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55 I. Itfirorlztction. ,Rer:ently u,e sl;r.rciieci

?,(!,,*.), 
clenoting tlie nurnber""f p"Utlr._ i,cul,-Tor: ( y (see [Z])" In the present parnetlrods lo V@,y), ilre acnnitiin ui yrT

Dy reptacing "<.!./" by .,> 
11,,. TIrc prOble

in m*ny reirpects, although ,i1_ f"rr"" l;"*,
- 

The problem of V (u, y) rvu* .ti"",ru#'i
T. Yr"ra:-,rn-rcrrrrvAN l+1, V. n^r"r",_rn inThe smallesb O _
on n,.r ]r.\ s *A.,r,u 

"".1,o,1,1 
#i fi' ff j',1 *l'I. \Ve har.e an error terrrn of tf," rifp"b*t,fr(y[ (see (1. B) and (.5. 3)), ,r.i."", n.l-T..*,fixecl, 0{r(lo g y)"k}. This' i,npror;,r;;; Lu,.constrnction of il(a:,37) (see $ 2).

1) the rertson is the,follo.rving ono. Boih @(;r,firsi a.pproxirnation, anr:l tl:e .;;"";;;;';;u' 
".,,diffigulty lies, of coru.se, in tho .rr.",,r_i",. .iti'"l""r"",to @ is largc, ancl hen"e .r-. ;,;-":;';:'I'l :1 "j* :

f'o, p, f'o*1"o.;;";;;';-"-" 
a'o tr'Pb to be content *'i1

'r ., r e .,error ; ; ;;;;' "::#;i::1i,'" l: j,Lll:,,,1iP) Ilt:clrsr".ln considere(J , 1," -,,,,",^- :"', :)''' o'

v.hicrr arr; f..; .f ;;;;;;'T :j:l..;l:'t;;r::iliffffi Ji(See [2], p. S06). I:: a.s rr.ell.
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2. For very large values of a (for in.!rn** r.t, \)agyj,
much larger than lP jitself" In ihat easQ, fcrnrul{s (1,6)
give aceeptable estimates.

If ,rr is 6xed, ru: g'0 then the behavio"ur of y{(:u, ti) is
simple" We have (see [I, 4, 5] t))

(1. 1) l-rm y-"\V(tF,gt) == p(u),
Y+6

rvhere p(u) is clefinecl by the follorving Broperties

The function q(u) was closely in'irestigafecl in I
o1'that paper rve refe.r to (2. ?), {ia. 3) anrl (1. S)

t<lUI

fi(y) is, ronghly, the ord.er of ln(y)- Ii ,yily gee
ft' can -o-e 

seen fi:our (1.. 6) and (1. ?), that (1."

if ru is large. This 'r,vill eertajnly bo tire case if ii )
that is for a ( l, tlie left-hrrncl-side of (1.3) is

It can be replaced by (log;21)e (seo (5. 3)).
5) It mighb be possib).e to consicler o, larger clomain

rve neecl not go into this trouble, sineer for tr, )' Jiog y tho
larger than V{c, 137) itse)f.

0) If I < u ( log y, the term C, cwn be omitted

for t;

.ot;v.

r:esrults

{4:> a, u

3i. 7) a

itelv lqor:thless

uai
o;:0 (r,(g,
zel:o.

basecl upon a

stucliecl ]ies in
ern of a cer:tain
that 1:roblem.

ws inclepen'dently

. Actual , this fr'uctor has
bolher r:ernoving it"

1og 37' Ilorvever,
in (1. 3) is rnuch

-B(y) becomes
and (J. ?) si;ill

con:pa,ra,ti'irel3"

(tr(I);
ris for u .> 0"

.-- T

contin

B:y (t.L), rp(u) is, in some sense, an appro tion o W(et,3r). \'Irc
slrall replace it l:y a closer appro;riuratia,n, viz. I fined by (2.9)., Y), cl

ancl aIn $ 2, this formula will be obtainecl heulisticall erivards, (12. 0)
will serve as a definibion.

