MAT 6932 — Seminar in Number Theory — Homework Problems

Problems (41a, 41b, 49, 52, 53g, and 55) for the final due 9:35 a.m. April 23 are this color.
Please report any typos to grizzell@ufl.edu and/or alexzb@ufl. edu.

Last updated: Friday 18" April, 2014 at 09:00

1. Prove that EP(q) = FE(¢?”) (mod p) for any prime p, where E(q) := (¢;¢)s and
E"(q) = (E(a))"-

Is it possible to replace p with p? or with p? and still have a valid statement?

2. Use Euler’s Pentagonal Number Theorem (EPNT) to show that

p() = Y (=1"'p(n —wy),

0<w;<n

J3j=1)
2

3. Use the fact that

where w; := and p(n) is the number of partitions of n.

E*(q) = >_(2n+1)(=1)"¢l")

n>0
to prove that
E*(q) = Jo(q®) + ¢Ji(¢°)  (mod 5),

where Jy(¢q) and Ji(q) are g-series with integer coefficients.

4. Use

1 E%(q) _ (E*(q))” (mod 7)

E(q)  E'(q)  E(q7)
to prove that 7 | p(Tn + 5).

5. Use a combinatorial argument to show that

(e _ 5~ O
NP

6. Show that
E(q) = Ko(¢°) + ¢K1(¢°) + ¢*K2(¢°)  (mod 5),

where Ky(q), Ki(q), and Ks(q) are g-series with integer coefficients. Then, use this
result to prove that
J3(q) = BE(9)Ko(g) (mod 5).



7. Show that

2l B e

and then use these recurrence relations to prove that, for n,m € Zs,, ["Zm}q is the
generating function for partitions into parts such that the largest part is < n and the

number of parts is < m.

8. Problem 7 implies that

-

is a polynomial in ¢q. Use this definition to show that this polynomial has degree nm.

9. Prove that

10. Use the ¢g-Chu-Vandermonde summation identity (for N € Zx)

-N N
a,q cq c/a
P TR I
c a (c)n
to show that, for j € Z and a € {0, 1},
i 7‘2+a7” q oLta |:21” + a:| _ qj2+aj |:2L + CL:|
—0 (D)r—+(@)2rta L7 —J q L—j q

11. Use the ¢-Chu-Vandermonde summation identity from problem 10 to show that

201 [a’ch;q,q] = (C(SL])VN a™.

(Hint: the formula only involves a finite sum.)
12. Use the g-binomial theorem to evaluate ¥, [Z, q, z} for b = ¢V, N € Z,.

13. a. Use the ¢-Gauss summation identity,

21 {a . C] (Gh)e
ab

C
—| <1
T T (05 <1

<1, ‘
lq] "

to prove that

Zq ¢ q ) _ (64
(Hint:
k

() — q(2)(—1)k as p— 00.)

ok



14.

15.

b. Find a partition theoretic interpretation of the summand

2n27n(

q —q;q")n

(% 4%)on

Use the ¢-Pfaff-Saalschiitz summation identity,

a,b,q " (
302 L a_bq1_N5q’ Q] =

L]

<
a

5w

(e %)y

to prove that

Z M—-m| [N+m| /m+n+r NP =mer) _ m-+n| [n '
r Jm+r] | M+N |, M |, IN],

r>0
In class, we saw how we could use a “seed” of the form (for a =0, 1)
- ~|2r+a
B = Y 4071
q

r—j

j=—r—a
apply some “water” in the form of the identity
L _
qr2+ar(q>2L+a {27" + a}  raj 2L + a]
T~ N . =dq .
—0 (Q)L—r(q>2r+a r—17 q L L — J q

and get “growth” in the form of

L -
- ~ 2L+ a
BuL)= Y Au){j__ |
) J
j=—L—a -4q
where
A(j) = A(j)g”
and

When the “water” was applied to the “seed”

(@adro = é;—l)jq@ i

we were able to conclude that

L
(@)22+4a _ 3 (1) gt [2L+g] |
q

(@) L—j

which we saw (by letting L — o0) is a finitized version of the EPNT. Now, apply the
“water” two more times to obtain finitized versions of the Rogers-Ramanujan (modulo
5) and Andrews-Gordon (modulo 7) identities.

j=—L—a



16.

17.

18.

19.

20.

a. Show that for j >0, a € {0,1}, n > 0, and (a,n) # (0,0),

n

_ 2n+a ner
Z 1—¢q {n+r+a} l2r+fz} (—1)"+Tq(2)=5nj.
Lol rda Jolr=gl, ’

b. Show that if )
~|2r+a
Bulr) = 3 A7
q

r— 4
320 J

then

n

P [” - ] (~1)"7q"2) By(r) = A(n),

p— 1—gqgtra| 2r+4a
provided (a,n) # (0,0).
c. Determine the A(j)’s if By(r) = (—q; ¢*),. (Hint: there are two cases to consider.)

