϕνptq| dt is finite, then F :“ |ϕν is a bounded continuous
function such that

νpAq “

ż

A
F ptq dt

for all Borel sets A Ď r0, 1s.
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Fourier inversion

The desired probability density function is

Fνpxq “ |ϕνpxq

“

ˆ

pk ´ 1q!
k
ÿ

r“1

e ixr z

pizqk´1
ś

j‰r pxr ´ xjq

˙

|

pxq

“
pk ´ 1q!
ik´1

k
ÿ

r“1

1
ś

j‰r pxr ´ xjq

­

ˆ

e ixr z

zk´1

˙

pxq

“
pk ´ 1q!

2pik´1q2pk ´ 2q!

k
ÿ

r“1

|x ´ xr |px ´ xr q
k´3

ś

j‰r pxr ´ xjq

“
pk ´ 1qn1n2 ¨ ¨ ¨ nk

2

k
ÿ

r“1

|1´ nrx |p1´ nrxq
k´3

ś

j‰r pnj ´ nr q
.
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Life the Universe and
Everything



The ultimate answer to the great question

Theorem (G–Omar–O’Neill–Yih, 2019)

Let S “ xn1, n2, . . . , nky, in which k ě 3, gcdpn1, n2, . . . , nkq “ 1.
1 For real α ă β,

lim
nÑ8

|t` P LJnK : ` P rαn, βnsu|
|LJnK|

“

ż β

α
F ptq dt,

where F : RÑ R is the C k´3 probability density function

F pxq :“
pk ´ 1qn1n2 ¨ ¨ ¨ nk

2

k
ÿ

r“1

|1´ nrx |p1´ nrxq
k´3

ś

j‰r pnj ´ nr q
.

2 For any continuous function g : p0, 1q Ñ C,

lim
nÑ8

1
|LJnK|

ÿ

`PLJnK

g

ˆ

`

n

˙

“

ż 1

0
gptqF ptq dt.



This stuff all works!

Example

Let S “ x9, 11, 13, 15, 17y. The length distribution function is

F pxq “
109395

32

$
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%

0 if x ă 1
17 ,

p17x ´ 1q3 if 1
17 ď x ă 1

15 ,

3´ 129x ` 1833x2 ´ 8587x3 if 1
15 ď x ă 1

13 ,

´3` 105x ´ 1209x2 ` 4595x3 if 1
13 ď x ă 1

11 ,

p1´ 9xq3 if 1
11 ď x ă 1

9 ,

0 if 1
9 ď x .

If n is even, then every element of LJnK is even, and if n is odd,
then every element of LJnK is odd.
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Another example
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n “ 2,000

Normalized histogram of the length multiset LJnK (blue) and graph of the length
distribution function F pxq (red) for S “ x9, 11, 13, 15, 17y. For i P N, a blue dot
occurs above i{n at height equal to the multiplicity of i in LJnK.



Another example
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Normalized histogram of the length multiset LJnK (blue) and graph of the length
distribution function F pxq (red) for S “ x9, 11, 13, 15, 17y. For i P N, a blue dot
occurs above i{n at height equal to the multiplicity of i in LJnK.



On the money
Statistic Actual Predicted

Min {Max LJ105K 11110/5884 11111.11/5882.35

Mean LJ105K 8088.80 8088.67

Median LJ105K 8038 8037.53

Mode LJ105K 7904 7904.25

StDev LJ105K 757.14 756.89

Skew LJ105K 0.32812710 0.32812712

HarMean LJ105K 8019.043 8018.96

GeoMean LJ105K 8053.75 8053.64

Actual versus predicted statistics (rounded to two decimal places) for LJ105K,
the multiset of factorization lengths of 100,000, in S “ x9, 11, 13, 15, 17y.



Where have I see this before?

My what a strange function!
The length distribution function

F pxq :“
pk ´ 1qn1n2 ¨ ¨ ¨ nk

2

k
ÿ

r“1

|1´ nrx |p1´ nrxq
k´3

ś

j‰r pnj ´ nr q

is piecewise polynomial of degree k ´ 2 with nodes 1
nk
, . . . , 1

n1
and

support r 1nk ,
1
n1
s. It is pk ´ 3q-times continuously differentiable.

A link to computer-aided design
This is a Curry–Schoenberg B-spline from computer aided design!

Who cares?
These interpolate a finite set of values with piecewise polynomials
subject to degree, smoothness, and support requirements.
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Positive Thinking



Positivity of CHS polynomials

Theorem (D.B.Hunter, 1977)

For p “ 0, 1, 2, . . . and all pa1, a2, . . . , anq P Rnzt0u,

h2ppa1, a2, . . . , anq ą 0.

Example

For px1, x2, x3q P R3zt0u,

x21 ` x22 ` x23 ` x1x2 ` x2x3 ` x1x3
looooooooooooooooooooomooooooooooooooooooooon

h2px1,x2,x3q

ą 0.

