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SUMMARY

In this article we propose a new model, called the inner envelope model, which leads to effi-
cient estimation in the context of multivariate normal linear regression. The asymptotic distri-
bution and the consistency of its maximum likelihood estimators are established. Theoretical
results, simulation studies and examples all show that the efficiency gains can be substantial rel-
ative to standard methods and to the maximum likelihood estimators from the envelope model
introduced recently by Cook et al. (2010). Compared to the envelope model, the inner envelope
model is based on a different construction and it can produce substantial efficiency gains in situ-
ations where the envelope model offers no gains. In effect, inner envelopes open a new frontier to
the way in which reducing subspaces can be used to improve efficiency in multivariate problems.

Some key words: Dimension reduction; Envelope model; Grassmann manifold; Reducing subspace.

1. INTRODUCTION

The classical multivariate linear regression model is formulated as follows:
Y=o+ BX +s, (1)

where Y € R” is a random response vector, X € R? is a nonstochastic vector of predictors
centred to have sample mean zero, the errors ¢ € R” are normally distributed with mean zero
and unknown covariance matrix X > 0, and errors from different samples are independent. The
coefficient matrix 8 € R"*” has rank p and is unknown, and & € R" is an unknown intercept. Our
interest lies in the estimation of 8. We use n to denote the sample size and assume that p <7 < n.

An important step forward in efficient estimation of 8 comes from the work of Cook et al.
(2010), in which a new class of models, called envelope models, was proposed. Envelope models
are based on the idea that a projection of the response vector ¥ may be immaterial to the goal
of estimating §, while still contributing extraneous variation that causes the estimator of § to
be more variable than otherwise. Envelope estimation accounts for such extraneous variation,
making the estimator of 8 potentially much more efficient. The partial envelope model proposed
by Su & Cook (2011) is a generalization of the envelope model. It allows for a projection of ¥
that is immaterial to the goal of estimating a subset 81 of the columns of 8. Because they can
be tailored, partial envelopes can lead to greater efficiency gains than envelope models for the
purpose of estimating f;.

The efficiency gains offered by envelopes and partial envelopes depend on the presence
of immaterial projections of Y. We offer another route to pursue efficiency gains based on
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688 ZHIHUA SuU AND R. DENNIS CoOK

envelopes, so that gains might still be achieved when the entire vector Y is material to the
estimation of 8. In particular, we (a) propose a new inner envelope model and demonstrate the-
oretically and by simulation that its maximum likelihood estimator of 8 can increase efficiency
well beyond that available from standard methods and from envelope estimators; and (b) estab-
lish consistency results to show that the inner envelope estimators are robust to deviations from
normality, which has not been studied previously for envelope models.

The following notation and definitions will be used in our discussion. For positive integers p
and g, RP*4 denotes the class of all p x g matrices, and S”*? denotes the class of all symmetric
p x p matrices. We use P4 to indicate a projection operator onto A or span(4) if 4 is a space ora
matrix, and Q 4 = [ — P,4. The symbol ~ means identically distributed, and U 1L V' | X indicates
the conditional independence of U and ¥ given X. For a subspace V, V- stands for its orthogonal
complement relative to the usual inner product. A basis matrix for V' is any matrix whose columns
form a basis for V. The sum of spaces is defined as V| + Vo = {v] + vp; v € V1, v2 € V2}, and
with a matrix 4 € RP*? and a subspace V CR?, 4V ={A4v:v € V}. For matrices 4 € R™*"
and B e R"*", the subspace Sy(A4, B) is the span of 4~!/? times the first d eigenvectors of
A712BA~1/2 The spectral norm of a matrix 4 is denoted by || 4| and the Moore—Penrose
inverse of A4 is denoted as AT. The notation G"*¢ is reserved for the Grassmann manifold of
dimension d in R”, which is the set of all d dimensional subspaces in R". A matrix 4 € RP*¢
is semi-orthogonal when it is column orthogonal, 4" 4 = I, and we call 4g its completion if
(A, Ap) € RP*P is an orthogonal matrix. The vector operator, vec, stacks the columns of a matrix
into a vector and the vector half operator, vech, stacks elements from the upper triangular or lower
triangular part of a symmetric matrix into a vector columnwise.

2. ENVELOPES

Suppose there is a subspace S C R” that has the following two properties,
(22) OsY [ X~ QsY, (2b) OsY L PsY | X. (2)

Property (2a) means that the distribution of QsY does not depend on X, so marginally QsY
carries no information about 8. Property (2b) means that OsY is conditionally independent of
PsY given X and thus QsY cannot convey information about 8 through an association with
PsY. The properties given at (2) are equivalent to the single condition OsY | (Ps, X) ~ OsY.
This structure then implies that the projection OsY is immaterial to the estimation of 8. All of
the immaterial information in Y can be obtained by finding the smallest subspace S that satisfies
the requirements in (2).
Let B = span(f). Cook et al. (2010) showed that the pair of conditions (2) is equivalent to the
pair of conditions
Ba)BCSS, (@Bb)X=PsEPs+ 0sX0s. (3)

Condition (3b) holds if and only if PsY and OsY are uncorrelated given X, and it is equivalent to
requiring that S be a reducing subspace of 2. Together these conditions imply that we can obtain
all of the immaterial information by selecting S to be the intersection of all reducing subspaces of
¥ that contain 3, which is called the X-envelope of B and denoted by 5 (B); £x (B) is shortened
to £ when used as a subscript. The projection of Y that is immaterial to the estimation of j is
then given uniquely by Q¢Y, while PgY is material to the same purpose.

Let u =dim{Ex(B)}, and let I' e R"** and I'p € R"*"~ denote semi-orthogonal basis
matrices for x (B) and 6% (B). The coordinate form of the envelope model can now be obtained
by imposing conditions (3) on the standard model (1):

Y=a+TInX+e, Z=TQI"+T1Qly, 4)
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where 1 € R**? holds the coordinates of A relative to ', and € R¥** and Qg € RV"—#)*x("—u)
are positive definite matrices. As can be seen in model (4), Ex (B) links the mean and covari-
ance structures and it is this link that provides the efficiency gains. The gains can be great when
variation of the immaterial data I'jY is substantially larger than that of the material data I'"Y’;
for instance, when ||2|| < ||20]] (Cook et al., 2010). A schematic showing how an envelope
increases efficiency was given by Su & Cook (2011).

