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Abstract

For a function from the unit interval to itself with constant slope and one discontinuity,
the itineraries of the point of discontinuity are called the critical itineraries. These critical
itineraries play a significant role in the study of S-expansions (with positive or negative f)
and fractal transformations. A combinatorial characterization of the critical itineraries of
such functions is provided.

1. Introduction

The dynamics of a function from the unit interval to itself is a topic with a long history.
While most results concern continuous functions, this paper deals with the dynamics of
the archetypal families of discontinuous dynamical systems illustrated in Figure 1. These
discontinuous functions with constant slope, formally defined below, are often chosen as
canonical representatives of conjugacy classes of Lorenz maps [7, 9, 16]. The Lorenz maps
serve as models for Poincaré return maps for Lorenz flows [19] and play a central role in
recent work in fractal geometry [1, 3].

Continuous non-differentiable transformations, used in digital imaging and 3D printing
applications, can be constructed using conjugate pairs of such discontinuous systems [2].
Parameterised families of such discontinuous systems, and others that are conjugate or semi-
conjugate to them, occur in models for a large class of engineering applications such as cir-
cuits, electronics, control systems, and phenomena such as earthquakes; see [11, 14, 24] and
references therein.

The dynamics of S-transformations — functions of the type depicted in Figure 2 restric-
ted to the inner square — are integral to the study of the representation of the real numbers

T Supported by the projects FAN (ANR-12-1S01-0002, FWF 11136) and DynA3S (ANR-13-BS02-0003)
of the Agence Nationale de Recherche and the Austrian Science Fund.
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Fig. 1. Maps with constant slope and one discontinuity.

using non-integer bases. For positive 8, there is a large literature on this subject beginning
with the pioneering work of Rényi and Parry [21, 23]. Generalizations such as linear mod
one functions — depicted in the left and middle panels of Figure 1 — have also been studied
extensively; see for example [6, 10]. The study of negative S-transformations, which were
often neglected, gained a new momentum with the paper [13] by Ito and Sadahiro. Many ar-
guments for positive slopes easily adapt to negative ones, but some properties of the positive
case are not true for the negative slopes, see e.g. [17] and Example 3 in Section 3.

It is well known that the behavior of such discontinuous dynamical systems is mediated
by the critical itineraries, namely certain symbolic orbits that are defined below. A similar
situation occurs for the dynamics of continuous systems, for which the canonical repres-
entative is the family of logistic maps L, : [0, 1] — [0, 1], where L,(x) = ax(1 — x),
a € (0,4]; see for example [4]. In this case, conditions under which a given continuous
system is conjugate to a logistic map are well understood in terms of a symbolic orbit of
the critical point, x = 0.5. This symbolic orbit (which is analogous to but not the same as
the critical itineraries in the present work) have been fully characterised [20]. This paper
provides an analogous, succinct, complete characterisation of the critical itineraries of the
discontinuous systems illustrated in Figure 1. While related results are present in the literat-
ure, many discussed in Section 6, the present characterisation appears new; in particular, the
case of negative slopes has not been treated elsewhere.

In the left and middle images in Figure 1, the restriction to the dotted square is (after
proper renormalisation) of the form Bx + « mod 1 with || > 1. This is true in general
when 8 > 1. For B < —1, however, the right image in Figure 1 gives an example where the
situation is different, hence the class of functions that we consider is larger than that of the
maps fx + o mod 1 with one discontinuity.

It is convenient to consider generalised S-transformations of the form

Bx ifx < p,
fep: R=>R, x> {Bxorfx—1) if x = p,
Bx—1) ifx > p,

with B, p € R, and |B] > 1. More precisely, we define two functions fg , + by

Jo.p.~(P) = BPs fop+(P) = B(p =1, fpp-(X) = fpp+(x) = fp,p(x) forx + p.

For the trajectories f4 , . (p) of the discontinuity to be bounded, we need that

1 2 -1
— or fB<-—1, —/3 +h <p<
B—1 B —1

B>1,1<p< (I-1)

p-
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Fig. 2. Greedy B-transformation and Ito—Sadahiro’s (—B)-transformation.

(which implies that | 8| < 2). For these parameters, we have

i B g B BB
f’g’p([o’ﬁ—l}):[o’ﬁ—l] and fﬂ”’([ﬂz—l’ﬂz—l])z[ﬁ2—1’ﬁ2—1}

when 8 > 1 and B < —1, respectively. The restriction of fg ), to the respective interval has
the form of a map in Figure 1. Moreover, every expanding map from the unit interval to itself
with constant slope and one discontinuity is conjugate to the restriction to some interval of
some function fg , _ or fg , 4.

The trajectories of points in R by fg , 1+ can be coded by elements of

@ ={0, 1},

which denotes the set of infinite words (or sequences) ¢ = cyc;c; - - - on the alphabet {0, 1}.
For x € R, the two itineraries of x are

0 if f7 x) < p,
with c,,:{ Tip- <P

T8,p—(X) =cocy - -+ .
lffﬂ,p,—(-x) > p7

if f7 _(x) <p,

T8,p+(X) =cocr---  with ¢, = { _ fﬁ’p’+ P

1 if fg, . (x) = p.
The two itineraries of the point of discontinuity p play a special role. Call 7_ := 14 , _(p)
and 7, := 15, +(p) the critical itineraries of fz ,. The pair (7_; 7,) is also referred to

as the kneading invariant of fg ,. For B > 1, the critical itineraries are equal to the limit
itineraries limy4 , T , +(x) and lim, | , 5 , + (x). For B < —1, this relation is not necessarily
true, see Observation 1 in Section 3.

The main result in this paper is a combinatorial characterization of the critical itineraries
of a function f3 ,. The possible pairs (t_; 7;) are exactly those which are lex-admissible or
alt-admissible, as defined in Section 2. As a corollary to the main result, we get a character-
isation of the critical itineraries of Bx 4+« mod 1 (when this map has only one discontinuity).

For the particular case p = 1, 1 < B < 2, the critical itineraries were already described
in [21]. Indeed, we have B Tg(x) = fg1,+(Bx) for all x € [0, 1), where T is the greedy
B-transformation, defined by T (x) := Bx — | Bx|; see also Figure 2. Here, since 751 + (1) =
1000 - - -, it is sufficient to study 7z 1, (1) = 0751, (B).

