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Appendix A: Appendix section

A.1. Moreau-envelope function and proximal mapping

We present Moreau envelope function and proximal mapping. In particular, we list
the explicit form of proximal mapping for specific functions, such as the indictor func-
tion, L1-norm regularization function, fused Lasso regularization function, nuclear nor-
m regularization function and matrix indictor function. Let p : Rn → (−∞,+∞] be a
closed proper convex function such that for a given ν > 0, the Moreau envelope func-
tion ψp(·) of p [11] is defined by

ψp/ν(x) = min
z∈Rn

{
p(z)+

ν

2
‖z− x‖2

}
, ∀ x ∈ Rn, (1)

and the corresponding solution is called as the proximal mapping:

Proxp/ν(x) = argmin
z∈Rn

{
p(z)+

ν

2
‖z− x‖2

}
, ∀ x ∈ Rn.

Let p : Rn→ (−∞,+∞] be a closed proper convex function, then the Fenchel conjugate
function of p is defined as p∗(x) := sup

x′∈Rn
{〈x,x′〉− p(x′)} ,∀x ∈ Rn.

Proposition 1. [12] Let p : Rn→ (−∞,+∞] be a closed proper convex function, and
p∗(x) be its Fenchel conjugate function. Then for any t > 0,

Proxt p(x)+ tProxp∗/t(x/t) = x, ∀x ∈ Rn. (2)

The equality (2) is often referred to as the Moreau identity.
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Now we discuss the proximal mapping of problem (1) with ν = 1. We can obtain
the explicit form of proximal mapping for some special functions. For example, if
p(z) = δ (z;Ω), where Ω is a nonempty closed convex set. The proximal mapping of
the indicator function δΩ is the projection operator on the set Ω:

ProxδΩ
(x) = argmin

z∈Rn

{
δ (z;Ω)+

ν

2
‖z− x‖2

}
= argmin

z∈Ω

{
‖z− x‖2}= Π(x;Ω).

If Ω = B‖·‖∞(0;r), the proximal mapping of δ (x;Ω) is

ProxδΩ
(x) = Π(x;Ω) = x− sign(x) ·max{|x|− r,0}. (3)

If p(z) = λ‖z‖1, the proximal mapping of p is Proxp(x) = shrink(x,λ ) := sign(x) ·
max{|x|−λ ,0} , which is called as the soft-thresholding operator in [7].

If p(z)= λ1‖z‖1+λ2‖Az‖1, where λ1,λ2≥ 0 are given parameters and A∈R(p−1)×p,

A =


−1 1 0 · · · 0
0 −1 1 · · · 0
...

...
. . . . . .

...
0 0 · · · −1 1

 , (4)

then the proximal mapping of p is

Proxp(x) = argmin
z∈Rn

{
λ1‖z‖1 +λ2‖Az‖1 +

1
2
‖z− x‖2

}
, ∀ x ∈ Rn. (5)

If λ1 = 0 in (5), we denote the proximal mapping of p(z) = λ2‖Az‖1 by zλ2(x), and
zλ2(x) is

zλ2(x) = argmin
z∈Rn

{
λ2‖Az‖1 +

1
2
‖z− x‖2

}
, ∀x ∈ Rn.

Proposition 2. [7] Let p(z) = λ1‖z‖1 +λ2‖Az‖1, A ∈R(p−1)×p has the form as in (4),
then we have

Proxp(x) = Proxλ1‖·‖1(zλ2(x)) = sign(zλ2(x)) ·max{|zλ2(x)|−λ1,0}, ∀ x ∈ Rn. (6)

Now we present the proximal mapping for the matrix-form function. Let p(M) =
‖M‖∗, then

Proxp(D) = argmin
M∈Rm×q

{
‖M‖∗+

ν

2
‖M−D‖2

F

}
, ∀ D ∈ Rm×q,

and it has a closed-form solution, which is given by

Proxp(D) =UDDiag(ς̂)V T
D , ς̂ = shrink(ς ,1/ν) = sign(ς) ·max{|ς |−1/ν ,0},

where UD,VD,ΣD are from the singular value decomposition of D, i.e., D =UDΣDV T
D ,

and ς is a vector that contains the diagonal element of ΣD. The proof can be found in
[2].
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Let ν > 0, and p(M) = δ (M;Ω∗), then the proximal mapping of p is

Proxp(D) = argmin
M∈Rm×q

{
δ (M;Ω

∗)+
ν

2
‖M−D‖2

F

}
, ∀ D ∈ Rm×q

with Ω∗ = B‖·‖2(0;λ ) and it also has a closed-form solution, which is

Proxp(D) =UDDiag(ς̂)V T
D , ς̂ = Π(ς ;B‖·‖∞(0;λ )). (7)

In special cases, the proximal mapping is a projection and plays an important role in
solving the problem. Based on it, we derive an efficient sGS-ADMM algorithm to solve
DFMR and DFMLR.

A.2. An introduction to sGS-ADMM algorithm

Now we give a brief introduction on sGS-ADMM algorithm for a general convex com-
posite programming model as discussed in [3]. Let m and n be two nonnegative in-
tegers, X ,Yi,1 ≤ i ≤ m and Z j,1 ≤ j ≤ n, be finite dimensional Euclidean spaces.
Define Y := Y1×·· ·×Ym and Z := Z1×·· ·×Zn. Consider the following general
convex composite programming model:

min
y∈Y ,z∈Z

{p1(y1)+ f (y1, · · · ,ym)+q1(z1)+g(z1, · · · ,zn) |A ∗y+B∗z = c}, (8)

where p1 : Y1 → (−∞,+∞] and q1 : Z1 → (−∞,+∞] are two closed proper convex
functions, f : Y → (−∞,+∞) and g : Z → (−∞,+∞) are continuously differentiable
convex functions whose gradients are Lipschitz continuous. The linear mappings A :
Y →X and B : Z →X are defined such that their adjoints are given by A ∗y =
m
∑

i=1
A ∗

i yi for y = (y1, · · · ,ym)∈Y and B∗z =
n
∑
j=1

B∗j z j for z = (z1, · · · ,zn)∈Z , where

A ∗
i : Yi→X and B∗j : Z j→X are the adjoints of the linear mappings Ai : X →Yi

and B j : X →Z j, respectively.
The augmented Lagrangian function of problem (8) is defined as follows.

Lσ (y,z;x) := p1(y1)+ f (y)+q1(z1)+g(z)+ 〈x,A ∗y+B∗z− c〉+ σ

2
‖A ∗y+B∗z− c‖2,

where σ > 0 is a penalty parameter, and x is the Lagrange multiplier. With initial
point (y0,z0,x0) ∈ domp1×domq1×X , where domp1 and domq1 denote the domain
of p1 and q1, the iterative scheme of sGS-ADMM algorithm for (8) in the (k+ 1)th
(k = 0,1,2, . . .) iteration is

ỹk+1
i = argmin{Lσ (yk

≤i−1,yi, ỹk+1
≥i+1,z

k;xk)}, i = m, · · · ,2,
yk+1

i = argmin{Lσ (yk+1
≤i−1,yi, ỹk+1

≥i+1,z
k;xk)}, i = 1, · · · ,m,

z̃k+1
j = argmin{Lσ (yk+1,zk

≤ j−1,z j, z̃k+1
≥ j+1;xk)}, j = n, · · · ,2,

zk+1
j = argmin{Lσ (yk+1,zk+1

≤ j−1,z j, z̃k+1
≥ j+1;xk)}, j = 1, · · · ,n,

xk+1 = xk− τσ(A ∗yk+1 +B∗zk+1− c),

where y≤i−1 := (y1, . . . ,yi−1), ỹ≥i+1 := (ỹi+1, . . . , ỹm), z≤ j−1 := (z1, . . . ,z j−1), z̃≥ j+1 :=
(z̃ j+1, . . . , z̃n) and τ is the step length. Now, we present the convergence theorem of
sGS-ADMM algorithm.
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Theorem 3. Suppose that the solution set W̄ to the KKT system of problem (8) is
nonempty and the sequence {yk,zk,xk} is generated by the sGS-ADMM in the kth iter-
ation. Let Σ f ,Σg,S and T be self-adjoint positive semidefinite linear operators such that
Σ f +S+σA A ∗ � 0, Σg +T +σBB∗ � 0. Then the sequence {yk,zk,xk} converges
to a point in W̄ .

A.3. Iterative scheme sGS-ADMM algorithm for DFMR

The each subproblems in Table 1 have closed-form solutions, which are obtained from
the derivative of the augmented Lagrangian function or the properties of proximal
mapping. Now let us look at the resulting subproblems in Table 1 one by one. The
u−subproblem can be written as

uk+1 = argmin
u

{
1
2
‖u‖2

2−uTy−〈xk
1,X

Tu〉−〈xk
2,Z

Tu〉+σ

2
‖ZTu−wk‖2 +

σ

2
‖XTu+CTvk−vec(Dk)‖2

}
.

It is a quadratic form of u and has a unique closed-form solution

uk+1 = (I +σXXT +σZZT)−1(y+Xxk
1 +Zxk

2−σ(XCTvk−Xvec(Dk)−Zwk)).

Similarly, the unique closed-form solution of the v−subproblem is

vk+1 =
1
σ
(I +CCT)−1(Cxk

1 + xk
3−σ(CXTuk+1−Cvec(Dk)+ tk)).

