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Abstract. Although the representation of the real numbers in terms of
a base and a set of digits has a long history, new questions arise even in the
binary case — digits 0 and 1. A binary positional number system (binary radix
system) with base equal to the golden ratio (1 ++/5)/2 is fairly well known. The
main result of this paper is a construction of infinitely many binary radix systems,
each one constructed combinatorially from a single pair of binary strings. Every
binary radix system that satisfies even a minimal set of conditions that would be
expected of a positional number system, can be constructed in this way.

1. Introduction

The terms positional number system, radix system, and B-expansion that
appear in the literature all refer to the representation of real numbers in
terms of a given base or radix B and a given finite set D of digits. Histori-
cally the base is 10 and the digit set is {0,1,2,...,9} or, in the binary case,
the base is 2 and the digit set is {0, 1}. Alternative choices for the set of dig-
its goes back at least to Cauchy, who suggested the use of negative digits in
base 10, for example D = {—4,—3,...,4,5}. The balanced ternary system is
a base 3 system with digit set D = {—1,0,1} discussed by Knuth in [10]. In
the balanced ternary, every integer, positive or negative, has a representa-

tion of the form ZZ:]:O wp3™, where w, € {—1,0,1} for all n. A well known

system with digit set {0,1} and base equal to the golden ratio (1 + \/3) /2
originated with [5]. Other early work on the representation of numbers us-
ing a non-integer base include those of Rényi [12] and Parry [11]. Positional
number systems have also been extended to the representation of complex
numbers [9] and, more generally, to the representation of points in R? [13].
A vast array of additional references on positional number systems can be
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accessed by searching on the terms ‘radix system’ and ‘S-expansion’. In
particular, a number of papers, for example [1,6-8], have appeared on the
binary representation of the number 1.

Our intention in this paper is to provide a combinatorial framework for
the binary representation of the real numbers. By binary we mean with
digit set {0,1}. A precise definition of a binary radiz system appears in
Section 2 (Definition 2.3). Starting from any pair of infinite strings of 0’s and
1’s that satisfy a few combinatorial conditions given in Section 3, a binary
radix system is constructed (Theorem 4.1 and Theorem 5.2). Conversely,
any binary radix system can be obtained by this construction (Theorem 4.3
and Theorem 5.4). This leads to infinitely many binary radix systems, some
of whose properties are investigated in this paper.

The organization of this paper is as follows. The notion of an admissible
pair (a, B) of strings is defined in Section 3. This concept was introduced
in our previous paper [3], and we refer to results in that paper in some of
the proofs in this paper. The construction of a binary radix system on the
interval [0, 1] from an admissible pair of binary strings is the subject of Sec-
tion 4. Moreover, every binary radix system on [0, 1] can be obtained by
this construction from some admissible pair (a, 3). Section 5 extends these
two results of Section 4 to radix systems for the set RT of non-negative real
numbers. Section 7 contains proofs of results in the previous two sections.
An algorithm is provided in Section 6 whose input is a particular binary
radix system and a positive real number x and whose output is the decimal
expansion of x in that binary radix system. In addition, it is shown that,
not only are there infinitely many radix systems for RT, but there are in-
finitely many radix systems for any given base between 1 and 2. For the
standard base 2 radix system there is an associated tiling of the real line,
where a tile consists of all those points on the real line with the same inte-
ger part. This is the trivial tiling consisting of unit length intervals. There
is an analogous tiling for any binary radix system but, in general, the tiles
have various lengths, and the tiling is self-replicating but not periodic. This
is the subject of Section 8.

2. Binary radix systems

Let ©=1{0,1}" denote the set of infinite strings of the form w :=
wowiws - - -, where w,, € {0,1} for all n = 0. A line over a finite string denotes
infinite repetition, for example 01 = 010101 ---. The lezicographic order <
on 2 is the total order defined by ¢ < w if ¢ # w and o}, < wi where k is
the least index such that op # wy.

DEFINITION 2.1. The shift operator S : Q —  is defined by
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Let S denote the n'" iterate of S for all n > 0. A subset I' C Q is shift
invariant if S"(I') € T for all n = 0.

Extend €2 to a set 2° of decimals by adding a “decimal point” as follows:
Q° = {w0w1 CrWN eWNAIWN L2 -+ L WoW W -+ + € Q}

When no confusion arises, we omit an initial string of zeros (before the dec-
imal point) and/or a terminal string of zeros (after the decimal point), for
example 0141000 -- = 1,1.

The lexicographic order on €2 can be extended to 2° as follows. If w € Q°,
let @ € Q denote the string w with the decimal point removed. If

0O=0001"""ONeON{1ON42 - and w = wowi- " WN eWN{IWN42 """

(where some leading entries may possibly be 0’s), then define o < w if 0 # w
and T =< _(,Au in the lexicographic order on 2. For example 1 < 1,0 because
0el < 140 because 01 < 10.

DEFINITION 2.2. A subset I' C Q° will be called shift invariant if, when-
ever w € I, for any n = 0, any decimal obtained by placing the decimal point
at any position in S™(&) (introducing zeros if needed), is also in I'.

The conditions in the definition below are meant to be the minimum
requirements that one would expect of a positional number system for the
set R™ of non-negative real numbers.

DEFINITION 2.3. A binary radiz system for R is a pair (', B), where
B > 1is areal number called the base and I' C Q2* is called the address space.
The following conditions must be satisfied:

(1) I is shift invariant, and

(2) the map 7 : I' — R* defined by

N
(2.1) 7.r(wow1 S WN eWNHIWN2 ) = Z wN_p B"

n=—oo

it is bijective and strictly increasing. The map 7 is called the radiz map.