Our main result, to 'be proved. in $ B, is

(].. 3) l'P(*,y) -.A(u,y)l <C, nu,z R(y)

;.

f

l-

t
0

is cl

OEY

!^

'l

l.

rl
,c

fl

lt

In $ 4, the behavior"rr of z1(r, y) 'will be stridiecll 'llhe nr{in r:csul.i, is 5) 0)

( r. ir) | A(r, y) - a s4i l < C, i g!le!##Lir) 
i,r f. i, y i, 2,0 { ru<rogy).

For u fixecl, aI0 we infer

(1.5) "Akt",y)l?l' +" 0()r) (y -+-

X'ormula (1. 3) will be proved by a method ilvhich
r{rcllxrence rel.ation, for V(r,37) (see (3. 1)).

An entirely clifferent methocl hy whicbL F(:u, y[ can
interpreting the problem of F(r, y) as the, coefficipnt pro
Dirtchlet series, and using the rvell-kno.;vn metlrticls {b

3) J'he result (1 , I ) "will not bo trsecl in the prosent
from (J.. 3) and {1.5) bolorv.

4) Thig is of conrse not clue to the llactor a,2 in (1.
cornparatively small influence, ancl therefore we clo no
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v(r,y) : 
^|-an(9,),and hence, by a formula, of Rrnulxx, if z irs not

l-his rvas carriecl ou' ^

vt (n, y). rh" ;il ;l Jfr ,3,1.;,tl 
tl,illlrl,liJl

tbt ;U-(i -p-,) by )r (1_9<u 3{( ?/ '

Not- bothering about the unimport*rrf iorprropossible by this simp,tificatio", *";;;;l
(n. 6) V(n,il { Ca7 logz y e-utoeu -aroriorlu+c.r (g
(1.7) Y{n,,U).{Cuszrt brr lgtrzltog2
{or the details rve reller to [Z].ft rnav be rema,r,Lor.l r.t"-+ +l-,^ ..--*

not frrll very

(1. 8) a(u) : exp {-" u,logu, ^u!.og?ogtt _r CI(tr, >3)
ft is noi cliffisult to obtain, fronr (1. 3), (t" ti) aineq*aiity giving aN reast something for ulr'lrr)rl,r"* of

simple rorrgh

(r, e) V(n,!t) 1C7 c e,^t7u" $: > L., g

nrulta,neously:

It rnay be remarkecl that the *rrpnr,"qfiul in 
1far frorn p a). Acru.alt.y we lr*"" 1**i Fi-; ,)

It may be remarliecli that (i. 7) becomesi r.elatjllarger ttran 4 .g.vzltog y. Acruaily ir; ;;;; (see g I

$ 2. Cottstru,ction ol A (n, y)If we put
q G - p'')-' - \, a,,(y) zr-, (Re?<v ,Le!

then rve have (cf. [Jl], p. g0S)

V(x,y) s: l, (log c).fi

be done for
to replace

hich are macle

tt'zllogLt 
U >> z),

if zo is mucb.

to a sl:ecial

t eonnectecl
r tencls to

01)

by inLer.
irnensiona,l

iniegr:al
l,o V(t,,
1.erm is
bctter a,

If, ho
is totall.l
tfte faot
is. proct,i
J.lehayioti
inrportar:

Put,tin

(e. 3)

rre lrave
htrlf-planr
: o{.y(log

fn olde
tcnn P(.27.

(?.4)

Snbstit,uti

(2. 5)

tJic inlegr,

(?.ri)

w.here .li(z
hi [B] i

(?.7) al

In order
e-xpress t;h,
hat e, inclec

(1. s)

-
t) L,'nles.+

(2. 1)

(9 c)\

'\F(r,y) =- *r:j:-"{1, -/,-")-,sj

ll'llere r : x(y), and 1_" =: {r.! Ifrnrlc,g 7i}_r. Ifhis is
ff31*:t Vrla,y) as trre nrimberirriti"* poinrs in a

-Concerning this formu.[a lye ma]te a rennlli rvwitlr the furfher conterrts of this s,cntion Tf o, io
inn'*y, rhen we r;;:Tf" ""lr,fi,ii,"j1J;"ll,y;-,

same

-s\-l

ments

u<4

(u

(t.7),
: i:rncl 7

y wea

,> 2).