The partial envelope model (Su & Cook, 2011) is a generalization of the envelope model
that was designed for regressions in which the coefficients of some predictors are of special
interest. Partition X into X| € R?! and X, € R”2, p| + py = p, with corresponding partition of
B = (B1, B2), where B € R"*Pl and B, € R"*P2, and suppose that the goal is to estimate the
coefficients B of X. With this change of objective, the logic underlying the development of
the partial envelope model parallels that for the envelope model. Let £x (B1) denote the smallest
reducing subspace of X that contains B = span(B1), let u; = dim{Ex ()}, and let " € R"**1
and [y € R"*" %1 be semi-orthogonal basis matrices for £ (B1) and 5% (B1). Then the partial
envelope model is

Y=a+TnXi+HXo+e, T=0Q" +ToQly, &)

where n € R“1*P1 Q e R“>" and Qo e RU—4DxU—uD) If X = X, then By =B, Ex(B)) =
Es (B) and model (5) is the same as model (4). This partial envelope model focuses on the rela-
tively narrow goal of estimating 8 and consequently has the potential to achieve efficiency gains
beyond those available by using the envelope model (4). This happens because £x (1) is often a
proper subset of £x (13), so more immaterial information is ruled out by partial envelopes which
makes them more efficient.

The envelope model relies on the presence of immaterial data to achieve efficiency gains.
However, if €5 (B) = R" then there is no immaterial information and enveloping offers no gains.
The inner envelope model introduced in § 3 has the potential to achieve efficiency gains when
envelopes offer no benefits.

3. INNER ENVELOPES
3.1. Motivation

In the absence of immaterial information &y (B) = R”, the envelope model (4) reduces to the
standard model (1) and no efficiency gains are achieved. However, in some regressions we may
still be able to improve efficiency by relaxing the base requirements (2). Consider a multivariate
regression in which the response can be decomposed into its projections onto three orthogonal
subspaces S1, Sp and S3 of R”, Y = P Y + P,Y + P3Y, with the properties that

(6a) P3Y | X ~ P3Y, (6b) PiY LL(P2Y, P3Y) | X, (6)

where P; = ng (j =1, 2, 3). The distribution of P3Y | X is independent of X, while the distribu-
tions of P1Y | X and P»Y | X are allowed to depend on X. If we could find such a decomposition
with P, Y = 0 then (6) would reduce to (2) with Ps = P and Qs = P3, and we could employ an
envelope model (4). Otherwise, P»Y represents a confounder whose distribution depends on X
and is correlated with P3Y.

Nevertheless, the structure in (6) still allows for efficiency gains. Condition (6a) implies that
B = P18 + P»B. If we can estimate P;j with greater precision than possible with the standard
model and estimate P, with about the same precision, then overall, we may get better efficiency
in estimating S. This is the basic idea for the inner envelope model. To ensure that there is no
projection of P;Y whose distribution is independent of X, we require that S} € B. Condition
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(6b) holds if and only if S is a reducing subspace of ¥. Consequently, we obtain the following
constraints, which parallel those in (3):

(Ta)S1€B, (Tb)E=PXP + 01X0. (7

To achieve the most gains subject to this structure, we maximize dim{span(S;)} so that the
greatest part of 8 can be estimated efficiently. We call the largest reducing subspace of ¥ con-
tained within B the inner X-envelope, as formally defined in § 3-2.

3-2. Definitions

DEefFINITION 1. Let M € S"*". The inner M-envelope of the subspace V C R’, denoted by
ZEp(V), is the reducing subspace of M with maximal dimension that is contained within V.

The existence of inner envelopes is ensured because the space with only one element span(0)
is a reducing subspace of M that is contained within 1. We next state two characterizing propo-
sitions.

ProrosiTION 1. Let M € S"™*". Then ZE (V) =), Vi, where the sum is over all reducing
subspaces V; of M that are contained in V.

PROPOSITION 2. Let M € ™. Then TE (V) = E; (V).

Proposition 1 is a natural consequence of the definition, which states that the inner envelope
contains all the reducing subspaces of X that are contained in 3. Proposition 2 builds a connection
between inner envelopes and envelopes; that is, an inner M-envelope of a subspace is the same
as the orthogonal complement of the M-envelope of its orthogonal complement. Propositions 1
and 2 ensure that the inner envelope is uniquely defined as the largest subspace Sj that satisfies
(7). Proofs of these propositions are in the Appendix.

Like the envelope model, the coordinate form of the inner envelope model is expressed in
terms of semi-orthogonal basis matrices I'1 € R"*4 and Ty € R"*=D for ZEx, (B) and IEJE‘ (B).
We shorten ZEx (B) to ZE for subscripts and let d = dim{Z&x (B)}. Then we can write 8 =
PreB + QzeB=T1nT + ToBn}, where B € R —d)x(p=d) is a semi-orthogonal matrix so that
"o B is a semi-orthogonal basis matrix for Qz¢ B, n} e R9%P and 775 € RP=9D)xP Written in terms
of the motivating conditions (6) and (7), S| =ZEx(B) =span(I'1), S» = span(IpB) and Sz =
span®(I'y, [ B) with dimensions d, p —d and » — p. Condition (7a) implies that (11, 72) €
RP*P has full rank. The inner envelope model can now be stated in full as

YZO(—I-(FU’]T—FF()BY};)X#—S, ZZF[Q[F{—FF()Q()FS, (8)

where Q1 € R9*? and € € R~ * =) are positive definite matrices. If d = 0, then ZE 5, (B) =
span(0) and (8) reduces to the standard model. If d = p, then ZE 5 (B) = 1B and (8) reduces to the
envelope model ZE 5 (B) = Ex(B).