Condition (1) is a consistency requirement. In the standard base two
radix system, for example, if 1 is in the address space, then so must be

.., «0001, 4001, 401, 1, 1,, 104, 1004, 1000, ...,
and if 4111 --- is in the address space, then so must be

.., «0001, 4001, 40T, o1, 1,1, 11,1, 111,1, 1111,T, ... .
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A binary radix system for the real numbers in the unit interval [0, 1], for
technical reasons that should become clear subsequently, is slightly different.

DEFINITION 2.4. A binary radiz system for [0,1] is a pair (I, B), where
B > 1 is a real number called the base and I' C 2 is called the address space.
The following conditions must be satisfied, where b = 1/B:

(1) T is shift invariant, and

(2) the map 7 : I' — [0, 1] defined by

(2.2) m(wowiwa -+ ) = (1 =) > wy b"
n=0

it is bijective and strictly increasing. The map 7 is called the radiz map.

A remark on the factor 1 — b in Equation (2.2) is in order. If B = 2, the
standard binary base, then b = 1/2 and

o 1 n
T(wowiws -+ ) = an—l (5) )
n=1

so that .wowiws - -+ is the usual decimal representation of a real number in
the interval [0, 1]. We hope that, by the end of the paper, the reader will be
convinced that the factor 1 — b is natural.

ExXAMPLE 2.5 (standard binary radix system). The standard binary
radix system on [0, 1] is actually two examples. Let B = 2 and let I consist
of all strings in Q except those ending in 0111---. Then (I', B) is a binary
radix system for [0,1]. Alternatively, with the same base B = 2, let I" consist
of all strings in  except those ending in 1000---. Again (I', B) is a binary
radix system for [0, 1]. Note that an address space I" with base B = 2 can-
not contain both an element that ends in 10 and an element that ends in 01.
This is because, by shift invariance, if this were so, then both 10 and 01 must
lie in . But m(10) = m(01), contradicting condition (2), that 7 is bijective.
It is precisely to avoid this type of inconsistency, i.e., that some numbers are
represented by a decimal ending in 10 and others are represented by a deci-
mal ending in 01, that we require shift invariance as a condition for a binary
radix system.

EXAMPLE 2.6 (golden ratio radix system). In the introduction we re-
ferred to a binary radix system (I', B), where B is the golden ratio 7 =

(1++/5) /2. For such a radix system on the interval [0,1], the set I con-

sists of all strings in € that do not contain 011 or 01 as a substring. The
radix map 7 : I' — [0, 1] is

oo oo
W) =1=-7) ) w7 = wp 27",
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where T := % = (\/5 — 1) /2. That 7 is bijective and strictly increasing is a
special case of general results in Section 4.

3. Allowable and admissible pairs

In this section two related terms are defined, allowable and admissible
pairs of strings. For «, 8 € €, the notation

[, ] i={weQ:azw=p}
will be used for a closed interval in ; likewise for the open interval (a, )
and half open intervals [«, 5) and (a, g].

DEFINITION 3.1. For w € Q, let w | n = wowy « - - wy. For T' € Q, let
I'y={w|n:wel}

and let |I',| denote the cardinality of I',,. Define the exponential growth rate
h(T') of T' € Q by

1
h(T") = limsup — log |T',|.
n—oo TN

DEFINITION 3.2. The address spaces associated with a pair («, ) of
strings in €2 are defined by

Qap—) = {w €Q: S"w¢ (a,p] for all n = O}7
Qa,p+) = {weQ: S"w ¢ [a,p) for all n 2 0},

Q0,8 = Qa5,-) Y Q(a,8,4)-

DEFINITION 3.3. Call a pair (a, 8) of elements of Q allowable if o and
B satisfy the following three conditions.

(1) ap=0,a1 =1 and Bo=1, 1 =0,

(2) S"a & (a, B] and S™B & [o, B) for all n =0,

(3) h(Qa,)) > 0.

There exist pairs that satisfy conditions (1) and (2), but not (3); see [3]
for examples.

EXAMPLE 3.4. If a=01=0111--- and 3=10=1000---, then (o, 3)
is an admissible pair. The address space (2, g ) consists of all strings that
do not end in 1000 - -, and €, g 4) consists of all strings that do not end
in 0111---. Notice that Q) and €, g ) are exactly the two possible
address spaces for the standard binary radix systems of Example 2.5.
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ExaMPLE 3.5. If a = 01 and 8 = 10, then («, 3) is an allowable pair.
Notice that Q(aﬂ’_) is exactly the address space of the golden ratio based
binary radix system of Example 2.6. The address space Q(a,g7+) consists of
all strings not containing 011 or 10 as substrings, and Q(q,p) consists of all
strings not containing 011 as a substring.

DEFINITION 3.6. A string w € Q will be called periodic if w =5 for some
finite string s. A string w € Q will be called eventually periodic if there is
an m = 0 such that S™w is periodic.

The address space {1, g) in Example 3.5 can be characterized by a set
of “forbidden” finite substrings (011 in that case). This is always true if o
and (8 are periodic as explained in the next proposition.

PROPOSITION 3.7. If an allowable pair (c, 5) is such that o and (3 are
periodic, then there is a finite set T' of finile sirings such that Q, gy is the
set of w € ) such that s is not a substring of w for any s € T.

Despite the fact that the conclusion of Proposition 3.7 holds in Exam-
ple 3.5, the proposition is false in general if, instead of periodic, the hy-
pothesis assumes only eventually periodic. For example, if o = 01101 and
B = 10, then we would have to forbid an infinite set 0111, 011011, 01101011,
0110101011, ....

