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We start by introducing some required notation. Let Yp € R™"™ Y4 €
R"™ " Ye € R™" and X € R™ P denote the data matrices of Yp, Y 4,
Ys and X. For example, the ith row of Yp € R" P contains the ith
observation of Yp. Let Ep € R"™ [E 4 € R"™" and Eg € R"™"S denote
the data matrices of ep, €4, €s, and 1,, denotes an n-dimensional vector
of 1’s. Then Yp = lgap + Xﬁg + Ep and Y_p = 1£a_p + E_p, where
Y p = [Y,Y5]", Ep = [E4Eg], and ap € R and a_p € R™4 are
parts of a that correspond to the dynamic responses and non-dynamic
responses respectively. Let Yp. € R™™ Y,, € R™"™, Ys. € RS
and X. € R™P denote the centered data matrices of Yp, Y4, Ys and
X,ie Yp.=Yp—1,Y5 Yy4.=Y,4—1,Y% Ys.=Ys—1,YZ and

X, = X—1,X7, where Yp, Y4, Ys and X denote the sample mean of Yp,



Y 4, Ys and X. Let Ep,. and E_p . denote the centered data matrix of Ep
and E_p, then Yp . = Xcﬁg +Ep.and Y_p.=E_p.. Let Pc denote the
projection matrix into the column space C and Qc =1 — Pg. Let || - |2,
||| and || - ||max denote the spectral norm, Frobenius norm and entry-wise

maximum norm of a matrix, respectively.

S1. Proof of Proposition

PrROOF. From Proposition , the asymptotic distribution of BD,1 is given

by
Vifvee(Bp,)—vee(Bp)} 5 N0, V1), V) = SH@(Sp—Tp 4T3 Tan).
The asymptotic distribution of ,B’DQ is given by

Vin{vee(Bp o) —vec(Bp)} 5 N(0,Va), Vi =3x'0(Zp—p 4531 s Z4s).0)-



We hope to prove that V; = V,. Let D = (23 — ES’AEXEA,S)A. Note
that

(B0 = ZpaZ1'Zap) — (B0 — o us) B 45 Z(48)D)

-1

Ya Yas Yap .
= Ypa Yps ) — Ypadi Yap
Ysa Xs Ysp

= SpA(E + 2L BusDEs 42 ) B ap — Tp a¥, ' TasDsp
—YpsDEs AX ' Eup + EpsDEsp — Ep 4 Eap

= (ZpuZ ' Zus —Zps)D(EpaE'Tus — Zps)”.

Since Yp Il Ys | Y4, we have ED7A2212A75 —Yps=0. Thus V; = Va.
An alternative proof uses an equivalence stated in §3.1 in Dawid| (1979),

that Yp Il Ys | Y 4 implies Yp given Y 4 and Yp given (Y 4, Ys) have the

same distribution. Note that V; is the covariance matrix of Yp given Y 4,

and Vy is the covariance matrix of Yp given (Y 4,Ys). Thus Vi = V,.

S2. A generalization of Propositions [1] and

In this section we present a generalization of Propositions [I] and 2] for the
setting when r = r,, — 0o as n — 0o, but the number of dynamic variables
rp and the number of predictors p remains fixed. In this setting, the error

matrix E. = [Ep.E4.| and the corresponding error covariance matrix



depend on n, but this dependence is suppressed for simplicity of notation.

Proposition S2. Consider an asymptotic regime discussed above, where

rp and p remain fized, but r is allowed to grow with n. Assume that the

errors are normally distributed in models , , . Assume that

D, A and S are given. Let Xp|_p = Xp — 297_92:%2_979 and Xpj4 =

Yp—Zp ' Zan.

(a)

(b)

Suppose r = o(n) and the eigenvalues of X are uniformly bounded (in
n) away from zero and infinity. Then the asymptotic distribution of BD

(the mazimum likelihood estimator of Bp under ) is given by

_ 1/2 d
29‘112@(6 ﬁD) (XTX ) — MNTDXP (07 ITD’ Ip) ’

and the asymptotic distribution of ,@DQ (the mazimum likelihood esti-

mator of Bp under with Yp L Ys | (Yu4,X)) is given by

1/2 1/2 d
Sp Bra — Bp) (XIXe)"" 5 MN,,up (0,1,,,1,).

Here M N, v, denotes the matriz normal distribution on the space of

rp X p matrices.

Suppose 74 = o(n) and the eigenvalues of the principal (top) rp + 14
submatriz of 3 are uniformly bounded (in n) away from zero and infin-

ity. Then the asymptotic distribution of BDI (the mazimum likelihood



estimator of Bp under ) s given by

~1/2,5 1/2 d
2D|,{l (BD - IBD) (XZXC) — MN”"DXP (07 I”"D’ Ip) .

To see that Proposition 1| follows as a special case of this proposition when

r is fixed, note that 1X7X, L 5 and
e 0~ MN(p, U, V)= DOC ~ MN(DuC,DUD? CTVC).
e 0~ MN(pn,U, V)= vec(@) ~ N(vec(p), V@ U).

PROOF. Note that Bp = Y5 X (X'X,)™' = Bp + Eb X (X'X,)"" and
Bp =Y X(XIX,)" = ETp, X (XTX,.)"". The sample residual Ry
from the regression of Yp on X is Rp = Qx. Ep . and the sample residual
R_p from the regression of Y_p on X is R_.p = Qx.E_p.. The ma-
trix BD|—D contains the coefficients from the regression of Rp on R_p, i.e.
BD\—D = E3 Qx.E_p(E 5 Qx.E_p.)~". So BD = Bp — BDMDIB—D =
Bp +Ep Xe(X X)) ™ —Ep Qx. B po(Blp QB p ) ' Elp Xo(XIX,)™

Note that

E = [Ep E_p] ~ MN(0,1,, )

and

2
ECNMN(O,In—zﬁJFﬁ 2),
n

)
n2



where J,, is the n x n matrix with all entries 1. Using the properties of the

matrix normal distribution listed above, it follows that

(BD_ﬁD) (XZXC) Y2 = (EZD - ED,—DZ:%EZ—D>+<2D,—D2:% — C) INECT,_D
(52.1)

where
El = E'X.(X'X,)"? ~ MN(0,3,1,) (S2.2)

(since XIJ,, = 0), and

EL E ET E !
C _ D,CQXC —D,c _D,CQXC —D,c
= . - .