(!yl,rr

> 0),

(a>o)

.cu, &Il
iiJ, p.

simple.x. On the other lrancL, ft .*; il;;;;;il;i iclrre of the



term is incleecl equal to dr(log r)', and probablyj pol lsa
bebter approximation than (2. 2)"

If, hcwever, lve consicler large vaiues of '9., tha v'l0u]: of. V(r,g)
is totally different from (2. 2) ?). This can be ,sx more less from
the facb that, for large y, the strip 0 < Re s < $ the in a1 (2.1)
is pra,ctically inpenetrable,, Furtherrnore it raan be xpect that the

behavio.ur of the integpand of (2. f ) near the poin $:- I become

integral (2. l) at, the major pole e : 0 will furnish a
to V(r, y). This residue is a, polynornial in l[rg r of

important.
Putting

'@
r llr

(2. 3) 'Iog II (l * p-') : - I ;#;; * P(sr, c) (
p>1J Jt 0- twE;0

wo ha,vo P(y, s) -+ 0 as ll -+ (n, unifot:mly for any
half-plane lie s ) r" This follo'vs frorn the "well-k
: O{g(log y)-'z}. Furthemlore we have, for Rxr 's > I

(1 -- s) tos t
| " ,!l| -' tot.

JI
--N

(2.5)

(2, 6)

where J[(z) stancls for al,(1 -l- z)/(1 "f"a), and

In [3] ib was proved l;hat

apfroximtr,tion
r, v-hose first

es)>l

ded -set of the
fact n )-li v:

t the error

a;)llog

\u

g, we shall

l(1)d.4. Wg

a
fdt

-l 

-::

.l ,r log y
u

fn order to obtain an approximation to (2' L) we negl
byterm P(y, s) in (2. 3), ancl so lve replace (9. 1) form

(1-s) los v

(2.4) erf(,,) exy,{ f ltlit
_N

Substituting I : I * ullogy, and using the ide,niity
lti @

I f et-I .,.t ( r
?rexr) lv -l | -+ dtl : -- exlt { I' t' J r .t - r J

o-N

the integral (2" a) is easily 'transformecl into
,i m u.|

ryf.. larr\lfet-l;_ | e-utu r( {_ __:_} ex.n lv -F | +Zttr J \ Iogy/
-i$ 0

l+is)
lf

IZni J
1-dq)

fn order to express (9. 6) formally in termei of the lnc
express the factor li(-tul7ogy) as a, L.tpl.rr:n in
lrave, indeecl , !

Ie

(2. 8)
.711-La\ | ftl

K(z\ :&s\r r;/ 
- | 1-; 4r': (Rez--\''l l-fs J -' t

0

4@ uI I r t et--1,.1 ,(2. 7) p(il) : 
"--- | exp l - tt,zu*.y -i- | --: dt'l rl

\\ , 

"-a 
I a | , )

*irc 0

?) lfnless, of corrrse, ;t; e:xceeds sorne very rapi,:lly irro I ion of y.
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lVe shall take this as the clejlnition of A@,and q(,1) is continuous everJrs,here apa,rt frrintegral in (2. S) is well_defin"a, uot$s-tLu 3,

iyto of frlp. This will be the case iiri, 
" p"*i

(2. 8) is ambiguous" This d.oes not matter ver
tvehava^A(n + 0,y)* A(n,* 0,g): t',(,r-l t,:.*1li: Secondly, in the sequal lu" uru'able toa rvibhout essentially aernaging ou" ,"*ottu. Fo,
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and so, using (2. 7) v,e forma.lly translbrm (

(?. e)
@

/. , I"(r\t,a):*lg
i;

howeyer, we shall ,Cefine

(2.10) A(n,ti: A{1*.0,,!t)

$ 3. Prool ol (r. s)

we assunre r>0,y>2.

{3.2) l{ (*,y) : lxl (0 ( c

!tr'e shall show in this section thab V(a:, y)_ .This methocl is the sanre as r:rr:thocl B in f2l.