For p = 1/(1—-8), =2 < B < —1, we have B Tg(x) = fp,+(Bx) for all x €
[8/(1 = B),1/(1 — B)), where Ty is the B-transformation defined in [13] by Tz(x) :=
Bx — |Bx — B/1 — B] (for negative B). The critical itineraries of these maps were char-
acterised in [27]. Here, we have 75 , _(p) = 0015 , _(B*p) and 15 , . (p) = 1 15 , + (B*p).
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2. Admissible pairs of words

The lexicographic order on €2 is the total order defined by a < bifa = b and a, < b,
where 7 is the least index such that a, =+ b,. The alternating lexicographic order on 2 is
the total order defined by a < bifa = b and (—1)" (a, — b,) < 0, where n is the least index
such that a, + b, (witha = apa; ---, b = byb; - - - ). We use the notation

(a,b) ={ceQ:a<c<b}

for the open interval with respect to the specified order (lexicographic or alternating lexico-
graphic); likewise for the closed and half open intervals.
Let S denote the shift operator on €2, i.e., S(cocicy--+) = cjcp---. Foraset X C Q, let

Q¥ :={ceQ: §"(c) ¢ X forall n > 0}.

Note that QX is shift invariant in the sense that S(Q¥) = QX.
For A C Q, let

A, :={ue{0,1}": uc € A for some ¢ € Q}

be the set of length n prefixes of words in A, and let | A, | denote the cardinality of A,. The
exponential growth rate g(A) of A C Q is given by

g(A) = lim VIA,],
if the limit exits. In particular, the limit exists for A = Q@ (see e.g. [18]), and
h(Q®P) :=logg(Q™")

is the topological entropy of Q@ considered as a symbolic dynamical system with the shift
map S operating on it (and 2 equipped with the product topology of the discrete toplogy).

Let A := {0, 1}. The set of finite words over A is denoted by A* = [ -, A". The length
of a word u € A* is denoted by |u|, i.e., [u| = n if u € A". The Kleene star B* = U@o B"
is also used for sets of words B C A*; it denotes the set of finite concatenations of elements
from B. The set of infinite concatenations of elements from B is denoted by B“. Foru € A*
with [u| > 1, the only element of {u}® is the periodic infinite word u := uuu - - - € Q.

Definition 1. Call a pair of words (a; b) with a € 02, b € 1%, lex-admissible if the
properties (i)—(iii) below hold for the lexicographic order, alt-admissible if (i)—(iii) hold for
the alternating lexicographic order:

(i) S"(a) ¢ (a,b] and S"(b) ¢ [a,b) foralln > 0,ie.,a c Q@Y b e QBD;

(i) g(Q®P) > 1;

(iii) if a,b € {u, v}* for some finite words u € 0{0, 1}*, v € 1{0, 1}*, withu € Q@
v e QY and g(Q"Y) = g(Q@), thena=uandb =7¥.

Example 1 (Pairs with zero exponential growth rate). It is not hard to find examples of
a, b € Q satisfying condition (i) but g(®) = 1. There are trivial examples such as a = 0
with arbitrary b satisfying (i), and this is also the case when a, b are the critical itineraries
of the function x + o mod 1 with irrational «.

We define the value of a sequence ¢ = cycic; - - - € Q2 in base B by

[e¢]
C}’l

(e)p := -
n=0 'B
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3. Main results

Our main result is the following theorem, which is proved in Section 4.

THEOREM 1. Two words a,b € Q are the critical itineraries of fg , for some > 1,
1 < p < 1/(B— 1), ifand only if the pair (a; b) is lex-admissible.

Two words a,b € K are the critical itineraries of fg, for some B < —1,
B2+ B—1)/(B*>—1) < p < 1/(B*— 1), ifand only if the pair (a; b) is alt-admissible.

In either case, we have |B| = g(Q(a*b)), p = (a)p = (b)g, and (a), + (b), forally e R
with sgn(y) = sgn(p) and |y | > |B|.

The following theorem, which is proved in Section 5, shows that the conditions for 8 > 1
can be simplified. In fact, the equality g(Q™") = g(Q®) in (iii) is automatically satisfied

for the lexicographic order (except for w = 0 or Vv = 1, where g(Q(ﬁ'V)) =1).

THEOREM 2. A pair of words (a; b) witha € 0, b € 12, is lex-admissible if and only
if properties (1) and (ii) of Definition 1 and property (3’) below hold for the lexicographic
order.

(3°) Ifa,b € {u, v}® for some finite words u € 01{0, 1}*, v € 10{0, 1}*, withu € Q®V

andv € QY thena=uandb = V.

The following corollary of Theorem 1 characterises the critical itineraries of Bx + «
mod 1, i.e., the itineraries of the discontinuity point of the maps

Tgo+:10,1) = [0,1), x> Bx+a—[Bx+al,
Tgo- (0,11 = (0,1], x> Bx+oa—[Bx+a]+1,

withf > 1,0<a<2—-8,0or8 < —1,—8 —1 <« < 1. For these parameters, both maps
Tg,«,— and Tg o 4 have a unique discontinuity point, which is at (1—c«)/8 when 8 > 1 and at
—a /B when B < —1. We define the itinerary of x € [0, 1) under T3 + as coc; - - - € € with
cn = sgn(B) |BT¢, . (x) + ], and the itinerary of x € (0, 1] under Tg o as cocy - -+ € Q
with ¢, = sgn(B) ([B T4, _(x) +a] —1).

COROLLARY 1. Two words a,b € 2 are the critical itineraries of fx + o mod 1 for
some B > 1,0 < o < 2— B, if and only if the pair (a; b) is lex-admissible. In this case, we
have B = g(Q®Y) and . = ({a)s — 1) (B —1) = ((b)g — 1) (B — D).

Two words a,b € Q are the critical itineraries of fx + o mod 1 for some B < —1,
—B —1 < a < 1, if and only if the pair (a;b) is alt-admissible, S*(a) < S(b), and
S%(b) > S(a) (in the alternating lexicographic order). In this case, we have B = —g(Q®)
and a = (a)g (1 — ) = (b)s (1 — B).

As mentioned in the Introduction, what we call critical itineraries are not necessarily the
limit itineraries from the left and right to p, when f is negative. The relation between these
two notions is described by the following observation.

OBSERVATION 1. Let B < —1, (B2+B—-1)/(B*—1) < p < 1/(B*=1). Ifa =
T8,p,—(p) is periodic with odd period length, let w be its primitive period. If b := 15 , 1 (p)
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is periodic with odd period length, let v be its primitive period. Then

a  ifais not periodic with odd period length,

liTm 78,p(x) = qub ifais periodic with odd period length, but b is not,
xtp

uv ifaandb are periodic with odd period length,

b ifb is not periodic with odd period length,
lifrl 78,,(x) = {va if'b is periodic with odd period length, but a is not,
x|p

vu ifaandb are periodic with odd period length.

kR

Remark 1. For the greedy B-transformation, we have the following: The pairs of critical
itineraries of fg 1, 1 < B < 2, are exactly the pairs (Oc; 10) withc € 1 Q and 10 % S"(¢) <
S(c) for all n > 1 (w.r.t. the lexicographic order); cf. [21].