For example, suppose we are comparing group means for three multivariate normal popula-
tions on r = 3 characteristics Y1, ¥» and Y3. The predictor X € R? is composed of two group
indicators x; (i =1, 2), each taking value 1 for the ith group, and 0 otherwise. The coefficient
matrix 8 = (81, B2) is a 3 x 2 matrix, with 81 = E(Y |x1=1,x=0) — E(Y |x1 =0,x2 =0)
and Bo=E(Y |x1=0,xo=1)— E(Y |x1 =0,x2 =0). Let A; <Ay < A3 be the three distinct
eigenvalues of ¥ with corresponding eigenvectors vy, vz and v3. Then ¥ = Ajviv] + A2vpv) +
A3v3vy. If By aligns with vy and if By =av; + bvs, where a +0 and b =0, then ZE5(B) =
span(vy) and IE% (B) = span(vs, v3). The envelope model (4) reduces to the standard model
in this illustration since s (B) = R3. However, the partial envelope Ex; (1) coincides with the
inner envelope ZE 5 (B).
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3.3. Maximum likelihood estimators

We assume that the data (Y;, X;) are independent observationson ¥ | X =X; (i =1, ..., n).
The derivation of the maximum likelihood estimators is based on the coordinate version of the
inner envelope model (8). As X is centred, the maximum likelihood estimator of « is Y, the
sample mean of the Y;s. As shown in the Appendix, given a fixed dimension d, a semi-orthogonal
basis matrix f‘l for the maximum likelihood estimator of ZE€ 5, (13) can be obtained by minimizing
the following function of G| over the Grassmann manifold Gr>d ,

r—d
10g |G s G| +10g |GTEd Gil+ > log{l + 4:(Go)). )
i=p—d+1

where G € R”*4 is a semi-orthogonal matrix, (G1, Go) € R”*" is an orthogonal matrix, and
it and Sres are the sample covariance matrices of the fitted vectors and residual vectors from
the ordinary least squares fit of ¥ on X. The %i(Go)s are the ordered, descending eigenval-
ues of (G0 AresGO)_l/z(GTiﬁtGo)(Go AresGo)_ /2 For later use, we denote its matrices of
ordered eigenvectors and eigenvalues as V(Go) and A(Gy) = dlag{kl (Go), - Xr_d(Go)}, and
let K (Go) = diag{0, --- , 0, Ap d+1(Go), - -+, Ar—q(Go)}. After obtaining Fl, [y is constructed
as any seml-orthogonal basis matrix for spanL(f‘l). The maximum likelihood estimators of the
remaining parameters are as given in the following list. In preparation, let F denote the n x p
matrix with ith row X iT, let U be the n x r matrix with ith row (¥; — ¥)T, and let ﬁsm denote the
maximum likelihood estimator of S under the standard model. Then

il =T Bam.
Q1= (UTy = Fij)"(UTy = Fijn)/n,
Qo =) ZresTo + ([ Zresl0) 2V (F) K (Fo) V(o) (T BresF) 2,
span(B) = 0S,—a(Q0, [ Seielo),
i = (5705 B BT Tl B,
B = f‘lm + foéﬁg = Pfl,ésm + F0P§(§_1 Fo,Bsm,
2 =11 0T + Tl
Details of the development are provided in the Appendix. The structure of B is consistent
with the discussion in § 3-1. It has two terms, the first obtained by projecting Ssy, onto the esti-

mated inner envelope span(f‘l). For the second term, if we multiply both sides of model (8) by
I'J, we have a reduced rank regression with coefficient B n; and covariance matrix €. By a

result of Cook & Forzani (2008), and with 'y replaced by its estimAatoAr IA“O, the e§tin}ator of the
coefficients in this reduced rank regression has the form Pg ( Q—I)F(j)- Bsm. Then 'y B ﬁ; has the
0

form ﬁOPé(Q—l)f‘glé\sm. When d = 0, we have f = Bsm.
0

3-4. Consistency of the maximum likelihood estimators without normality

Recalling the discussion in § 2, the definition of an envelope does not require normality. While
the maximum likelihood estimators were derived under the normality assumption, a natural con-
cern is for the robustness of the estimators when this assumption fails. In this section, we will
show that A and ¥ are Fisher consistent and also /n consistent with minimal constraints on the
error distribution.

6102 Jaquieoa GO UO Jasn epLo|4 Jo AlsiaAiun Aq 6G96GE//89/€/66/10811Sqe-0[0111E/18WoIg/woo dnooiwapese//:sdiy woJ) papeojumoq



692 ZHIHUA SuU AND R. DENNIS CoOK

ProrosiTION 3. Under the inner envelope model (8), assume that the errors are indepen-
dent but not necessarily normal and have finite second moments. Then the following quantities
converge in probability:

Sy — Ty =l + LoQol) + (Cinj 4+ ToBny) Tx(Ting + ToBny)',
Stit = e = (Tin] + ToBn) Ty (Tn] + ToBnd)",
2A:res - 2:res = IﬂIQIFT + FOQOF(gv

where Ly, Zres and Xy are the population versions of Ly, Lres, and the sample covariance

A

matrix of Y Xy and Xy is the limit as n — oo of the sample covariance matrix of X.

The objective function (9) is equivalent to

r—d
Linner(G1) =108 |G} BresG1| + 10g |G EresGol + Y log{l + ;i (Go)}.
i=p—d+1
As n increases, Linner(G1) converges in probability to
r—d
Linner(G1) =10g |G} ZresG1| + log |Gy TresGol + > log{l 4 2:(Go)},
i=p—d+1

which is the population version of Lige(G1), and Xi denotes the ith eigenvalue of
(G ZresG0) (G =1t G0) (G Tres Go) /2.

PROPOSITION 4. Assume that the conditions in Proposition 3 hold, and further assume that
the subspace which minimizes Linner is unique. Then I'y = argming, Linner(G1), where I'y is any
semi-orthogonal basis matrix for TEx (B).

The preceding proposition says that even when the errors are not normally distributed, the
maximum likelihood estimator of ZEx (B) is Fisher consistent. This proposition lays the foun-
dation for the Fisher consistency of 8 and X, which is stated in Theorem 1.

THEOREM 1. Assume that the conditions in Proposition 4 hold. Then B and % are Fisher
consistent estimators of f and X.

In the next theorem we describe asymptotic properties of 8 and %. In preparation, we denote
the ith diagonal element of the projection matrix Pr = F(F"F)~'F" as p;;, and we require that

max p;; > 0, n— 00 (10)

i<n

for establishing consistency (Huber, 1973). Condition (10) is a condition on the explanatory
design and it means that maximum leverage tends to zero as n — 00.