:0for,"[<O
mp at /.: 0, the
coincides lyith a

ei,; in thrat case
In the firsii placo

icil is refultivoly
al val.ues of

of comp.leheness,

ate conv,ergent
ion info (2f. S) is
tation (2. <f) and

of the integral
lhe rrppel lirnit

relatively small.
out this sectiolr

c the funci"lional

ancl (3. 2). f'or,
ll 1n .4r2"

i.lar to (3. t).
as a [J'rrnr,.r.rns

:e have, iuleecl,

Thir

(3.4.

*'hic
di$e:

TI.
w-e I

(3. 5)

Frr
rye ll

\\re

{3. 6)

'llo

(3.7)

(3. B)

1\'e ca

v1a,
integei.
(ifz=
if and
if ancl ,

of n {a

(3. 9)

I,et 
"r d

Ciearly

fi
l', '

It can be shoryn ilrat the integrals (2. ,{) ancl (for. non-integral va.lues of e, anA tha,t t]re rlalegitimate. IVe cio not go into that, .i,_,r* ir, .:,
(2. 6) serve heuristir: purposes onl.y.ft ma;r be remarl*ecl that, iri if. S;, rbhe ]rxyrnay be replaced by any rrurnber a (0'< a { j),
oo ma). be replacecl hy any numbel b-lb 2 d.

It follorvs from .bhb clefinition o!.V(x, y), tna
equation

(3" 1) V (x,til ,: V (:u,yh).-. : . V''(|,r,)
, "o<tr, 

\p /
It'nrthermore rve har"e

:[h1fynctiott V(r, g) is complet,ely cleter.m.inecl

:ltyrn1(U: l), we-can evaluate ;it successively.
A' ,: * S lrt, etc., Lry' taliing lr:, u: ti"fi"ln"S
..," ln* function A(*, y) safrslies *r, 

"lr,ii*;or, ,uIt, arises fom (f. l) by vliting the snm in fB. t)integrzr.l I V(xlp,p) d,:t(p) ancireplacir.g ,r1,u; iry

tlll
A(a, y) =- A (t:, Ur) *. I I ('!, ,,\ _!_J \/r''. / log p

that is,
J. Ttre
ancl li =

both a

6) inbo

" i,l
l)

j Since
the j
pof

t'i/e tn
much.
ii,"..),
xlucle

the sak

sfcrrrnil
pr.es€)

lirnit,
rrd th

(u,, y)

rve ha

tn

mall
li p,"

(3. 3)



5S

This foilows frorn (2.9) by the iclentil;y

which hoidn for alr rt, )- 7 and. t > 0. This one iis eas.differenfiation with respecrb to D, in vi.rtue of ll. 2).The iclenrty 1e. +) faits to p"oo"-1S.;;;;- j;;;
rve haye to use (9.10).

A second analogy between F ancl li is giverr by
(3. 5) V (p,'ltj == A (r, y) (0 < u ( y),

n'or, it immediately f?ll":f from (2. ()) anc{ (2. 1.0) rhwo have A(r,g): n !td,{tJlt): ["].'
lYe shall now estimate Uhe clifference

,h
A(tv,y; h) : Z,y$,i _ f *(fr,r)U.,lr<.V, ,, 

,,

'l.og, \_J
p rI:,t j

1.,&
''tis

'&
I
&
a
!

,i
I

tI
,
t
a

I

i
.i

I

t,roved

p'

'y parLial

thaf case

(r{3r,

-z L)t

set of positive
pri:qir; factor
I L<t V(x, y)

Yr(t:1;tlo p) is .t

.he contfibution

(3. 6)

To this end we introclueer a function B(y) sal;isfying
(3. ?) .n(y) l, 0 (y+,:c) , RQ) 2 y-,togy
(3' 8) |"fu) -tiyl < y R(y)ltc>gy @ 2 z).

(3, e) tl(rc,y; r) : 
,o,Io, an(r,y; ),t).