The D−subproblem can be written as

Dk+1=argmin
D

{
δ (D;B‖·‖2(0;λ1))+

σ

2
‖XTuk+1 +CTvk+1− vec(D)−

xk
1

σ
‖2

2

}
=argmin

D

{
δ (D;B‖·‖2(0;λ1))+

σ

2
‖D−E‖2

F

}
,

where vec(E) = XTuk+1 +CTvk+1− xk
1/σ . By (7) of the Supplementary material, the

closed-form solution is Dk+1 =UDiag(e∗)V T, where U,V,e satisfy the singular value
decomposition of E, i.e., E =UΣV T. The vector e contains the diagonal element of Σ,
and e∗ = Π(e;B‖·‖∞(0;λ1)).

The t−subproblem can be written as

tk+1 = argmin
t

{
δ (t;B‖·‖∞(0;λ2))−〈x

k
3,v

k+1 + t〉+ σ

2
‖vk+1 + t‖2

2

}
= argmin

t

{
δ (t;B‖·‖∞(0;λ2))+

σ

2
‖vk+1 + t− xk

3/σ‖2
2

}
.

By (3), the closed-form solution can be obtained from the soft-thresholding operator

tk+1 = Π(xk
3/σ − vk+1;B‖·‖∞(0;λ2))

= (xk
3/σ − vk+1)− sign(xk

3/σ − vk+1) ·max
{
|vk+1− xk

3/σ |−λ2,0
}
.
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The w−subproblem can be written as

wk+1 = argmin
w

{
P∗(w)−〈xk

2,ZTuk+1−w〉+ σ

2
‖ZTuk+1−w‖2

2

}
= argmin

w

{
P∗(w)+

σ

2
‖ZTuk+1−w− xk

2/σ‖2
2

}
.

Applying the Moreau identity (2), we have

wk+1 = ProxP∗/σ (ZTuk+1− xk
2/σ) = (ZTuk+1− xk

2/σ)−1/σProxσP(σZTuk+1− xk
2).

The closed-form solution for ProxσP(σZTuk+1− xk
2) is given by

ProxσP(σZTuk+1− xk
2) = sign(xσλ4

(σZTuk+1− xk
2)) ·max

{
|xσλ4

(σZTuk+1− xk
2)|−σλ3,0

}
,

where xσλ4(σZTuk+1− xk
2) = argmin

x

{
σλ4‖Ax‖1 +

1
2‖x− (σZTuk+1− xk

2)‖2
2
}
.

Finally, the stopping criterion eta for DFMR estimator is derived from the KKT
condition.

ηP = max

{
‖uk+1− y−Xxk+1

1 −Zxk+1
2 ‖

1+‖uk+1‖+‖xk+1
2 ‖

,
‖Cxk+1

1 + xk+1
3 ‖

1+‖xk+1
1 ‖+‖xk+1

3 ‖

}
,

ηD = max
{

‖vk+1 + tk+1‖
1+‖vk+1‖+‖tk+1‖

,
‖ZTuk+1−wk+1‖

1+‖wk+1‖
,
‖XTuk+1 +CTvk+1− vec(Dk+1)‖

1+‖vec(Dk+1)‖

}
,

eta = max{ηP,ηD}< tol.

The maximum number of iterations k is set to be 50000.

A.4. Iterative scheme of sGS-ADMM algorithm for DFMLR

The iterative scheme of sGS-ADMM algorithm for solving (11) is summarized in Table
1.
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TABLE 1
Iterative scheme of sGS-ADMM algorithm for solving (11)

Algorithm 2:

Input: X ,Z,y and tolerance level tol. Choose λ1 > 0,λ2 > 0,λ3 > 0,λ4 > 0 and σ > 0.

Let τ ∈ (0,(1+
√

5)/2) be the step-length. Set the initial point (u0,v0,α0,x0).

For k = 0,1, · · · , perform the following steps:

Step 1a. (Backward GS sweep) Compute uk+ 1
2 and vk+ 1

2 ,

uk+ 1
2 = argmin

u
Lσ (u,vk,αk;xk),

vk+ 1
2 = argmin

v
Lσ (uk+ 1

2 ,v,αk;xk).

Step 1b. (Forward GS sweep) Compute uk+1 , vk+1 and αk+1,

αk+1 = argmin
α

Lσ (uk+ 1
2 ,vk+ 1

2 ,α;xk),

vk+1 = argmin
v

Lσ (uk+ 1
2 ,v,αk+1;xk),

uk+1 = argmin
u

Lσ (u,vk+1,αk+1;xk).

Step 2. Update Lagrange multipliers xk+1
1 ,xk+1

2 ,xk+1
3 and xk+1

4 ,

xk+1
1 = xk

1− τσ(XTuk+1 +CTvk+1− vec(Dk+1)),

xk+1
2 = xk

2− τσ(ZTuk+1−wk+1),

xk+1
3 = xk

3− τσ(uk+1 + sk+1− y),

xk+1
4 = xk

4− τσ(vk+1 + tk+1).

If eta < tol stop

The D,w, t subproblems have the same solutions as in the DFMR. Now we give
the closed-form solutions for u−subproblem and v− subproblem. The solution of u-
subproblem is

uk+1 =
1
σ
(I+XXT+ZZT)−1

(
Xxk

1 +Zxk
2 + xk

3−σ
(
XCTvk−Xvec(Dk)−Zwk)+ sk− y

)
.

Similar to the u-subproblem, v−subproblem has a unique closed-form solution

vk+1 =
1
σ
(I +CCT)−1(Cxk

1 + xk
4−σ(CXTuk+1−Cvec(Dk)+ tk)).

The stopping criterion eta for DFMLR estimator is also derived from the KKT con-
dition.

ηP = max

{
‖Xxk+1

1 +Zxk+1
2 + xk+1

3 ‖
1+‖xk+1

1 ‖+‖xk+1
2 ‖+‖xk+1

3 ‖
,
‖Cxk+1

1 + xk+1
4 ‖

1+‖xk+1
1 ‖+‖xk+1

4 ‖

}
,

ηD = max
{

‖vk+1 + tk+1‖
1+‖vk+1‖+‖tk+1‖

,
‖ZTuk+1−wk+1‖

1+‖wk+1‖
,
‖XTuk+1 +CTvk+1− vec(Dk+1)‖

1+‖vec(Dk+1)‖
,

‖uk+1 + sk+1− y‖
1+‖uk+1‖+‖sk+1‖

}
,

eta = max{ηP,ηD}< tol.

The maximum number of iterations k was set to be 50000.
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A.5. Corollaries for Theorem 4 and Theorem 7

Corollaries 4 and 5 give risk bounds of the estimators from two special cases of the
DFMR problem (3): the matrix-type fused Lasso and the fused Lasso.

Corollary 4. Suppose that the data (y,X) satisfies y = Xvec(B∗) + ε . Define W ∗ ∈
∂‖B∗‖∗ and

B̂(λ1,λ2) = argmin
B

{
1
2
‖y−Xvec(B)‖2

2 +λ1‖B‖∗+λ2‖Cvec(B)‖1

}
.

Assume that XTX is non-singular, and 0<σ ≤ λmin(
1
nX

TX)≤ λmax(
1
nX

TX)≤σ . Then

E(‖B̂(λ1,λ2)−B∗‖2
F)≤ 16

λ 2
2 (m−1)q‖C‖2

F +mqσnσ2 +λ 2
1 ‖W ∗‖2

F
(σn)2 .

Corollary 5. Suppose that the data (y,Z) satisfies y = Zγ∗+ ε . Define

γ̂(λ3,λ4) = argmin
γ

{
1
2
‖y−Zγ‖2

2 +λ3‖γ‖1 +λ4‖Aγ‖1

}
.

Assume that ZTZ is non-singular, and 0 < σ ≤ λmin(
1
nZ

TZ)≤ λmax(
1
nZ

TZ)≤ σ . Then

E(‖γ̂(λ3,λ4)− γ
∗‖2

2)≤ 16
λ 2

4 (p−1)‖A‖2
F + pσnσ2 +λ 2

3
(σn)2 .

Corollaries 6 and 7 provide risk bounds for two special cases of DFMLR, i.e.,
matrix-type fused Lasso regularized logistic regression and fused Lasso regularized
logistic regression. Under the matrix-type fused Lasso regularized logistic regression,
the optimal solution is

B̂(λ1,λ2) = argmin
B

{
n

∑
i=1

log(1+ e〈Xi,B〉)− yi〈Xi,B〉+λ1‖B‖∗+λ2‖Cvec(B)‖1

}
.

Corollary 6. Assume that XTX is non-singular, and 0<σ ≤ λmin(
1
nX

TX)≤ λmax(
1
nX

TX)≤
σ . Suppose that ∇2R(B̂) � Lλmin(XTX)I � 0, where R(B) = ∑

n
i=1 log(1+ e〈Xi,B〉)−

yi〈Xi,B〉. Then

E(‖B̂(λ1,λ2)−B∗‖2
F)≤ 4

λ 2
2 (m−1)q‖C‖2

F +mqσn+λ 2
1 ‖W ∗‖2

F
(σnL)2 .

Under the fused Lasso regularized logistic regression, the optimal solution is ob-
tained by

γ̂(λ3,λ4) = argmin
γ

{
n

∑
i=1

log(1+ e〈zi,γ〉)− yi〈zi,γ〉+λ3‖γ‖1 +λ4‖Aγ‖1

}
.
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Corollary 7. Assume that ZTZ is non-singular, and 0<σ ≤ λmin(
1
nZ

TZ)≤ λmax(
1
nZ

TZ)≤
σ . Suppose that ∇2R(γ̂) � Lλmin(ZTZ)I � 0, where R(γ) = ∑

n
i=1 log(1 + e〈zi,γ〉)−

yi〈zi,γ〉. Then

E(‖γ̂(λ3,λ4)− γ
∗‖2

2)≤ 4
λ 2

4 (p−1)‖A‖2
F + pσn+λ 2

3
(σnL)2 .