For the cases corresponding to Ito—Sadahiro’s (—f8)-transformations, we obtain the fol-
lowing characterization from [27]. Let d = 100111001001001110011 - - - € 2 be the word
starting with ¢"(1) for all n > 0, where ¢ denotes the morphism on {0, 1}* defined by
@(1) = 100, ¢(0) = 1. Then the critical itineraries of fz 1/1-p), —2 < B < —1, are exactly
the pairs (00c; 1¢) with ¢ € 1 Q2 such that §"(¢) < cforalln > 1,¢ > d, and ¢ ¢ {u00, ul}®
for all u € {0, 1}* with ul > d, and the pairs (00w; 1w) with w € 1{0, 1}* such that
S*(wl) < wlforalln > 1, wl > d, and wl ¢ {u00, ul}* for all u € {0, 1}* \ {w} with
ul > d, where the inequalities refer to the alternating lexicographic order.

It should be mentioned that f_, ;3 ; is not conjugate to the map 7_, from [13, 27] be-
cause f_51,34+(4/3) = —2/3 +£4/3 = =2 T_,(—2/3). The critical itineraries of f_, /3 are
(0010; 110), which is a pair satisfying the conditions above. However, the word 10 does not
satisfy [27, condition (1-8)] because 10 € {2, 10}®.

Note also that the inequality ¢ > d implies that g(!9) > 1. Moreover, it is not
necessary to verify the equation g(Q¢19) = g(Q™!w) here.

Example 2 (Primality Tester). The pair

a=0110101000101---
b=1000---,

where a, = 1if and only if n + 1 is prime is lex-admissible. It is easy to check conditions
(i) and (iii) of Definition 1. Concerning condition (ii), we have Q®» > Q©19 and thus
g(Q®P) > g(QO119) = (4/5 + 1)/2. Therefore, a and b are the critical itineraries of f3 1,
where B & 1.79, as stated in Theorem 1. By the definition of the critical itineraries, the
natural number # is prime if and only if fé’;ﬂ (p) > p. In other words, to test whether n + 1
is prime, we apply the n'" iterate of f5 to the point of discontinuity 1. If this iterate lies to
the right of p, then n is prime; otherwise, it is composite. Two comments are in order. First,
this result has little to do with number theory. Second, the method is numerically problematic

because B, being an irrational number, can be estimated to at most finitely many places.

Example 3. (Words a,b € {u, v}* with g(Q®) > ¢(Q®™") > 1 for the alternating
lexicographic order). The following example illustrates that (a)s = (b) s does not necessarily
have a unique solution and that it might be difficult to avoid the condition g(Q®Y) =
g(Q@) in property (iii) of Definition 1 for negative 8. Let

u = 001100000, v=110, a=wuuv, b=vvu
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By Lemma 3 below, we can calculate
g(Q®Y) = —p > —y =g(Q"V),

with B ~ —1.135888346 satisfying f° = —B° — 1, and y ~ —1.123732821 satisfying
y> =y*—y2+y — 1. Note that 1/y is a root of the power series K (z) defined by a and b
in Lemma 3, but the largest negative root is 1/8. Setting
B+ -1
- B2 —1

q == (m), =(v), =(a), =(b), = T 0.064590878,

~ 0.070528093,

we have

gp-(p)=a, T,4(p)=b, 1,,-(@) =10, 71,,4@ =V

According to Corollary 1, a and b are the critical itineraries of Sx + p(1 — 8) mod 1, while
u and Vv are the critical itineraries of yx + ¢(1 — y) mod 1.

In this example, we have g(Q®) = g({Jr2, 5"{u, v}*) > g(Q®™") > 1. Such a situ-
ation cannot occur for positive 8, where g(i—, S"{u, v}*) < g(2®™") always holds for
u, v as in (3’); see the proof of Lemma 8.

4. Admissible pair = critical itineraries
4-1. Address space
The description of the address space of fj , is fairly standard for positive 8, see e.g. [15,

theorem 2-5] or [3, theorem 5-1]. We include its proof for completeness and to prepare the
slightly more complicated case of negative .

LEMMA L. LetB>1,1<p<1/(B—1),a:=15,_(p) andb := 14, (p). Then the
address spaces of fg , 1 are

45 -(R)=14, ([0, B/(B — D)= and 14 , ; R) =15, + ([0, B/(B — D) =Q*",

with the lexicographic order on Q. In particular, we have a € Q@ and b € Q=P
Moreover, we have g(Q®") = B.

Proof. Letx € Xg := [0, /(B — 1)], and recall that f5 ,(Xg) = XgforB > 1,1 < p <
1/(B — 1).1If 75 , _(x) agrees with a or b on the first n letters, then fé”Pﬁ(x) — f/f;l,p,:t(p) =
B" (x — p). Therefore, since fg p(x) is bounded, x < p implies that fg pﬁ(x) <p <
Jg p—(p) forsomen > 1, and p < x implies that f7 ,  (p) < p < fg, _(x) for some n >
1,hence 75, _(x) < aifx < pand 75, _(x) > bif x > p. This gives that §" (75 , _(x)) =
Tp.—(ff ,_(x)) & (a,b] foralln > 0,i.e., 75, (x) € QP As 75, (x) = 0=15,_(0)
forallx < 0,and 75, _(x) = 1= 78,5 —(B/(B — 1)) forall x > B/(B — 1), we obtain that
Tﬂ,p',(R) = Tﬂ,p’,(Xﬁ) - Q@bl,

To show the opposite inclusion, let ¢ = cyc; - - - € Q&P If ¢y = 1, then let k; be the length
of the maximal common prefix of ¢ and b. Since ¢ > b, we have ¢;, = 1 and fg‘,',,,+(p) < p.
Recursively, let k,.; > 1 be the length of the maximal common prefix of ¢, ¢, +1 - -- and b,



554 M. BARNSLEY, W. STEINER AND A. VINCE
with s, = k; +--- + k,. Then

k
(csCsv170)p — fﬁ,],;,+(p) - (CsiCsp1-2)p— P

(©p—p= o o > ...
kn
S (Cs,,Cs,l+l )ﬁ _fﬂ’p,+(p) - (CSV’CS”_'_] )/3 —p
B B

for all n > 1. Since the latter quantity tends to 0 as n — 00, we have (¢)g > p. Similarly,
we obtain that (¢)s < p when ¢y = 0. Therefore, we have 75 , ({c)g) = ¢ forall ¢ € Q@]
hence Q®P C 75 , _(Xp).