Let.,I denote the inter.section of fhe irrtervals g ( 7r ,( c/n.Clearly, An: 0 if J is empty. l.f "/ is not empty, ihen n

A*(rc,y;h)*Zt-_i,jJa
,E.' j tosr!

ajr*,tt, zl, equals ln(p)- ti plp+ p it a and 6 clenote tJ. Thl unimportant terrn p is f if ,r is of the r;,pe [19, y3], rvand f : 0 otherwjse. lVe now easily iniiei" from Vil. Z)both a a,nd b arc )y,
ll,l < AUh nfu)ilogt/ (n ( ay*n);

ll"l < 4 rn-1 R(y) ll<tg ?/ (:,,t/-h< z . 
_<

du.a
laaye

{.y".

end- ts of
?is prirnq

I (3.s since
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(3. l0) la@,y;fr.) ( c,, a R(y) {h__ t _F (log
We put, for y ) Z, h == l, 2,. ..,
(3. LI) stb) .:o.,f}ln, r-1lY(t't) - tl(r,t
and; by incluction with :respect to ir, we shall provewhich at the same rime, ut o* tr,*t';;r;: oo forY - A * €, we infer rro,m (8. l), (8, 3) and (t.6 ) t
(3. 12) E(r,y) : E@,yt)-*T u #, N'\,q!- -.A(r.ct.J \p' ' / los. tr, '-\*, v,

y""r** arr inreger * > 7, a,nci i,ve ap1:t;. (8. 12r < ?0. Then we have c <( (.urjr-', ;.;;";; {, p ( yTherefore it follows rlo*'ig. ll)'tha;'"' ,

oh

lg@,s)l ( "'o*,(zr) l. u I i, *+l _r c,,x E(y)
anclso ' iPtogPl

(3. 13) sr(y) ( sr-r(y) 
{ r r- iog *} * c*n@ {*

lor 
e: r,w3 hav-e, by (3. b), sr(y) : 0. l.inally, iising iog(we can deduce from (8. ig), lV inao"tjn,, tfr"t
Ic-' s,,(t) < (ft - t) -t sr_r(y) * cr! R(y) tkt, -_ tc)_t

whence

s*(y) { hCrrR{s) {C,u +"(t J- * + ,,.. + (rlk))lrogy
The right-hand-side is}{hzfu(y}}.By (S" il) (anct 3. d)

\a. -Asymptotic beh,auitnut. ol A(r, y)
Our first aim is to prove (1. 4)
TVe shall neecl the follor,ning uoritirry formulas,

for ,S*(3r)

y. Putting

: ltl(lt, -* 1),
illp, < /,ik*r.

) (ft-r;-:,

\ -1 lI t:

ra)\

s to (I.3).

g(u)'viz.

using bhe

ts of g.

{4. 2) {otrlc
are positir

lYo sha

A{r,y} :3

ancl tLrerefi

(4"4) lA("

Ilr:om (4.

lbearirrg in
rrz)pthej

If Qu log
using (4. t)
(4.5) lA
llhe saure tl
r,r ) 0. trfor, j
and so (4.4)

On tho o,bl

on.l.y a boun
tliat region, I
ryith a consti
(r.{).

'Ihe prnces
repeated. Wk
P'i.nsteael of
the expansior:
method resull

(l

(4.6) I Ia(*'t
t

Hr:re z is an
fi'ont the porvr

(4. l)

(4.2)

o > p'(w)lg(u) > * c'rn 1og (u + r)
o ) p't (tllp'(") > * crulog a,

These are easily establi*hecl from the asymptotic

(4.3) e(zr) c.r (2 nq)*ti.t"*p 
{y -u( ._l? O-,}

0

where 6 is the posifive solution o{. ed __ I _ zc d: (see Iequation u,p'(u,): *p!u.* 1) in order to 
"*pr"r. g, a.nclT'Ve can even obtain o,ir,1*: n(;ji;;,;,oii, * *_Q,(zt)tt,

\-11

I /c arr

(h

'w;ith. h

]
l.rl

11,
iiqsv / \

i (;,* i ),1

(,1tog

this l

)" .L),

rila f,

li,.tt'-->

l), ancJ.