More instructive than giving a formal proof of the proposition is to give
an example that makes clear how a proof would proceed. Referring to Def-
inition 3.3 of allowable pairs, if & = 01101 and 8 = 100, then the forbidden
set is T'={0111,011011,1000}. The string 0111 is not allowed because
0111y > « for any string ~, and 011011 is not allowed because 011011y > «
for any string . The string 000 is not allowed because 1000y < 8 for any
string . Because of the periodicity, no additional forbidden strings are re-
quired.

A proof of the following theorem appears in [3], a main result in that

paper.
THEOREM 3.8. If («,f) is allowable, then the equation

(o) e e}
(3.1) Zan " = Zﬁn "
n=0 n=0
has a solution in the interval [%, 1). There is no solution in the interval
(0,3)-
)

DEFINITION 3.9. For an allowable pair («, 3), denote the smallest real
solution of equation (3.1) in the interval (0,1) by r := r(a, f).
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For finite binary strings a = gge1 -+ - €1 and b = §pby - - - 61, let

m—1 n—1
A(z) = Z gjz’ and B(x) = Z5jmj,
j=0 j=0

and define the polynomial

Plap (@) = (1 —2™) B(z) — (1 — 2") A(z).

For r € (0,1), call finite binary strings a and b r-equivalent if r is a root
of piap) (7). It is easily checked that r-equivalence is indeed an equivalence
relation on the set of finite binary strings.

ExXAMPLE 3.10. The strings 01 and 100 are r-equivalent, where r is the
real root of 2 + 22 — 1. In particular p(q,100)(z) = (1 — ) (1 — 2% — 2?).
The three strings:

a = 011110, b=100111, ¢=101010

are pairwise r-equivalent, where 7 is the real root of 23 + 2 — 1. In particular
Pab(z) = (1 —xG) (1—:1:2) (1—x—x3) , Pac(c) = (1—x6) (1 —a:—:r:?’) , and
pre(x) = (1 —2%) 2 (1 —z — 2?).

An r-equivalence class C is closed under concatenation and is therefore
a submonoid of the free monoid {0,1}" consisting of all finite strings with
alphabet {0, 1} and with concatenation as the operation. It is easy to check
that if a,ab € C then b € C, and if b,ab € C then a € C, i.e., C is left and
right unitary. In particular, C' is itself a free monoid with a unique set G¢
of free generators.

EXAMPLE 3.11. Some messy algebra suffices to show that {100,011} is
the set of free generators of an r-equivalence class, where r = (\/5 — 1) /2 is

the reciprocal of the golden ratio, i.e., the positive root of 1 — z — 22.

DEFINITION 3.12. Consider a pair («, 3) of binary strings
a = apaiag - - - and ,82 boblbg--- s

where S := {ag,ai1,...,bp,b1,...} is a finite subset (with repetition) of the
set G¢ of generators of an r-equivalence class C. Then (a, §) will be called
r-bad unless a = aaa---, B =0bbb---. A pair of strings that is not r-bad
will be called r-good. An r(«, 5)-good pair («, 3) of allowable strings will be
called admissible.

REMARK 1. It follows immediately from the fact that p(a, b)(z) is a poly-
nomial that, if («, ) is allowable and r(«, 3) is not an algebraic number,
then r(c«, B) is admissible.
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REMARK 2. It is proved in [3] that, if («, ) is allowable and r-bad
for some r € (0,1), then > >° jan,r™ => " Bpr™. This does not mean,
however, that r = r(«, 3), because r may not be the smallest solution of
the equation > 7 jan 2™ = > 77 B, 2™ in the interval (0,1). On the other
hand, we have no example where it is not the smallest.

ExAMPLE 3.13 (allowable but not admissible pairs). The allowable pair
a = 011100, S = 100011

is bad. Solving equation (3.1), we find that the number r := r(«, ) is the
positive root of the polynomial 2 4+ = — 1, which is approximately 0.6180. It
is easy to check that 100 and 011 are r-equivalent. Therefore (v, 3) is bad,
hence not admissible.

The allowable pair a = 01100, 8 = 10001 is also bad. Solving equa-
tion (3.1), we find that the number r := r(«, 8) is the real root of the poly-
nomial z2 + z? — 1, which is approximately 0.52818. Again it is easy to check
that 100 and 01 are r-equivalent. Therefore («, ) is not admissible.

EXAMPLE 3.14 (another allowable but not admissible pair). Another
bad allowable pair is

o =accc- - and B = bababa - - -,

where a, b and ¢ are the finite strings given in Example 3.10. In this example
a, b and ¢ are pairwise r-equivalent, where r is the real root of 23 +x — 1.
It is straightforward to check that the (not roots of unity) solutions to equa-
tion (3.1) satisfy (23 + 2z —1)(z'2 + 2% + 22 — 1) = 0. Since the only positive
real root of 12 + 2% + 22 — 1 is approximately 0.8062, while the real root of
23 4+ x — 1 is smaller, approximately 0.6823, we have r(a, ) = r.

4. Radix systems on [0, 1] from admissible pairs

In the previous section, address spaces {2, 5 ) and (g 1) were defined
for every pair (o, 3) of binary strings. This section explains how these two
address spaces, in the case where (a, 3) is admissible, become the address
spaces of two corresponding binary radix systems for [0, 1]. Moreover, the
converse also holds. Every binary radix system for [0, 1] can be constructed
in this way. The proofs of Theorem 4.1 and Theorem 4.3 below are omitted
because they are essentially the same as the somewhat more difficult proofs
of the analogous Theorems 5.2 and 5.4 for the reals in Section 5.

THEOREM 4.1. If (o, 3) is an admissible pair and B, gy = 1/r(a, ),
then (Q(a757_),B(a,5)) and (Q(a75,+),B(a75)) are binary radix systems for
[0, 1].
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DEFINITION 4.2. To simplify notation, let

Riap+) = (Uap+) Blas)) and  Riap ) = (Qap,-), Bla,))

denote the radix systems constructed from an admissible pair (a, ) as in
Theorem 4.1. Call R, 54 and R, g ) the (o, B)-radiz systems.