By symmetry, we also get that 5 ,  (R) = 75, + (Xp) = Q&P

It is well known that (s, (X5)) = B = g(t5.5.+(Xp)); see for example [25, proposi-
tion 3-7]. Finally,

Q@b _ o@bl [ glab
gives that g(Q®P) = g(Q®P) = g(Q™P) = g.

The address space for negative B can be compared to [S, theorem 10]; see also
[13, theorem 10] for the case p = 1/(8 — 1).

LEMMA 2. Let < =1, (B2 +B—1)/(B> =1 < p < 1/(B> = D). Ifa =145, _(p) is
periodic with odd period length, let u be its primitive period. If b := 15 , . (p) is periodic
with odd period length, let v be its primitive period. Then the address space of fp p — is

Q@b if b is not periodic with odd period length,
Q@b 10, 1}* va if b is periodic with odd period length, but a is not,
Q@b (0, 1}* {vu, va} ifa and b are periodic with odd period length,

and the address space of fg p + is

Qb if a is not periodic with odd period length,
QDA {0, 1}*ub if a is periodic with odd period length, but b is not,
QED A\ (0, 1}* {uv, uv} ifa and b are periodic with odd period length,

with the alternating lexicographic order on Q. In particular, we have a € Q®P and b €
Q2P Moreover, we have g(Q®) = —B.

Proof. Letx € Xg :=[B/(B*— 1), B*/(B* — 1)], and recall that f5 ,(X5) = Xp for B <
~1L,(B+B—-D/(B*—1) < p<1/(B*—1).Since f§, _(x) — f§,.(p) = B"(x - p)
when 75 , _ () agrees with a or b on the first n letters, x < p implies that fg , _(x) < p <
Jg p—(p) for some evenn > lor fg, (p) < p < fg,_(x) for some odd n > 1, hence
Tp.p.—(x) < a. Similarly, we have 74, _(x) > bifx > p. This gives that 75 , _(x) € Q®PL,
As 1, _(x) = 01 = 5, (B/(B*— 1)) forall x < B/(B*—1),and 75, _(x) = 10 =
5., (B*/(B — 1)) forallx > B%/(B* — 1), we obtain that 75 , _ (R) = 15, - (Xp) € Q&P
in particular, a € Q®P! and, by symmetry, b € Q&P If b is periodic with odd period length,
then (va)s = p, but va = a = f3, _(p), hence va does not occur in the address space
of fg p—. If both a and b are periodic with odd period length, then we can also exclude vu
because (vu)g = p.
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Now, lete = coc; - -- € Q@PLQ@PI\ {0, 1}* va, and Q@P1\ {0, 1}* {vu, Va}, respectively.
If ¢y = 1, then let k; be the length of the maximal common prefix of ¢ and b. If k; is even,
then ¢;, = 1 and fg,'p&(p) < p.If ky is odd, then ¢;, = 0 and p < f,é‘,‘p,+(1?)- Recursively,
lets, = k4 -+k, and k,;; > 1 be the length of the maximal common prefix of ¢, ¢;, 41 - - -
and b, if s, is even, the length of the maximal common prefix of ¢;,c,,+; - -+ and a, if s, is
odd and ¢, ¢, 41 -+ - Fa. If ¢5,¢c5,41--- Faalln > 1, then

k
(e =g = S (D) (entonr o hp—p

(C)ﬂ—pz 1351 133‘1 2
kn
S (csncsn+1"')/3 - fﬂ,p,:l:(p) > <CS,,CS,,+] >/3 — P
IBSH IBSu

for all n > 2. Here, fé"”p,i(p) stands for fg,"p&(p) if s,_; is even and for fé‘j’[,’Jr(p) if 5,1
is odd. Since the latter quantity tends to 0 as n — oo, we have (¢)g > p. This inequality
clearly also holds if ¢y, c;,+1 - - = a for some n > 1. It remains to show that the inequality
is strict, i.e., f ;,"p,i(l?) + p for some n > 1. If b is not periodic with odd period length,
then this holds for n = 1. Assume that b is periodic with primitive period v of odd length.
Then ¢ cannot start with vv because this would imply ¢ = V and thus ¢ ¢ Q@P!. Therefore,
the only possibility for fé"‘p’ +(p) = pisthat k; = |v| (and that ¢;, = 0). Since we have

excluded that ¢ = va, we have ¢, ¢, +1 - - - < a. If a is not periodic with odd period length,
we have thus fé‘fpﬁ( p) =+ p. In the remaining case of a with primitive period u of odd
length, ci,ck,+1 - -- cannot start with uu, because this would imply that ¢, ¢ +1--- = a.

Thus the only possibility for fgfpﬁ(p) = p is that k, = |u|. Repeating this argument
and since ¢ #+ vu, we obtain that {¢)g > p. Since {¢)g < p when ¢y = 0, we get that
5., ((€)g) = cforall ¢ € QP Q@PI\ {0, 1}* va, and Q®P\ {0, 1}* {vu, Vu} respectively,
thus this set is equal to 75 , - (R) = 75, _(Xp). By symmetry, 75 , +(R) = 75, +(Xp) is
QP Qb \ {0, 1}* ub, and QP \ {0, 1}* {uv, uv}, respectively.

We have g(13,, - (X)) = |B| = g(75,,+(Xp)) by [25, proposition 3-7]. The exponential
growth rate of Q®P! is the same as that of Q@P1\ {0, 1}* va and Q@ {0, 1}* {vu, vu}, and
a symmetric relation holds for Q*" . Together with Q®P = Q@b [J Q&P this concludes
the proof of the lemma.

4.2. Kneading invariant

The idea for the following lemma goes back to [20]; see also [6, 8]. Contrary to the cited
papers, we work directly with the symbolic space and do not require it to be the address
space of some map. The main novelty, however, is the treatment of the alternating case.