IN

z.N (a. t) anct
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{,!,. ?) follow from the fact that thLe functions g(r)
ar:e positive and conti.nuous for u 2 0 (see (I. 2)

lVe shall tackle Ali,.a,y) by pa"rtial integratio

n4- r-
, f /Iosr-loel\ , ftl -, f/I\r,y) : "'J Q \-rat:i a -r- : u(t) F ,r 

J

ancl therefore

From (4. 2) v'e .infer

Q'0t, *. s)ie'(a) 1C7 uc*" (tt,7 2,

bear{ng in mind tJrat p'(1,)iq(2) i.s bounded fbl
u 2 2 the integral in (a. A) is less than

lg'(r)l ! CrrTcun''n'tlirosur (12log /i
1

If Q, log t, 1 tz log .ty, the exprlnent of I is
using (4. 1)

repeatecl. We tiren arrive at an expartsion rv
Y instead of A) by Fi,aueswrxr ([5], p. .109).

Lhe expansicn exptricil;ly, ancl we can irnp::ove
method results in the following lbrmrila:

(4. 6) {lnt", v) - ,,,t01## 
| 
.: c,o @) vG",(n)

t("
n is an arbifra,ry integer ) 0, and the
the porver series K(z) : ao -F arz + arzz *

l), g" (u )- 2)

ve, by (2. 9), : ji:

;i,

)i''t:;:{t

( ti"\ t;
(y)
ll (7
'_D

:ij

'..

'i
:!

!ii,ii

r),
-1

).

,\ I'4 - r: -7,- ) 
-*^rr' *u '

(y > 2l,u>,0)"

Thc::eforr:, if

and we irLfer,

?t) ".

nnounced. (for
e the terll,s of

t's O-term,. Our

(2-1-t4iu+ t

logy, y )> 2).

r,r, afe l,zlken

' :i:

rlii

,,'i:,:i
rijii

'' '"i,:
,.11;):

l:iftr!

,ji.
.lrtj'i.i
:iilllit,

'"*:iti

rl"Sr
.ri.:*-.1

;glr*

(4. 5) lA(r,y) -- np(zt) | < Cru.LC* rg(iz) log (

T'he same thing is easily proved if the restrictj .is leplaced. by'
rmly boun,lecl,u>0. Bs1, if 0 ( a ( ?, < 2, the ratio g'{a)lg(u'

ancl so (4. 4) again leads to (4. 5),

On the other hand, if 6rr, log u > ! lop;g, but y,y>2,t;hen
only a bounded legion of the a-.y-plane is u icleration. In
thal, region, the left-irand-side of (a. 5) is b'ounded e, (4.5) holds,

2. Th.is proveewith a constant Cro instetr.d of Cn.,, for 0 < 'u < J

(1. zI).

The process of parbial integration carried out, of coutse be

:fi
::i:l

:'i i
,i

:li

;;i,

i:l',

i,l.

lir. i

IIere
from

1'

d

t- 1*

''l''-'\ '-_- 
"'

: o(r) +, 
I a (1*ffi#)($1|- . "f

-* Q'(u

ldt
lnow

.11,(

L rlt,

th.an

-i- 2) (

tt, ), 2

is unif,

{io

lllher

can gi

l1u
cten

(2. 8)).
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These eoefHcients crruld be expectecl from
ca,n be written formallv as

" 
* Qhf)e':,"t.

lYe do not go into a, detailed cLissussion of ( . 6
only useful informertion on g(ru) ne have is t;he as
and asymptotically the sum accurrins at ilre
to rp(zr) itself.

$ 5. Applieation ttt the &uerd.ge ot' the logari,t
d,iaiqor ol n,. Let g(n) denote the largest prime cli

for almost all numbers ra in the interval Z <l ,ri (
satisrying iog 1(a) == o(log e). From ihe resulLs of

(2. 6), wh.ich

a io large, the
rr::ula (4. 3),
is equiva,l'ent

> 2).

v (3. 5).
1\ l-I"^.-

> 2),

12L,y )',2)-

v'e infer,

other' 1ranc1,

In (5

llaoqt,

I{ere rl
othei: fc
R(yj:

(5. 6)

Fclr sin
excltrde
lve Can

It fcli

Consequ

(5. 7)

We h,

| 
^/tI /t. | -.i \.t

z

Substitrr

Since q(,

rvhere a

Iargest Tn iirne

ln:2,3,...),
and put g(1) : I. Cnorvr,E ancL Vr.reriar_icr.n.-uN g(r:) ) lt(r)

dcfinite information on g(r) can he obtairred. W

ant' firncf ion
t pa;:er mrlrc
ve that,

(5.t)
,?, 

to* g(n) == anTog r -Fo{r)

w,here {;he constant a is given by.