As stated in the next theorem, all binary radix systems are («, §)-radix
systems for some admissible («, f3).

THEOREM 4.3. For every binary radiz system (I', B) for [0, 1], there is an
admissible pair (o, 8) such that either (I', B) = R, ) or (I', B) = Ria,5,4)-

EXAMPLE 4.4 (standard binary radix system). Continuing from Exam-
ple 2.5 and Example 3.4, consider the admissible pair (01,10). The num-
ber r:=r(«a, ) in Theorem 4.1 is the smallest solution to the equation
Yoo x™ =1, which, because the left hand side is a geometric series, re-

duces to 2r = 1. So r =1/2 and the base is B(, gy = 1/r = 2. The radix
systems R(OT,lﬁ, +) and R(OT,IG,—) are the standard binary radix systems.

EXAMPLE 4.5 (golden ratio radix system). Continuing from Exam-
ple 2.6 and Example 3.5, consider the admissible pair (01,10). The num-
ber r:=r(a, ) in Theorem 4.1 is the smallest solution to the equation
>0 yx? L =1, which reduces to #2 +z —1=10. So r = (\/5 - 1) /2, and
the base B, ) = 1/r = (1+v/5) /2 is the golden ratio. The radix systems
R@1,10,4) and Ry 5,y are the golden ratio radix systems.

EXAMPLE 4.6 (three radix systems with the same base). Consider the
(o, B)-radix systems R(q, g, +)» B(as,8,,+)» and R, g, +), Where the admis-
sible pairs are:

a1 = 01000, g = W, a3 = 0—1, 51 = 16, 52 = 1_0, ,83 = 100.

In all three cases the number 7 := r(«, 8) in Theorem 3.8 is the solution to
the equation z3 + 22 — 1 = 0 in the interval (0, 1); approximately r ~ 0.7549.
Therefore the base B(, gy ~ 1.3247 is the same in all three cases. The three
address spaces, however, are pairwise distinct. The address space (2, g,)
consists of all strings that do not contain the substrings 11,101,1001 or
10001. The address space {2, g,) consists of all strings that do not contain
the substrings 100 or 111. The address space (4, g,) consists of all strings
that do not contain the substrings 11 or 1000. See Corollary 1 in Section 6
for a general result concerning radix systems with the same base.

Acta Mathematica Hungarica



A. VINCE

5. Binary radix systems for the non-negative reals

In this section, the method of the previous section for constructing radix
systems for the interval [0, 1] is extended in order to construct radix systems
for the set R™ of non-negative real numbers.

DEFINITION 5.1. Extend the definition of address spaces (g ),
Qap+) Qa,p) to address spaces QZa,B,f)v QZa,,B,Jr)’ QZa,,B) of decimals as
follows:

Q(()a7/37_) = {w € Qap,-): Ow = a}, Qza,@—) = [Qo(a,ﬁ, —)] ,
Q(()%@Jr) ={weQapr: Ww=<a}l, 5, = [9%(a, B, 4+)] °,

0 el 0 ° L 0 °
ap) = Uapo) Y Yoty o = [V(e, )]

The reason for introducing the spaces Q0 with the added condition
Ow < « is to insure that the spaces 2° are shift invariant; see Proposition 5.7
below.

THEOREM 5.2. If (a, ) is an admissible pair, b the smallest solution to
equation (3.1) in the interval (0,1), and B, 3) = 1/b, then (Q(.aﬁ Y B(ang))
and (Qza B4+) B(aﬂ)) are binary radiz systems for RT.

DEFINITION 5.3. To simplify notation, let

tas) = (Wap) Bap) and R 5 )= (25 Bag)

denote the radix systems constructed from an admissible pair (o, 3) as in
Theorem 5.2. Call R?, 5 ) and R?, ;) the (o, B)-radiz systems.

As stated in the next theorem, all binary radix systems are («, §)-radix
systems for some admissible («, f3).

THEOREM 5.4. For every binary radiz system (T, B) for Rt there is an

admissible pair (o, B) such that either (I', B) = Rza g,y OT (I',B) = Rza 54"

EXAMPLE 5.5 (standard binary radix system). This is a continuation
of Examples 2.5, 3.4, and 4.4 on the standard binary radix system. For
the admissible pair (01, 10), in Definition 5.1, the space Q((]aﬁg:) = Qa,p1)
Therefore Qza 44) consists of all decimals that do not end in 01 and Qza 5-)

consists of all decimals that do not end in 10.
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EXAMPLE 5.6 (golden ratio radix system). This is a continuation of Ex-
amples 2.6, 3.5, and 4.5 on the golden ratio radix system. The relevant ad-
missible pair is (0T, 10). Note that Qf, 5) # Q(a,) since 110 € Q(a,5) \ U 5)-
This is because 0110 > «. In particular, 11, ¢ Qza 5)° Indeed, it is an easy

exercise to show that w € Qza 8) if and only if w does not contain 11 as a

substring.

The remainder of this section contains the proof of Theorem 5.2, begin-
ning with the proof of shift invariance. The proof of Theorem 5.4 appears
in Section 7.

PROPOSITION 5.7. Given an admissible pair («, ), the address spaces
QZa,ﬁ,f)’ QZa,,B,+)’ and QZa,,B) are shift invariant.