For arbitrary a € R™ and b € R satisfying ||a/|2 = ||b||2 = 1, we have

~

- 1/2
aTEDTK?D(ﬁD - IBD) (X;FXC) / b
= 'z, (]EZD — EDV_DE:%)IAECT’_D> b+

—-1/2 — AN\ T
aTZD|1D <2D,—D271D — C) ]EZ??/Db

- Z4W, (S2.3)
where
7 = a'sp? (EZD - ED,_DE:;EZ_@ b
= a's,/} I, —Sp_pE | Elb (S2.4)
and

W =a's;? (29,_1)2:; - C) ET b, (52.5)



Using (52.2)), (52.3)), (S2.4) and properties of the matrix normal distribution

listed above, it follows that
Z ~ N (0,(a"a)(b"b)) = N(0,1).

If we show that W 5 0, then it follows that

~

- 12, d
aTEDTK%(BD - Bp) (XIX,) ) N(0,1)

for arbitrary a € R™ and b € R? with ||alj; = ||b|lz = 1. Using the
Cramer-Wold device gives the required result for BD.

We now complete this final step of the proof, i.e., show that W L.

Note by (52.5)) that

WIS lalle [51'5], | 200225 €] |

ET _DbH2 . (52.6)

Since ||a]|2 = 1, Eg_pb ~ N (0,%_p), and the eigenvalues of 3 (hence those
of Xp_p and X_p) are uniformly bounded away from zero and infinity, it
follows that

»o1/2

D|-D

ET _,b

— 0p(1). (S2.7)

2

Jalle |

For any v € R” with ||v][ < 1, we have Ev ~ N (0, (vI'2v)1,). Since
the eigenvalues of ¥ are uniformly bounded above and below, it follows

by the Hanson-Wright inequality (Rudelson and Vershynin) 2013 Theorem



1.1) that

(r (25)

for an appropriate constant Cy which does not depend on n. Using (Ghosh

> 77) < 2exp [~Conmin(n?, )] (52.8)

et al., 2018, Lemma B.2), it follows that

o5
Using n = ”?,réngnm and r = o(n), we get

> 77) < 2exp [~Conmin(n®,n) + 2rlog21] .  (S2.9)

ETE
n
Hence
ETE ETE T

HC_C_E B '__E_IE J,E
n 9 n n 9

T T
< E'E S E*J,.E
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— Op (\/;) + Zp (%) . (S2.11)

The last equality follows from the fact that

1
—1"EX'ET1, ~ X2,
n

the eigenvalues of 3 are uniformly bounded above and below, and x? =

Op(?“).



Let X, = X — 1,u%. By using the fact that p is fixed, X and E
are independent (with matrix normal distributions specified above), the
eigenvalues of 3 are uniformly bounded above and below, and the Hanson-
Wright inequality (Rudelson and Vershynin| 2013, Theorem 1.1) (similar to

(1S2.8), we get

s
P ( u’ (—XCXC — 2X> u
n

for every u € R? with ||u|; < 1, and an appropriate constant C; which

> 7]) < 2exp [~Cinmin(n?, )] (52.12)

does not depend on n, and
P (

for every u € RP,v € R" with |lulls < 1,||v|]2 < 1, and an appropriate

(Xou+ Ev)T(X.u + Ev)
n

—u'Exu-—viZv

> 17) < 2exp [—an miﬂ(772>77)]

(S2.13)

constant Cy which does not depend on n. It follows from (S2.8), (S2.12)

and (S2.13]) that

XTE
P(uT (—C )V
n

where C3 = min(Cy, Cy,Cs). Using (Ghosh et al. 2018, Lemma B.2), it

> 317) < 6exp [—Csnmin(n?, )] (52.14)

follows that

‘

XTE

> 377) < 6exp [~Csnmin(n®, ) + (r + p)log21] . (S2.15)
2



Using n = @/%g)Tgnzl, r = o(n) and the fact that p is fixed, we get

= Op (\/% = op(1). (S2.16)

2
Note that X, — X, = 1, (ux — X)7, it follows that || X, — X.|. = v/n||X —

XTE

C

n

x|z = Op(1) (since p is fixed). Note from ((S2.11)) that ’ ECT% = Op(1).
2
It follows from ([S2.16)) that
XTE. _IXTE
noll, no |,
XTE (X, — X)TE,
< + ||
n n
2 2
XTE 1 -
< —— +_HXC_XC ||ECH2
n n 2
2
r
— op ( _) . (82.17)
n

Combining (S2.11)), (S2.17) along with the fact that XTX/n ER 3x, we get

+
2

1 ETX, /XTX.\ ' XTE,
e = ()%
n

n

1
< H—ECT]EC -%
n

n n

2

- Op ( %) .
(S2.18)

Since the eigenvalues of ¥ are uniformly bounded above and below, and

r = o(n), it follows that

1 -1
H (—ECT QXCEC> - !
n




Finally, using the form of the inverse of a partitioned matrix, we conclude

that

HED’*DEj’ _C

2

~1
E%,CQXCEfD,C > (IET'D7[:(2XCIED7C )

n n

= || Zp-pEp - (

()
n
The desired result for ,@D now follows from 1’ and {} The result

for Bp., follows by noting that Y _p» = (Y75, YZ)T. It Yp Il Ys | (Y4, X),

2

then as shown in Section S1 above, ¥p|_p = Xp|4. The result for ,@D’l in
part (b) follows by going through the arguments for the BD proof above

verbatim - but replacing —D by A in all relevant places.