LEMMA 3. Leta=aga,---,b=boby--- € Q, withay =0,by =1, a,b € Q@& gnd
g(Q@YY > 1, for the lexicographic or alternating lexicographic order on Q. Set

K(2) =) (by—a,) 2" = (b)y: — (a)y..
n=0

In case of the lexicographic order, l/g(Q(a’b)) is the smallest positive root of K (z). In the
alternating case, —1/ g(Q(a*b)) is the largest negative root of K (z).
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Proof. Define the formal power series

L(z):= Y |L,z". with L,:={ue{0,1}": uce Q® for some ¢ € Q,
n=0

and

0(z) := Z 10;1z/, with Q,:={ue{0,1}": uae Q" andub € Q*"}.
n=0

We will prove that, for every n > 0,

1+ 10;1 = Lusl 1)

j=0

for both lexicographic and alternating lexicographic order, as well as

Y buj—anp)|Ql=1 and D (=1 (b —a,_ ) |1Q;1 = (D" (42)

Jj=0 Jj=0

for the lexicographic and alternating lexicographic order, respectively. By simple formal
power series calculations and since |Ly| = 1 because L contains only the empty word, we
obtain from (4-1) that

T (1 +0(2)) = (L(z) -1),

ie, L) —1/(1 —2) = 0(z) Z/(l — z). From (4-2), we get that

1 1
K(z) Q(2) = -2 and K(z) Q(—2) = T+

respectively, with the second equation being equivalent to K (—z) Q(z) = 1/(1 — z). Then

1 Z
K@) (L(z) - 1_2) == 43)
in case of the lexicographic order, and
K(~2) (L(z) - ) = (44)
1-z (1-2)?

in the alternating case. Since the radius of convergence of L(z) is 1/ g(Q(a'b)) and L(z)
has a singularity at 1/ g(Q(a'b)), the smallest positive root of K (z) and K (—z), respectively,
is 1/g(Q®®). It remains to prove (4-1) and (4-2).
Consider first the lexicographic order, and order the elements of L, lexicographically,
fromu® =00---0toul®+D =11... 1. For 1 <k < |L,y |, letu® =u’u® .. u® and
v =y Pu . (k) 1 boby -+ by,

where j is the minimal integer in [0, n] such that

ok k
u()ugilu-ui):aoal---a,,_j. 4-5)
(Such an integer exists because u® % 11---1 and u¥e € Q& for some ¢ € Q.)
We claim that u{"u'® - - (k) , € Q. Since a, b € Q@ we have to show that
ulu®), ... “‘)1 a¢(ab) and uul)---u’ bé(ab)
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forall0 <i < j. Ifu = 1, then (4-5) and u¥c € Q@ imply that

(k) (k) (k) (k) (k) (k)
wp ey b>wscuazu - ou, e 2 b,
Assume now that ¥ = 0. Then uPc e Q@ gives that u* - .. u® < ay---a,—;. We
have u!" .- (k)l a<u u b<aiful u <aga; g and uu® =
ap---aj_j—1do---a,—; otherwise, by (4-5). In the latter case, a;_; = 0 implies that
u..u® > aq---a,;, contradicting the minimality of j. Hence we must have a; ; = 1
in this case, thus
ugk)---uzk_)la < uﬁk)~--u3kllb <a

This proves thatu(k) . (k) | € Qj, thus
Ln+l = {11~-~1}UU{M0-~-uj_1a0~~-an_j U UG € Qj} (46)

(The inclusion “2” is a direct consequence of the definition of Q; and L,;.) Suppose
that ug - u;—1ao- - Guj = Ug--Uj_10y--p—j Withug---u;_1 € Qi ug---uj_; € Qj,
0<i<j<n Thenwehaveay --aj_j_y =u;---uj_ € Qj_;,thusag---a;_;_1b < a,
contradicting that a;_; = ag. Therefore, the union in (4-6) is disjoint, which gives (4-1) for
the lexicographic order.

For 1 < k < |L,41|, we have v € L, since u(()k) ~u§.k_)l € Q;. As there can be no
element of L, between u® and v¥, we obtain that u**" = v® thus

n [Ln1]—1

k+1 k L, 1 _
3010 = S () = — =1
=0 k=1

i.e., the left-hand equation in (4-2) holds for the lexicographic order.

Consider now the alternating lexicographic order, and order the elements of L, ; with
respect to this order, from u®” = 01-.-0 to u/+P = 10...1 if n is even, from u'’ =
01---01 toultb = 10 ---10ifnis odd. For 1 < k < |L,.1], let j be the minimal integer
in [O n] such that u ~u® =ay---a,_;and j is even, or u(k) ~u® =1py---b,_; and
j is odd, with u® = ug‘)

element of L,,.) Set

V(k) = I/t(()k) . (k) bO b

--u®. (Such an integer exists because u® is not the maximal

k) . (k) u®
n—j and V( ) =Uy o J 140" Qp—j

when j is even and odd, respectively.
We claim again that u(k) . uﬁk_)l € Q;. Assume w.l.o.g. that j is even, the case of odd j
being symmetric. Let 0 < i < j. If i is even, then we obtain as above that

ugk)~--u§-k_)lb>u§k)-~ ik)la> ©ou®ex=b ifu® =1,
ugk)-~-u§kjla<u?k)~--u3kﬁlb<a if u® = 0.

If i is odd and u*’ = 0, then

ufk)-'-uﬁ-k,)lb<ufk)--~u§-k,)la<ufk)-uuff)Céa.

Assume now that i is odd and u¥’ = 1. Then u®c € Q@ gives that u* ... u® >
by - bn,,.Ifu,fk) : 511)1 =by-- bj i1, 1.€., I/l(k) ~u£lk) = bo---bjfiqaon-a,,,j,then
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b;_; = 0 implies that ufk) s ufj‘) < by - - - b,_;, contradicting the minimality of j. Hence we
must have b;_; = 1 in this case, thus

u(k)~-u_(jk_),a> u(k)--.u;k_)lb>b.

i i

This proves that ué)k) e ui»k_)l € Qj, thus

n/2]
Ly = {u(‘L”“D} U U {MO"'MijlaO"'athj PUgUzjy € sz}
=0

[(n—1)/2]
U U {MO"'sz by -bysj_1:ug--uyj € Q2j+1}- 47
=0

Similarly to the lexicographic case, it is not possible that ug---uy_j1a¢---a,_2 =
Ug---Uzj—100" - dp_2j with Ug:--Uy—1 € Qz,‘, Up---Uzj—1 € sz, 0 S 20 < 2] < n.
If ug---usi_yap---anoi = wo---uzjby---by_oj_1 wWith ug---uz_1 € Qa, ug---uy; €
0241, 0<2i <2j <n,thenag---axj_y = -+ -uzj € Qojsiyi,thusag---azj_ya <
a, contradicting that a,;_»;41 = by. Other cases of non-empty intersections of two sets on
the right hand side of (4-7) are excluded symmetrically, thus (4-1) holds for the alternating
lexicographic order too.
As in the lexicographic case, we have u**? = v® for 1 < k < |L, 41|, thus

n [Lpy1]=1
i k+1 k L, 1
Z(_I)J (buj — an-) 1Q;] = Z (u; +1) _ M,(q )) — u;l Hlb u;) = (=1)",
j=0 k=1

i.e., the right-hand equation in (4-2) holds for the alternating lexicographic order.