PRrOOF. The proposition follows in a straightforward way from the def-
inition of the address spaces, except for one detail. Consider the case of
QZ&,B,—) (the case QZOL,B,-‘,—) is similar). Again, for w € Q°, let @ € Q denote
the string w with the decimal point removed. If w = wg -+ - WNeWNL1WN12 * *
€ QZ - ) then for QZa 5-) to be shift invariant it is necessary that

Owowiwsy « -+ € Qza )" Therefore it is necessary, not only that S"® & («, (]

for all n =2 0, but also that 0w ¢ (v, 3], i.e., 00 =< . But this is exactly the
condition in the definition of Q(()a, 5-)" O

PROOF OF THEOREM 5.2. The shift invariance of Qza? 54) which is con-
dition 1 in Definition 2.4, is Proposition 5.7.

We next show that the radix map 7 : Q4 5_) — [0,1] in (2.2) is strictly
increasing and bijective. It is proved in [3, Lemma 3.10] that 7 is increasing,
and in [3, Proposition 3.2] that 7 is continuous with respect to the following

metric on :
27k if w
d(w,0) = { 7o

0 if w=o,

where k is the least index such that wy # ok. To show that 7 is strictly in-
creasing, let o,w € Q4 g,y with o < w. Without loss of generality (by taking
a shift) it may be assumed that og =0 and wg = 1. Hence 0 < a < < w.
With notation as in Definition 3.1, let n be such that | (n—1) =w | (n — 1),
but £, =0, w, = 1. Since a < S"w, we have m(«) < 7(S™w). Since S"S < «,
it is shown in [3, Lemma 4.6] that 7(S™3) < 7(«). Therefore 7(S™f) < 7(«)
< m(S"w) and hence w(0) < 7(f8) < m(w). That 7 is surjective follows from
the continuity of m and the fact that =(0) =0, n(1) = 1.

It now suffices to prove that the radix map T QZa,ﬂ,:t) — R in (2.1) is

strictly increasing and bijective. We will prove it for Q(a B4+)) the proof for
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Q.

(0,3, 1s the same. Abbreviate B := B, g) and let b =1/B. Let

p=01=0)> and"=(1-0)) B.b"
n=0 n=0

Assume that w € Q4,54 Since 7 is strictly increasing, we have 0w < « if
and only if br(w) = 7(0w) < w(a) = p if and only if 7(w) < Bp. Therefore
T Q(()a’ b4 [0, Bp] is strictly increasing and bijective. Now let Q% denote
the set of elements of QEO&,/B,-‘F) of the form w := wowiws * - - WN_1eWNWN+1 " " s

where @ := wowiwy -+ - € Q(()a B4)" The relationship between the radix maps

7 and 7 is given by 7(w) = %Nb 7(&), and therefore 7 : Q% — [0, %] is
a bijection and strictly increasing. Since the sequence Qf C Q7 C 5 C ---
of sets is nested, and since (Jy_, Q% = QEQ’B’JF), the proof is complete. [

6. Algorithm for determining the address

Given a binary radix system for RT, the radix map T assigns a non-
negative real number to each decimal in the address space. In this section an
algorithm is provided for converting in the opposite direction. Given a non-
negative real number x, the algorithm determines its decimal representation
in the binary radix system. More precisely, if RZa,B,ﬂ:) = (oncﬁi)’ B(aﬁ))

has radix map o= 7}(&,5) and z € R, then the algorithm finds o € Q(a 5-)
and w € Qz

o,6,+) Such that 7(0) = 7(w) = =

We begin by defining a certain family of functions and introduce notation
for the itineraries of points of this family of functions. Given B such that
1< B <2 and p such that 1 —b < p < b where b = 1/B, consider the two
functions f(p ;4 : [0,1] — [0,1] defined by

Bz if 0Zz<p

(6.1) fBp,—) () = {B:E +(1—-DB) if x> p,

and

Bz if 0Sz<p

(6.2) JBpo) (@) = {Bx +(1-B) if z=p.

The facts that 1 < B <2 and 1 —b = p < b guarantee that f(p, 1) has the

form shown in Fig. 1. For a function f, the n'” iterate, i.e. f composed with
itself n times, is denoted f".
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Fig. 1: The function f(pp+)

DEFINITION 6.1. Define the two itinerary maps 7 p +) : [0,1] — Q by
T(B,p,—) = WowWiw9g * and T(B,p,—l—) = 000102 """, Where

0 if fE o (y) < 0 if fk
_ (B,p, )(y) p and o = f(Bm,_:,_)(y)
> p,

p
Wk = . .
L if f(kB,n_)(y) 1 oif f(kB7p7+) (y) = p-

[IAVARRWAN

In dynamical systems terminology, 7, —y(y) and 7 4)(y) are called the
itineraries of the point y.

Algorithm:

Input: An admissible pair of strings («, 3) and an z € R™.
Output: The decimals representations ¢ and w of z in the binary radix

systems Rza, 5-) and RE{L B4) respectively.

1. Find the least « € (0,1) such that Y 7 jap 2™ = o0 Bpz™; call it b
and let B =1/b.

2. Compute p := 7(a) = 7(f), where 7 : Q — [0, 1] is the radix map.

3. Find the minimum non-negative integer N such that y := b" (1 — b)z
<p.

4. Compute 7, y(y) = coo102- -+ and T, +)(y) = wowrwa - - - .

5. Return

0=000102"" ONeON+1ON+2 -, and

W= Wowiw2 *** WNeWNF+1WN42 """«

DEFINITION 6.2. Denote the output ¢ and w of the algorithm by
T(a,8,—) () and 7(q g 1) (), respectively, and call 74,5 4y : RT — QZ& B.4) the
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section maps. In other words, these give the decimal representations of x

in R(qp+). Note that 7, 5 +) takes values in Q(aﬁ 1) while 7, 1) takes
values in 2.