S3. Proof of Proposition

Proor. We first look into BDJ. Note that B, = Y5 X (XIXo)™! =
Bp +Ef X (XIX,)™ and B, = Y} X (XIX,) ™! = B} X (XIX,)~". The
sample residual Rp from the regression of Yp on X is Rp = Qx. Ep . and
the sample residual R 4 from the regression of Y 4 on X is R4 = Qx . E 4.
The matrix BDI 4 contains the coefficients from the regression of Rp on
Ry, ie. BDM = E%,CQXC]EAc(EQ,CQXCEA,c)fl- So //B\D,l = BD - BDMBA =

BD + E%,CXC(XZXC)_I - E%,CQXCEAyc(Ea,CQXCEAyc)_1E5,6X6<XZX0)_1'



On the other hand, BDS = R%ARX‘A(R%ARX‘A)*l, where Rxj4 =
QY.A,CXC = QEA,CXC7 RD|.A = QY_A’CY,D,C = Q]EA,CYD,C' Therefore BD,S =
Y%,CQEA,CXC(XZQEA,CXC)_I = /B'D + E%,CQEA,CXC(XZQE/\,CXC)_l'

We focus on BD,S first. By Woodbury equality, we have

(XZ—’QEA,CXC>71
= [XTX, - XTE4.(EL Ea.) 'EL X]
= (XIX) '+ (XIX,) 'XTE4 . [EQCE Ae — EQCXC(XCTXC)*XCTE Ac ! IE,QCXC(XCTXC)—1

= XIX)™7 4+ (XIX)T'XTE 4 (B Qx.Ea.)'EL Xo(XIX,) 7L
c c c ) A,c ) A,c c



Therefore

Bps = Bp+EL Qs X(XIX)™ +EL Qs Px.Eac(BL Qx.Eac) "EL Xo(XIX,) ™!
= Bp+E} Qp, X(XIX) " + B} Qs (I - Q. )Ea(E] Qx.Eac) 'EL X (XIX,)™!
= Bp+EL.Qe, Xe(XIXo) ™' —Ef Qe Q. Eac(EL Qx.Ea) 'EL X (XIX)™
= Bp+Ep Qe Xe(XIX) ' = Ef (I - Pg, ) Qx.Eac(E] Qi Eue) B Xo(XIX,) ™!
= Bp+Eh Qe Xe(XIX) ™' — EL Qi Eac(EL Qx Eac) "B X (XIX,) ™!
+ED Eae(BY Eae) "B Qx. Eac(E) Qx Eac) "B Xo(XTX,)™
= Bp+E} Qe X(XIX.) ™" — Ep Qi Eac(BL Q. Eae) "Bl Xo(XIX,)™!
+Ep Pe, X (X Xo) ™
= Bp+EL X(XIX) ™" — Ep Qu. B (B Qe Eao) "EL X (XIX,)™!

= /BD,I'
S4. Proof of Proposition

PROOF. Following the definitions of X., Y 4., Yp., Rxj4 and Rp 4 in the

proof of Proposition [3] the OLS estimator of (3, 3,) is

(Bla :/6\2) = Y%,C(XC7 YA,C) [(Xm YA,C)T(Xm YA,C)] -



Using the structure on the matrix inverse, we have

By = Yp X [XIXe = XV 4o(YV Y)Y X
Y5 Yoo (ViYoo) Y5 XXX = KTV 4 (V] Yoae) Y X )
= Y5, YRy Rx4) ™ = Y5 Y u o (Y Yoao) 'V X(RE 4 Rxa) ™!
= RpRxa(Rx4Rxa)™

= IBD,3-
S5. Proof of Proposition

ProOF. Recall that 3 has the partition

Xp 3Xpa Yps
X=| Zup Za Zus
Ysp 2sA  2s
We partition @ = 7! into a 2 x 2 block matrix with respect to D and

(A,S), then

1 —1 —1
Z3z>|(,45 _2D|(A,8)2D1(A75)2(A,3) D Qo

EiAs \DE(AS)DEB1 Za,snp Qa1 Qo

Notice that

Bojas) = 297(«4,8)2(_;,5) = Xp|(as) 25\ AS ED,(A,S)E(]},S) —pi(a,s) P2 = Q7 Qoo



Since Xpja,s) > 0, the columns in 215 = (2p 4, Qp,s) is zero if and only
if the corresponding columns in Bpju,s) = (Bpja, Bps) is zero. Thus

Bps = 0 and each column in Bp4 is nonzero.

S6. Proof of Theorem (1

PRrROOF. Note that fi(3) is a strictly convex function for n > p, and hence

has a unique global (and local) minimum B Hence, to prove estimation

stepl-

consistency of B it is sufficient to show that for any small € > 0, there

stepl»

exists a sufficiently large constant C', such that

h_)m P (” i(n;‘_o f1(B+n"Y?a) > fl(ﬂ)) >1—e (56.19)
Note that

F1(B+n""u) - £,(B)
= (Ve KB )Y S (Y~ KB4 )Y ]
—tr{(Ye = XeB")S7ix (Ye = XBT)/n} + 21 D wi {IIB, +n" 2w | - 11B,.]1}

=1
—on =2 {XT (Y, — X.B")Syjxu} +n " tr(u”SyjxuSx) +

v

A1 sz(HBz + ”71/2‘11'-” - ”Bz“)
i€D

(I) + (II) + (II1). (86.20)

Note that X7 (Y, — BX.) = X¥(Y. — BX,.), and the (k1) entry of

XT(Y, — BX.) is given by Y7 Xjr(ej — D71 €;1/n). Recall that €; =



Y; — BX;, and {e;}"_, are IID with mean 0 and covariance matrix %
under P. Let (Xx ) denote the (k, k)th element of ¥x, and (px ) denote
the kth element of px. Since = 3% | X3 — (Xx)m + (ux); > 0, it follows
by Lindeberg’s central limit theorem that 7, Xjk(eq — D 5 eu/n) =
Sy Xwea—> 0y ej/n > 0y Xjr = Op(y/n). Since XT(Y.—BX.) is apxr
matrix, and p,r are fixed, it follows that ||[vec{XT (Y, — BX.)}|| = Op(/n).
For any matrix A, let A\pax(A) and Ayin(A) denote the square-root of the
maximum and minimum eigenvalue of ATA respectively. Since Syx — b
as n — o0, it follows that /\maX(SﬁX) = Op(1), and )\min(SﬁX) = Op(1).
From these facts, we get