4.3. Monotonicity of {-)g

LEMMA 4. Forevery B > 2, (-)p and {-)_g are strictly increasing functions on 2, for the
lexicographic and alternating lexicographic order; respectively.

Proof. Let f > 2, and c,d € Q2 with ¢ < d (for the lexicographic or alternating lexico-
graphic order). By removing the maximum initial portion of the strings where ¢ and d are
equal, and exchanging the role of ¢ and d if the length of this portion is odd in the alternating
case, we may assume w.l.o.g. that ¢ starts with O and d starts with 1. Then we have

_ 1 —
(€ < (OT)p = =7 < 1= (10} < (@
in the lexicographic case, and
— 1 B*—pB—1
(€)= SO0 = 5y < == = (110 < (@

in the alternating case. This proves the lemma.

LEMMAS. Leta € 0, b € 1, witha,b € Q@Y and g(Q(a’b)) > 1, where Q2 is
equipped with the lexicographic or the alternating lexicographic order.

In case of the lexicographic order; (-)yquw) is an increasing function on Q@

In the alternating case, (-)_gqum) is an increasing function on Q@

Proof. In the following, we assume that €2 is equipped with the lexicographic order; for
the alternating case, we only have to change ()5 to (-)_g.
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We show that (-)4 is strictly increasing on Q®® for all 8 > g(Q®P). By Lemma 4, this
is true for B > 2. From Lemma 3, we know that (a)z = (b) for all B > g(Q®P). By the
continuity of (a)z and (b)z as functions of 8 > 1 and since (a)g < b)g for all B > 2, we
obtain that (a)s < (b)g for all B > g(Q®P).

Assume that ¢ < d, but (¢)s > (d)4 for some ¢, d € Q®P, B > ¢(Q®"). By removing
the longest common prefix of ¢ and d, we may assume w.l.o.g. that ¢ starts with 0 and d
starts with 1. (In the alternating case, we also have to exchange the role of ¢ and d if the
length of this prefix is odd.) Consider

A(B) :=max {({c)s — (d)s : ¢,d € Q*P, ¢ <a, b<d}, B> 1.

This function is well defined because {{c)s : ¢ € Q®P} is compact; A(-) is also continuous.
By Lemma 4, we have A(B) < 0 for 8 > 2, and we have assumed that A(8) > 0 for some
B > g(Q®P). Therefore, there exists B > (™) such that A(8) = 0. Fix this g, and
choose ¢,d € Q@ with ¢ < a,b < d, and (¢)s = (d)g. Since (a)s < (b)s, we have
(c)g > (a)g or (b)g > (d)g. If (c)g > (a)g, then removing the longest common prefix of a
and ¢ gives sequences ¢, d’ € Q®" with ¢’ < a,d > b, and (¢); > (d'), contradicting
that A(B) = 0. Similarly, (b)g > (d)s leads to a contradiction. Therefore, we have shown
that (-) is strictly increasing on Q@ for all 8 > g(Q@P).
By continuity in 8, we obtain that (-) ,qam) is increasing on Q@

4.4, Periodic critical itineraries

Next we show that condition (iii) of Definition 1 is violated when (i) and (ii) hold but a
and b are not the critical itineraries of some fj ,.

LEMMA 6. Leta € 02, b € 1Q, witha € Q®, b € QY and g(Q®) > 1. Set
B = g(Q®P) when Q is equipped with the lexicographic order, B := —g(Q®) in case
of the alternating lexicographic order, and p := (a)g. If a & 15, _(p) or b * 15, +(p),
then we have a, b € {u, v} for some u € 0{0, 1}*, v € 1{0, 1}*, withu € Q®Y, vy € Q=Y
g(QUV) = g(Q@M) anda+uorb £ V.

Proof. First note that (b)g = (a)s = p by Lemma 3. Assume that a & 75, _(p); the
case of b + 1, (p) is symmetric. Write a = aopa; --- and 13, _(p) = cocy---. If
Ao -dp—1 = Co--Coo1, n = 0, then fg, _(p) = (cuCpt1--+)p = (An@ni1---)p. By
Lemma 5, {(a,a,41---)g < p implies that a, = 0, and (a,a,41---)g > p implies that
a, = 1; hence a, + ¢, is possible only when fg , _(p) = p. Since a % 75, _(p) and
ay = 0 = ¢y, the latter case occurs for some n > 1. Choose m > 1 minimal such that
fg'p-(p) = p,and setu:=ag---a,_1; then 74 , _(p) = U. Since a + 75, _(p), there ex-

ists some £ > 1 such thata; ---ag,_y =u---u = cy---Cen_1 and ay,, = 1. Then we have
(Aem@ems1 -+ )p = p = (b)g and apdpm1 - -+ > b since a € Q®P. Similarly as for apa - - -
and cyc - - -, we obtain that there exists some n > 1 such that ay,, - - - @ppin_1 = by -+ - bn_y

and (b,b,41---)p = p, hence we also have fé‘ypﬁ(p) = pforsome k > 1.Let j > 1 be
minimal such that fé’p&(p) = p,and set v := by ---b;_;. Then we have 75 ,  (p) = vV and
a,b e {u, v}°.

Since @, V are the itineraries of f3 , +(p), we have U € QU ¥ € Q™Y and g(Q™V) =
|8l = g(2*") by Lemma 1 and 2, respectively.

LEMMA 7. Letu € 0{0, 1}*, v € 1{0, 1}*, |B| > 1, with (W)z = (V)s =: p.
Then (¢)g = p for all ¢ € {u,v}*. If 175, _(p) € {w,v}*, then 15, _(p) = w. If
7. p+(P) € {u, v}, then 15 , . (p) = V.
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Proof. Letc = cocy - -- € Q with ¢ € {u, v}®. If ¢ starts with u, then

(g —p={(c)p — (W) = <CU|CU|+1}.3'|1;>ﬂ — W _ (Clucul+,13'u.| g P

Similarly, we have (¢)s — p = ({(cjyiClvi+1 - - - ) — p)/B™ if ¢ starts with v, and thus

<cncn+1 ot )}3 4

/311
for each n > 1 such that ¢y---c,—1 € {u, v}*. Since n is unbounded and (c,cp41---)p is
bounded, we get that (¢)g = p.