EXAMPLE 6.3 (golden ratio radix system). This is a continuation of Ex-
amples 2.6, 3.5, 4.5, and 5.6 on the golden ratio radix system. The relevant

admissible pair is (01,10). In this case B = M and p = M. If, for
example, x = 2, then N =2 and

T(a,8,-)(2) = T(a,p.4)(2) = 10,001,
The following theorem suffices to prove the validity of the algorithm.
THEOREM 6.4. The section map T(q,g+) : Rt — Qzaﬁ ) is the inverse

of the radiz map T QZa,ﬁ,i) — RT.

PRrROOF. We will prove that 7, _) is the inverse of m; a similar proof
holds for 7(4 g 4). We first show that the functions f(p,, +) are well defined,
ie.1<B<2and1—-b=<p<b. Clearly 1 < B < 2 because 1 >b =1/2 as
stated in Theorem 3.8. Moreover 1 — b < p < b because

1—b§(1—b)iﬁnb”:p:(1—b)ianb”§(1—b)ib”:b.
n=0 n=0 n=1

To smlphfy notation, abbreviate 7 := 7,3 ) and 7 := (g, _y. We next
show that 7o 7T is the 1dent1ty on [0,1]. If fo(z) = Bz, fi(z) = Ba:+ (1-B),
and go(z) = bz, g1(x) = bx 4+ (1 — b), then fy and gy are inverses, as are f;
and g1. Expressing g;(z) = bz +i(1 — b) for i = 0,1 and iterating

Gy © Gors © Gng © * = © Guoy (@) = bFx 4+ (¥ L1 + -+ + awy + wo)(1 — b).

Therefore, for any zg, we have

klgl;lo Gwo © Guy © Gy © + 0 G, (o) = (1 — 1) Zwk b =rm(w

Let My = [0,p] and M; = (p,1]. Let z € [0,1] and 7(x) = w. It follows from
the definition of 7 that

‘TGM&)()? wa(m)eMwl7 fUJ1ofUJO( ) UJ27 fW2ofwlowa€M(U37"'

and therefore
xegwo(Mwl), wngoogwl(sz)v :rngoogwlong(Mws),... .
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Hence (70 7)(2) = limpg—00 G © Guor © Gos © ** © G, (%0) = -
To show that 7 is the inverse of 7.r, with notation as in the algorithm and
letting o := 7(x), we have

N N N
(For)(z) = o) = 1 7(6) = 1 (WO P)(y) = 1 b (1 ~ bz =

It remains to show that the image of any x € R* under the map 7 lies

in QZ o) With y as defined in the algorithm, it is sufficient to show that

T(y) € Q( ) Let 7_ and 7, denote the itineraries of the point p of the
functions f(p, —y and f(p, 1), respectively. In [2, Theorem 5.1] it is proved
that 7([0,1]) = {w € Q: S"w & (7—,74] for all n 2 0}, and in [3, Theorem
1.1] it is proved that @ = 7_ and 8 = 7. Therefore 7([0,1]) = Q(a-). It
only remains to show that if & = 7(y), then 00 < . However, since y < p
as in Step 1 of the algorithm, it follows immediately from the definition of
the itinerary 7(y) of y that &y = 0. In particular 00 < . O

COROLLARY 1. For each base B, 1 < B < 2, there exist infinitely many
binary radix systems with base B.

PROOF. Given B, let p be any real number such that 1 —1/B < p <
1/B, and consider the two functions f_ and fy defined in (6.1) and (6 2)
respectlvely If v, is the itinerary of the point p for the function f_, and 3, is
the itinerary of the point p for the function f,, then (o, 8,) is an admissible

pair. The proof of this fact appears in [3, Theorem 4.7]. Therefore Ry, 5 )
and Rzap’ 5, —) are binary radix systems.

For each B, however, there are infinitely many choices for p. Each choice
of p leads to a distinct admissible pair (o, 3,) because the maps p — ay
and p — 3, are increasing as a function of p € [1 —1/B,1/B]. To verify
that p — «, is increasing (the proof for p +— 3, is similar), let f, = f(p )
and 7, = (). Assume p’' > p and let z, = f'(p), ), = [,/ (p') and let
a = ap, & = ay. Note that a, # oy ; otherwise |z;, — x,| = B"[p’ — p| for
all n, which is not possible because B > 1. Therefore assume that a; = o,
for 0 < k < n—1, but o, # «,. By elementary analytic geometry, if oy, = v},
=1, then x}, — w11 > 2, — 2}, > 0, and if oy, = o, = 0, then z} | — xﬁg >
Tr4+1 — o > 0 for any k. From this it is easy to deduce that if a,_ 1 =a 4
=1, then a, =0 and o/, =1 and hence a < ¢/, and if a,,—1 =al,_; =0,
then a,=0and o, =1 and again a < /. O
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7. Proof of Theorem 5.4
For I' € Q°, denote I' = {& : w € I'}. Let

a:sup{’yef:’yozo}, ﬁ:inf{’yef:%:l}.

We first show that the pair (a, 3) satisfies conditions (1) and (2) in Defini-
tion 3.3 of an allowable pair. It follows readily from the definition of a and
B and from the shift invariance of I" that S"« & («, 5) and S™3 & (a, B) for
all n 2 0, which is close to, but not quite, condition (2) in Definition 3.3 of
an allowable pair. Condition (1) in Definition 3.3 holds because, by the shift
invariance of I', there are strings in I'g that begin with 01 and strings in I’y
that begin with 10.