THEOREM 2. [f'the errors € have finite fourth moments and that (10) holds, then
Jnl{vee(B)", vech(£)")" — {vec()", vech(2)'}']

1/2

is asymptotically normally distributed, and B and 3 are n'/? consistent estimators of B and X.
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Theorem 2 justifies the consistency of g and 3 without assuming any error distribution and
points out that the convergence rate is /n. Proofs of Propositions 3, 4 and Theorems 1, 2 are in
the Appendix.

3.5. Asymptotic distributions with normality

In this section, we give the asymptotic distribution for {vec” (B ), vech™(2)}T assuming normal
errors and, as the general form of the asymptotic variance of 8 seems too complicated to interpret
directly, we will look at a special case to provide some intuition.

In preparation for stating the limiting distribution, we use avar to denote an asymp-
totic covariance matrix; that is, if \/n(é —60) — N(0, A), then avar(\/né) = A. Following
Henderson & Searle (1979), C, € R" (r+1)/2%r? and E, e R" 2xr(r+1)/2 provide the contraction
and expansion matrices for the vec and vech operators: for any symmetric » x » matrix 4,
vech(A4) = C,vec(A4) and vec(A4) = E,vech(A4), K,; € R¥"*5! is the commutation matrix and for
matrix 4 € RS> vec(4") = K ;vec(A).

We use Proposition 4.1 of Shapiro (1986) to account for the overparameterization in I'y and to
obtain the asymptotic distribution for {vec” (,3), VechT(ﬁ])}T. Although the details are different,
the proof parallels Theorem 5.1 of Cook et al. (2010) and so is omitted.

THEOREM 3. Under model (8),

n < vec(f) — vec(B)

3 Nyptr(r 0,
vech(X) — vech(X) ) = Nep+re+1)/2(0, Vo)

in distribution, where Vo= H(H"JH )THT, J is the Fisher information under the standard

model (1)
S Ty®@x! 0
- 0 27lEN(z '@ 27HE,

and H is the gradient matrix 3{vec” (B), vech" (£)}7/d¢", where

¢ ={vec(n)", vec(n)", vec(B)T, vec(I'1)", vech(21)", vech(0)"}",

and H equals
I, @1 I, ®TeB m®T) 771®[r_(UZBTF(T)®FI)Krd 0 0
0 0 0 26N @ L —T1 ®@Toly) CT1QTNE; Cr(ToyQTo)Er—q)

As H(HYJH)TH" < J~1, the inner envelope estimators are always asymptotically less vari-
able than the standard estimators.

Let V' be the asymptotic variance of the standard estimators, V' = J 1 Then V=12V — 1)
y-12=0 J1/2 = 0, and this indicates that the inner envelope estimators reduce the asymptotic
variance by a fraction of Q ;12.

The asymptotic variance of B is the upper rp X rp block of V. We were unable to simplify
the expression to a ponderable form. So instead, we look into a special case that gives a rel-
atively simpler form to interpret. Assume that 2 = 021, Qo= o*g I _4, where o and o are
scalars, and that 11, 1y are in different reducing subspaces of X x, which means 775 Yxn; =0and
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n] £xn1 = 1. Substituting these conditions into ¥y, avar{Jnvec(,é)} has the form

o’y @I + 03 (=3 ® ToBB'TY + ma(niZxm) ™' ny ® ToBo BT}
+ k' (4mny ® TiT] + nin] ® ToBoBYTY) — cmin] ® ToBoBYTY, (11)

where k = 02/002 + 002/02 —2,c= 1/(1{20*()2 + k) and (B, By) is an orthogonal matrix.

When d = p, based on the discussion in § 3-1, the inner envelope model is an envelope model
with u = p. Then we have 9, =0 and B =0, By = I, 4, and (11) reduces to 022)_(1 ® FlFf +
(k1 — on 17{ ® o'}, which is exactly the same as avar{\/nvec(ﬁ )} under the envelope model;
see equation (5.7) in Cook et al. (2010). When d = 0, the inner envelope model reduces to the
standard model. Then 'y =0, I'g = [, n; =0, By =0, B = I,, and (11) has the form 052)_(1 ®
1., which is the same as the asymptotic variance under the standard model.

A comparison of the asymptotic variance given in (11) to the asymptotic variance of the stan-
dard estimator indicates that we might expect efficiency gains when d is close to p, so the dimen-
sion of the inner envelope is relatively large, or when 7 is large relative to d.

3.6. Selection of d

Many parameter selection methods can be used to select d, the dimension of ZE 5, (B). In this
section, we describe methods which worked well in numerical experiments. The first methods
are based on information criteria.

To use information criteria, we need the number of parameters in the model. For an inner enve-
lope model with dimension d, there are N(d) = p> + (p — d)(r — p) + r(r + 1)/2 parameters
to be estimated. This is because we need pd parameters for ny, p(p — d) for ny, d(d + 1)/2,
and (r —d)(r —d + 1)/2 parameters for 2 and 2¢ as they are symmetric matrices. We can-
not estimate ' but only its span, so we are estimating span(I";) on a » x d Grassmann mani-
fold. Therefore d(r — d) parameters are needed for I'y. It is the same with estimating B. If we
fix an orthogonal basis (I'{, ['g), only the span of B can be estimated, so B is estimated on a
(r —d) x (p — d) Grassmann manifold and (p — d)(r — p) parameters are needed.

The maximized loglikelihood function L (d) under the inner envelope model with dimension
dis

r—d
nr n A A A n A A A n ~ A
— A1 +log2m)} = log [ Sres 1| = 2 log 1T Sreslol = 5 > logll + 4T}
i=p—d+1

Then for a fixed d, Akaike’s information criterion is A(d) = 2L (d) + 2N (d). We search d
from 0 to p and choose d at the value that minimizes A4(d).

The Bayes information criterion for a fixed d is B(d) = 2L (d) + N(d) log(n). Similarly, we
select d by searching from 0 to p and choose d at the value that minimizes B(d).