[vec(u)|

() > —ﬁHvec(u)H||VeC{XT(Yc—BXC)}H>\max(sﬁx) S Op(1),
(S6.21)

and
(1) e Svi duinSxlvecE_ ecwl, () (g 09)

n

Recall that w; = ||3,.|| . Since 3

ols 18 a y/n-consistent estimator for

B and ||3, | > 0if i € D, it follows that w; = Op(1) for i € D. Hence, by

the triangle inequality and the fact that \; = o <i>, we get that

vn
A Airpl|vec(u)| ||vec(u)]
(II1) Tn Zleul.H NG 122; w; " op(1)

i€D



Note that ((56.23)) is dominated by ((56.21]) and ((56.22)), and by choos-

ing |[vec(u)|| = C sufficiently large, the positive term (S6.22) dominates

(S6.21)). Thus the statement in (S6.19) holds.

We now use the method of contradiction to prove dynamic response

selection consistency. Suppose that H(Bstep1)z‘~|| > 0 for some i ¢ D. Since

~

Batep1 i the global minimizer of fi(8), it follows by the first derivative

condition that

-~

-1 3 - IBS e i
<28Y1Xﬁsteplsx - 2SyTXSYX> . + )\1wl<,\t—p1) = 0.

’ stepl)i’ ||

Since Byep; and B

ols are y/n-consistent estimators of B, and Sy|x, Sx

are consistent estimators of 3 and Xx, it follows that

ZS;TX/BS",EP]_SX - QS}TXSYX = QSQTX(/BStepl o 16015)8)( _ Op(n_1/2)7

o~

Since (Byep )i 7 0, there exists a k such that |(Buept)ik]/ | (Berep)i-|| >

stepl

1/4/r. Recall that w; = 1/||,/[§i,7ols||71. As ,B’Z-,,Ols is 4/n-consistent, then

1Bs..0l 7 = Qp(n7/2). Since n+1/2\, — oo, /A w;| B /||3 || tends to

~

infinity as n — oo. This is a contradiction, so (Bgep1 )i = 0 with probability
tending to 1 for any i ¢ D. Combining this with the estimation consistency

result for 8 we get P(ﬁ =D) —+1lasn— oo.

stepl»

Selection consistency of ancillary response can be established following

exactly the same procedure as the dynamic response.



Now we prove the estimation consistency of B@. Let T° denote the

complement of set T". Notice that
P(|lvec(B) — vee(Bo)|| > )
— P <||vec(f3ﬁ) —vec(Bp)| >¢|D=D, A= A) P (13 —D, A= A)
+P (|Ivec(Bp) — vee(Bp)| > = | {D =D, A= A}) P ({D =D, A= A})
> P (|lvec(Bp) — vee(Bp)l| > = | D =D, A= A) P (D=D, A= A)
By dynamic response selection consistency and ancillary response selection

consistency, Bz is a \/n-consistent estimator of Bp.

S7. Proof of Theorem [2

Proor. Note that 85 = 85 — Bp 1 and Bp gracte = Bp — BpuaBa, where
Bﬁ, Bﬁ@ B,Z, BD, BDM and BA are OLS estimators. By the selection
consistency of the dynamic and ancillary responses in Theorem [1], it follows

that

\/ﬁ{vec(/@f),oracle)_veC(IBD)} 4 N(0, Voracte);  Vorace = E§1®(2D_2D,A2212A,D)~
and

Vi{vec(Bp) — vec(Bp)} LN, V), V=3'@(Sp - SpAX L Eap).

Since V = Vigrace and P(D = D) — 1, we have ||vec(Bﬁ) —Vec(,@pmade) | =

op(n1/2).



S8. Assumptions for high-dimensional consistency

In this section, we provide and discuss the regularity assumptions that
are needed for establishing high-dimensional selection consistency of the
proposed procedure in Theorem [3} Let T, = {(4,) : Qi # 0} be the set of
indices of nonzero elements in €2, t, = |T},|. the cardinality of T},, and s,
the minimum absolute value of nonzero entries in 2.

The first three assumptions, Assumptions [I} [3, are required for the

consistency of the CONCORD estimator Q.

Assumption 1. The errors €1,€s,--- ,€, are independent and identically
sampled from a sub-Gaussian distribution with mean zero and covariance
matriz 3. The eigenvalues of X are uniformly bounded above by k and
uniformly bounded below by k = 1/k. The predictors X, Xy, -+, X,, are

IID from a sub-Gaussian distribution.

Assumption 2 (Incoherence condition). Let I' denote a ('}')-dimensional
square matriz. Then the number of rows or columns of ' is the same as the
number of the edges connecting vertices {1,...,7,}. The element L'y j) ¢.6)

denotes the element whose row corresponds to the edge connecting vertices

1 and j and column corresponds to the edge connecting vertices s and t. Let



1¢y be the indicator function. For 1 <i¢<j<mr, and1 <t <s<r,,
Llines) = Djsli=ey + Bielg=sy + Sisl=n + Sjeliimsy,

and ~ denote a (T;)—dimensional vector such that for 1 < i < j < rp,

max

Jnax, Cj).2. 07, sign(vs,)| < 1,

where sign(x) = (sign(x;))r_, is the sign function for any k-dimensional

vector X.

Assumption 3. r, = O(n") for some k > 0, t,\/logr,/n = o(min(1, s2)),
and for some constant ¢ > 0, A\ = ¢ <\4/ log rn/n), where \ s the penalty

in (3.13).

Similar assumptions are made in Khare et al.| (2015) for consistency of
the CONCORD estimator in the IID setting. Note that the setting here is
slightly different from Khare et al| (2015)), as € is the precision matrix of
the residuals, which are not IID.