To show that («, 3) satisfies condition (2) in Definition 3.3, it only re-
mains to prove that there is no n = 0 such that S"a = 8 and no n = 0 such
that S™8 = a. The fact that there is no element of T between o and B8
in the lexicographic order and that e is increasing and surjective forces
7.r(.a) = 7.7(.6). Moreover, either qax € I' or o8 € I', but not both. We will
assume that s € I' and 48 & I'; the proof in the case that o5 € I is essen-
tially the same. There is no n = 0 such that S"a = §; otherwise the fact

that o € T and the shift invariance of I (and hence the shift invariance of f)

would imply that 8 € f, a contradiction. Finally assume, by way of con-
tradiction, that there is an n = 0 such that S"8 = «. Then 8 = ta < tf3,

where t is a finite string. If there exists a v € I' such that ta = 8 < v < {8,
then a = S™(ta) < Sy < S™(tB) = B. But by the definition of « and  as
sup and inf, there can be no such ~ € [. Therefore there is no such v with
B < 7 < t, which contradicts the definition of 8 as inf {v € T:qo= 1} since

B¢T.
The next claim is that I' = Qza 5-)" The definition of @ and S implies

that ' C Q(a,8,—)- That I is shift invariant further implies that rc Q?a )

and therefore that T' € QZ& )" To prove the equality we take a somewhat
circuitous route. Let b = 1/B and define 7, : Q — [0,1] by

mp(w) == (1= b)Y wnb",
n=0

which is just the radix map in (2.2) except defined on all of Q. Define
IM:={ty: ve€ T, ¢ a finite string of 1’s including the empty string}.

We claim that 7, : TV — [0, 1] is strictly increasing and surjective. To see
that it is strictly increasing, note that, since T is strictly increasing on I,
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the map my, : r— [0, ¢] is stringly increasing and surjective for some 0 < ¢
< 1. Moreover, if w € I"\ T and v € T, then, by Definition 3.2 of the address
spaces (recall that I' © Qza 8 7)), we have 0y < a < Ow. Therefore v < w, i.e.,

every element of T is less than every element of I\ [. In addition, since
0y < a, we have m(7) < (1/b) my(a) by the fact that « is stringly increas-
ing on I'. And similarly, since o < Ow, we have (1/b) my(c) < w. Therefore
() < mp(w). Finally, if o and w both lie in I”\ T’ and ¢ < w, we will show
that mp(0) < mp(w). Let 0 =t1y € TV \ T, where t, is a string of m ones and
v € f, and w = taye € T\ f, where t is a string of n = m ones and v, € T.
Then ¢y, > 71, where t is a string of n —m ones. Therefore ,(ty2) > 7 (71)
and hence 7,(w) > mp(0). Thus 7, is strictly increasing on I'.

To show that 7, : TV — [0, 1] is surjective, we express I as the union of
non-overlapping intervals and show that the images of these intervals under
p, leave no gaps. First note that the greatest element of TisS «; the smallest
element of 1I'\ T is 15%« and the largest is 1Sq; the smallest element of
11T\ (T U1T) is 1152« and the largest is 115a; ete. However, my(1520) =
my(Sa), and therefore m,(115%a) = m,(1Sa), etc. Hence m, : IV — [0,1] is
surjective.

To conclude the proof that I' = QZa,ﬁ,f)v call a map 7 : [0,1] — Q such

that 7, o 7 is the identify a section of m,: Q@ — [0,1]. If 7([0,1]) is shift
invariant, then 7 is called a shift invariant section. In our case, the inverse
of my, restricted to I is a shift invariant section. Call this section 7,. A mask

(in our case) is a partition of the interval [0, 1] into two parts My and M;.
Given a mask M = {My, M, }, define a function

s Bz if e My
BMTABX £ (1-B) if xe M.

The itinerary map (g ) : [0,1] — Q is defined by

s @], = 0 if fz (@) € Mo
BMY e ™ 1 i flgan (@) € M.

To continue the proof, we use [4, Theorem 4] which states the following: the
itinerary map 7(p ) is a section of m,, and conversely, every shift invari-
ant section of m, is of the above form. Hence 7, = 7(p ) for some mask M.
Because 7, is increasing and because 0o < lw for any o,w € €0, the mask
must be of the form My = [0,p], M; = (p, 1] for some p € (0,1). In partic-
ular, 7, = 7(pp ) as in Definition 6.1 for some p € (0,1). Let 7— and 7
denote the itineraries 7(p , _)(p) and T, +)(p), respectively, of the point p.
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Then Q¢ ,, )= 7 ([0,1]) =17 S Qa,5,—), the first equality by [2, Theo-
rem 5.1]. If TV # Q(a,3,—), then either 7_ < o or 74 > (. In either case there
is a contradiction to the definition of o as a sup or 8 as an inf. Therefore
a=7_,8=1Land ' = Q(a,8,—), which implies that T= Q[(]a,ﬁ,f)’ which in
turn implies that I' = QZa,,B,f)'

To conclude the proof that («, 3) is allowable, we must prove condition
(3) in Definition 3.3. A result of Parry [11, p. 373] on the topological entropy
of a dynamical system on the unit interval, where the function is of the form
J(Bp,+) shown in Fig. 1, provides the first equality in

0 <log(B) = h(n([0,11)) = h(Ur_7,.-)) = A(Uasp.))-

The first inequality is because B > 1. Since («,3) is the pair of critical
itineraries (7_, 7 ) of functions of the form in (6.1) and (6.2), and since the
critical itineraries of such a function are an admissible pair [3, Theorem 4.7,
we now know that («, 3) is an admissible pair.

To prove that (I', B) = R{, gy it must be shown that

()= 07, 5> and

(2) B = B(a,ﬁ) = 1/7“(0475).

We have already proved (1). Concerning (2), it was part of the proof of
Theorem 6.4 that Q5 _) = (B gy (), ) ([0,1]), and it was shown above

that Q; . ) =T(Bp—)- Again using the result [11, p. 373] we have
log (B) = h(%(5.p,([0:1])) = h(Xr_7.. ) = M(Lap.))
= (7B 5@ ([0,1])) = log (Blag). O

8. Radix tilings of the real line

For an element w € Q°, let w,e denote the finite substring of w to the left
of the decimal point.