The dimension of the inner envelope model can also be determined by likelihood ratio
testing. To test the hypothesis d =dy (dy < p), the test statistic A(dy) can be constructed as
A(dy) =2{L(0) — L(dp)}. Here L (0) is the maximized value of the loglikelihood for the standard
model and ﬁ(O) =—(nr/2){1 +log(2w)} — (n/2) log |2A]res|. Under the null hypothesis, A (dp)
is asymptotically distributed as a chi-square random variable with do(r — p) degrees of freedom,
where do(r — p) is the difference of the number of parameters between the full model and the
inner envelope model with dimension dy. The testing procedure can be started at d = p with a
common significance level, and we choose d at the first hypothesized value that is not rejected.
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Our numerical experiments showed that the Bayes criterion tends to be preferred over Akaike’s
criterion and likelihood ratio testing, although all of them can perform well. For illustration we
will use both Bayes and Akaike’s criteria in our simulations and data analysis. The asymptotic
behaviour of these criteria is similar to that in the multiple regression case discussed by Shao
(1997). In the inner envelope model context, it can also be justified that the Bayes criterion
will select the true model with probability tending to 1, and Akaike’s will select a model that
asymptotically contains the true model.

4. SIMULATION AND DATA ANALYSIS RESULTS
4.1. Simulation results

In this section, we report results from simulation studies to provide insights into the behaviour
of the inner envelope estimators. The computing of inner envelopes involves a Grassmann opti-
mization of (9), and it can be performed numerically using MATLAB package sg_min 2.4.1
by Lippert which offers several optimization methods including Newton—Raphson iterations on
a Grassmann manifold with an analytic first derivative and numerical second derivative of the
objective function.

We simulated the data from (8) with » = 10, p = 8 and o = 0. The bases of the inner envelope
and its complement (I"1, I'g), and B were constructed by orthogonalizing » x r and (r — d) x
(p — d) matrices of independent uniform (0, 1) random variables. The eigenvalues of ¥ were
chosenat 1, 5, 10, 50, 100, 500, 1000, 5000, 10 000 and 50 000, and d was fixed at 1, 4 and 7, with
the inner envelope basis I'j associated with the first d eigenvalues. The first d columns of g were
I'1, and the other p — d columns were outside the inner envelope, with 1 and 7, generated with
independent standard normal variables. We expect notable efficiency gains from this construction
since var(Pz¢Y) is relatively small and thus we can estimate Prg¢f with relative greater precision.
The elements in X took value 0 or 100 with probability 0-5 for each. Under this construction,
Ex (B) =R, and envelope models offer no gains in efficiency. We estimated the actual variance
of ,3 by computing the sample variance of ﬁ(j ), j=1,...,200, from 200 replications for sample
sizes 100, 200, 300, 500, 800 and 1200. The asymptotic variance of ,3 is given by Theorem 3.
We also estimated the actual variance of B by using 200 residual bootstrap samples.

The results for d = 7 are summarized in Fig. 1. In each panel, the vertical axis is the standard
deviation for one element of ,63 and the horizontal axis is the sample size. In Fig. 1(a), which is
for an element of /§ inside the inner envelope, the two lines for the actual standard deviations of
the standard and inner envelope estimators are well separated for all sample sizes and the actual
standard deviation of the inner envelope estimator drops below the asymptotic standard devia-
tion of the standard model estimator at a small sample size. The efficiency gains are predicted
by Theorem 3. The bootstrap estimation of the actual standard deviations is quite reliable. In
Fig. 1(b), which is for an element outside of the inner envelope, the performances of the standard
model and inner envelope model are almost the same. The lines for the two models are entangled
for both the asymptotic and actual standard deviations. The results for d = 4 were quite similar
to those for d = 7, while the difference between the inner envelope and standard estimators of
the element inside the inner envelope was notably less for d = 1, as expected.

We did another simulation with everything the same except p =2. Then there is only one
nontrivial choice for d, which is d = 1. Here the inner envelope model shows a greater advantage
over the standard model than in Fig. 1, the actual and asymptotic standard deviations of inner
envelope estimators being about 0-01 times the asymptotic standard deviation of the standard
model estimator. This agrees with the discussion at the end of §3-5: when the ratio of d/p is
large and d/r is small, we expect to get larger gains.
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(a) An element inside the inner envelope (b) An element outside the inner envelope
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Fig. 1. Simulation results with d = 7, p = 8 on the asymptotic and actual standard deviations for

elements of A inside and outside the inner envelope. Solid lines, the actual standard deviations

of the inner envelope estimator; lines with circles, the actual standard deviations of the inner

envelope estimator estimated by bootstrapping; lines with stars, the actual standard deviations

of the standard model estimator; dashed lines, the asymptotic standard deviations of the inner

envelope estimator; dot dash lines, the asymptotic standard deviations of the standard model
estimator.

The next simulation tests the robustness of the inner envelope estimators with nonnormal
errors. The scenario was the same as the simulation with d = 7 in Fig. 1, except that ¢ was gen-
erated as ¥ !/%¢, where the elements of € were independent and identically distributed standard
normal, 7(3/2)'/2, 121/2{U(0, 1) — 0 - 5}, (Xf — 4)//8 random variables. Figure 2 confirms
the consistency stated in Theorem 2, and also shows that a moderate departure from normality
does not affect the estimator much even with small sample sizes.

4.2. Data analysis

In this section, we present three examples which demonstrate that inner envelopes can result in
moderate to massive efficiency gains. We begin with the classical iris data which were analysed
by Fisher (1936). Four characteristics, sepal length, sepal width, pedal length and pedal width,
were measured for each specimen from three species of iris: [Iris setosa, Iris versicolor and Iris
virginica. Fisher analysed these data as an example for discriminant analysis; that is, to identify
the species from the characteristics. We studied the relationship between the species and the char-
acteristics from a different view, by fitting the data into the multivariate linear regression frame-
work, taking the species as predictors and characteristics as responses to compare the species
characteristics. Then each column of 8 € R**? corresponds to the difference in the character-
istic means for two species. The first column of 8 represents the group difference between Iris
setosa and Iris virginica, while the second column represents the group difference between Iris
versicolor and Iris virginica. We applied the envelope model to the data and u = 4 was inferred,
which means that &5 (B) =R” and that the envelope model offers no gains over the standard
model. Then we fitted the inner envelope model to the data, and d = 1 was suggested by Bayes’
criterion. Compared to the standard model, the standard deviations of the elements in ,3 were
reduced by 0-04% to 21-2%. Roughly speaking, to reduce a standard deviation by 21% in a stan-
dard analysis, the sample size should to be increased by about 61% and we expect that this gain
would be worthwhile in many analyses.