Tao’s Blog

“I was hunting for a probabilistic interpretation of hd (this being
another major way to prove positivity results, besides sum of
squares methods and induction methods).”
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CHS polynomials for nonintegral powers

Theorem (Böttcher–G–Omar–O’Neill, 2020)

Let n ě 2, let a1 ă a2 ă ¨ ¨ ¨ ă an, and let

F px ; a1, a2, . . . , anq “
n ´ 1
2

n
ÿ

j“1

|aj ´ x |paj ´ xqn´3
ś

k‰jpaj ´ akq
.

Then for suitable z P C, define

hzpa1, a2, . . . , anq “

ˆ

z ` n ´ 1
n ´ 1

˙
ż

R
xzF px ; a1, a2, . . . , anq dx ;

for z “ 0, 1, 2, . . . this agrees with classical CHS polynomials.

Freebie
Apply with z “ 2p and p “ 0, 1, 2, . . . to obtain Hunter’s positivity
theorem as a trivial consequence since F ě 0.
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CHS polynomials of fractional degree

Example
For three variables,

hzpa, b, cq “
az`2pb ´ cq ` bz`2pc ´ aq ` cz`2pa´ bq

pa´ bqpa´ cqpb ´ cq

and hence

h 1
2
pa, b, cq “

a
5
2 pb ´ cq ` b

5
2 pc ´ aq ` c

5
2 pa´ bq

pa´ bqpa´ cqpb ´ cq
,

h
´ 1

2
pa, b, cq “

?
a
?
b `

?
a
?
c `

?
b
?
c

p
?
a`

?
bqp
?
a`

?
cqp
?
b `

?
cq
,

h´3pa, b, cq “ pabcq
´1,

h´4pa, b, cq “
ab ` ac ` bc

a2b2c2
.
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New positivity results

Theorem (Böttcher–G–Omar–O’Neill, 2020)

Let

Hpa1, a2, . . . , anq “
m
ÿ

j“0

cjhjpa1, a2, . . . , anq

with real coefficients cj and let ´8 ď r ă s ď 8. Then

Hpa1, . . . , anq ą 0 for all pa1, . . . , anq P pr , sqnzt0u

if and only if Hpa, a, . . . , aq ą 0 for all a P pr , sqzt0u.

Tip of the iceberg
More elaborate versions are available for expressions like

Hpa1, . . . , anq “
m
ÿ

j ,k“1

cjkhjpa1, . . . , anqhkpa1, . . . , anq.
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if and only if Hpa, a, . . . , aq ą 0 for all a P pr , sqzt0u.

Tip of the iceberg
More elaborate versions are available for expressions like

Hpa1, . . . , anq “
m
ÿ

j ,k“1

cjkhjpa1, . . . , anqhkpa1, . . . , anq.
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A host of questions

Questions
Let S “ xn1, n2, . . . , nky be a numerical semigroup with length
distribution function F pxq.

Physical interpretation for the passage to the limit nÑ8?

Properties of the Jacobi matrix and orthogonal polynomials
corresponding to F?

What about sequences of semigroups S1 Ă S2 Ă S3 Ă ¨ ¨ ¨ ?
Can we recover Hardy–Littlewood–Ramanujan–Rademacher
results for partitions?

Semigroups in higher dimensions? Versions for PSD matrices?

Noncommutative versions of positivity results?
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Unital homomorphisms

Building blocks

The building blocks of (unital) AF C˚-algebras are (unital)
embeddings of direct sums of matrix algebras.

Simplest case
A unital homomorphism ϕ : Mn1 ‘ ¨ ¨ ¨ ‘Mnk Ñ Mn is determined
up to unitary equivalence in Mn by a1, a2, . . . , ak P N such that

a1n1 ` ¨ ¨ ¨ ` aknk “ n.

For large n, we understand the asymptotic properties of

` “ a1 ` ¨ ¨ ¨ ` ak

as ϕ ranges over all such unital homomorphisms. Here ` is the
total number of simple matrix algebras in the image of ϕ in Mn.
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AF C ˚-algebras

Potential application?

Fix S “ xn1, n2, . . . , nky and a large C P N and let

Ur “

k
à

i“1
MC rni .

A unital homomorphism ϕr : Ur Ñ Ur`1 is determined up to
unitary equivalence in Ur`1 by aij P N such that

a11n1 ` ¨ ¨ ¨ ` a1knk “ Cn1
a21n1 ` ¨ ¨ ¨ ` a2knk “ Cn2
...

...
. . .

...
...

...
...

ak1n1 ` ¨ ¨ ¨ ` akknk “ Cnk

We know the asymptotic behavior of
ř

i ,j |aij | “
ř

i p
ř

j aijq. This
may permit us to answer statistical questions about families of AF
algebras generated from embeddings ϕr : Ur Ñ Ur`1.
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Multivariable combinatorics

Higher-dimensional semigroups

Let n1,n2, . . . ,nk P Nd and

S “ xn1,n2, . . . ,nky “ ta1n1 ` ¨ ¨ ¨ ` aknk : ai P Nu.

The corresponding generating function is

gpz1, z2, . . . , zk ,wq “
k
ź

i“1

1

1´ wz
ni p1q
1 ¨ ¨ ¨ z

ni pkq
k

.

Singularities are no longer isolated poles, but varieties!

New frontiers
There is a rapidly-developing theory of Analytic Combinatorics in
Several Variables (ACSV) whose tools may address these problems.
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