The next assumption controls the rate at which the true number of

dynamic and ancillary variables can grow as n increases.

Assumption 4. 73z 4 rpr% = o ( N )

log rn,



The next two assumptions, are again standard for sparsity selection con-
sistency in both the frequentist and Bayesian paradigms. They essentially
provide lower bounds for the “minimum signal strength” in the context of
the dynamic and ancillary response selection steps. As a specific example,
if r5 and 7 5 are uniformly bounded in n, then the two assumptions are sat-
isfied, for example, if \/m = o(1), the entries of B35 are uniformly
bounded below (very mild requirement given r5 = O(1)), and the eigenval-
ues of 3 are uniformly bounded (a standard assumption in high-dimensional

asymptotics).

Assumption 5. \/r5log(r,) /n+v/E,ra(log(r,) /n)** = o (mini<i<,, || B5..

|max) .

N

Assumption 6. Recall that B@MS =—-Q5 Q@,(A,S)' Let Bﬁlﬂ,s = (B@M, B@‘g).

Then

rirz + rar2) log(r, o
\/( D' A D A) 8(rn) = 0< mini HBﬁM,.iHmaX) :

n 1<i<r z
The last two assumptions control the behavior of various group-specific

penalty parameters.

Assumption 7. A\ maxi<ij<,, w; = O( log(rn)/n> and (t, + /5 +

r1)\/1og(r,)/n=o0 ()\1 min, 4 1<i<r, wi).

Assumption 8. \; maxi<;<,  W; = O <\/(r75 +7) log(rn)/n> and \/(T%TA + rpr%) log(r)/n =

o (>\2 My 1 41<i<r, wi) .



S9. Proof of Theorem [3

PrOOF. We first establish the consistency of the CONCORD estimator Q.

Let E be the r,, X n matrix with columns &, &9, --- ,&,. Then
1 T
Syix = EE(I - Px)E". (59.24)

Hence Sy|x is not the covariance matrix of the errors. To derive the consis-
tency of the CONCORD estimator of 2!, we need to derive a concentration
inequality for Sy x.

Let W be a d-dimensional random vector with mean pv and covariance
matrix Mw. Assume that W — py follows a sub-Gaussian distribution.
Suppose that Wi,..., W, are IID samples of W. Let W = > W, /n.
Then W — pyy also follows a sub-Gaussian distribution with mean 0 and

covariance matrix 3w /n. Note that the sample covariance matrix is

n

1

Sw = D (W = W) (W, — W)"
:% Z(Wk — bw) (Wi = pw)" = (W — ) (W — )"

Let (W — pw); denote the ith element of the random vector Wy — pi.

From Lemma 1 in Ravikumar et al.| (2011)), there exist positive constants



by, C1, Cy, Cs and Cy, such that for 6 € (0, by),

1 — - - )
P(ISw.ij — Bw.j| > ) <P {— § (W — W)(W,, — W)T} — Swaii| > =
n = y 2

1

+ 2 [[ (W = )W = )7}, — 22w > 3

g 5] TliSwsh

< C exp(—Cand?) + Cs exp(—Cyn’5?)

< s exp(—Cond?),

where C5 > C1, and Cg = (5. In the second inequality, when n is suf-

ficiently large, 1 (13w = (0. This is because X is upper bounded by

>3}
k and the dimension of Xx is fixed. Let § = /Cr{log(d)/n}/? for some

d > 0. Then
P(|Sw.ij — Sw.ij| > /Cr{log(d)/n}'/?) < d~“c

for large enough d (or large enough n, if d grows with n). Since C; can be
any positive constant, we take C; such that CsC7 > 2.

Using the union sum inequality, we have

P(|ISw = Ew|lmax > ) =P(U._|Sw,ij — Bw.i;| > 6)

<d2d—0607 _ d_(CGC7_2).



Thus with probability at least 1 — d™", where n = CsC7 — 2 > 0, we have

ISw — Bwllmax < Cr{log(d)/n}"?

for large enough d. Henceforth, it will be understood that statements re-
garding relevant high probability events hold for large enough n (depending
on 7). Now we take W = (XT eT)T then W is a (p+ r,)-dimensional ran-
dom vector with mean pyw = (u%,07)”, where 0 is an r,, dimensional zero
vector. Since X — px and € are both sub-Gaussian random vector, then
W — pyw is a sub-Gaussian random vector with mean 0 and block diagonal
covariance matrix with diagonal blocks ¥x and 3. Thus there exists a
constant Cy > 0 such that [|Sw — Zw|lmax < Cof{log(r, + p)/n}/? with
probability at least 1 — (p + r,)~". Since p is fixed, we can find Cf such
that
ISw — Zw [lmax < C5{log(rn) /n}',

with probability at least 1 — 7. Note that Sx — ¥x, S¢ — 3¢ and Sg x
are sub-matrices of Sw — Xw, where Sx = XI'X?/n, S¢ = ETE/n and

Se x = E"X/n. Hence with probability at least 1 —r,,"
||SX - EX”max S Og{log(rn)/n}l/2>
ISe — Xe||max < Cg{log(rn)/n}l/Q, (59.25)

I8¢ xlmax < C5 {log(ry) /n}'/2.



Because that Syx = Se — Sgny)_(ISX’E, where Sx ¢ = ngx, we have

Syx — X =Se — Ze + (Sex — Tex)Ex Txe + Tex(Sx — % )Exe
+XexZx' (Sxe — Zxe) + (Sex — Tex)(Sx' — 25 ) Exe
+ e x(Sx' — Ix)(Sxe — Txe) + (Sex — Tex)Ex (Sxe — Bxe)

+ (Sex — Zex)(Sx' — 5% )(Sxe — Exe)-

Using the fact that for A € R“*% B € R%*% || AB||max < da|Allmax|| Bl max;

we have

HSY|X - 2Hmax < Cres{log(rn)/n}l/Q, (8926>

with probability at least 1 — 7" for some Cies > 0.