(©)p—p=

If 5, —(p) € {u, v}, then 74 , _(p) starts with u, thus fﬂ“ii(p) =pand1g, _(p) =u.
Similarly, 74 , +(p) € {u, v}* implies thatb = v.

4.5. Proof of Theorem 1

Assume first thata = 75, _(p) and b = 15 , . (p) for some B, p. Then condition (i) of
Definition 1 holds by Lemmas 1 and 2, respectively. These lemmas also give that g(Q(a’b)) =
|B] > 1. If u, v are as in condition (iii) of Definition 1, then (m)s = (Vv)g by Lemma 3,
and this value equals p by Lemma 7. Lemma 7 also gives thata = uw and b = V, thus
condition (iii) of Definition 1 holds. Therefore, the pair (a; b) is lex-admissible if 8 > 1 and
alt-admissible if 8 < —1.

Now, let (a; b) be lex-admissible and B := g(Q®@P), or alt-admissible and B :=
—g(Q®"). By Lemma 6 and condition (iii) of Definition 1, we have a = 74, _(p) and
b = 15, +(p), with p := (a)g. Moreover, we have 1 < (b)g = p = (a)g < 1/(B—1)in
case B> l,and 1 + B/(B* — 1) < (b)s = p = (a)s < 1/(B* — 1) incase B < —1.

4-6. Proof of Corollary 1

Let > 1,0<a<2—-8,setp:=a/(f—1)+ 1 and define the map ¢ : [0, 1] —
[B(p—1),Bpl,x > B(x+p—1).Then Tg o+ = ¢ ' o f5,+ o ¢. Therefore, 5, _(p)
and 74 , + (p) are the itineraries of ¢~ '(p) = (1 —a)/B under Ty — and Tp o 4. Since each
p € [1, 1/(B — 1)] can be written as p = o/(f — 1) + 1 with 0 < o < 2 — B, the critical
itineraries of fg , are exactly those of Sx + « mod 1.

Now,let < —1,—8—1 <« < 1,set p := a/(1 — B) and define the map ¢ : [0, 1] —
[Bp, B(p—D], x+— B(p—x). Then Ty, + = p o f8,p.+ © @. Therefore, the itineraries of
¢~ '"(p) = —a/B under Tgo—and Tg, y area =15, _(p) and b = 15 , +(p). Hence (a; b)
is alt-admissible. Moreover, we have a € 002, b € 11Q,and (B+1)/(B—1) < p <
1/(1 = B) holds if and only if /3, (p) = f*p < B(p = 1) = fs,.+(p) and £, ,(p) =
B’p—B*— B> Bp= fs,-(p)ie., S*(@) < S(b) and S*(b) > S(a).

On the other hand, let (a; b) be alt-admissible, S*(a) < S(b) and S*(b) > S(a), and
set B := —g(Q®P), o := p(1 — B) with p := (a)z. We first show that a € 00 Q and
b € 11 Q. Assume that a starts with O1. Then each 0 in a or b is followed by a 1. Moreover,
S2(b) > S(a) implies that b starts with 111 or 101. In the latter case we have a = 01 and
b = 10, contradicting that g(Q®») > 1.If b starts with 111, then we must have b = 1,
hence each 1 in a is followed by a 0 as otherwise a would end with b. This gives thata = 01,
also contradicting that g(Q®®) > 1. By symmetry, b cannot start with 10. Now, we obtain
from the considerations in the previous paragraph that a, b are the critical itineraries of
Bx+amodl,withf <—-1,-—1<a<]l.
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5. Exponential growth rates
5-1. Lexicographic order

The following lemma is similar to [26, theorem 3].

LEMMA 8. Letac 0, be 1Q,uec01{0, 1} ve l10{0, 1}, such thata,b € {u, v}®,
ac QP beQld ae Q@Y andv e QY where Q is equipped with the lexicographic
order. Then

g(Q™Y) = g(@™").

Proof. Since
Q(ﬁ,ﬂ C Q(a,b) C Q(uv,vm

it suffices to show that g(QM""™) = g(Q®Y).
First we prove that

QWY N [w, v] C {u, v}“. (5-1)

Let ¢ € QMVYY N [u, ¥], and consider an arbitrary decomposition ¢ = wd with w € {u, v}*,
d € Q. Assume that d starts with 0. Then ¢ € Q®"® implies that d < uv and thatd > u
when w ends with a word in v {u}*. If w contains no occurrence of v, i.e., w € {u}*, then
we get d > u from ¢ € [u, V]. Therefore, we have u < d < uv, hence d starts with u.
Symmetrically, we obtain that d starts with v whenever it starts with 1. Therefore, (5-1)
holds, and

[e¢}
QY c @ < QY U( QY (u, v},
n=0

where Q"Y' denotes the set of length n prefixes of words in ™". This implies that
g(Q"Y) < g(Q™) < max (g(2™Y), g(U,2, $*{u, v}*)). Hence we only have to
show that g( U5, $"{u, v}*) < g(Q®Y).

Next we prove that

{r,s}” € Q@Y (5-2)

where r is the longest common prefix of w and S”(V), with n > 1 such that $” (V) is maximal
among all suffixes of v starting with 0, and s is the longest common prefix of v and S™ (u),
with m > 1 such that $”(w) is minimal among all suffixes of u starting with 1. Note that
r and s are finite words because S"(V) < uby v € Q™Y and S"(u) > Vvbyu € Q@Y.
Moreover, S (V) starts with r0 and u starts with r1, v starts with sO and §™ (u) starts with s1.
Therefore, we have

ST Lrs"(V) <+ ST<s<--- <88 < "W).

Since §*"(V) € Q®Y and u € Q™Y, we have rc € Q@Y for all ¢ € Q@Y with ¢ €
(S (¥), S @@)] D [S"(V), S”(w)]. Symmetrically, we also have s¢ € Q™Y for all ¢ €
QEY N [S*(V), "™ ()], thus

re,sc € QU N[S"®), S"@)] forall ¢e Q®YN[S"F), S"@)].

By compactness of €2, we get that (5-2) holds, thus g( U2, S™{r, s}“’) < g(Q(ﬁ’W).
It remains to prove that g( Uiio S™{u, v}‘”) < g( U;’OZO S™{r, s}‘”). To this end, we show
that min(|r|, [s|) < min(|ul, [v]) and max(|r|, [s|) < max(|u], |v]). The latter inequality
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follows from the definition of r and s. If |u| = |v|, then the former inequality also holds. It
remains to consider the case |u| # |v|; w.l.o.g. |u| < |v|. Suppose that |r| > |a|. Then, for
some k > n, S¥(V) starts with ut0, with some prefix t of u, while u starts with utl. Write
S™ () = wle, with w a suffix of ut of length at most |u|. As S~V (¥) starts with w0,
and v < S¥TU-IWI(F) | we obtain that |s| < |w| < |u|. Therefore, we have min(|r|, |s|) <
min(|u|, |v]), which concludes the proof of the lemma.

