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Solution - Homework #3

Exercise 1.
1. • Sn is Fn-measurable, hence Mn is Fn-measurable.

• E[|Mn|] = E[|(Sn − E[Sn])2 −Var(Sn)|] ≤ E[|Sn − E[Sn]2] + Var(Sn) = 2Var(Sn) < +∞.

• We have

Mn+1 = (Sn+1 − E[Sn+1])
2 −Var(Sn+1)

= (Sn − nE[X1] +Xn+1 − E[X1])
2 − nVar(X1)−Var(X1)

= Mn + (Xn+1 − E[X1])
2 + 2(Sn − nE[X1])(Xn+1 − E[X1])−Var(X1).

Hence,

E[Mn+1|Fn] = Mn + E[(Xn+1 − E[X1])
2|Fn] + 2E[(Sn − nE[X1])(Xn+1 − E[X1])|Fn]−Var(X1).

Note that
E[(Xn+1 − E[X1])

2|Fn] = E[(Xn+1 − E[X1])
2] = Var(Xn+1).

Also,

E[(Sn − nE[X1])(Xn+1 − E[X1])|Fn] = (Sn − nE[X1])E[Xn+1 − E[X1]|Fn] = 0.

This concludes that E[Mn+1|Fn] = Mn. And thus {Mn} is a martingale.

2. Recall that
cosh(u) =

eu + e−u

2
.

• Mu
n is Fn-measurable.

• We have

E[|Mu
n |] =

E[euSn ]

cosh(u)n
=

E[Πn
i=1e

uXi ]

cosh(u)n
= 1 < +∞.

• We have

Mu
n+1 = Mn

euXn+1

cosh(u)
,

and thus

E[Mu
n+1|Fn] = MnE

[
euXn+1

cosh(u)

]
= Mn.

Exercise 2.
1. By assumption, for all n ≥ 1, E[Xn+1|Fn] ≥ Xn and E[Xn] = E[X1]. Hence,

0 = E[Xn+1 −Xn] = E[E[Xn+1 −Xn|Fn]] = E[E[Xn+1|Fn]−Xn].

Recall that if Y is such that Y ≥ 0 and E[Y ] = 0, then Y = 0. We deduce that E[Xn+1|Fn]−Xn =
0.
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2. We easily check that
E[Xn+1 ∨ a|Fn] ≥ Xn ∨ a.

Hence, {Xn ∨ a} is a sub-martingale. From 1., it is also a martingale since the Xi’s are i.i.d.

Exercise 3. (Wald’s identity)
1. We have

E[Sτ ] = E[Sτ
∑
n≥1

1{τ=n}] = E[
∑
n≥1

Sn1{τ=n}]

= E[
∑
n≥1

n∑
k=1

Xk1{τ=n}] = E[
∑
k≥1

∑
n≥k

Xk1{τ=n}] = E[
∑
k≥1

Xk1{τ≥k}].

By Fubini,

E[
∑
k≥1

Xk1{τ≥k}] =
∑
k≥1

E[Xk1{τ≥k}] =
∑
k≥1

E[E[Xk1{τ≥k}|Fk−1]] =
∑
k≥1

E[1{τ≥k}E[Xk|Fk−1]]

=
∑
k≥1

E[1{τ≥k}E[Xk]] = E[X1]
∑
k≥1

P(τ ≥ k) = E[X1]E[τ ],

where the last identity comes from the fact that for all random variable X with values in N,∑
k≥1

P(X ≥ k) = E[X] (Exercise).

2. Consider τ ∧ n, for all n ≥ 1. Note that τ ∧ n is increasing in n and is non-negative, and
τ ∧ n→ τ a.s. Thus, by monotone convergence,

lim
n

E[τ ∧ n] = E[τ ].

Since τ ∧ n is integrable (bounded by n), by Wald’s identity (question 1.),

E[Sτ∧n] = E[X1]E[τ ∧ n].

By assumption, E[X1] 6= 0 and supn E[Sτ∧n] < +∞, hence

E[τ ∧ n] =
E[Sτ∧n]

E[X1]
≤ supn E[Sτ∧n]

E[X1]
< +∞.

By letting n goes to +∞, we conclude that E[τ ] ≤ supn E[Sτ∧n]
E[X1]

< +∞.

Exercise 4.
By contradiction, assume that τ is integrable. Then, by Wald’s identity,

E[Sτ ] = E[X1]E[τ ].

But E[X1] = 0 and Sτ = 1 implies E[Sτ ] = 1. Contradiction.

Exercise 5. (Doob’s inequality)
Done in class.
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