A.6. Proofs

Proof of Theorem 1. The global convergence of sGS-ADMM algorithm is established
by [3]. For the problem (8) in our paper is a convex optimization problem which has
better structures where I +σXXT +σZZT and I +CCT are positive definite matrices.
The global convergence of the sGS-ADMM algorithm for solving problem (8) is easily
satisfied. �

In order to prove the Theorem 2, we established two lemmas which give the upper
bound of the KKT system of the iterative point and investigate the distance between
iterative points and the optimal solution, respectively. We give the definition of metric
subregularity from [4]. Let F : X →Y be a multi-valued mapping. Denote its inverse
by F−1. Define the graph of multi-valued functions F as follows

graphF := {(x,y) ∈X ×Y |y ∈F (x)}.

Definition 8. A multi-valued mapping F : X → Y is said to be metric subregular at
x̃ ∈X for ỹ ∈Y with modulus κ > 0 if (x̄, ȳ) ∈ graghF and there exist neighborhood
U of x̄ and V of ȳ such that

dist(x,F−1(ȳ))≤ κdist(ȳ,F (x)∩V ),∀x ∈U .

Let Θ := Rn×R(m−1)q×Y ×X , and define the KKT mapping R : Θ→Θ as

R(θ) :=



u− y−Xx1−Zx2
−Cx1− x3

w−ProxP∗(w− x2)
D−ProxδB‖·‖2≤λ1

(D−Ξ)

t−ProxδB‖·‖∞≤λ2
(t + x3)

XTu+CTv− vec(D)
ZTu−w

v+ t


, ∀θ ∈Θ,

where vec(Ξ)= x1. We know that R(θ)= 0⇔ θ ∈ Ω̄. According to Moreau identity (2)
ProxδB‖·‖2≤λ1

(D−Ξ)+Proxλ1‖·‖∗(D−Ξ) =D−Ξ, we have D−ProxδB‖·‖2≤λ1
(D−Ξ) =
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Ξ+Proxλ1‖·‖∗(D−Ξ). So we obtain that

R(θ) :=



u− y−Xx1−Zx2
−Cx1− x3

w−ProxP∗(w− x2)
D−ProxδB‖·‖2≤λ1

(D−Ξ)

t−ProxδB‖·‖∞≤λ2
(t + x3)

XTu+CTv− vec(D)
ZTu−w

v+ t


=



u− y−Xx1−Zx2
−Cx1− x3

w−ProxP∗(w− x2)
Ξ+Proxλ1‖·‖∗(D−Ξ)

t−ProxδB‖·‖∞≤λ2
(t + x3)

XTu+CTv− vec(D)
ZTu−w

v+ t


.

Define κ1 :=(12σ +4τ)λmax(XTX),κ2 :=(8σ +4τ)λmax(ZTZ), κ3 :=(12σ +4τ)λmax(CTC),
and κ4 := max{κ1 +κ3 +2σ +2τ +1/σ ,κ2 +2σ +2τ +1/σ ,14σ +5τ +1/σ}. Let
H0 be the block-diagonal linear operator defined by H0 := κ4Diag(0,CCT,ΣI ,(τ

2σ)−1Ix).
We provide the following lemma which is useful in proving Theorem 2.

Lemma 1. Let {θ k := (uk,vk,αk,xk)} is generated by the sGS-ADMM. Then for any
k ≥ 1,

‖θ k+1−θ
k‖2

H0
≥ ‖R(θ k+1)‖2. (9)

Proof The optimal condition for every subproblem in Table 1 is

0 = uk+1− y−Xxk
1−Zxk

2 +σX(XTuk+1 +CTvk− vec(Dk))+σZ(ZTuk+1−wk),
0 =−Cxk

1− xk
3 +σC(Xuk+1 +CTvk+1− vec(Dk))+σ(vk+1 + tk),

0 ∈ ∂P∗(wk+1)+ xk
2−σ(ZTuk+1−wk+1),

0 ∈ ∂δB‖·‖2≤λ1
(Dk+1)+Ξk−σΛk+1,

0 ∈ ∂δB‖·‖∞≤λ2
(tk+1)− xk

3 +σ(vk+1 + tk+1),

where vec(Λk+1) =Xuk+1+CTvk+1−vec(Dk+1). We obtain from the definition of R(·)
that

‖R(θ k+1)‖2 ≤ ‖uk+1− y−Xxk+1
1 −Zxk+1

2 ‖2 +‖Cxk+1
1 + xk+1

3 ‖2 +‖σ(ZTuk+1−wk+1)− xk
2 + xk+1

2 ‖2

+‖σΛ
k+1−Ξ

k +Ξ
k+1‖2

F +‖σ(vk+1 + tk+1)− xk
3 + xk+1

3 ‖2 +‖vk+1 + tk+1‖2

+‖XTuk+1 +CTvk+1− vec(Dk+1)‖2 +‖ZTuk+1−wk+1‖2.
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According to schemes of Lagrange multipliers and the definition of Λk+1, we have

‖R(θ k+1)‖2 ≤ 12σ
2
λmax(XTX)‖vk− vk+1‖2

CCT+8σ
2
λmax(ZTZ)‖wk+1−wk‖2

+(12σ
2
λmax(XTX)+12σ

2
λmax(CTC))‖vec(Dk+1)−vec(Dk)‖2

+12σ
2‖tk− tk+1‖2 +((12σ

2 +4τσ)λmax(XTX)+(12σ
2 +3τσ)

λmax(CTC)+2σ
2 +2τσ +1)‖(τσ)−1(xk

1− xk+1
1 )‖2

+((8σ
2 +4τσ)λmax(ZTZ)+2σ

2 +2τσ +1)‖(τσ)−1(xk
2− xk+1

2 )‖2

+(14σ
2 +5τσ +1)‖(τσ)−1(xk

3− xk+1
3 )‖2

≤ κ1‖vk− vk+1‖2
CCT+κ2‖wk+1−wk‖2+(κ1 +κ3)‖vec(Dk+1)−vec(Dk)‖2

+12σ
2‖tk− tk+1‖2 +(κ1 +κ3 +2σ

2 +2τσ +1)‖(τσ)−1(xk
1− xk+1

1 )‖2

+(κ2 +2σ
2 +2τσ +1)‖(τσ)−1(xk

2− xk+1
2 )‖2

+(14σ
2 +5τσ +1)‖(τσ)−1(xk

3− xk+1
3 )‖2.

Thus we can immediately imply (9). �
Define tτ := 1

2 (1− τ + min{τ,τ−1}) and the self-adjoint linear operator H :=
Diag( 1

2 I,2tτ τσ(I +CCT),2tτ τσΣI +
1
2 Σα , tτ(τ2σ)−1Ix)+

1
4 tτ σΦΦ∗. We easily know

that 1/4≤ sτ ≤ 5/4 and 0≤ tτ ≤ 1/2. We next give inequality which plays a key role
in the Q-linear rate of convergence for the sGS-ADMM algorithm of DFMR estimator.

Lemma 2. Let {θ k := (uk,vk,αk,xk)} be an infinite sequence generated by the sGS-
ADMM. Then for any θ̄ = (ū, v̄, ᾱ, x̄) ∈ Ω̄ and any k ≥ 1,

‖θ k+1− θ̄‖2
M ≤ ‖θ k− θ̄‖2

M −‖θ k+1−θ
k‖2

H . (10)

Consequently, we have

dist2
M (θ k+1,Ω̄)≤ dist2

M (θ k,Ω̄)−‖θ k+1−θ
k‖2

H . (11)

Proof For any θ and θ ′, we define the function J(θ ,θ ′) := (τσ)−1‖x−x′‖2+σ‖v−
v′‖2

I+CCT +σ‖ΣI(α−α ′)‖2. Let θ̄ = (ū, v̄, ᾱ, x̄)∈ Ω̄. Following Appendix B of [6], for
any k ≥ 1 the inequality holds that

J(θ k+1, θ̄)+(1−min{τ,τ−1})σ‖Φ∗(uk+1,vk+1,αk+1,0)‖2

− [J(θ k, θ̄)+(1−min{τ,τ−1})σ‖Φ∗(uk,vk,αk,0)‖2]

≤−τ(1− τ +min{τ,τ−1})σ(‖vk+1− vk‖2
I+CCT +‖ΣI(α

k+1−α
k)‖2)

−2‖uk+1− ū‖2−2‖αk+1− ᾱ‖2
Σα
− (1− τ +min{τ,τ−1})

σ‖Φ∗(uk+1,vk+1,αk+1,0)‖2,

(12)

imsart-ejs ver. 2014/10/16 file: Supplementary.tex date: February 11, 2020



Mei Li, Lingchen Kong and Zhihua Su/Double Fused Lasso Regularized Matrix Regression 11

by reorganizing the terms in (12), we obtain

(τσ)−1‖xk+1− x̄‖2 +σ‖vk+1− v̄‖2
I+CCT +σ‖ΣI(α

k+1− ᾱ)‖2

+ sτ σ‖Φ∗(uk+1,vk+1,αk+1,0)‖2 +‖uk+1− ū‖2 +‖αk+1− ᾱ‖2
Σα

≤ (τσ)−1‖xk− x̄‖2 +σ‖vk− v̄‖2
I+CCT +σ‖ΣI(α

k− ᾱ)‖2

+ sτ σ‖Φ∗(uk,vk,αk,0)‖2 +‖uk− ū‖2 +‖αk− ᾱ‖2
Σα

−{2tτ τσ [‖vk+1− vk‖2
I+CCT +‖ΣI(α

k+1−α
k)‖2]+‖uk+1− ū‖2

+‖uk− ū‖2 +‖αk+1− ᾱ‖2
Σα

+‖αk− ᾱ‖2
Σα

+ tτ σ‖Φ∗(uk+1,vk+1,αk+1,0)‖2

+
1
2

tτ σ [‖Φ∗(uk+1,vk+1,αk+1,0)‖2 +‖Φ∗(uk,vk,αk,0)‖2]}.