The second dataset, on wine recognition, comprises 178 samples of wines made from three
different cultivars in Italy taken for a chemical analysis. We used six variables for the charac-
teristics of the wines: alcohol, malic acid, ash, alkalinity of ash, magnesium and flavanoids. The
regression of characteristics on cultivars was performed to study how different cultivars influence
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Fig. 2. Simulation results for different error types. The standard deviations are for an element inside
the inner envelope. The line marks are the same as those in Fig. 1, but we omit the lines for the
standard model estimator. The simulation scenario is the same as that for the d = 7 case in Fig. 1.

the aspects of the wines. Although not required by theory, for accuracy we did a log transforma-
tion to all the variables as the scatter-plot of the original variables showed an obvious departure
from normality. The envelope model offered no gains as u = 6 was inferred. With d = 1, the inner
envelope model reduced the standard deviations of elements in /§ by 0-2% to 30%. And to reduce
the standard deviation by 30% in a standard analysis, we need to double the original sample size,
which is an obvious gain.

The China climate data, obtained from the website of the National Center for Atmospheric
Research, contain monthly measurements of average temperature and precipitation at 160 land
stations in China from 1951 to 2000. Following Li et al. (2003), we took the monthly measure-
ments of precipitation or temperature as responses, and the longitude, latitude of the stations and
year as predictors, giving » = 12 and p = 3. First we applied the envelope model to the tempera-
ture data and # = 12 was inferred, indicating that the envelope model is equivalent to the standard
model in this case. Then we fitted the data with the inner envelope model, and the Akaike criterion
selected d = 1. The standard deviations of the elements in B were reduced by 0-02% to 65-9%.
The sample size should be more than eight times the original sample size to gain a reduction
of 65-9% in a standard analysis. With the precipitation data, results are similar and the standard
deviations were reduced by 0-1% to 50-6%.
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APPENDIX

Maximum likelihood estimators
Given the data Y, ..., Y, the likelihood function L has the form

L ={det(£)}™"? x etr{—2""(U — FBHT WU — FB""},

where etr(-) denotes the composite function exp o tr(-). As g =TI"1n] + I'9yBnj, we follow Lemma 4.2 in
Cook et al. (2010) and write L = L L,, where

Ly = {det(Q)}™"* x etr{—27' (UL, — Fyn)Q{' (U — Fy)'},
Ly = {det(R)}) ™2 x etr{—2""(UTy — Fny BN, (UTy — Fp BN)').

Maximizing L; first while keeping I'; fixed, the maximum likelihood estimator of 7] is 7] =
(UT)"F(F"F)~'. We use a hat on a parameter to denote both its intermediate estimator with unknown
quantities and its final estimators. Substitute 7] back to L, then

L1y = {det(Q))} ™" x etr(=27' QrUT1Q{ ' TIUT Q).

To maximize on 2, we have le = F}émrl. According to Lemma 4.3 in Cook et al. (2010), the maximum
value of log(L1) is a constant plus —27! log |TT X5y |.

Fixing Iy, the maximization of —L; over span(B), n, and 2, follows Thegrem 3.1 in Cook & Forzani
(2008): 20 =TI'§ 2o + (1"(T)Eresl"0)l/2 V(o) K (Ty) V(FO)T(FSEESFO)VZ, B is the orthogonal basis of
Sp =208, _a(Q0, TiET0), and 7} = (B™Qy ' B) "' B™Qy 'TiUT F(FTF)~". The maximum value of L,
is then a constant plus

n n r—d
—3 log I S0l — 3 i—;H log{1 + ;(To)} —

nr —d)
2 9

where f)res =U"QrU/nand flfit = U" PrU/n. Using the fact that, for a nonsingular matrix A, |[I'jAT| =
|A||T"A7'T"|, and adding the partially maximized log(Z) and log(L,), the objective function to maxi-
mize is
r—d
10g |G S G| + log [GTEL Gl + Y log{l + A:(Go)),
i=p—d+1

where the optimization is taken over the Grassmann manifold G"*“. A value of G that maximizes the
function is the maximum likelihood estimator of I';.

Proofs

Here the limits of all stochastic quantities refer to either convergence in probability or convergence in
distribution. The type of convergence should be clear from context.

Proof of Proposition 1. Because ZE (V) itself is a reducing subspace of M that is contained in V, we
havejZEAl(V)EQE:ilé.

Now we need only to show ZE€,,(V) 2 >, V;. If there is an element v in ), V; but not in ZE€ y,(V), then
there exists a V,, so that v € V;. Let 7 =V, + Z& (V). Then T is a reducing subspace in )V that has a
bigger dimension than Z& y,()), which is a contradiction since ZE€ (V) has maximal dimension. O

Proof of Proposition 2. Let R = £y/(S*). For the equality to hold, we need to show that (a) R+ is a
reducing subspace of M, (b) R' is contained in S, and (c) R is the space with maximum dimension that
satisfies (a) and (b).

For (a), since R is a reducing subspace of M, we have MR C R and MR+ C R*; this indicates that
R* is also a reducing subspace of M. For (b), as R 2 S+, we have R+ C S. For (c), if R+ does not have
maximum dimension, then we can find Ry D R+, and R, satisfies (a) and (b). Then Ry will be a reducing
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subspace of M and Ry 2 S*; also Ry has a smaller dimension than R, which contradicts that R is the
smallest reducing subspace of M that contains S*. So (c) is also satisfied. O

Proof of Proposition 3. Since the errors are independent, $y — Zy. We have
Yy =var(Y) =E{var(Y | X)} + var{E(Y | X)}
=0T+ ToQely + (Tiny + ToBny) x(Tiny + ToBny)',

Sic = U'PrU/n, U=FI'n] +ToBny)" +e—1,e", where 1, isan n x 1 vector of 1s and the ith row
ofeeR"™ isg/,i=1,...,n. Then

f:fitz UTPFU/n
=i +ToBn) F'F(Tiny +ToBny)'/n+ (e — 1,&") ' F(I'iny + ToBny)' /n
+ Tin+ToBny)Fi(e — 1,E") /n+ (e — 1,€") Pr(e — 1,E")/n.