DEFINITION 8.1. Given a binary radix system (I", B) with radix map T
and a finite string s, let

T! ::{T.r(w):wef‘andw.:s}.

Note that, for many values of s, the set T may be empty. For instance, in
Example 2.6 the set T;; = 0. If T} # 0, then the closure T of T} is a closed
interval which we call a tile. If Qr denotes the set of all finite binary strings,
let

T = {Ts: S € QF}
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Then T is a collection of non-overlapping intervals whose union is R*. The
set 7 will be referred to as the tiling of RT for the binary radix system
(T, B). For an («, 8)-radix system, the corresponding tiling is denoted by

7?0575). The tiling for Rza,ﬁ,—) is the same as for R(aﬁ,Jr).

EXAMPLE 8.2 (standard radix system). For the standard binary radix
system (Examples 2.5, 3.4, and 4.4), the tiling is the set 7 = {[n,n+1]:

n 20} of unit length intervals.

ExAMPLE 8.3 (golden ratio radix system). For the golden ratio based
radix system (Examples 2.6, 3.5, and 4.5), there are tiles of two lengths in

the ratio 1 : # There are tiles of length 1/7 whose “fractional part” (the
part to the right of the decimal point) ranges from 4000 - - - to ¢010101... and
tiles of length 1 whose “fractional part” ranges from 4000 --- to ,101010...,
The tiling 7 is a well known non-periodic tiling of the line. If the tiles are
denoted 1 and B (for their relative lengths), then the sequence of tiles in the
tiling of R, from left to right, is

(8.1) B1BB1B1BB1BB1B1BB1B1BB1---.

This tiling is self-replicating in the following sense. If fg : RT — R™ is the
function fp(x) = Bz, then B(T):= { fp(T): T € T} is also a tiling of R,
and each tile in B(7) is the union of tiles in 7. More specifically, each tile of
type B is an interval of the form T := [s040, s0410] for some finite string s,
and B(T,) = [s0040, s01,01] = [s0040, 5006 10] U [s0140, s01401], which is the
union of a tile of type B and a tile of type 1. Likewise each tile of type 1 is
an interval of the form Ts := [s40, s401] for some finite string s, and B(T}) =
[s060, s0410] which is a tile of type B. Therefore, the sequence (8.1) above
can be recursively generated, starting from B and using the substitution
rules B < B1, 1 < B. In other words, the tiling is recursively generated as
follows:

B —- Bl —- Bl1B — B1BB1 — B1BB1B1B — --- .

DEFINITION 8.4. With notation as in the example above, call a tiling T
self-replicating if each tile in B(7) is the union of tiles in 7.

THEOREM 8.5. If (a,f3) is an admissible pair, then

(1) the tiling T(a,g) is self-replicating, and

(2) if a and B are eventually periodic, then there are at most finitely
many lengths of tiles in the tiling T, g)-

PrOOF. Let (I, B) be the binary radix system with radix map 7. Con-
cerning statement (1), consider the set X = {x1,z2,...} of right endpoints
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of the tiles in 7(, gy. It suffices to prove that Bz, € X for all n = 1. For any
n 2 1, the decimal representation of x,, must be of the form

T(a,8,-)(Y) = v - ANeQAN{1ON12 "

for some finite string v and some N = 0. To see this, suppose that x,, is the

right endpoint of the tile T = {fr(w) : we = s} and note that s has the form
s = s'agay - - - apy for some finite string s’ and some N. Therefore any point
in T has a decimal representation of the form

/ / [
S Qoo - AN eWIW2 - XS 0AL - ANON41ON42 -+ € (2, g

for some string wjws---. Conversely, any point with decimal representa-
tion vapaq - - ANeANL1ON42 - € Qza,ﬁ) is a right endpoint of some tile
in ’7201”3) because any decimal vagay - ayewiwe - - € QE&,B) is less than
VPO - A NeQN+1ON+2 - - - in the lexicographic order. Therefore Bz, € X
since the decimal representation of Bz, is obtained by shifting the decimal
point one space: vagQ] -+ ANONL1eUN42 " - -

Concerning statement (2), from the form of the decimal representation of
the endpoints of the intervals of the tiling (as discussed above), the lengths
of the tiles have values 7 (s 5™ ) — (45" 3) for some n,m > 0. Since a and f3

are eventually periodic, there are at most finitely many shifted strings S™«
and S"5. [

EXAMPLE 8.6. This is a continuation of Example 4.6 in which three dis-
tinct (o, B)-radix systems have the same base B such that B3> — B —1 = 0.
The three associated self-replicating tilings, however, are distinct. From the
self-replicating property, in a similar way as was done in Example 8.3, sub-
stitution rules for the three tilings can be determined.

In the notation of Example 4.6, for the tiling 7(,, g,) there are five tile
types Ty, Ti, To, T3, Ty of relative lengths 1, B, B2, B3, B4, respectively.
To simplify notation we refer to tile 7T; as simply i. Then the substitution
rules are:

01, 1+ 2, 23, 34, 4 < 40,
and the tiling begins, from left to right:
4012344040140124012340123440123440....

For the tiling 7(q, g,) there are 4 tile types 1o, T1, T2, T3 of relative lengths
1, B, B?, BY, respectively. The substitution rules are:

0«1, 1+ 2, 2 + 10, 3+ 32,
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and the tiling begins, from left to right:

3210211022110102212110102....

For the tiling 7, g,) there are 4 tile types To, T1, T2, T3 of relative lengths
1, B, B?, B?, respectively. The substitution rules are:

0+ 1, 1+ 2, 2 + 01, 3+ 31,

and the tiling begins, from left to right:

31201122010112122012010112....

All three of the above tilings are self-replicating under expansion by the

factor B.
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