Using equalities

Φ
∗(uk+1,vk+1,αk+1,0) = (τσ)−1(xk− xk+1),

‖Φ∗(uk+1,vk+1,αk+1,0)‖2 = ‖θ k+1− θ̄‖2
ΦΦ∗

and inequalities

‖uk+1− ū‖2 +‖uk− ū‖2 ≥ 1
2
‖uk+1−uk‖2,

‖αk+1− ᾱ‖2
Σα

+‖αk− ᾱ‖2
Σα
≥ 1

2
‖αk+1−α

k‖2
Σα
,

‖Φ∗(uk+1,vk+1,αk+1,0)‖2 +‖Φ∗(uk,vk,αk,0)‖2 ≥ 1
2
‖θ k+1−θ

k‖2
ΦΦ∗ ,

we obtain

(τσ)−1‖xk+1− x̄‖2 +σ‖vk+1− v̄‖2
I+CCT +σ‖αk+1− ᾱ‖2

+ sτ σ‖θ k+1− θ̄‖2
ΦΦ∗ +‖uk+1− ū‖2 +‖αk+1− ᾱ‖2

Σα

≤ (τσ)−1‖xk− x̄‖2 +σ‖vk− v̄‖2
I+CCT +σ‖αk− ᾱ‖2 + sτ σ‖θ k− θ̄‖2

ΦΦ∗

+‖uk− ū‖2 +‖αk− ᾱ‖2
Σα
−{2tτ τσ [‖vk+1− vk‖2

I+CCT

+‖αk+1−α
k‖2]+

1
2
‖uk+1−uk‖2 +

1
2
‖αk+1−α

k‖2
Σα

+ tτ(τ2
σ)−1‖xk− xk+1‖2 +

1
4

tτ σ‖θ k+1−θ
k‖2

ΦΦ∗}.

It shows that (10) holds. Note that Ω̄ is a nonempty closed convex set and (10) holds
for any θ̄ ∈ Ω̄, we immediately get (11). �

Based on Lemma 1 and Lemma 2, we give a specific proof for the Q-linear rate of
convergence of the sGS-ADMM algorithm.
Proof of Theorem 2. We know that L1 norm and fused Lasso regularization are poly-
hedral convex functions [10, 13], their Fenchel conjugate functions are also poly-
hedral convex functions. According to [8], ProxP∗(·) and ProxδB‖·‖∞≤λ2

(·) are piece-

wise polyhedral. The multi-valued mapping ∂‖ · ‖∗ : Rm×q→ Rm×q is metrically sub-
regular at the KKT point for origin [15]. So multi-valued mapping R(θ) is metri-
cally subregular at the KKT point for origin. There exist positive constants η̂ > 0
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and δ̂ > 0 such that dist(θ k,Ω̄) ≤ η̂‖R(θ k)‖,∀θ ∈ {θ : ‖θ − θ̄‖ ≤ δ̂}. According
to Lemma 1, it holds that ‖R(θ k+1)‖2 ≤ ‖θ k+1 − θ k‖2

H0
. Thus, we get that for all

k ≥ 1, dist2(θ k+1,Ω̄) ≤ η̂2‖R(θ k+1)‖2 ≤ η̂2‖θ k+1− θ k‖2
H0

. We have for all k ≥ 1,
‖θ k+1−θ k‖2

H ≥ 0 and

‖θ k+1−θ
k‖2

H ≥min{2τ,1}tτ κ
−1
4 ‖θ

k+1−θ
k‖2

H0

≥min{2τ,1}tτ κ
−1
4 η̂

−2dist2(θ k+1,Ω̄)

≥ κdist2
M (θ k+1,Ω̄),

(13)

where κ =min{2τ,1}tτ κ
−1
4 η̂−2 > 0. According to (11) and (13) we have dist2

M (θ k+1,Ω̄)−
dist2

M (θ k,Ω̄)≤−‖θ k+1−θ k‖2
H ≤−κdist2

M (θ k+1,Ω̄), it holds that (1+κ)dist2
M (θ k+1,Ω̄)≤

dist2
M (θ k,Ω̄). Denote µ = (1+κ)−1 < 1, The proof of Theorem 2 has been completed.

�
The proof of Theorem 3 is similar to Theorem 2, we will omit it.

Proof of Theorem 4. For convenience, we denote

λ̄ := (λ2,λ4), λ̃ := (λ1,λ3),C̄ := (C,A), X̄ := G = (X,Z),

β :=
(

B
γ

)
,β ∗ :=

(
B∗

γ∗

)
,vec(β ) :=

(
vec(B)

γ

)
,

and define

β̂ (0, λ̃ ) =
(

B̂(0, λ̃ )
γ̂(0, λ̃ )

)
= argmin

B,γ

{
1
2
‖y−Xvec(B)−Zγ‖2

2 +λ1‖B‖∗+λ3‖γ‖1

}
.

By the definition β̂ (0, λ̃ ) and β̂ (λ̄ , λ̃ ), we know

1
2
‖y−Xvec(B̂(0, λ̃ ))−Zγ̂(0, λ̃ )‖2

2 +λ1‖B̂(0, λ̃ )‖∗+λ3‖γ̂(0, λ̃ )‖1

≤ 1
2
‖y−Xvec(B̂(λ̄ , λ̃ ))−Zγ̂(λ̄ , λ̃ )‖2

2 +λ1‖B̂(λ̄ , λ̃ )‖∗+λ3‖γ̂(λ̄ , λ̃ )‖1

and

1
2
‖y−Xvec(B̂(λ̄ , λ̃ ))−Zγ̂(λ̄ , λ̃ )‖2

2 +λ1‖B̂(λ̄ , λ̃ )‖∗+λ2‖Cvec(B̂(λ̄ , λ̃ ))‖1

+λ3‖γ̂(λ̄ , λ̃ )‖1 +λ4‖Aγ̂(λ̄ , λ̃ )‖1

≤ 1
2
‖y−Xvec(B̂(0, λ̃ ))−Zγ̂(0, λ̃ )‖2

2 +λ1‖B̂(0, λ̃ )‖∗+λ2‖Cvec(B̂(0, λ̃ ))‖1

+λ3‖γ̂(0, λ̃ )‖1 +λ4‖Aγ̂(0, λ̃ )‖1.

According to two inequalities, we have

λ2‖Cvec(B̂(0, λ̃ ))‖1−λ2‖Cvec(B̂(λ̄ , λ̃ ))‖1 +λ4‖Aγ̂(0, λ̃ )‖1−λ4‖Aγ̂(λ̄ , λ̃ )‖1

≥ 1
2
‖y−Xvec(B̂(λ̄ , λ̃ ))−Zγ̂(λ̄ , λ̃ )‖2

2 +λ1‖B̂(λ̄ , λ̃ )‖∗+λ3‖γ̂(λ̄ , λ̃ )‖1

− 1
2
‖y−Xvec(B̂(0, λ̃ ))−Zγ̂(0, λ̃ )‖2

2−λ1‖B̂(0, λ̃ )‖∗−λ3‖γ̂(0, λ̃ )‖1.

imsart-ejs ver. 2014/10/16 file: Supplementary.tex date: February 11, 2020



Mei Li, Lingchen Kong and Zhihua Su/Double Fused Lasso Regularized Matrix Regression 13

Denote P(β ) = λ1‖B‖∗+λ3‖γ‖1, R(β ) = 1
2‖y− X̄vec(β )‖2

2 =
1
2‖y−Xvec(B)−Zγ‖2

2.
For the optimization problem min

β

{R(β )+P(β )}, the loss function R(β ) is differen-

tiable. Following the proof of Lemma 3.1 in [5], we can imply that for all β the formula
〈−∇R(β̂ (0, λ̃ )),β − β̂ (0, λ̃ )〉 ≤ P(β )−P(β̂ (0, λ̃ )) holds. We conclude that

1
2
‖y−Xvec(B̂(λ̄ , λ̃ ))−Zγ̂(λ̄ , λ̃ )‖2

2 +λ1‖B̂(λ̄ , λ̃ )‖∗+λ3‖γ̂(λ̄ , λ̃ )‖1

− 1
2
‖y−Xvec(B̂(0, λ̃ ))−Zγ̂(0, λ̃ )‖2

2−λ1‖B̂(0, λ̃ )‖∗−λ3‖γ̂(0, λ̃ )‖1

≥ (vec(β̂ (0, λ̃ ))− vec(β̂ (λ̄ , λ̃ )))T(
1
2

X̄TX̄)(vec(β̂ (0, λ̃ ))− vec(β̂ (λ̄ , λ̃ ))).

(14)

On the one hand, denote ‖β‖2
F2 := ‖B‖2

F +‖γ‖2
2. Then it holds that

λ2‖Cvec(B̂(0, λ̃ ))‖1−λ2‖Cvec(B̂(λ̄ , λ̃ ))‖1 +λ4‖Aγ̂(0, λ̃ )‖1−λ4‖Aγ̂(λ̄ , λ̃ )‖1

≤ λ2‖Cvec(B̂(0, λ̃ ))−Cvec(B̂(λ̄ , λ̃ ))‖1 +λ4‖Aγ̂(0, λ̃ )−Aγ̂(λ̄ , λ̃ )‖1

≤ λ2‖C‖F
√
(m−1)q‖vec(B̂(0, λ̃ )− vec(B̂(λ̄ , λ̃ )‖2 +λ4‖A‖F

√
p−1‖γ̂(0, λ̃ )− γ̂(λ̄ , λ̃ )‖2

≤max{λ2,λ4}
√

2
√
(m−1)q+ p−1‖C̄‖F‖β̂ (0, λ̃ )− β̂ (λ̄ , λ̃ )‖F2.