As F'F /n— Xy, the first term converges in probability to (I'yn] 4+ T'oBn}) Xy (I'1n] + I'oBn3)™. Since the
errors are independent of the predictors, e' F//n — 0. As 1, F =0, (e — 1,")"F = 0. By Slutsky’s theorem,

(e — 1,6 Pr(e — 1,E")/n={(e — 1,6"YF/n}(F'F/n) {F'(e — 1,6")/n} — 0.

A

So S — Zre=(in] + ToBn) Zx(Tin} +ToBn)'.  Since Sy = Spi + Sresy  Sres = Sres =
QT + oy, O

Proof of Proposition 4. As X,- (Gy) is the ith eigemvfalue of the positive semi-definite matrix 4(Gg) =
(G} s Go) ™G ZitGo) (G Bres Go) ~'/2, we have 4;(Go) = 0. When G =T,

A(To) = (g EresTo) ™ /HTG(Tin + ToBn3) ST} + Lo Bn3) To) (M TeesTo) ™72
=Q, PByysymB R,

Because B is an (r —d) x (p — d) matrix, the rank of A(I¢) is at most p —d, then the (p —d +
1)th to the (r — d)‘Eh eigenvalues are all 0, and A;(T)) =0 fori=p—d+1,...,r —d. So the term
S o1 log{l + J;(Go)} is minimized at Go = I'.

By Appendix A.6 of Cook (2007), for any semi-orthogonal matrix G, e R4 and its comple-
tion Gy, 1og |G| s G1| +10g |G 2res Gol = log [T Xies 1| 4 log [T Xes ol for all G. So we have I'j =
argminGl L imer (G1). O

Proof of Theorem 1. In the proof below, we use the notation R4 to represent a possible value for a
parameter 4. Objective functions for estimation of A4 are then to be optimized over R 4.

Since B=TI"1n] +¢Bn; and X =T, T"] 4+ I'yQ2I"j, the Fisher consistency of f and X follows if
the estimators of all parameters I'y, B, 1y, 12, 21 and €2 are Fisher consistent. The Fisher consistency of
I'; is given in Proposition 4.

Estimators of n; and 2| are Fisher consistent because the sample objective function to minimize is
log |Rq,| + tr{(UT"; — FR,,])RS_ZII(UIH — FRy)"/n}. Itis known that R, =n; and Rg, = | minimize
the population version of this objective function, and therefore the estimators of 7, and €2; obtained in § 3
are Fisher consistent.

The estimator of €2 is also Fisher consistent as the sample version of its objective function to minimize
islog|Rq,| + tr(R§0l Iy f)resFO) + Zf;;de %, where ; is the ith eigenvalue of the matrix RQUFSXA)mFO.

r—d
i=p—d+1

X: isthe ith eigenvalue of the matrix Rq,I'g 2 ['o. Since Ro, 'y X[ o = Ro, By Xxm BT, nyisap x (p —

d) matrix and thus the rank of Rq I'g 2 [ is at most p — d, so we have Z:;Z—dﬂ ii =0.AsTjXTo =
172

Q, let W =, Rgol Q(l)/ 2, it is then equivalent to maximize log | W| — tr(W). Denoting the eigenvalues
of Wasay,ay,...,a—_4, then we need to maximize log(a;) + - -- + log(a,—4) — (a1 + -+ + a,—q4). The
maximum can be obtainedata; = 1, fori =1, ...,r — d. As W is positive definite, by the spectral theorem
W can be only /,_;. So Rg, = €29 maximizes the objective function.

The population version of this objective function is log |Rg,| + tr(Rg, 01 FoZreslo) + 3 A:, where
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The estimator of B 1s Fisher consistent since the population version of the objective function to maxi-
mize is tr( P, g SZO FTEmFoQal/z). This is maximized when span(Q(;l/zRB) equals the span of the
first p — d elgenvectors of QO F(T)Zﬁ[FOQal/z =Q, 1/2B172 anzBQO % Then the objective function
is maximized at Rz = B.

The estimator of 1, is Fisher consistent since the population version of the objective func-
tion to minimize is g(R,,) = tr{Evaar(Y —ToBR;, X)}, where X, =T080. This is because the
part of the likelihood function related to 1, is tr{(U — Fn,B™T) Eg(U — Fm BT}, we can
rewrite this part as tr{Egvar(Y —ToBniX)}, g(n) — g(Ry,) = tr{Egvar(Y —TyBnyX) — Egvar(Y —
LoBR; X)}=— tr[Egvar{FoB(nz — R,,)"X}] <0. Hence g(R,,) is minimized at ;. |

Proof of Theorem 2. Since the inner envelope model is overparameterized, we will apply Proposition
4.1 of Shapiro (1986) to prove Theorem 2. To apply the proposition, we will check the assumptions first.
Along the discussion, we will match Shapiro’s notations in our context.

Shapiro’s x in our context has the form x™ = {VecT(,ésm), VechT(flsm)}, where ﬁsm and f)sm denote the
estimators of 8 and ¥ using the standard model. We need to show first that x is asymptotically normally
distributed when the errors have finite fourth moments. Although the proof of asymptotic normality of
Bsm is known, we were unable to find in the literature a proof of the asymptotic normality of x.

Define R=U — FBL . Then £, =n~"(U — FAL )" (U — Fﬂsfn) =n"'R"R.Since R=U — PpU =
OrU=Q0r(Fp"+e—1,6")=0re— 1,67, wehave R"TR =e"e — née" — e" Pre. Let ¢;; and o0;; denote
the elements of e € R"*" and ¥ € R"*", and let ¢;. and e ; denote the kth row and column of e. Then, noting
that \/ngg" converges to zero in probability,

Jn{vech(flsm) — vech(X2)} = \/nvech (n’leTe —gg' - — n’leTPFe)

=n"/? Z B: — n~'?vech(e" Pre) + 0,(1),

where Y7 | B; = vech(e}.e;. — ¥) and the B;s are independent and identically distributed random vec-
tors with mean zero, length »( + 1)/2 and typical element e;;e;x —oj (k=1,...,r; j= 7).
The (i, j)th element in e’ Pre//n is e}, Pre.;//n and we denote the elements of PF € R by p,j. Let
B, = n_l/zE(eTiPpeAj). Then

B, = n—1/2 Z Z E(eatpabebj) =n 12 Z paaE(emeaj) = «/}’l E(elielj) — 0.