Use the Andrews-Gordon identities to prove that P, .41 = P,s, for v € Z-, and

1 < s <w, where
1
Pv,s = H ]_—q]
7>0
JZ0,£s
(mod 2v+3)

(We say that > a,q¢™ = > byq™ iff a, — b, > 0 for all n > 0.)

We proved
L

- 220 +a
> (—1)%1]2& } = (¢ 11a
j=—L—a I 14

when a = 0 in class; prove the formula when a = 1.

(q)quL Z q _ Z (_1>jq(2v+3)(%)

n1,...,ny >0 (q)L_N1 (q)nl U (q)nv j=—L

a. Prove that (for v € Z~)
NZ+-+NZ+N1++Ny L [ 27, }
L—jl,

—J

N; = Z n;.
j=i
b. Use the identity from 19a to prove all v + 1 Andrews-Gordon identities (modulo
2v + 3).
Use the Bressoud identities to prove that B, ;11 %= By, for v € Zsg and 1 < s < v,

where ]
Bv,s = H 1 —q]

Jj>0
Jj#0,£s
(mod 2v+2)

What is the relationship between the identity in problem 18 and the Bressoud identi-
ties?



21.

22.

23.

24.

25.

a. Prove that (for v € Z+)

L
Y (q)apg et NN Ny > (—1)jq(2”+2>(%){ ” } :
(@Dr-ni @Dy (Do a (@580 L=il,

N1yeeyNy >0

where
v
Jj=t

b. Use the identity from 21a to prove all v + 1 Bressoud identities (modulo 2v + 2).

Apply the Berkovich-Garvan injection to the partition (23,23 7, 7%,) to get its image.
How does this compare with the example on page 32 of the presentation notes from
Keith Grizzell?

Use the anti-telescoping technique presented by Mitchell Harris, i.e.

L QW _ _PH
1 :ZQ(FD P(i—1)
P(L) QL) 4 Pl) 545

where P(0) = Q(0) = 1, to show that

1 1 1
= = :
(,¢%,¢%,¢%q") "~ (4,43, 0% d5%q") = (&% 4% % q")L

Determine ny, ng, (A1,...), and (Aq,...) for the path space corresponding to frequen-
cies
9 ifi=3,
fi=41 ifie{57,8,9,11,12 13, 14,16},
0 otherwise.
2 I
| e e B
I 2 3 4 5 6 7 8 9 10 1 12 13 14 15 16 17 18
Verify the following theorem for m = 6, s = 1, and 1 < n < 10. (If you're ambitious,

feel free to verify it when s = 2 and s = 3 as well!)

The number of partitions of n into parts incongruent with —s, 0, and s
(modulo m), where 0 < s < m/2, is equal to the number of partitions of n
whose successive ranks lie in the interval [2 —s,m — s — 2].

1,09, ..., 0\ .
(The set of successive ranks of a partition with Frébenius symbol ( b ) is

b17b27"'7br
given by {a; —b; | 1 <i <r}.)



26. Use

Z N2+N3+N2 [mnerl} [2ﬁ+n272(N1+N2)} [3ﬁ+n372(N1+N2+N3)] _ 3 [3+L—1}
q ni q no q ns3 q =49 3 q
N1+N2+N3=3
to show that, for L > 3, [ﬂ . is a unimodal, palindromic polynomial of degree 3(L — 3).

(Here, L := L+ 1 and N; := >2?_n; for 1 <i < 3.)

j=i

27.  a. Use the binomial recurrences given in problem 7 to prove the following finitizations
of EPNT and the Rogers-Ramanujan identities due to Issai Schur.

- S e k|

j:—oo 2

D> S (=]}

b. Apply “water” (see problem 15) to each of the finitizations in part a and see what
happens.

c. For each of the right-hand sides of i-iii in part a, find values for K, 7, n, m, «,
and (3 to interpret the right-hand side as Gk ;(n, m, a, ), where

[e.9]

. _ (Kj+i)(at+B)—Kpj | 0T M
Griln,m,a,8) = Y {CIJ ’ ! [n B KjL

j=—o00

_qj

(Kj—i)(a+B)-Kpj4pi| 0T M .
n—Kj+i],

28. We make the following definitions.

e An RR partition is a partition in which the difference between parts is at least 2.

e A chain of an RR partition is a C-maximal subpartition with parts differing by
exactly 2.