By (14), we obtain that

1
2
(λmin(X̄TX̄))‖β̂ (0, λ̃ )− β̂ (λ̄ , λ̃ )‖2

F2

≤ (vec(β̂ (0, λ̃ ))− vec(β̂ (λ̄ , λ̃ )))T(
1
2

X̄TX̄)(vec(β̂ (0, λ̃ ))vec(β̂ (λ̄ , λ̃ )))

≤max{λ2,λ4}
√
(m−1)q+ p−1‖C̄‖F‖β̂ (0, λ̃ )− β̂ (λ̄ , λ̃ )‖F2.

Therefore

‖β̂ (0, λ̃ )− β̂ (λ̄ , λ̃ )‖F2 ≤
2
√

2
√
(m−1)q+ p−1λ̂‖C̄‖F

λmin(X̄TX̄)
. (15)

On the other hand, denote λ̃‖β‖∗1 := λ1‖B‖∗+λ3‖γ‖1 and

L(β ) =
1
2

n

∑
i=1

(yi−〈B,Xi〉−〈γ,zi〉)2 +λ1‖B‖∗+λ3‖γ‖1 =
1
2

n

∑
i=1

(
yi− (XT

i ,z
T
i )β
)2

+ λ̃‖β‖∗1.

The L(β ) is a convex function. It holds that

L(β̂ (0, λ̃ ))−L(β ∗)≥ 〈D∗, β̂ (0, λ̃ )−β
∗〉, (16)

where

D∗ ∈ ∂L(β ∗) =−
n

∑
i=1

(
Xi
zi

)(
yi− (XT

i ,z
T
i )β

∗)+ λ̃ ∂‖β ∗‖∗1.
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Combining (14) and (16), we have

(vec(β ∗)− vec(β̂ (0, λ̃ )))T(
1
2

X̄TX̄)(vec(β ∗)− vec(β̂ (0, λ̃ )))

≤ L(β ∗)−L(β̂ (0, λ̃ ))≤ 〈D∗,β ∗− β̂ (0, λ̃ )〉.

For D ∈ ∂‖β ∗‖∗1, let

D∗ =−
n

∑
i=1

(
Xi
zi

)(
yi− (XT

i ,z
T
i )β

∗)+ λ̃D,

where

D =

{(
W ∗

ξ ∗

)
|W ∗ ∈ ∂‖B∗‖∗,ξ ∗ ∈ ∂‖γ∗‖1

}
.

It holds that

1
2

λmin(X̄TX̄)‖vec(β ∗)− vec(β̂ (0, λ̃ ))‖2
2

≤ ‖(vec(β ∗)− vec(β̂ (0, λ̃ )))T(
1
2

X̄TX̄)(vec(β ∗)− vec(β̂ (0, λ̃ )))‖2

≤ ‖D∗‖F2‖vec(β ∗)− vec(β̂ (0, λ̃ ))‖2,

so we have

E(‖β ∗− β̂ (0, λ̃ )‖2
F2)

≤ 4(λmin(X̄TX̄))−2(2E(‖X̄T(y− X̄β
∗)‖2

2)+2λ
2‖D‖2

F2)

= 8(λmin(X̄TX̄))−2(E‖X̄T
ε‖2

2 +λ
2
1 ‖W ∗‖2

F +λ
2
3 ‖ξ ∗‖2

2)

= 8(λmin(X̄TX̄))−2(E(εTX̄ X̄T
ε)+λ

2
1 ‖W ∗‖2

F +λ
2
3 ‖ξ ∗‖2

2)

≤ 8(λmin(X̄TX̄))−2((mq+ p)λmax(X̄TX̄)σ2 +λ
2
1 ‖W ∗‖2

F +λ
2
3 ‖ξ ∗‖2

2)

≤ 8(λmin(X̄TX̄))−2((mq+ p)λmax(X̄TX̄)σ2 +λ
2
1 ‖W ∗‖2

F +λ
2
3 ).

(17)

Combing (15) and (17), we conclude that

E(‖β̂ (λ̄ , λ̃ )−β
∗‖2

F2)

≤ 2E(‖β ∗− β̂ (0, λ̃ )‖2
F2)+2E(‖β̂ (λ̄ , λ̃ )− β̂ (0, λ̃ )‖2

F2)

≤
16(mq+ p)λmax(X̄TX̄)σ2 +λ 2

1 ‖W ∗‖2
F +λ 2

3

λ 2
min(X̄TX̄)

+
16((m−1)q+ p−1)λ̂ 2‖C̄‖2

F

λ 2
min(X̄TX̄)

,

therefore we have

E(‖B̂(λ̄ , λ̃ )−B∗‖2
F)+E(‖γ̂(λ̄ , λ̃ )− γ

∗‖2
2)

≤ 16
λ̂ 2((m−1)q+ p−1)‖C̄‖2

F +(mq+ p)σnσ2 +λ 2
1 ‖W ∗‖2

F +λ 2
3

(σn)2 .

�
In order to prove Theorem 5, we give the following Lemmas.
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Lemma 3. There is a strictly convex function G with G(u) = u2

2mq such that for all B,B′

we have

R(B)−R(B′)≥ 〈∇R(B′),B−B′〉+G(‖B−B′‖F). (18)

Proof of Lemma 3.

R(B) = ERn(B) =
1

2n

n

∑
i=1

E((yi−〈Xi,B〉)2) =
1
2n

n

∑
i=1

EXi [E((yi−〈Xi,B〉)2)|Xi].

Suppose that Xi has its only 1 at entry (k, j), F is the distribution function of noise.
Then 〈Xi,B〉= Bk j. Define

r(x,B) : = E((yi−〈Xi,B〉)2|Xi = x) = E((yi−Bk j)
2),

∇Bk j r(x,B) = −2E(yi−Bk j) =−2
∫ +∞

−∞

(ȳ−Bk j)dF(ȳ)

= −2
∫ +∞

−∞

ȳdF(ȳ)+2
∫ +∞

−∞

Bk jdF(ȳ)

= −2
∫ +∞

−∞

ȳdF(ȳ)+2Bk j,

∇
2
Bk j

r(x,B) = 2.

The Taylor expansion around B′ is given by

r(x,B) = r(x,B′)+ 〈∇r(x,B′),Bk j−B′k j〉+
∇2r(x, B̃)

2
(Bk j−B′k j)

2,

where B̃ is an intermediate point. We can see that inequality (18) holds with G(u) =
u2

2mq . �

Lemma 4. For all B ∈ Rm×q, we have

〈−∇Rn(B̂),B− B̂〉 ≤ λ1‖B‖∗+λ2‖Cvec(B)‖1− (λ1‖B̂‖∗+λ2‖Cvec(B̂)‖1).

Proof of Lemma 4. Define for 0< t < 1 Bt = (1−t)B̂+tB. Since B̂ is the minimizer
of the objective function, i.e., Rn(B̂)+λ1‖B̂‖∗+ λ2‖Cvec(B̂)‖1 ≤ Rn(B)+λ1‖B‖∗+
λ2‖Cvec(B)‖1. By the convexity of λ1‖B‖∗+λ2‖Cvec(B)‖1 we have

Rn(B̂)+λ1‖B̂‖∗+λ2‖Cvec(B̂)‖1 ≤ Rn(Bt)+λ1‖Bt‖∗+λ2‖Cvec(Bt)‖1

≤ Rn(Bt)+ t(λ1‖B‖∗+λ2‖Cvec(B)‖1)+(1− t)(λ1‖B̂‖∗+λ2‖Cvec(B̂)‖1).

We conclude that Rn(B̂)−Rn(Bt )
t ≤ λ1‖B‖∗+λ2‖Cvec(B)‖1−(λ1‖B̂‖∗+λ2‖Cvec(B̂)‖1).

Letting t→ 0 the proof is completed. �
Proof of Theorem 5. The first order Taylor expansion of R at B̂ is given by

R(B) = R(B̂)+ 〈∇R(B̂),B− B̂〉+Rem(B̂,B).
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Case 1
If

〈∇R(B̂),B− B̂〉 ≥ δλΩ
+(B̂−B)+δλΩ

−(B̂−B)+λ2‖Cvec(B̂)‖1−2λ1‖B−‖∗
−λ∗−λ2‖Cvec(B)‖1,

then we find that

R(B)−R(B̂)≥ 〈∇R(B̂),B− B̂〉+G(‖B− B̂‖F)

≥ δλΩ
+(B̂−B)+δλΩ

−(B̂−B)+λ2‖Cvec(B̂)‖1

−2λ1‖B−‖∗−λ∗−λ2‖Cvec(B)‖1 +G(‖B− B̂‖F).

Because of 0≤ G(‖B−B′‖F), we imply that

δλΩ
+(B̂−B)+δλΩ

−(B̂−B)+λ2‖Cvec(B̂)‖1 +R(B̂)−R(B)

≤ 2λ1‖B−‖∗+λ∗+λ2‖Cvec(B)‖1.

Case 2
If

〈∇R(B̂),B− B̂〉 ≤ δλΩ
+(B̂−B)+δλΩ

−(B̂−B)+λ2‖Cvec(B̂)‖1−2λ1‖B−‖∗
−λ∗−λ2‖Cvec(B)‖1.