The concentration inequality in (S9.26)), along with Assumptions
ensure that the proof of (Khare et al., 2015, Theorem 2) goes through for
the current setting. It follows that for any n > 0, there exists a constant

C,, such that for large enough n,

log r,,

HQ—QH2<CNZ4 LS (89.27)

and € recovers the zeros and non-zeros in € with probability at least 1—r .
This establishes the high-dimensional accuracy of Q as an estimator of Q.
Before proving Theorem |3| we first establish two inequalities ((S9.28))

and (S9.31) which will be useful in subsequent analysis. It follows by the



triangle inequality that for every n > 0,

) 2

 F Ao (@099 (0005,

< K Hﬁ_ﬁ’ﬁuz H(ﬁ@)_l B Ql__)le - Hﬁ_ﬁ’ﬁ B Q_f)ﬁHQ HQ;HQ

(@) _ 4 1 n

< B i =2t (59.28)
n

for some constant C'; ,,, with probability at least 1 —r, " for large enough n.
Here (a) follows from Assumption , , the fact that € recovers the
zeros of €2 with high probability, and tn\/w — 0 as n — oo.

Note that each row of Sy _x has p entries, and p = O(1). Let || - [«
denote the row-sum norm of a matrix. Using the third relation in (S9.25),

for every n > 0, there exists a constant Cy,, such that

log r,,
Sy oxlloe = 18 sxlloe < Cony/ == (59.29)

with probability at least 1 — 7,7 for large enough n. Since (_257@ = 0, we

get

VAN

Hﬁ_ﬁSY,@x” +Hﬁ_b,@(ﬁﬁ)_lﬁ@,_ﬁsnﬁxH

IN

HﬁfﬁHm ISy x|+ HﬁA,ﬁ(Q@)_IQ@,AHm [Sv.x||



From ([S9.27)) and Assumption , 195 is bounded by ¢, /k and Hﬁ_@j(ﬁ@)_lﬁ

is bounded by k3r; with probability tending to 1. Then it follows by

(]S9.27[), (189.29|), d39.30b, the fact that © recovers the zeros and nonze-

ros in £ with high probability that for every n > 0, there exists a constant

(U3, > 0 such that

P logr,

with probability at least 1 — 27" for large enough n.

Now let B be the solution of the restricted problem

B = arg min fl(ﬁ).

B_p.=0
We will show that B is the minimizer for with high probability. As
0f1(8)/08, = —2eTQ(Syx — BSx) + \w;||B,]|/08,., where e; is an r,-
dimensional vector of 0 except for a 1 in the ith element, this is equivalent

to show that

—2e/ Q(Syx — BSx) + hw; Igz =0, for i€D, (59.32)

18
12e7Q(Syx — BSx)|| < Mw;,  for i¢D. (S9.33)

Condition ([S9.32)) holds because of the definition of B Let

B )
o . TH 5 XP
t'D_ w1 B%« U}Tﬁm GRD ;



and partition Q as

. Qp ﬁﬁ_ﬁ
Q=

Q_5p Q.5

then condition ($9.32) can be written as
_2§”D(SY@X — B5Sx) — 2675,—158\@75)( + Aty = 0.

Notice that

_ Sv._x _BﬁSX
Syx — BSx = ’ :

Sy _,x

~ 1~

and denote 2_p;p = (AZ_@ -Q _7ﬁﬁﬁ Qp _p. Then for every i ¢ D,

127 Q(Syx — BSx)|l2
= ||2érérﬁ—@,©(SYﬁx - B’DSX) + Zé?ﬁ—ﬁSY7@X“2
~TA ~TA ~—1
= ||2ei Q,@|@Sy_ﬁx + A\ €; Q,@Jjﬂﬁ t@HQ
A PN 1
< 208/ Q ppSy_pxlz + Mi&f Q525 o2, (59.34)

where &; € R~ and el = (07, &). Here 0 is a rp-dimensional zero vec-

~ 1
tor. Note that |[tp|s < \/prpmax(wy,--- ,w,,) and |[|[€7Q_5 505 tp|s <

12 559 tp2 < |58 [l2[[t5][2. Also,

2167 Q_ppSy_pxll2 < 22 55Sy_yx |-

By ($9.28)), (9.31), (S9.34) and Assumption, it follows that [|267€(Syx —




BSx) |2 < \w; for every i ¢ D, which implies that Bstepl — Band 35tep17i. =
0 for every i ¢ D with probability at least 1 — 37" for large enough n.

From ([S9.32), we have
—2Q5(85Sx — BpSx + Sepx) — 205 _5Sy_,x + Mitp = 0.

Thus

~ — ~—1 B ~—1 A B
Buemp—Bp = Mo 5Sy ;xSx' +p SeoxSx' — 5 Sy

0, 0piSy xSy + Op Se xSyt — 10 68y
= p Qp 48y ,xSx +8p Sex5x — 58 tpSx

with probability at least 1 —r," for large enough n. The last equality above
follows from the selection consistency of the CONCORD estimator Q. By
the sub-Gaussianity of the errors and the predictors, , Assumption ,
and Assumption [4] it follows that for every n > 0, there exists a constant

(4, such that

ALy

~ _ 1~ oA B
1Bstep1 5 — Bpllmax = 25 25 4Sv ;xSx' + Qp Se,xSx' — 5 2200 5% lmas

S ||Q Q’DASYAXS 1||max_{'||(2 SEDXS 1||max+|| Q 1:’DS 1||max

. (\/_\/mgT\/_\/logrn \/Tplogrn) (59.35)

with probability at least 1 — 3r " for large enough n. Using Assumption ,

we get Bstepu. # 0 for every j € D with probability at least 1 — 3" for

large enough n. Since we already established that B = 0 for every

stepl,j-



j & D with probability at least 1 — 3r," for large enough n, part (a) of the
result follows.