(5.2)
&

a: | (L 1-w\-z rt(tt\ d,u.;-
\Ve slrrr,ll fir.st provo the follorvirrg rnoclifi<latioil

(5, :l) lY (*, y) - A (t:, y)l < Czrn (tog y)"2 At (y)

lVe rnay assume * b y, for othelwise ,rve have
Ib is easily declucecl froni (4. 4), using e,(/.) : 0

(5.4) lA(r, y) - rqt(ttll { Cru -'.Crrme-r,*fltgy

ancl so, by (t. B)

lA (n, y) I < Cto *Corr e-*,, (n >
Hcnce it follorvs, b.y (1" 9),

l\y-Al < C, ?) e--ctcu + (116 + C24r e,*tu._( Cru + Cr e
ff "we assumo furthermore Cro u,)!ogy, and
using (l). 7),

IV*Al <.Cr, *C27ry-r <Crrc(log
Therefole, (0. B) has been provecl irr this ca.se. I
Cru,zr ( iog y, then (.5. 3) clirectly :flollorvs from (1,

{Ising a Srrr:r,r.rng integral, rve may rvrit.e

(5. 5) .L log s(n) :'i- ro* y d, W'(x, il + 0 (rog n)
z, (c yi_z

E) Tht
the derii*

.F or, i

of (4. 6

dling n,

if h(r)

shali

(r.3)

tc,>- l,

*n
-^t

(:r )> 1,

,v>2j

'' CN 7L

2Y, t

" &{v)-

(n

'the 0-te:rnr arises from the terms rrilih n :
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In (5. 5) we shall repl.a,ce V hy .4." To this encl
{
I logA d, {V (n, tt) - A(r,gr )} *

: [(1og rJ){V(n,y)- A(r,il}Ji * iu-'
Ife.r:e rve have P(r,2): O(log n), A(r,2),:0(r)
other lcontributions are easily see,t to be O(r),
3(y) : exp {* (1og 9r;v21. Consequernily

U*t
(5. 6) Z JLog s(a) .= J k,g y d, A(x,g) 42<f ., a-2

For simplicrty v.e shall assume that z is not
excluele the ambiguity' in the definibion of z4 (see $
w-e can easily get riiL oll this restriction.

It follorEs from (3. 3,), thar,t,4(r, y) is a continuous f
nA@,g) 

^ 
lr _\ L.

=y 
=. rL\u,U)ltogY.

Conseqlrently, tlre integr"r.l in (d. 6) equals

(5.7) i "r" \ '
I "\''u)aY'

We have, by (.5. n), U:*,

A(r, y)j r)y.

)), arLcl the
(5" 3). wibh

in order to
fin.al resr-ilts

y, and.lihat 8)

llni,uersi,ty al

I d(i.,y\ cly : o(x) +.r \y."1
2

Substitrrtion of y : srlu

(log a111tt tnl
I

f r 1^/log(.,lyl\ , n/ I
J ; la \-Gy l -'\r,oc y o
2-

in the integrals leads to

{q(s-l) .s-e log r { 0(s-'t s

Since q(s) : O(e-") it follows that (8. ?) is

Q
f /a \

I Al;,y) dy : ac log r *O(r)
:\vz

where a .is clefined by (11. 2). Now (d. l) foll:rvs f

.ilI qthemat,ti cal, I n s t i tu t e
Del,ft, Itell t, N etlt'.ef:l.and,s

8) The cltrrivalive does r.ot exisb at points lvherer xly is a
the derivatir.e has a finite jump.

b these points
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