By Lemma 4, for all B ∈ Rm×q, we have

〈−∇Rn(B̂),B− B̂〉 ≤ λ1‖B‖∗+λ2‖Cvec(B)‖1− (λ1‖B̂‖∗+λ2‖Cvec(B̂)‖1),

which implies that

0≤ 〈∇Rn(B̂),B− B̂〉+λ1‖B‖∗+λ2‖Cvec(B)‖1− (λ1‖B̂‖∗+λ2‖Cvec(B̂)‖1).

Hence,

〈∇Rn(B̂)−∇R(B̂),B− B̂〉+λ1‖B‖∗+λ2‖Cvec(B)‖1− (λ1‖B̂‖∗+λ2‖Cvec(B̂)‖1)

+δλΩ
+(B̂−B)+δλΩ

−(B̂−B)+λ2‖Cvec(B̂)‖1 ≥ 2λ1‖B−‖∗+λ∗+λ2‖Cvec(B)‖1.

According to the condition in Theorem 5 and ‖B‖∗−‖B′‖∗ ≤ Ω+(B′−B)−Ω−(B′−
B)+2‖B−‖∗, we have

〈−∇R(B̂),B− B̂〉+δλΩ
+(B̂−B)+δλΩ

−(B̂−B)

≤ 〈∇Rn(B̂)−∇R(B̂),B− B̂〉+λ1‖B‖∗+λ2‖Cvec(B)‖1− (λ1‖B̂‖∗+λ2‖Cvec(B̂)‖1)

+δλΩ
+(B̂−B)+δλΩ

−(B̂−B)

≤ λε Ω(B̂−B)+λ∗+λ1‖B‖∗+λ2‖Cvec(B)‖1− (λ1‖B̂‖∗+λ2‖Cvec(B̂)‖1)

+δλΩ
+(B̂−B)+δλΩ

−(B̂−B)

≤ (λε +δλ )Ω+(B̂−B)+(λε +δλ )Ω−(B̂−B)+λ∗+λ1Ω
+(B̂−B)−λ1Ω

−(B̂−B)

+2λ1‖B−‖∗+λ2‖Cvec(B)‖1−λ2‖Cvec(B̂)‖1

≤ λ̄Ω
+(B̂−B)− (1−δ )λΩ

−(B̂−B)+λ∗+2λ1‖B−‖∗+λ2‖Cvec(B)‖1−λ2‖Cvec(B̂)‖1.
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Therefore, λ̄Ω+(B̂−B)− (1− δ )λΩ−(B̂−B) ≥ 0, Ω−(B̂−B) ≤ λ̄

(1−δ )λ Ω+(B̂−B).
Let H be the convex conjugate of G. Then we have the convex conjugate inequality

Ω
+(B̂−B)≤ ‖B̂−B‖F 3

√
s≤ H(3

√
s)+G(‖B̂−B‖F),

which implies that

〈−∇R(B̂),B− B̂〉+δλΩ
+(B̂−B)+δλΩ

−(B̂−B)+λ2‖Cvec(B̂)‖1

= R(B̂)−R(B)+Rem(B̂,B)+δλΩ
+(B̂−B)+δλΩ

−(B̂−B)+λ2‖Cvec(B̂)‖1

≤ H(λ̄3
√

s)+G(‖B̂−B‖F)+λ∗+2λ1‖B−‖∗+λ2‖Cvec(B)‖1

≤ H(λ̄3
√

s)+Rem(B̂,B)+λ∗+2λ1‖B−‖∗+λ2‖Cvec(B)‖1.

So

R(B̂)−R(B)+δλΩ
+(B̂−B)+δλΩ

−(B̂−B)+λ2‖Cvec(B̂)‖1

≤ H(λ̄3
√

s)+λ∗+2λ1‖B−‖∗+λ2‖Cvec(B)‖1.

�
The proof relies on the property of nuclear norm, Concentration [1], Symmetrization
[14] and Contraction Theorems [9].
Proof of Theorem 6. Define for all M > 0

ZM := sup
B′:Ω(B′−B)≤M

|〈∇Rn(B′)−∇R(B′),B−B′〉|.

ρ(B) = (yi−〈Xi,B〉)2, ρ̄(B) = yi−〈Xi,B〉,Rn(B) =
1

2n

n

∑
i=1

ρ(B),

∇Rn(B) =
1
n

n

∑
i=1

(yi−〈Xi,B〉)(−Xi) =
1
n

n

∑
i=1

ρ̄(B)(−Xi).

We have

EZM : = E sup
B′:Ω(B′−B)≤M

|〈∇Rn(B′)−∇R(B′),B−B′〉|

= E sup
B′:Ω(B′−B)≤M

|〈1
n

n

∑
i=1

ρ̄(B′)(−Xi)−E(
1
n

n

∑
i=1

ρ̄(B′)(−Xi)),B−B′〉|

≤ 2E sup
B′:Ω(B′−B)≤M

|〈1
n

n

∑
i=1

ε̃iρ̄(B′)(−Xi),B−B′〉|

≤ 4EL sup
B′:Ω(B′−B)≤M

|〈−1
n

n

∑
i=1

ε̃iXi,B−B′〉|

≤ 4LΩ(B−B′)EΩ∗(
1
n

n

∑
i=1

ε̃iXi)

≤ 4MLEΩ∗(
1
n

n

∑
i=1

ε̃iXi).
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The first inequality follows from Symmetrization of Expectations in [14], the sec-
ond inequality form Contraction Theorem in [9], and the third inequality follows for-
m the dual norm inequality. ρ̄(B) is Lipschitz continuous with Lipschitz constant L.
The ε̃i is i.i.d. Randemacher random variables independent of Xi. The 2-Orlicz nor-
m of a Rademacher random variable is equal to ‖ε̃‖ψ2 =

√
1

log2 . E(ε̃iXi) = E ε̃iEXi =

0,E(ε̃iXiε̃iXT
i ) = E ε̃i

2EXiXT
i = EXiXT

i ,E(ε̃iXT
i ε̃iXi) = E ε̃i

2EXT
i Xi = EXT

i Xi.
Assume that λmax(Xi) and λmax(EXiXT

i ),λmax(EXT
i Xi) is bounded. Denote λmax(Xi)≤

b1, max
{

λmax(EXiXT
i ),λmax(EXT

i Xi)
}

:= b2. λmax(ε̃iXi)= |ε̃i|λmax(Xi)≤ b1|ε̃i|. ‖ε̃iXi‖ψ2 ≤
b2

1‖ε̃‖ψ2 = b2
1

√
1

log2 .

S2 = max
{

λmax(∑
n
i=1 E ε̃i

2XiXT
i )

n
,

λmax(∑
n
i=1 E ε̃i

2XT
i Xi)

n

}
= b2.

According to [5, Theorem 2.1], for a constant C and all t > 0 we have

P

(
λmax(∑

n
i=1 ε̃iXi)

n
≥CS

√
t + log(m+q)

n
+Clog

1
2 (

K
S
)
t + log(m+q)

n

)
≤ e−t ,

where S =
√

b2,K = b2
1

√
1

log2 . Then

E
(

λmax(∑
n
i=1 ε̃iXi)

n

)
≤C

(√
b2

√
log(m+q)

n
+(
√

2logb1 +
√

log(1+b2))
log(m+q)

n

)
,

so

EΩ∗(
1
n

n

∑
i=1

ε̃iXi)≤C

(√
b2

√
log(m+q)

n
+(
√

2logb1 +
√

log(1+b2))
log(m+q)

n

)
.

Define f (XT
i B′)= 〈∇ρ(B′),B−B′〉= 〈(−Xi)(yi−〈Xi,B′〉),B−B′〉= 〈(−Xi)ρ̄(B′),B−

B′〉, we know E f (B′) = 0.

sup
B′:Ω(B′−B)≤M

Var( f (XT
1 B′))

= sup
B′:Ω(B′−B)≤M

Var

(
m

∑
l=1

q

∑
j=1

X1l j(Bl j−B′l j)ρ̄(B
′)

)

≤ sup
B′:Ω(B′−B)≤M

L̄2E

[
m

∑
l=1

q

∑
j=1

(Bl j−B′l j)
2

]

≤ L̄2M2

mq
,

where ‖Xiρ̄(B′)‖≤ L̄. Therefore, assume that ‖B−B′‖∞≤ 2ϑ , ‖ f (XT
i B′)‖∞ = ‖〈(−Xi)(yi−

〈Xi,B′〉),B−B′〉‖∞ ≤ 2ϑ L̄. According to Bousequet’s Concentration Theorem in [1]
we obtain that for all t > 0

P

(
ZM ≥ 8MLC

(√
b2

√
log(m+q)

n
+(
√

2logb1 +
√

log(1+b2))
log(m+q)

n

)
+

L̄M
√

mq

√
2t
n
+

8tϑ L̄
3n

)
≤ e−t .
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Replacing t by mlog(m+q) we obtain

P

(
ZM ≥ 8MLC

(√
b2

√
log(m+q)

n
+(
√

2logb1 +
√

log(1+b2))
log(m+q)

n

)

+
L̄M
√

mq

√
2mlog(m+q)

n
+

8mlog(m+q)ϑ L̄
3n

)
≤ e−mlog(m+q).

There exist constant C0 = 8LC+
√

2L̄,C1 = 8ϑ L̄/3 and

λε =C0

(√
b2

√
log(m+q)

n
+

√
log(m+q)

nq
+(
√

2logb1 +
√

log(1+b2))
log(m+q)

n

)

λ∗ =
C1mlog(m+q)

n
.

We can imply that P(ZM ≥Mλε +λ∗)≤ e−mlog(m+q). According to Theorem 5 and [5,
Lemma B.5], we have probability at least 1− ( j0 +2)e−mlog(m+q) such that

R(B̂)−R(B)+δλΩ
+(B̂−B)+δλΩ

−(B̂−B)+λ2‖Cvec(B̂)‖1

≤ H(λ̄3
√

s)+λ∗+2λ1‖B−‖∗+λ2‖Cvec(B)‖1.