We now prove part (b). Note from part (a) that D = D on an event
with probability at least 1 — 67, " for large enough n. We will restrict to this
high probability event throughout the subsequent argument. Recall that
R=Y.- X} Let

1 is the matrix of residuals obtained by using B

step stepl-

C = RR"/n. We proceed to establish a useful concentration bound for C
around the error covariance matrix 3. Note that R =Y, — XCBT + XCBT —

X Buepy. Tt follows that

1€~ Bl

< |k ; e-8)e—" =8|+ |Bus ~ BX KB — B
%H(zsstepl BYXI (v, - XcﬂT;n‘a;X

< Z e -2~ 5|+ | Baups ~ BSx B~ B

2 H stepl,D /B'D)SXED

max

Since the errors {e;}!; and the predictors {X;}", are both IID sub-
Gaussian with respective covariance matrices having uniformly bounded
eigenvalues (by Assumption , and independent of each other, it follows
by a straightforward application of Theorem 1.1 in Rudelson and Vershynin

(2013), part (a), the uniform boundedness of p and (S9.35)) that for every

max

+

+



n > 0, there exists a constant Cs, such that

-1 .
|C = Sllmax < Gy 2" (59.36)

with probability at least 1 — 7r, 7 for large enough n.

Now let B be the solution of the following restricted problem

B = arg Bmin f2(B).

.5=0
We will show that B is the minimizer for (3.15) with high probability. As
8f2(B)/8B.i = QKAZI-) (BC_@J — Cl—)’i) +X2w;0||B.;||2/0B.;, this is equivalent

to show that

. B )
205 (Bc_m - cm) n AQwim —0, for i€ A, (S9.37)

1295 (iéc_@ﬂ- — Cm) | < Moy, for ieS. (S9.38)

Condition ([S9.37)) holds because of the definition of B. Let

{A:(wl 1§41 R T ]%'”’ )€RTDXT.A7
.1 |

2@@ (ﬁ,gcj — Cﬁ,ﬂ) + )\QEA =0. (59.39)



Now for every i € S, it follows from (S9.39)) that

‘+)\2
2

t4| [ Cal,
(S9.40)

Note that HE@HZ < VTprimaxi<i<, ; Wi Also, Q@,g = 0, implies that €5

and g are conditionally independent given € z, which further implies that
Sps— SpaS4 Sas = 0.
Hence, it follows by the triangle inequality and [[AB|z < [|Al2||B||2 that
1Cp.4C5' Cas — Coil

_ - o -1
= HC@AC 1Cai—Cpi+3p; —Zp X T4,

2

IN

1Cp: = Zpll, +[[Co.ACH |, [|Cas = Buasll, +

+Coa = Ep.4ll, |22 S a

_ St

[Zall,

2

(S9.41)

I1C.4ll, N

Note that ||Ully < vVab||U|max for any a x b matrix U. It follows by

Assumption [I] Assumption [4 (S9.27)), (S9.36) and (S9.41) that for every

n > 0, there exists a constant Cp,, (not depending on i or n) such that

(r%r; + T’D’f’i() log
n

(S9.42)

e



with probability at least 1 — 8r, "7 for large enough n. Hence, by ((59.40),

(1S9.42) and Assumption (8 we get

HQQﬁ <]§Cfﬁ,i - Cﬁ,i)

} < Ay (59.43)
2

for every i € S, which implies B = B and B, s = 0 with probability at least
1 —8r " for large enough n, where B is the minimizer of f2(B).

Now, by (59.39) it follows that

B =Cp,C7 - %(ﬁp)ltAcAl.
Since
Bpi=Zpi21
we have
[Bos—Bou,,
c Jonsci - mant], + o | e ezl
< |[Cpa—Zp.4ll, B4 L FlICs.ll, || CF - Py +% (Qp) ! ,

It follows by (S9.27)), (59.36), and Assumptions[d]and|[§|that for every 5 > 0,

there exists a constant C7, such that

§C7,77\/(T rA—{—rDr )logrn

n

Hﬁ-A - B@M‘

with probability at least 1 — 8r," for large enough n. We conclude from

Assumption |§| that ]§l # 0 for every 1 < ¢ < r; with probability at least

ally-



1 — 8r 7 for large enough n. Since we already proved that B. s = 0 and
with probability at least 1 — 8r, 7 for large enough n, the result in part (b)
follows by recalling that we have restricted to the event D = D which holds

with probability at least 1 — 67" for large enough n.

S10. Proof of Theorem {4

Note that Vec(fiﬁ) — vec(Bz) = VeC(B@J) — vec(Bp) when D=D, A=A

Note that Assumptions 1-8 along with 75 = O(1) ensure that

e P(D=D,A=A) = 1asn— co.

e The eigenvalues of 3 (and all its principal submatrices) are uniformly

bounded (in n) away from zero and infinity.
Since the error distribution is assumed to be normal, the required result

follows immediately from the above facts and part (b) of Proposition S2.

S11. Tuning

Based on previous studies in (Chen and Huang (2012)) and Zou| (2006), it
is sufficient to select v; and v from a small set like {0.5,1,2}. Our expe-

rience found that larger 7’s usually leads to smaller models. To be more



conservative, all our numerical experiments are conducted at v = 0.5 and
v9 = 0.5. The tuning parameters A\; and Ay can be selected using like-
lihood based methods like AIC, BIC or nonparameteric methods such as
cross-validation. We used cross validation in both steps to select A\; and
Ag. The warm-start trick (Friedman et al.,|[2010)) is implemented to increase
computation efficiency.

In high-dimensional setting, when applying the CONCORD estimator,
we standardize each columns of R first, and select the tuning parameter
A by 5-fold cross validation. For a sequence A\; < --- < A\g, we select the

tuning parameter that yields an estimator of {2 that minimizes
Tn
- Z Wi; + tI‘(Q2SY|X).
i=1

Then resulting estimator is then rescaled back by the standard deviations

of the original variables in R to obtain ﬁcon.

