
University of Florida MAP 4102

Homework #1 - Random Variables

Examples of random variables: Recall that a random variable X

1. has a Bernoulli distribution with parameter p ∈ [0, 1] if X takes values in {0, 1} and

P(X = 1) = p, P(X = 0) = 1− p.

2. has a binomial distribution with parameters n ≥ 1 and p ∈ [0, 1] if X takes values in
{0, 1, . . . , n} and

P(X = k) =

(
n

k

)
pk(1− p)n−k, k ∈ {0, . . . , n}.

3. has a geometric distribution with parameter p > 0 if X takes values in N \ {0} and

P(X = k) = p(1− p)k−1, k ∈ N \ {0}.

4. has a Poisson distribution with parameter λ > 0 if X takes values in N and

P(X = k) = e−λ
λk

k!
, k ∈ N.

5. has an exponential distribution with parameter λ > 0 if X has the probability density
function

f(x) = λe−λx1[0,+∞)(x).

6. has a uniform distribution on a segment [a, b] if X has the probability density function

f(x) =
1

b− a
1[a,b](x).

7. has a Gaussian distribution with parameters m ∈ R and σ > 0 if X has the probability
density function

f(x) =
1√

2πσ2
e−

(x−m)2

2σ2 .

8. has a Cauchy distribution with parameters α ∈ R and β > 0 if X has the probability
density function

f(x) =
1

πβ

1

1 + (x−αβ )2
.

Exercise 1. Compute the expectation and variance of the following discrete distributions:
Bernoulli, binomial, geometric, Poisson.

Exercise 2. Compute the expectation and variance of the following continuous distributions:
exponential, uniform on a segment [a, b], Gaussian, Cauchy.
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Exercise 3. A store owner possesses a stock of s items at time t0. The demand during the
period of time [t0, t1] is expressed as a discrete random variable X with values in N having the
following distribution

P(X = k) = Cp(1− p)k, k ≥ k0,

where p ∈ (0, 1) and k0 is a natural number in {0, . . . , s}.

1. Compute C and E[X].

2. If X is less than the stock s, then the remaining items are sold at a loss, and at a cost of
c1 dollars to the owner. If X is greater than s, then the owner has to order more items, at
a cost of c2 dollars to the owner.

Compute the expectation of extra expenses that will occur to the owner during the period
of time [t0, t1].

Exercise 4. Consider a sequence {Xn} of random variables on a probability space (Ω,F ,P).
Denote, for all ε > 0 and k ≥ 1,

Bε,k = {ω ∈ Ω : |Xk(ω)| < ε}.

1. Fix ε > 0. Write with sets operations (intersection, union) on Bε,k the following sets:

Aε,n = {ω ∈ Ω : ∀k ≥ n, |Xk(ω)| < ε}.

Aε = {ω ∈ Ω : ∃n ∈ N, ∀k ≥ n, |Xk(ω)| < ε}.

2. Show that the set
A = {ω ∈ Ω : lim

k→+∞
Xk(w) = 0}

can be written with sets operations on Bε,k.

Exercise 5. Let (Ω,F ,P) be a probability space, and let An be a sequence such that for
all n ≥ 1, P(An) = 1

n2 . Find the probability that An occurs infinitely many often, that is find
P(∩n≥1 ∪k≥n Ak).

Exercise 6. Prove that for all random variable X, one has

E[|X|] =

∫ +∞

0
P(|X| ≥ t) dt.
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