A chain of an RR partition is even (resp. odd) iff it has all even (resp. odd) parts.
R;(n) := the set of all RR partitions of n with smallest part > 1.

R; = Upen Ri(n)-

Agi(n) := the number of partitions of n into parts #Z 0, +i (mod k).

wy () := 28 where 7 € Ry and k() is the number of even chains (of 7) in Ry.



o wy(m) := 2¥ where m € R, and k(n) is the number of odd chains (of 7) in Ra.

o w3(m) := 2F where m € Ry and k(r) is the number of even chains (of 7) in R.

Prove the following:

a.
Z wl(ﬂ') = A671(7’L).
WERQ(TL)
b.
> wa(m) = Aga(n).
WERl(n)
C.

Z ws(m) = Ags(n).

TER1 (n)

29. Taking the definitions from problem 28, we add the following new definitions.

e A string of an RR partition is a C-maximal subpartition with parts differing by
<3.

e 7)(¢)) := the number of times the difference is 3 between successive parts in the

string .
F if 1 € Ry,
o ws(y) = § T B CR
Fp)+2 otherwise,
Fibonacci number (£} = Fy, =1 and F; = F;_; + Fj_5 for all j > 2).
o ws(m) = H::1w5(wi), where m € Ry; 94,...,1, are distinct strings (of 7); and
T = Ule Y.

Prove that

where 9 is a string and F}, represents the kth

Z (.U5(7T) = A773(n).

mER (n)

30. Let QL be the generating function for partitions with rank at least m and largest part
no more than L. Prove the following.

a. If L > m, then
QL + f$+1:{

b. If L >m >0, then

c. 30a and 30b together imply 27(a)i.



31. Use Heine’s transformation to prove that, for m > 0,

-0y Syl

k>0 (q)k(Q)ker =1 (q)oo

q(k-‘rl)(k-‘rm)—I—k

32. We define a pair of sequences (ay(a,q), 51(a,q)) to be a Bailey pair relative to a iff

L a,(a, q)
aq:z

— Q) r—r(aq) s
Let
aq L
BL(a,q) — <P1P2> Z (p1,p2, 0 ")rd" B.(a, q)
(e55), = (o >T
and

Gp(a,q) = PuL2)E < aq )Lada’q).

(ﬂ ﬂ) P1P2
p’p2 )

Then Bailey’s Lemma says that if (ar(a,q), Br(a,q)) is a Bailey pair, then so must
(ar(a,q), B(a,q)) be.

a. Take p; — oo and py — oo in Bailey’s Lemma and compare with problem 15.

b. Take p; — oo and py = —,/aq in Bailey’s Lemma and determine the result.

c. Starting with a Bailey pair relative to 1 (which is associated with the penultimate

identity in problem 15 with a = 0), use Bailey’s Lemma v > 1 times with p; — oo
and py — o0, and then use Bailey’s Lemma one more time with p; — oo and

—+/q; determine the result.

33. Ramanujan showed that

i| . (Q7 CLZ,E)
NN

for |2] < |z| <1, |g| < 1. Use this identity to prove that

a
1‘111[1726172

o0

3 z" _(ch,x%,q,q)oo

1_yqn - <y,ﬂ’x71>
Y /) 0o

n=—oo

for |q| < |z| < 1.

34. Use the prime factorization of n to find a formula, in terms of those primes and their
multiplicities, for the number of ways to represent n > 1 as each of the following:



35.

36.

37.
38.

39.

a. the sum of a square plus two times a square,
rownm) =23 (=2
O+20 - d )
0<d|n
b. the sum of a square plus three times a square,
rossn(n) = 4 (daiz(n) — dsi2(n)) + 2 (dis(n) — das(n))

where d; j(n) is the number of divisors of n congruent to ¢ (mod j).

Freeman Dyson

Prove that -
> B+ 1) = y(¢?) E(g),
E%(¢%)
where ¥(q) == Y ¢ TV/2 = .
@:=2 E(q)
Prove that the discriminants A = —3, A = —4, A = —8, and A = —12 each admit

exactly one class.
Determine the class group for the discriminant A = —23.

Let CL(A) denote the class group for the discriminant A, let cl(A) := | CL(A)], let
SQ(A) = {f?| f € CL(A)}, and let sq(A) = [SQ(A)].

a. Show that sq(A) divides cl(A).
cl(A)
5q(A)

1 ; o q3n q5n+1
§¢(Cl)¢(q ) = Z (1 + glon + 1+ q10n+2) ’

n=—oo

b. Is there an odd prime p such that p divides

Show that




40.

41.

42.

43.

44.