Assume that q = o( n
log(m+q) ), we can obtain that λε �

√
log(m+q)

nq . We further assume

that λ2 �
√

log(m+q)
nq , then we have

R(B̂)−R(B)≤ R(B)−R(B)+OP

(
mslog(m+q)

n
+

√
log(m+q)

nq
(‖B−‖∗+‖Cvec(B)‖1)

)
. (19)

Let B = B∗ in (19), the convergence rate for the optimal solution B̂ is given by

‖B̂−B∗‖2
F =OP

(
2m2qslog(m+q)

n

)
.

�
Proof of Theorem 7. Define

β̂ (0, λ̃ ) =

(
B̂(0, λ̃ )
γ̂(0, λ̃ )

)
= argmin

B,γ

{
n

∑
i=1

log(1+ e〈Xi,B〉+〈Zi,γ〉)− yi(〈Xi,B〉+ 〈Zi,γ〉)+λ1‖B‖∗+λ3‖γ‖1

}
.

By the definition β̂ (0, λ̃ ) and β̂ (λ̄ , λ̃ ), we know

n

∑
i=1

log(1+ e〈Xi,B̂(0,λ̃ )〉+〈Zi,γ̂(0,λ̃ )〉)− yi(〈Xi, B̂(0, λ̃ )〉+ 〈Zi, γ̂(0, λ̃ )〉)+λ1‖B̂(0, λ̃ )‖∗+λ3‖γ̂(0, λ̃ )‖1

≤
n

∑
i=1

log(1+ e〈Xi,B̂(λ̄ ,λ̃ )〉+〈Zi,γ̂(λ̄ ,λ̃ )〉)− yi(〈Xi, B̂(λ̄ , λ̃ )〉+ 〈Zi, γ̂(λ̄ , λ̃ )〉)+λ1‖B̂(λ̄ , λ̃ )‖∗+λ3‖γ̂(λ̄ , λ̃ )‖1
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and

n

∑
i=1

log(1+ e〈Xi,B̂(λ̄ ,λ̃ )〉+〈Zi,γ̂(λ̄ ,λ̃ )〉)− yi(〈Xi, B̂(λ̄ , λ̃ )〉+ 〈Zi, γ̂(λ̄ , λ̃ )〉)+λ1‖B̂(λ̄ , λ̃ )‖∗

+λ2‖Cvec(B̂(λ̄ , λ̃ ))‖1 +λ3‖γ̂(λ̄ , λ̃ )‖1 +λ4‖Aγ̂(λ̄ , λ̃ )‖1

≤
n

∑
i=1

log(1+ e〈Xi,B̂(0,λ̃ )〉+〈Zi,γ̂(0,λ̃ )〉)− yi(〈Xi, B̂(0, λ̃ )〉+ 〈Zi, γ̂(0, λ̃ )〉)+λ1‖B̂(0, λ̃ )‖∗

+λ2‖Cvec(B̂(0, λ̃ ))‖1 +λ3‖γ̂(0, λ̃ )‖1 +λ4‖Aγ̂(0, λ̃ )‖1.

According to two inequalities, we have

λ2‖Cvec(B̂(0, λ̃ ))‖1−λ2‖Cvec(B̂(λ̄ , λ̃ ))‖1 +λ4‖Aγ̂(0, λ̃ )‖1−λ4‖Aγ̂(λ̄ , λ̃ )‖1

≥
n

∑
i=1

log(1+ e〈Xi,B̂(λ̄ ,λ̃ )〉+〈Zi,γ̂(λ̄ ,λ̃ )〉)− yi(〈Xi, B̂(λ̄ , λ̃ )〉+ 〈Zi, γ̂(λ̄ , λ̃ )〉)

+λ1‖B̂(λ̄ , λ̃ )‖∗+λ3‖γ̂(λ̄ , λ̃ )‖1−
n

∑
i=1

log(1+ e〈Xi,B̂(0,λ̃ )〉+〈Zi,γ̂(0,λ̃ )〉)

− yi(〈Xi, B̂(0, λ̃ )〉+ 〈Zi, γ̂(0, λ̃ )〉)−λ1‖B̂(0, λ̃ )‖∗−λ3‖γ̂(0, λ̃ )‖1. (20)

Denote

P(β ) = λ1‖B‖∗+λ3‖γ‖1, R(β ) =
n

∑
i=1

log(1+ e〈Xi,B〉+〈Zi,γ〉)− yi(〈Xi,B〉+ 〈Zi,γ〉).

For the optimization problem min
β

{R(β )+P(β )}, the loss function R(β ) is differen-

tiable. Following the proof of Lemma 3.1 in [5], we imply that for all β 〈−∇R(β̂ (0, λ̃ )),β−
β̂ (0, λ̃ )〉 ≤ P(β )−P(β̂ (0, λ̃ )), so we have

R(β̂ (λ̄ , λ̃ ))+P(β̂ (λ̄ , λ̃ ))− [R(β̂ (0, λ̃ ))+P(β̂ (0, λ̃ ))] (21)

= R(β̂ (λ̄ , λ̃ ))−R(β̂ (0, λ̃ ))+P(β̂ (λ̄ , λ̃ ))−R(β̂ (0, λ̃ ))

≥ R(β̂ (λ̄ , λ̃ ))−R(β̂ (0, λ̃ ))−〈∇R(β̂ (0, λ̃ )), β̂ (λ̄ , λ̃ )− β̂ (0, λ̃ )〉

≥ 〈β̂ (λ̄ , λ̃ )− β̂ (0, λ̃ ),
1
2

∇
2R(β̂ (0, λ̃ ))(β̂ (λ̄ , λ̃ )− β̂ (0, λ̃ ))〉.

According to (20) and (21), we have

λ2‖Cvec(B̂(0, λ̃ ))‖1−λ2‖Cvec(B̂(λ̄ , λ̃ ))‖1 +λ4‖Aγ̂(0, λ̃ )‖1−λ4‖Aγ̂(λ̄ , λ̃ )‖1

≥ 〈β̂ (λ̄ , λ̃ )− β̂ (0, λ̃ ),
1
2

∇
2R(β̂ (0, λ̃ ))(β̂ (λ̄ , λ̃ )− β̂ (0, λ̃ ))〉.

We know

∇R(β ) =
n

∑
i=1

X̄T
i (

e〈X̄i,vec(β )〉

1+ e〈X̄i,vec(β )〉 − yi), ∇
2R(β ) =

n

∑
i=1

X̄T
i X̄i

e〈X̄i,vec(β )〉

(1+ e〈X̄i,vec(β )〉)2
.
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Assume the second-order derivative of R(β̂ (0, λ̃ )) has a low bound Lλmin(X̄T X̄)I, i.e.,

∇
2R(β̂ (0, λ̃ )) = X̄T

i X̄i
e〈X̄i,vec(β̂ (0,λ̃ ))〉

(1+ e〈X̄i,vec(β̂ (0,λ̃ ))〉)2
� L

n

∑
i=1

X̄T
i X̄i = LX̄T X̄ � Lλmin(X̄T X̄)I.

The following formula holds, i.e.,

λ2‖Cvec(B̂(0, λ̃ ))‖1−λ2‖Cvec(B̂(λ̄ , λ̃ ))‖1 +λ4‖Aγ̂(0, λ̃ )‖1−λ4‖Aγ̂(λ̄ , λ̃ )‖1

(22)

≥ Lλmin(X̄T X̄)‖β̂ (λ̄ , λ̃ )− β̂ (0, λ̃ )‖2
F2
.

On the one hand, denote ‖β‖2
F2 := ‖B‖2

F +‖γ‖2
2. It holds that

λ2‖Cvec(B̂(0, λ̃ ))‖1−λ2‖Cvec(B̂(λ̄ , λ̃ ))‖1 +λ4‖Aγ̂(0, λ̃ )‖1−λ4‖Aγ̂(λ̄ , λ̃ )‖1

≤ λ2‖Cvec(B̂(0, λ̃ ))−Cvec(B̂(λ̄ , λ̃ ))‖1 +λ4‖Aγ̂(0, λ̃ )−Aγ̂(λ̄ , λ̃ )‖1

≤ λ2‖C‖F
√
(m−1)q‖vec(B̂(0, λ̃ )− vec(B̂(λ̄ , λ̃ )‖2 +λ4‖A‖F

√
p−1‖γ̂(0, λ̃ )− γ̂(λ̄ , λ̃ )‖2

≤max{λ2,λ4}
√

2
√
(m−1)q+ p−1‖C̄‖F‖β̂ (0, λ̃ )− β̂ (λ̄ , λ̃ )‖F2. (23)

By (22) and (23) we have

Lλmin(X̄
TX̄)‖β̂ (0, λ̃ )− β̂ (λ̄ , λ̃ )‖2

F2 ≤max{λ2,λ4}
√

(m−1)q+ p−1‖C̄‖F‖β̂ (0, λ̃ )− β̂ (λ̄ , λ̃ )‖F2.