S12. Additional Simulation

The first simulation investigates the performance of the response variable
selection algorithm in large sample setting. We fixed » = 10, rp = 6,
rqa = 2, p = 8, and generated the data from model . Elements in
Bp were independent N(0,0.5%) variates, the intercept was a = 0, and

elements in X were independent N (0,0.5%) variate. We varied the strength



of the association between Yp and Y 4 by generating the covariance matrix
3 such that p? ., the squared largest canonical correlation between Yop
and Y 4, is about 0.9, 0.5 and 0.06 for each sample size 100, 200, 300,
500, 800 and 1200. Then 200 datasets were generated for each scenario.
Given a dataset, we selected the dynamic, ancillary and static responses
using the algorithm in Section [3.2] To evaluate the selection performance,
we computed true positive rates TPRp, TPR4 and TPRg for all three
categories of the responses: TPRp = |DND|./|D|., TPR4 = [AN Al./|Al.
and TPRs = |SNS|./|S|., where for a set S, |S|. denotes its cardinality. We
took the average of true positive rates over 200 replications. The results

are in Table [I The results confirm the selection consistency stated in

Table 1: Summary of selection performance as well as efficiency comparison

n | TPRp TPRa TPRs Rucdian | TPRp TPR4 TPRs R.mh,”,‘TPRn TPRa4 TPRs Ruedian

Prax = 0.9 Prax =05 Pliax = 0.06

50 0.993 0915 0.655  2.868 | 0.989 0.950 0.635  1.292 1000 0.743  0.868  0.990

100 | 1.000  1.000 0.875  3.719 1.000 0995 0.778  1.245 | 0.998 0.525 0.870  0.965

200 | 1.000  1.000 0.895  4.809 1.000  1.000  0.833  1.427 | 0.975 0450 0.620  0.960

500 | 1.000  1.000 0.948  5.303 1.000 1000 0.848  1.371 1.000 0965 0.823  1.003

1200 | 1.000  1.000  1.000  6.936 1.000  1.000 0975  1.354 1.000  1.000  1.000 1.012

Theorem [[f When n is large, the dynamic, ancillary and static responses
are correctly selected with probability tending to 1. Among the three rates,
TPRp is the largest and close to 1 even when Yp and Y 4 are weekly
correlated p?_ = 0.06. Since the dynamic responses contain the most

important information, this is a desirable property. The algorithm is also



very effective in the selection of the ancillary response, which is the second
most important category. When Yp and Y4 are weekly correlated, it
becomes more difficult to select the ancillary responses. But the selection
performance improves when n increases. We measured the efficiency gain

of a randomly picked element, say 3;;, by the efficiency ratio R;; defined as

Var(ﬁ:’ij)
Var(ﬁij) ’

where var(f;;) and var(f;;) are the variances of the OLS estimator §;; and

our estimator Bij calculated based on 200 replications. Then R eqian is the
median of all the R;; for the nonzero elements in 3. We notice that when
p2.. = 0.9, we achieve substantial efficiency gains. When Yp and Y4
are moderated correlated that p2 . = 0.5, the efficiency gain is reduced.
However, when Ryeqian = 1.292, by performing the response variable selec-
tion procedure, we can reduce the sample size by 23% while achieving the
same efficiency as the using all the response variables, while is considered a
worthwhile gain in many applications. When py.x = 0.06, Yp and Y 4 are
weekly correlated. The estimator ,@75 has about the same efficiency as ED,
which is computed using all the response variables.

For each dataset, we also computed the oracle estimator proracle, and

compared it with BD and Bﬁ- The standard deviations of each element in



015
L

010

Standard deviation

005
L

000
I

Sample size

Figure 1: Comparison of ,BD, Bpmade and Bﬁ Solid lines mark Bﬁ, the dash-
dotted line marks the oracle estimator ,BD’Orade, and dashed lines mark ﬁp. The
horizontal lines mark the asymptotic standard deviations of the corresponding
estimators. Note that the asymptotic standard deviation of Baorade and Bﬁ is

the same by Theorem [2



Bp for the three estimators were calculated. The results for a randomly
selected element are summarized in Figure[I] Note that the OLS estimator
BD only uses the dynamic responses Yp for estimation. When the sample
size is 50, the ratio of the standard deviations of BD Versus ,@75 is 1.80,
which means that by including the ancillary responses Y 4 we reduces the
sample size by about 70% compared to the regular OLS estimator using
all response variables. We also notice that Bﬁ and Baomle have similar
standard deviations, especially when the sample size is large, which confirms

the optimal estimation rate stated in Theorem [2]

S13. Generation of ¥ for Simulations in Section [4.1]

To generate the X for the simulations in Section [4.I, we started with a
matrix A with diagonal elements 1 and off-diagonal elements 0.9. Then
the elements in A~' that correspond to Qp s were set to zero to obtain
matrix B. Note that B has the same sparsity structure as 2 in , but
B may not be positive definite. To achieve positive definiteness, we added a
positive definite matrix to B. More specifically, we took C = B+0.1MMT,
where each element in M that corresponds to 2_p _p was an independent
uniform (0, 1) variate and other elements were zero. The matrix C preserves

the sparsity structure of B and is positive definite due to the properties of



eigenvalues of B. Then we took ¥y = C~!. We checked the eigenvalue of
3, and found that while the largest eigenvalue is upper bounded by 1, the
smallest eigenvalue goes to 0 as r — oo. We also observed that the second
smallest eigenvalue is always greater than 0.01 as » — oo. To ensure that
the eigenvalues of ¥ are uniformly bounded as required in Assumption[I}, we
made a slight modification to 3,. We performed a spectral decomposition
of the matrix 3y. Let (\;,v;) denote the ith eigenvalue-eigenvector pair
(with eigenvalues organized in descending order). Then we take 3 = 3 +
(0.01 — \.)v,.vI | and the eigenvalues of 3 are bounded below by 0.01 and

bounded above by 1.

S14. Further work

The concept of response variable selection can be extended to other contexts
where multivariate responses are involved, like generalized linear regression,
reduced rank regression (Izenman, [1975)), partial least squares (Wold,, [1966])
and envelope models (Cook et al.l |2010). It may also be extended to linear
regression models with a matrix-variate or tensor variate response (Li et al.|

2011)), which can have applications in neuroimaging data.
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