a=1 b=1

The penultimate equality holds since the observations from different samples are independent. For each
(i, j) the e,;e,4 s are independent and identically distributed random variables with common finite variance.
The final equality holds since P is a rank p projection matrix, > ,_, psa = tr(Pr) =p

Let A, =var (n="/2¢!, Ppe.;) =n~"var (3_,_, >_)_, €ai Paves; ). Then

n n n n
—1 2 —1 2
=n Z Z DPapvar(eg;)var(ey;) +n Z Z DapCoV(eai, eqj)cov(ey;, ep))
a=1 b=1 a=1 b=1
n
—1 2 2
+n Z Dagivar(egieq,;) — var(eg;)var(e,;) — coviegi, €4)°}

a=1

n n
—1 2
=n""{var(ey;)var(e1 ;) + coviey;, e )eov(er. e )} D Y P
a=1 b=1
n
—1 2 2
n~{var(ey;er;) — var(eyi)var(er ;) — covieri, e1;)*} Y Pl
a=1
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As Pr is a projection matrix, Y »_, >,_, p2, = p, and thze first summand will go to zero as n — 0.
Because all py,s are nonnegative, > | p2, < (30, paa)” = p?, the second summand will also go to

zero as n — 0. So n~'/?var (e, Pre.;) — 0. Then by the Chebyshev inequality, n~'/?e’, Pre.; converges

in probability to zero. Since i and j are arbitrary, each element in e" Pre converges to zero in probability.
Consequently, /n{vech(%y,) — vech(2)} =n""23""_ B, + 0,(1).

Now apply Theorem B on page 30 of Serfling (1980) to prove the asymptotic nor-
mality for {Vec(ﬁ )T vech(S rm)}T. For simplicity, we study the asymptotic normality for
{Vec(ﬁf,,,)T Vec(me)}T >i_; Vi/n instead. Let f;" denote the ith row of F(F'F/n)~ Yi=1,...,n).
Then vec(Brm — B)=n"" Y1, fi ® &;=n"" Y1, 4;. And V; can be written as

Vo= A\ fi®e
TAUBF )T\ e ®e —vee(®E) )

Let v} be a 1 x n row vector whose ith element is 1 and 0 otherwise, then f;' =vF(F'F/n)~!, and
we have | V1> = [| 411> + 1B = le; [P /i1 + 11 B I1? = lles |12o] F(FTF/n)"2 Fv; + || Bf|I*.
Leta; = | fil?/n= viTF(FTF/n)_zFTv,-/n, and notice that

Za, - Z tr{(F"F/n)" Flou] F(FTF)™"}

i=1
= t{(F"F/n)"'} = tr(Zy"), n— oo.

Then for any € > 0,

*ZE{IIVII [(|Vi|| > ey/n)}
_ZE [(lle:lPa; + I BFII*/m)I{(llei 1 *a; + | BF1*/n) > €}]

i=1
<Elllled|I* o (FTF/m) ™" + I1BF I ((lles |* maxa; + || B |*/n) > €?}] — 0.

The convergence in the last step is because the error has finite fourth moments, E{||¢; ||> tr(F"F/n)~" +
| B/II} < oo, and max;<, pi; — 0 leads to max;¢, a; — 0, making the indicator function converge to
zero. The justification for max;¢, a; — 0 is as follows. For any matrix 4 € R?*?, symmetric matrix
B € R7*4, the maximum and minimum eigenvalue of B, Anax(B), Amin(B), we have A" Arnin(B) <
A"BA < A" Ahmax (B). In our case

max a; = max vTF(FTF/n) 2F";/n

i<n

= max O E(FTF/n) " 2(F F/n) " (F"F/n)""?Fy
<max piiAmax ((F'F/n) ™'} = 0.

Now the covariance matrix for V; has the form

W — Sifif @ % E(fief ® eig])
! E(fiel ® e;6))" Ele; ® & — vec(D)}? -

Since Y1_, fi/n=>1_ | VIF(F'F/n)"'/n=1IF(F'"F)~'/n=0, and

Z fifT/n= Z(FTF/n)’lFTvivl.TF(FTF/n)’l/n

i=1

=(F'F/n)"' - 2!, n— oo,
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(W1 + -+ W,)/n will converge to

'ex 0
0 El{e; ® & —vec(D)})? /-

By Serfling (1980), >7_, V;/n is asymptotically normal. As B; is part of B}, we have

LAy 0, C)
\/n Bi rp+rr+1)/2\Y, L2,
where C; is some constant matrix. In other words, /n(x — &) — Nyptrir+1)2(0, C).

Shapiro’s & in our context is &™ = {vec"(B), vech"(X)}. Now we give the minimum discrepancy func-
tion fupr. Given Y1, Ya, ..., Y,, the likelihood function is L = {det(%)}™/? x etr{—2"1(U — FpH)=!
(U — FB")"}. We have

(U — FEHE ™' (U — FB')
= tr{(U — FB. + FBL — FEHS WU — FBL + FB. — FB")")
=t{X' (U~ FBL, + FBL, — FB)' (U — FBL, + FBL, — FB")
= [ (nEgn + (FBL, — FBY (FBl — FENY.

The last equality follows because O F =0 and that makes the cross product terms 0. Now the likeli-
hood function is L = {det(£)} /2 x etr[—2"'E Y nEem + (FAL — FB)'(FBL — FB")}]. The maxi-
mum value of L, denoted as Ly, is reached when x =&, and L, = {det(f)sm)}’"/2 X exp(—2’1nr).
Then fypr is formed as fvpr = Lmax — L-

Although fyupr is written in terms of 8, X, B and X, there must be one-to-one functions f;
from the product space of 8 and X to &, f, from the product space of ,ésm and g, to x so that
£=f1(B, ) and x = f>(Bym, Zem). As fupr is constructed under normal likelihood function, it satis-
fies the four conditions for fypr in § 3 in Shapiro (1986). Also, the function g defined by Shapiro in (2.1)
is twice continuous differentiable, where & is defined before and 6 are parameters in the inner envelope
model {vec(n;)", vec(n2)", vec(B)", vec(I"1)", vech(21)", vech(£2¢)"}". Therefore all the assumptions of
Shapiro’s Proposition 4.1 are satisfied, and ,3 and fl, obtained by minimizing fypr, are consistent
estimators of 8 and X, with the rate of \/n. O
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