We can obtain that

‖β̂ (0, λ̃ )− β̂ (λ̄ , λ̃ )‖F2 ≤
√

2
√

(m−1)q+ p−1λ̂‖C̄‖F

Lλmin(X̄TX̄)
. (24)

On the other hand, denote λ̃‖β‖∗1 := λ1‖B‖∗+ λ3‖γ‖1 and L(β ) = R(β )+P(β ) =
R(β ) + λ̃‖β‖∗1. The L(β ) is a convex function. It holds that L(β̂ (0, λ̃ ))− L(β ∗) ≥
〈D∗, β̂ (0, λ̃ )−β ∗〉, where D∗ ∈ ∂L(β ∗) = ∇R(β ∗)+ λ̃ ∂‖β ∗‖∗1. We have

Lλmin(X̄TX̄)‖β̂ (0, λ̃ )− β̂ ∗‖2
F2 ≤ L(β ∗)−L(β̂ (0, λ̃ ))≤ 〈D∗,β ∗− β̂ (0, λ̃ )〉.

For D∈ ∂‖β ∗‖∗1, let D∗=∇R(β ∗)+ λ̃D, where D=

{(
W ∗

ξ ∗

)
|W ∗ ∈ ∂‖B∗‖∗,ξ ∗ ∈ ∂‖γ∗‖1

}
.

It holds that

Lλmin(X̄TX̄)‖vec(β ∗)− vec(β̂ (0, λ̃ ))‖2
2 ≤ ‖D∗‖F2‖vec(β ∗)− vec(β̂ (0, λ̃ ))‖2.

Hence, we obtain that

E(‖β ∗− β̂ (0, λ̃ )‖2
F2)

≤ (Lλmin(X̄TX̄))−2(2E(‖∇R(β ∗)‖2
2)+2λ

2‖D‖2
F2)

≤ 2(Lλmin(X̄TX̄))−2((mq+ p)λmax(X̄TX̄)+λ
2
1 ‖W ∗‖2

F +λ
2
3 ‖ξ ∗‖2

2)

≤ 2(Lλmin(X̄TX̄))−2((mq+ p)λmax(X̄TX̄)+λ
2
1 ‖W ∗‖2

F +λ
2
3 ).

(25)
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Combing (24) and (25), we conclude that

E(‖β̂ (λ̄ , λ̃ )−β
∗‖2

F2)

≤ 2E(‖β ∗− β̂ (0, λ̃ )‖2
F2)+2E(‖β̂ (λ̄ , λ̃ )− β̂ (0, λ̃ )‖2

F2)

≤
4(mq+ p)λmax(X̄TX̄)σ2 +λ 2

1 ‖W ∗‖2
F +λ 2

3

L2λ 2
min(X̄

TX̄)
+

4((m−1)q+ p−1)λ̂ 2‖C̄‖2
F

L2λ 2
min(X̄

TX̄)
,

therefore we have

E(‖B̂(λ̄ , λ̃ )−B∗‖2
F)+E(‖γ̂(λ̄ , λ̃ )− γ

∗‖2
2)

≤ 4
λ̂ 2((m−1)q+ p−1)‖C̄‖2

F +(mq+ p)σn+λ 2
1 ‖W ∗‖2

F +λ 2
3

L2(σn)2 .

�

Lemma 5. There is a strictly convex function G with G(u) = Lu2

2mq such that for all B,B′

we have

R(B)−R(B′)≥ 〈∇R(B′),B−B′〉+G(‖B−B′‖F). (26)

Proof of Lemma 5.

R(B) = ERn(B) =
1
n

n

∑
i=1

E(log(1+ e〈Xi,B〉)− yi〈Xi,B〉)

=
1
n

n

∑
i=1

EXi [E(log(1+ e〈Xi,B〉)− yi〈Xi,B〉)|Xi].

Suppose that Xi has its only 1 at entry (k, j), F is the distribution function of noise.
Then 〈Xi,B〉= Bk j. Define

r(x,B) : = E(log(1+ e〈Xi,B〉)− yi〈Xi,B〉|Xi = x) = E(log(1+ eBk j)− yiBk j),

∇Bk j r(x,B) = E(
eBk j

1+ eBk j
− yi) =

∫ +∞

−∞

(
eBk j

1+ eBk j
− ȳ)dF(ȳ)

= −
∫ +∞

−∞

ȳdF(ȳ)+
∫ +∞

−∞

eBk j

1+ eBk j
dF(ȳ)

= −
∫ +∞

−∞

ȳdF(ȳ)+
eBk j

1+ eBk j
,

∇
2
Bk j

r(x,B) =
eBk j

(1+ eBk j)2
.

The Taylor expansion around B′ is given by

r(x,B) = r(x,B′)+ 〈∇rBk j(x,B
′),Bk j−B′k j〉+

∇2rBk j(x, B̃)

2
(Bk j−B′k j)

2,
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where B̃ is an intermediate point. Suppose that the second-order derivative ∇2R(B) �
LI � 0. We can see that inequality (26) holds with G(u) = Lu2

2mq . �

According to the proof of Theorem 5, we can derive the following formula holds

R(B̂)−R(B)+δλΩ
+(B̂−B)+δλΩ

−(B̂−B)+λ2‖Cvec(B̂)‖1

≤ 9mqsλ̄ 2

2L
+λ∗+2λ1‖B−‖∗+λ2‖Cvec(B)‖1.

�
Proof of Theorem 8. Define for all M > 0

ZM := sup
B′:Ω(B′−B)≤M

|〈∇Rn(B′)−∇R(B′),B−B′〉|.

ρ(B) = log(1+ e〈Xi,B〉)− yi〈Xi,B〉, ρ̄(B) = XT
i (

1
1+ e−〈Xi,B〉

− yi),

Rn(B) =
1
n

n

∑
i=1

ρ(B), ∇Rn(B) =
1
n

n

∑
i=1

XT
i (

1
1+ e−〈Xi,B〉

− yi) =
1
n

n

∑
i=1

ρ̄(B).

We have

EZM : = E sup
B′:Ω(B′−B)≤M

|〈∇Rn(B′)−∇R(B′),B−B′〉|

= E sup
B′:Ω(B′−B)≤M

|〈1
n

n

∑
i=1

ρ̄(B′)−E(
1
n

n

∑
i=1

ρ̄(B′)),B−B′〉|

≤ 2E sup
B′:Ω(B′−B)≤M

|〈1
n

n

∑
i=1

ε̃iρ̄(B′),B−B′〉|

= 2E sup
B′:Ω(B′−B)≤M

|〈1
n

n

∑
i=1

ε̃iXT
i (

1
1+ e−〈Xi,B′〉

− yi),B−B′〉|

≤ 2Ω(B−B′)EΩ∗(
1
n

n

∑
i=1

ε̃iXi)

≤ 4MEΩ∗(
1
n

n

∑
i=1

ε̃iXi).

The first inequality follows from Symmetrization of Expectations in [14], the second
inequality follows the dual norm inequality and 1

1+e−〈Xi ,B′〉
− yi < 1. According to the

proof of Theorem 6, we have

EΩ∗(
1
n

n

∑
i=1

ε̃iXi)≤C

(√
b2

√
log(m+q)

n
+(
√

2logb1 +
√

log(1+b2))
log(m+q)

n

)
.
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Define f (XT
i B′) = 〈∇ρ(B′),B−B′〉= 〈ρ̄(B′),B−B′〉. We know E f (B′) = 0.

sup
B′:Ω(B′−B)≤M

Var( f (XT
1 B′))

= sup
B′:Ω(B′−B)≤M

Var

(
m

∑
l=1

q

∑
j=1

X1l j(Bl j−B′l j)ρ̄(B
′)

)

≤ sup
B′:Ω(B′−B)≤M

L̄2E

[
m

∑
l=1

q

∑
j=1

(Bl j−B′l j)
2

]

≤ L̄2M2

mq
,

where ‖Xi‖ ≤ L̄. Therefore, assume that ‖B−B′‖∞ ≤ 2ϑ , ‖ f (XT
i B′)‖∞ ≤ 2ϑ L̄. Ac-

cording to Bousequet’s Concentration Theorem in [1] we obtain that for all t > 0

P

(
ZM ≥ 8ML̄C

(√
b2

√
log(m+q)

n
+(
√

2logb1 +
√

log(1+b2))
log(m+q)

n

)
+

L̄M
√

mq

√
2t
n
+

8tϑ L̄
3n

)
≤ e−t .

Replacing t by mlog(m+q) we obtain

P

(
ZM ≥ 8ML̄C

(√
b2

√
log(m+q)

n
+(
√

2logb1 +
√

log(1+b2))
log(m+q)

n

)

+
L̄M
√

mq

√
2mlog(m+q)

n
+

8mlog(m+q)ϑ L̄
3n

)
≤ e−mlog(m+q).

There exist constant C0 = 8L̄C+
√

2L̄,C1 = 8ϑ L̄/3 and

λε =C0

(√
b2

√
log(m+q)

n
+

√
log(m+q)

nq
+(
√

2logb1 +
√

log(1+b2))
log(m+q)

n

)

λ∗ =
C1mlog(m+q)

n

such that P(ZM ≥Mλε +λ∗)≤ e−mlog(m+q). According to Theorem 5 and [5, Lemma
B.5], then we have probability at least 1− ( j0 +2)e−mlog(m+q) such that

R(B̂)−R(B)+δλΩ
+(B̂−B)+δλΩ

−(B̂−B)+λ2‖Cvec(B̂)‖1

≤ H(λ̄3
√

s)+λ∗+2λ1‖B−‖∗+λ2‖Cvec(B)‖1.

Assume that q = o( n
log(m+q) ), then λε �

√
log(m+q)

nq . We further assume that λ2 �√
log(m+q)

nq , then we obtain

R(B̂)−R(B)≤ R(B)−R(B)+OP

(
mslog(m+q)

n
+

√
log(m+q)

nq
(‖B−‖∗+‖Cvec(B)‖1)

)
. (27)
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Let B = B∗ in (27), the convergence rate for the optimal solution B̂ is given by

‖B̂−B∗‖2
F =OP

(
2m2qslog(m+q)

n

)
.

�
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