5-2. Proof of Theorem 2

We show first that (3”) implies (iii), when (i) and (ii) hold. We only have to show that each
u satisfying the conditions of (iii) starts with 01 (and, symmetrically, v starts with 10). If u
started with 00, then we had 1 = 0 and thus g(Q(ﬁ’V)) = 1, contradicting the assumption
that g(Q™Y) = g(Q®P) > 1.

The converse implication is a direct consequence of Lemma 8.

5-3. Alternating lexicographic order

For the alternating case, the following lemma and the subsequent remarks show that the
condition g (™) = g(Q®) is often easy to verify. (Recall that g(Q™") can be determ-
ined by Lemma 3.) However, Example 3 in Section 3 shows that, contrary to the case of
positive B, it is not sufficient that a, b € {u, v}* and (u; V) is a pair of critical itineraries.

LEMMAO. Letac 02, be 12, ue 0{0,1}, v e 1{0, 1} such that a,b € {u, v}*,
ac Q@M be QY uec QWY andv e Q™Y where Q is equipped with the alternating
lexicographic order. If g(Q®V)~M 4+ ¢(Q®V)~M < 1, then

£(a") = ¢(@*?),
Proof. Let

Apin = W, Amax = uvv bmin = Vﬁ?

if [u| and |v| are even,

=]
o
>
=l

Apin = UV, ag, = uuy, by, = vvu, if [u| and |v| are odd,

Apin = W, Amax = uvﬁ, bmin = VVﬁ,

£l

if |u| is even and |v]| is odd,

i~
:
I
z 2
F

Apin = UV, ap, = uuv, by, = vuv, if [u] is odd and |v]| is even.

=]

E
Il

=

Then ap;, < a < agy and by, < b < by, thus
Q@ninbm) = Q@D < @mabmn)
and Q@nin-Pma) € QY C Q@na-buin) We first prove that
Q) Y [y, b | S (U, V. (5:3)

Let ¢ € Q@mPmin) ) [ . b.], and consider an arbitrary decomposition ¢ = wd with
w € {u, v}*,d € Q. Assume that d starts with 0. Then d starts with u because a,;;;, < d < a.
Here, the inequality a,,;, < d comes from the following considerations. If |u| and |v| are
even, then d > u as in the proof of Lemma 8. If |u| and |v| are odd, then d > uv follows
from ¢ € [uv, vu] when w € {uv}* U v{uv}* and from ¢ € Q®""% when w ends with
a word in {u, vv} {uv}*. If |u| is even and |v| is odd, then d > u follows from ¢ € [u, vu]
when w € {u}* U v {u}* and from ¢ € Q™" when w ends with a word in {uv, vv} {u}*.
Finally, if |u| is odd and |v| is even, then d > uv follows from ¢ € [uV, V] when w is the
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empty word and from ¢ € QM"Y when w ends with u or v. Symmetrically, we obtain that
d starts with v whenever it starts with 1. Therefore, (5-3) holds, and we have

o0
Q(aminvbmax) C Q(amuvamin) C Q(amimbmux) U U Q}(j’mimbmax) {l.l, V}w,

n=0
thus g (@ Pmin)) = max (g (§@minPmsx)), g( Uz S™{u, v}*)).
Since g(Uff:O S™{u, V}‘“)) is the only solution of x~ M + x=M = 1 with x > 1,

g(QE)TM 4 g(Q®V)~M < 1 implies that
g(U;.lo=0 S" {u7 v}w) < g(Q(ﬁ’V)) < g(Q(am“"’bmm))$
thus g Qb)) = g(Qnnbe), which gives that g (V) = g(Q*").

From the proof of Lemma 9, we can also derive other conditions that guarantee
g(Q(ﬁ,V)) — g(Q(a,b)), e.g., g(Q(amm,bmax))—\UI + g(Q(amm,bmax))—IVI < 1, or g(Q(ﬁ,W)—Iu\ +
g(QEV)™M < 1 and g(Q™Y) < g(Q®™).

6. Lorenz maps

A Lorenz map, as defined, e.g., in [12], is a function f : [0, 1] — [0, 1] satisfying:

(i) there existsac € (0, 1) such that f is continuous and strictly increasing on [0, ¢) and
on (c, 1];
(ii) limyy. f(x) = 1 and lim, . f(x) = 0.

Forg > 1,1 < p < 1/(B — 1), the restriction of fg , to [O, B/(B — 1)] is thus conjugate to
the Lorenz map with constant slope § and c = (8 — 1)/8 p.

In [12], the authors define a fairly weak notion of what it means for a Lorenz map to be
expanding. Specifically, a Lorenz map is said to be topologically expansive if there exists an
€ > 0 such that any two distinct forward orbits (xg, x;, X, . ..) and (o, y1, Y2, . . . ) satisfy
|x; —yi| = € for some i > 0. They prove that a pair (a; b) of binary strings is a pair of critical
itineraries of a topologically expansive Lorenz map if and only if (a; b) satisfy condition (i)
in Definition 1.

In [7, 9], for example, the authors define a stronger notion of what it means for a Lorenz
map to be expanding. Specifically, a Lorenz map is an L, map if f is differentiable except
at the point ¢ of discontinuity and if there exists an € > 0 such that f'(x) > 1 + € for all
x = c. In [22], the author proves that if an L, map f is transitive, then f is topologically
conjugate to a (generalised) S-transformation. In [9], the authors give necessary and suffi-
cient conditions for an L. map to be transitive in terms of its critical itineraries. In [7], the
author gives necessary and sufficient conditions for an L, map to be topologically con-
jugate to a generalised B-transformation in terms of its critical itineraries. There does not,
however, seem to be a characterisation of the pairs of critical itineraries of an L. map. The
pair (a; b) with

a=011100, b =100011,
is the pair of critical itineraries of an L., map, but is not, according to the main result of
this paper, the pair of critical itineraries of a generalised B-transformation. The pair (a; b)
with
a=011110, b= 10011110,
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is an example of a pair of critical itineraries of a topologically expanding Lorenz map, but
not the pair of critical itineraries of an L, Lorenz map. This can be verified by noting that,
if (a; b) were the pair of critical itineraries of an L., map, then by the criteria in [7], it
would be the pair of critical itineraries of a generalised B-transformation. But, by the main
theorem of this paper, that is not the case.
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