Use the fact that

to prove that

o) =1+23" (3) 1L 443 (5) 1o

Note that (f) denotes the Jacobi symbol.

Define the » modulo m projection operator, P,, ,, by

Pm,r < Z aqu> = Z ami+rqmi+ra

k=—o00 1=—00

and note that

Pm,r <Z Cln(l") = Z akm—&-qum—i_r

n>0 k>0

for 0 <r <m.

a. Show that

T g ().

z,y T,y z,y

b. Determine (1,1,7;n).
c. Prove that

o2 day+Ty? 22 4xy+y? 3(z2+ay+y> 9(z2+xy+y?
3D 4 P OUAED DUL R D DUE
T,y z,y z,Y Y

For each genus of A = —119, find a set of rational transformations that relate the
elements in the genus to each other.

Determine the associated characters for each form with discriminant A = —96: (1,0, 24),
(3,0,8), (4,4,7), (5,2,5).

Suppose that p € {7,17} (the prime factors from A = —119); then the following
statements are true.

I. (1,1,30;pn) = (6,5,6;n) and (6,5,6;pn) = (1,1,30;n).
II. (2,1,15;pn) = (3,1,10;n) and (3,1,10;pn) = (2,1, 15;n).
1. (4,3,8;pn) = (5,1,6;n) and (5,1,6;pn) = (4,3,8;n).

Choose one of I, II, and III, and prove it.



45.

46.

47.

48.

49.

50.

51.

Determine the number of representations by the principle genus of discriminant A =
—231 = —3 - 7- 11 for any positive integer n. Your answer should be in terms of the
prime factors of n.

Prove that every positive ternary form F with H(F') = 16 and min(F) = 3 is equivalent
to
327 + 3y% + 327 + 2yz + 222 — 2ay.

(Recall that if F' = ax®+by*+c2* 4 2ryz+2szz+2tzy, then H(F) := det

» +~ Q

t s
b r|.)
r oc

Prove that every positive integer is representable either as the sum of three squares
(O+0O+40) or as the sum of four squares with two of the four squares being identical
O+0O+2-0).

Prove that 22 + 2y? + 422 represents all positive integers not of the form 4*(16m + 14).

Prove that 322+ 3y?+32%+2yz + 2wz — 22y is regular. (Recall that a ternary quadratic
form is regular iff it represents all positive integers except for those in some arithmetic
progressions.)

mz.

Peter Paule

Prove that the following diagonal quaternary forms are universal. (Recall that a form
is universal iff it represents all positive integers.)
a. 22+ y? + 222 + du?, where 2 < d < 14
b. 2% + 2y + 52 + du?, where 6 < d < 10
a. Prove that 22 + y? + 1022 represents all even positive integers except those of the
form 2 - 4% - (8m + 3).

b. Is it proven that the set of odd positive integers not represented by x? + > + 1022
is finite?

c. Prove that 2% +y?+ 1022 represents all positive integers congruent to 5 (mod 10).

52. Show that if F' is a ternary quadratic form with H(F') = 5, then min ' = 1. (See

problem 46 for the definition of H.)



53. Assuming that the following forms are regular, determine for each form the sequences
of integers it does not represent.

a. (3,6,14,4,2,2) i. (5,9,17,6,5,3)

b. (1,5,13,2,1,1) j. (2,15,32,15,1,0)
c. (1,6,13,3,1,0) . (5.9.27.0.3.3)
d. (2,5,11,2,2,1)

e (3.5.15.3.3.3) . (5,13,33,—6,3,1)
f. (1,10,29,5,1,0) m. (9,11,29,—4,3,6)
g (5,8,11,—4,1,2) n. (11,15,39,—3,6,3)
h. (5,9,15,9,3,3)

54. Prove that % + 2y? + 722 + 13w? represents all positive integers except 5.

55. Prove that z2 + 2y + cz? is irregular if ¢ is a positive odd integer greater than 5. (Hint:
use the following theorem.)

Theorem: Let a, b, and ¢ be positive integers, not all even, such that no odd
prime divides any pair of them. Then ax? + by? + cz? is irregular if there is
a positive odd integer k£ such that

(i) ged(k,abe) =1,

(ii) k is not represented by az?® + by* + cz?, and
(iii) ax® + by* + cz? = k (mod 8) is solvable.



BONUS PROBLEM

B1l. Prove bijectively that, for every positive integer NV,

the number of partitions of IV into parts with the difference between parts
> 2 and no consecutive odd parts

equals

the number of partitions of NV into distinct parts such that all all even-indexed
parts are even.

(We assume the parts are indexed by consecutive positive integers, beginning with 1,
starting from the largest part on down to the smallest part.)



Some Useful Formulae

(U4)



